Introduction to
Theoretical Neuroscience

Week 5 Questions
Models of Spiking Neurons

Models of Spiking Neurons: Questions
• Q1. Threshold and Spikes in an Excitable Model
A simple model of a type I neuron, driven by a current I < 0 and with a voltage V is
dV
= qV 2 + I
dt

(1)

where q < 0. By a suitable rescaling this equation can be written in terms of a dimensionless
voltage x and time s
dx
= x2 − 1
ds

(2)

[Q] What are the rescaled x and s in terms of the original voltage and time? Where are the
stable and unstable ﬁxed points?
[A]


x=



q
V
−I

s = t −Iq.

(3)

The ﬁxed points are at −1 (stable) and 1 (unstable).
Solve equation (2) with initial conditions (at t = 0) of (i) x0 > 1 or x0 < −1, and (ii) when
−1 < x0 < 1 and show that the solutions for these two cases may be written
x = − coth(s − arccoth(x0 )),

x = − tanh(s − arctanh(x0 )),

(4)

respectively.
[A] Divide by x2 − 1 and separate into partial fractions and then integrate


1
1
−
dx
x−1 x+1



= 2ds

so that



x − 1

 = 2(s − κ)
log 
x + 1

(5)

where κ is a constant. For x > 1 or x < −1 the mod signs are not required. For −1 < x < 1 the
mod signs can be replaced with a minus sign. On solving for x the results given can be found.
[Q] Conﬁrm that for case (i) there is a spike at s = arccoth(x0 ).
[A] When the argument of coth vanishes there is a divergence - a “spike”.
[Q] Sketch x(s) for cases (i) and (ii) You may choose x0 so that the equations are antisymmetric
around the origin.
• Q2. Effects of Myelination
(The following analysis is taken from the book of Dayan and Abbott, P173, but try to do the
question without looking it up in the book!). Myelinated axons are covered with an “insulating”
cell that eﬀectively thickens the membrane. There are periodic gaps in the insulation which
have a high density of sodium channels. Hence the signal along a myelinated axon propagates
by diﬀusion of voltage along the insulated region and re-triggering of the spike at the gaps. We
will now calculate the ratio of the internal and external radii of the membrane and insulation in
the myelinated regions that maximises the signal velocity.
Let Cm be the capacitance per unit area of an uninsulated bit of membrane of thickness dm .
We will assume that the eﬀect of the insulation is just to wrap the membrane in more sheets
of membranous material. We will ﬁrst calculate the capacitance of an insulated membrane of
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internal radius a1 and external radius a2 . The total capacitance of a small cylindrical element
of width ∆a and length L is
Cm

dm
2πaL.
∆a

(6)

Capacitance in series adds by reciprocals, i.e. two capacitors C1 and C2 in series have a capacitance C = 1/(1/C1 + 1/C2 ).
[Q] Use this to show that the total capacitance of the insulated membrane is given by
C=

Cm dm 2πL
log(a2 /a2 )

(7)

[A] The insulation runs from a radius a1 to a2 , so the total capacitance for a length of insulation
L is given by the integral
1
1
=
C
cm dm 2πL

 a2
da
a1

(8)

a

In the insulated stretch of cable there are no transmembrane channels - the membrane is not
leaky.
[Q] Use basic cable theory to show that the voltage inside the myelinated stretch of axon obeys:
πa21 ∂ 2 V
C dV
=
.
L dt
ra ∂x2

(9)

where ra is the axial resistance.
[A] The axial current as a function of voltage is
I=−

πa2 dV
ra dx

(10)

A small cylindrical element of myelinated cable of thickness ∆x has a capacitance C∆x /L. On
considering the currents ﬂowing in and out of this element and the internal capacitive current,
the required result is found.
The diﬀusion constant for the voltage is found by the prefactor of the double derivative multiplied
by L/C.
D=

πa21 L
Cra

(11)

The larger the diﬀusion constant the faster the signal velocity in the myelinated sections of axon.
In nature it is seen that a1  0.6a2 .
[Q] Substitute in the form for C into the deﬁnition of the diﬀusion constant and ﬁnd the internal
radius a1 that maximises the diﬀusion of the voltage at ﬁxed a2 . Show that this is consistent
with the experimental ratio.
[A]
∂D
= 0 requires 2 log(a2 /a1 ) = 1
∂a1

so a2 = a1 e1/2

(12)

which is close to a1  0.6a2 .
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