
Triangle mosaic
Question:

Select a starting point P0 and draw a 1cm long line c1 ending in P1.

From P1, make a 1cm line perpendicular to P0P1. Connect its other end point
P2 with P0 to obtain a triangle and call the hypotenuse c2.

From P2, make a 1cm line perpendicular to P0P2 (away from the triangle).
Connect its other end point P3 with P0 to obtain a triangle and call the hy-
potenuse c3.

Keep going. Step k looks like this:

From Pk−1, make a 1cm line perpendicular to P0Pk−1 (away from the previous
triangle). Connect its other end point Pk with P0 to obtain a triangle and call
the hypotenuse ck.

Denote the angles between ck and ck+1 with αk for k = 1, 2, 3, . . .

Let cn be the first line to be more than one complete turn away from the
starting line c1.

What is n? Derive formulas for ck and αk for k = 1, 2, 3, . . .

Hints:

Construct the first few triangles on pencil and paper. Here is a start:

c1
<latexit sha1_base64="IiYEk/ji4wsgBisv5WyjydumVgc=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwGwstQ2wsEzQXiEuYnUySIbOzy8xZISx5BBsLRWxtfQufwM7GZ3FyKTTxh4GP/z+HOecEsRQGXffLyaysrq1vZDdzW9s7u3v5/YOGiRLNeJ1FMtKtgBouheJ1FCh5K9achoHkzWB4Ncmb91wbEalbHMXcD2lfiZ5gFK11wzpeJ19wi+5UZBm8ORTKR7Vv8V75qHbyn3fdiCUhV8gkNabtuTH6KdUomOTj3F1ieEzZkPZ526KiITd+Oh11TE6t0yW9SNunkEzd3x0pDY0ZhYGtDCkOzGI2Mf/L2gn2Lv1UqDhBrtjso14iCUZksjfpCs0ZypEFyrSwsxI2oJoytNfJ2SN4iysvQ6NU9M6LpZpXKFdgpiwcwwmcgQcXUIZrqEIdGPThAZ7g2ZHOo/PivM5KM8685xD+yHn7AcvpkS0=</latexit>
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<latexit sha1_base64="EY25EcRgfWlkZSS9ktdIzSapLyA=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwGwstQ2wsEzQXiEuYnUySIbOzy8xZISx5BBsLRWxtfQufwM7GZ3FyKTTxh4GP/z+HOecEsRQGXffLyaysrq1vZDdzW9s7u3v5/YOGiRLNeJ1FMtKtgBouheJ1FCh5K9achoHkzWB4Ncmb91wbEalbHMXcD2lfiZ5gFK11wzqlTr7gFt2pyDJ4cyiUj2rf4r3yUe3kP++6EUtCrpBJakzbc2P0U6pRMMnHubvE8JiyIe3ztkVFQ278dDrqmJxap0t6kbZPIZm6vztSGhozCgNbGVIcmMVsYv6XtRPsXfqpUHGCXLHZR71EEozIZG/SFZozlCMLlGlhZyVsQDVlaK+Ts0fwFldehkap6J0XSzWvUK7ATFk4hhM4Aw8uoAzXUIU6MOjDAzzBsyOdR+fFeZ2VZpx5zyH8kfP2A81tkS4=</latexit>
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<latexit sha1_base64="RJf7+gQeSu8kxEdG/P6G6R6I7aA=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwmxRahthYJmgukCxhdjKbDJmdWWZmhbDkEWwsFLG19S18Ajsbn8XJpdDEHwY+/v8c5pwTxJxp47pfTmZtfWNzK7ud29nd2z/IHx41tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR9TRv3VOlmRR3ZhxTP8IDwUJGsLHWLemVe/mCW3RnQqvgLaBQOal/s/fqR62X/+z2JUkiKgzhWOuO58bGT7EyjHA6yXUTTWNMRnhAOxYFjqj209moE3RunT4KpbJPGDRzf3ekONJ6HAW2MsJmqJezqflf1klMeOWnTMSJoYLMPwoTjoxE071RnylKDB9bwEQxOysiQ6wwMfY6OXsEb3nlVWiWil65WKp7hUoV5srCKZzBBXhwCRW4gRo0gMAAHuAJnh3uPDovzuu8NOMseo7hj5y3H87xkS8=</latexit>
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P0
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<latexit sha1_base64="0UmWedUHzDc8wEiszHb1z+Qa3w4=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwGwstQ2wsEzQXiEuYnUySIbOzy8xZISx5BBsLRWxtfQufwM7GZ3FyKTTxh4GP/z+HOecEsRQGXffLyaysrq1vZDdzW9s7u3v5/YOGiRLNeJ1FMtKtgBouheJ1FCh5K9achoHkzWB4Ncmb91wbEalbHMXcD2lfiZ5gFK11U+14nXzBLbpTkWXw5lAoH9W+xXvlo9rJf951I5aEXCGT1Ji258bop1SjYJKPc3eJ4TFlQ9rnbYuKhtz46XTUMTm1Tpf0Im2fQjJ1f3ekNDRmFAa2MqQ4MIvZxPwvayfYu/RToeIEuWKzj3qJJBiRyd6kKzRnKEcWKNPCzkrYgGrK0F4nZ4/gLa68DI1S0TsvlmpeoVyBmbJwDCdwBh5cQBmuoQp1YNCHB3iCZ0c6j86L8zorzTjznkP4I+ftB673kRo=</latexit>
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<latexit sha1_base64="G641caGPnOUbwubGa7Md7DU4zAA=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwGwstQ2wsEzQXiEuYnZwkQ2Znl5lZISx5BBsLRWxtfQufwM7GZ3FyKTTxh4GP/z+HOecEseDauO6Xk1lZXVvfyG7mtrZ3dvfy+wcNHSWKYZ1FIlKtgGoUXGLdcCOwFSukYSCwGQyvJnnzHpXmkbw1oxj9kPYl73FGjbVuqp1SJ19wi+5UZBm8ORTKR7Vv/l75qHbyn3fdiCUhSsME1brtubHxU6oMZwLHubtEY0zZkPaxbVHSELWfTkcdk1PrdEkvUvZJQ6bu746UhlqPwsBWhtQM9GI2Mf/L2onpXfopl3FiULLZR71EEBORyd6kyxUyI0YWKFPczkrYgCrKjL1Ozh7BW1x5GRqlondeLNW8QrkCM2XhGE7gDDy4gDJcQxXqwKAPD/AEz45wHp0X53VWmnHmPYfwR87bD7B7kRs=</latexit>
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<latexit sha1_base64="iG+MknjoFYwMnP6VBMrKDp32Scs=">AAAB63icbZC7SgNBFIbPeI3xFhVsbAaDYBV2k0LLEBvLBMwFkiXMTmaTITOzy8ysEJa8go2FIraWvoVPYGfjs7ibpNDEHwY+/v8c5pzjR4Ib6zhfaG19Y3NrO7eT393bPzgsHB23TBhrypo0FKHu+MQwwRVrWm4F60SaEekL1vbHN1nevmfa8FDd2UnEPEmGigecEptZ9X4l3y8UnZIzE14FdwHF6mnjm7/XPur9wmdvENJYMmWpIMZ0XSeyXkK05VSwab4XGxYROiZD1k1REcmMl8xmneKL1BngINTpUxbP3N8dCZHGTKSfVkpiR2Y5y8z/sm5sg2sv4SqKLVN0/lEQC2xDnC2OB1wzasUkBUI1T2fFdEQ0oTY9T3YEd3nlVWiVS26lVG64xWoN5srBGZzDJbhwBVW4hTo0gcIIHuAJnpFEj+gFvc5L19Ci5wT+CL39AObxkTA=</latexit>
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<latexit sha1_base64="D8ZDwAqjJRu26Mwt6yXYdL3NloE=">AAAB63icbZDLSgMxFIbP1Futt6rgxk2wCK7KTBV0WerGZQv2AnUomTTThiaZIckIZegruHGhiFuXvoVP4M6Nz2Km7UJbfwh8/P855JwTxJxp47pfTm5ldW19I79Z2Nre2d0r7h+0dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g5G11nevqdKs0jemnFMfYEHkoWMYJNZ9d5FoVcsuWV3KrQM3hxK1aPGN3uvfdR7xc+7fkQSQaUhHGvd9dzY+ClWhhFOJ4W7RNMYkxEe0K5FiQXVfjqddYJOrdNHYaTskwZN3d8dKRZaj0VgKwU2Q72YZeZ/WTcx4ZWfMhknhkoy+yhMODIRyhZHfaYoMXxsARPF7KyIDLHCxNjzZEfwFldehlal7J2XKw2vVK3BTHk4hhM4Aw8uoQo3UIcmEBjCAzzBsyOcR+fFeZ2V5px5zyH8kfP2A+h2kTE=</latexit>

To find a formula for ck you could derive this for k = 1, 2, and 3, guess it for a
general k, and then prove your conjecture using the technique of induction. If
you have not learned this or you can not remember it, here are some resources:

• Section 2 in a proof technique handout from Dartmouth:
https://math.dartmouth.edu/~m22x17/misc/LaLonde2012_proof_techniques.

pdf

• Video tutorial by Kimberly Brehm:
https://www.youtube.com/watch?v=TqpNDiqsz7k

• Guidance for Year 11 and Year 12 (Australian) teachers with many ex-
amples including Tower of Hanoi and a two-colour problem: https://
www.amsi.org.au/teacher_modules/pdfs/Maths_delivers/Induction5.

pdf
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To find a formula for αk use trigonometry and the formula for ck.

Solution:

Using Pythagoras’ theorem, c22 = c21 + 12 = 2, so c2 =
√

2. By the same token,
c23 = c22 + 12 = 3, so c3 =

√
3, c4 = c23 + 12 = 3 + 1 = 4, so c4 =

√
4, and so on,

leading to the claim that for any k = 1, 2, 3, . . . ,

(Claim(k)) ck =
√
k

To prove that formally, we use the technique of induction. The base case k = 1
is true by construction: c1 = 1 =

√
1. For the induction step, we need to show

that, for any k = 1, 2, 3, . . . , if ((I(k))) is true then (I(k + 1)) is also true.

Assume that (Claim(k)) is true and show that

(Claim(k+1)) ck+1 =
√
k + 1.

To do that, we proceed just as in the examples above, but for the general
case. Using first Pythagoras’ theorem and then (Claim(k)), c2k+1 = c2k + 12 =√
k
2

+ 1 = k + 1, which implies (Claim(k+1)).

To obtain the angles note that for any k = 1, 2, 3, . . . , sinαk = 1/ck+1, so

αk = arcsin 1/ck+1 = 1/
√
k.

To find the first line cn that is more than one turn away from c1, find the
smallest n such that

n−1∑
k=1

αk > 2π.

(That means, keep adding αk until their sum is larger than 2π.)

At this stage you may use a calculator to find the answer. You can also write
a short programme in R, Python or some other programming language. See
below for sample code in R to do that.

You will find it needs 17 triangles. Te first line to be more than one complete
round away from the starting line is therefore c18, so n = 18.

If your 18th birthday is around this time: Happy birthday to you!

Sample R code:

c <− c ( )
alpha <− c ( )
n = 1
c [ 1 ] = 1
repeat{

c [ n+1] <− n+1
alpha [ n ] <− asin (1/sqrt (c [ n+1]))
n <− n+1
print ( ” ” )
i f ( sum( alpha ) >= 2∗pi ){break}

}


