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Figure S5. (a) Numerically predicted lithiation profiles in uncoated nanopillars for different 

normalized lithiation times 0.15, 0.3 and 0.45. Contour plots represent the normalized Li 

concentration in the deformed configuration (contour plots are not to scale). (b) Contour plots of 

the normalized Li concentration for pristine (h/A = 0) and Ni coated (h/A = 1/6 and h/A = 1/2) 

nanopillars. The coating reduces the global anisotropic expansion, as measured by the ratio of 

current outer radii °° 450 rr . Here R is the radial coordinate in the undeformed configuration. 

!
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6.4. Short glass fiber-reinforced polyamide

Finally, we consider a composite made of a polyamide matrix reinforced by short glass fibers, with the following material
properties:

! Inclusions: E = 72 GPa, m = 0.22.
! Matrix: E = 2.1 GPa, m = 0.3, r Y = 29 MPa.

The hardening of the matrix material is represented by a linear-exponential law:

R ¼ h1p þ h2 1 $ expð$ npÞð Þ; ð79Þ

with h1 = 139 MPa, h2 = 32.7 MPa and n = 319. The inclusions are ellipsoidal with aspect ratio a = 15, and their volume frac-
tion is c1 = 0.157. This composite was proposed as benchmark by Doghri et al. (2011), as the first moment-based incremental
tangent method yields poor predictions. In that paper, an incremental tangent method enriched with second-order moments
is proposed, which dramatically improves the predictions on this example. Reference results were obtained on prismatic
cells containing a large number of aligned sphero-cylinders.2 FE simulations were performed using ABAQUS and the DIGI-
MAT-FE software (DIGIMAT, 2011) and are described in (Doghri et al., 2011). The predictions of the variational approach are
compared to those of the first- and second-moment incremental tangent schemes.

Fig. 15. Effective response of the composite with c1 = 0.3 under shear loading (a) and biaxial tension (b).

Fig. 16. Effective response of the composite with 30% of inclusions under one cycle of tension/compression, for (a) _!e11 ¼ 10$ 3 s$ 1 and (b) _!e11 ¼ 10$ 6 s$ 1.

2 In the mean-field models, fibers are approximated by ellipsoids. Thus, FE and mean-field predictions do not correspond exactly to the same microstructure.
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Micromechanics of composites

• Mean-field modelling in elasto-
viscoplasticity

• FEA at micro and macro scales
• Applications to fibre-reinforced 

composites, dual-phase steels, porous 
materials, 3D-printed architectured
materials

shown in Fig. 1. The pores exhibit a circular shape when the observa-
tion plane is taken perpendicular to the compaction direction (Fig. 1.a).
However, in a plane parallel to the direction of compaction, the pores
show an elliptical shape (Fig. 1.b). The high pressure of 600MPa ap-
plied prior to sintering is quite probably at the origin of this phenom-
enon. Based on these observations, it was assumed that the pores can be
represented as oblate spheroids, with a ratio of the spheroid short axis
to its long axis estimated to be 0.72. The ratio was estimated from
optical images, over numerous inclusions, in various specimens.

True stress-strain curves of the dense and porous samples in uniaxial
compression are shown in Fig. 2. As expected, porosity brings about a
significant drop in both the elastic modulus and the yield strength. The
average and standard deviation of these mechanical properties are
presented in Table 2. The average Young’s modulus of the dense tita-
nium was found to be 91 GPa. This is smaller than the value reported in
the literature for commercially pure dense titanium (100 GPa) [4]. The
discrepancy can be partially explained considering the microporosity
commonly found in sintered titanium from unsintered particles [11].
Since this microporosity is also present in the solid matrix of the porous
samples, as can be seen in Fig. 1, we have considered the elastic
modulus to be 91 GPa for our simulations on porous samples.

The elastic moduli of the porous samples were measured at 38.1 GPa
for Ti_30 and 33.8 GPa for Ti_40, which is relatively close to the tar-
geted modulus of bone (1–30 GPa). The average yield strengths of
310MPa and 247MPa fall well above the recommended minimal va-
lues for hard tissue engineering applications (100–180MPa) [31,32].
While the spread in the Young’s moduli of the porous samples is quite
low (standard deviation of 6.1 GPa and 2.1 GPa for Ti_30 and Ti_40,
respectively), the large variations in yield stresses and plastic response,
as illustrated in Fig. 2 and Table 2, may suggest a lack of reproducibility
within the manufacturing process. The variations in local phenomena
associated by the random distribution of the pores may explain these
disparities.

The responses from the dense samples show a smooth elastic-plastic
transition, followed by significant linear hardening until failure of the
material around 45% deformation (not displayed on the curves). On the
other hand, the curves for the porous specimens display limited

hardening past the yield point, which is most likely due to local collapse
of pores within the material. For the highest porosity level of 35%, a
slight softening can be observed just after the yield point. This phe-
nomenon is associated with local damage of the material, which can be
described as brittle crushing: localised damage from excessive plastic
strain propagates through the porous network. Similar types of failure
have been observed by Liu et al. [33] with levels of porosity in the same
range as investigated here (26% and 36%).

4. Micromechanical modelling

The mechanical behaviour of the porous samples was further in-
vestigated using a micromechanical approach. Specifically, finite ele-
ments simulations were conducted on RVEs of the microstructure, with
boundary conditions corresponding to a given macroscopic load. As
previous research has noted [20,24], the simulation volume for random
microstructures should be taken sufficiently large in order to be truly
representative of the actual microstructure. Geometric features, such a
pore shape, pore distribution, and volume fraction, should also be si-
milar to the experimentally-observed features.

4.1. Generation of random porous geometries

Random porous geometries were generated by sequentially adding
inclusions (i.e. pores) with random centre coordinates and given shape
in a unit cube, until the targeted porosity is reached. The adopted al-
gorithm is similar to previous work [20]. Inclusions were allowed to
overlap, and periodicity was assumed. Additional constraints were in-
troduced within this algorithm to ensure a minimal distance between
non-overlapping inclusion surfaces and between the inclusion surface
and the cube edges. These conditions ensure sufficient mesh quality for

Table 2
Young moduli and yield strengths measured experimentally and predicted by
the FE models.

Material Actual porosity
(%)

Method Young’s
modulus (GPa)

Yield strength at
0.2% (MPa)

Ti_dense – Experimental 91 ± 3.8 500 ± 65

Ti_30 27.1 ± 0.49 Experimental 38.1 ± 6.1 310 ± 22.8
FEM (Spheres) 49.6 ± 1.2 270 ± 15.9
FEM (Spheroids) 42.9 ± 1.9 245 ± 22.7

Ti_40 35.5 ± 1.12 Experimental 33.8 ± 2.1 247 ± 13.2
FEM (Spheres) 39.3 ± 1.7 221 ± 18.1
FEM (Spheroids) 33.5 ± 2 190 ± 24.1

Fig. 1. Optical images of 40% porous Ti sample: (a) cross-sectional view (vertical to the compaction direction) and (b) parallel to the compaction direction.
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Fig. 2. True stress-strain curves in uniaxial compression for (a) dense titanium
(b) 27% porous titanium (Ti_30) (c) 35% porous titanium (Ti_40). For the dense
material, only one representative curve was plotted from a set of 3 tests, since
the three curves were very similar.
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and residual stress resulting from processing (Kadkhodapour et al., 2011a; Ramazani et al., 2013). The morphology, shape and
orientation of the particles also affect the elastoplastic behavior. The present study focuses on the latter characteristics.

Up to now, experimental investigations mainly focused on the impact of martensite volume fraction, ferrite grain size and carbon
content. An increase in martensite volume fraction leads to higher yield and tensile strengths (Chang and Preban, 1985; Davies, 1978;
Lai et al., 2016; Mazinani and Poole, 2007; Pierman et al., 2014; Ramos et al., 1979; Sarosiek and Owen, 1984; Speich and Miller,
1979), generally to the detriment of uniform elongation. Grain refinement strengthens the material (Calcagnotto et al., 2010) while
carbon content has a more limited influence on the plastic behavior than the latter two parameters (Davies, 1978). An overview on
microstructure evolution during processing and on the link with mechanical properties in dual-phase steels can be found in (Tasan
et al., 2015).

In contrast, much less research studies have addressed the role of particle morphology on the elastoplastic behavior of dual-phase
steels, even though significant effects have been demonstrated. For instance, martensite banding is now known to be detrimental to
damage resistance (Bag et al., 1999). On rolled steels, Sun and Pugh (2002) measured a higher strength in the rolling direction and a
lower total elongation in the case of a fibrous microstructure of an as-rolled steel, whereas Sarwar and Priestner (1996) observed both
an increase in strength and ductility when increasing the aspect ratio of the grains. The increase in strength is confirmed by the work
of Zhang et al. (2016) in the case of martensite alignment along the rolling direction. Kim and Thomas (1981) proposed an alternative
heat treatment for dual-phase steels leading to an elongated martensite phase arrangement, called the “Thomas fiber” microstructure.
Such an arrangement has been shown to have positive effects on the plastic behavior (Das and Chattopadhyay, 2009; Tomita, 1990).

In a recent study, Pierman et al. (2014) systematically investigated the relative contributions of martensite volume fraction,
carbon content and second phase morphology in model dual-phase steels. They found that, at high martensite volume fraction (60%),
steels with a Thomas fiber microstructure present lower strength but higher ductility than dual-phase steels with equiaxed micro-
structure at the same volume fraction and martensite carbon content. Pierman (2013) also showed that steels with elongated mi-
crostructures exhibit much larger fracture toughness. However, the fundamental origin of the improved mechanical properties of the
Thomas fiber microstructure was not elucidated. The general objective of this work is to gain insight into the role of microstructure
morphology on mechanical properties of dual-phase steels through computational modeling.

More precisely, this study focuses on microstructures similar to those considered by Pierman (2013) and Pierman et al. (2014).
Representative microstructures of model steels with respectively equiaxed and Thomas fiber microstructures are shown in Fig. 1,
together with the corresponding heat treatment. Martensite particles appear in light grey and ferrite in dark grey. Both micro-
structures were processed after hot and cold rolling. Equiaxed dual-phase microstructures resulted from a conventional intercritical
annealing (Fig. 1a) bringing about the recrystallization of the cold rolled microstructure together with the nucleation and growth of
the austenite at the ferrite triple junctions and along their grain boundaries. In contrast, Thomas fiber microstructures resulted from a
two-stage heat treatment (Fig. 1b) consisting in a full austenitization followed by water quenching. The resulting fully martensitic
microstructure was then reheated in the intercritical temperature range where the austenite nucleated and grew along the interfaces

Fig. 1. Equiaxed and non-equiaxed microstructures and schematic of the corresponding heat treatments.
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6.4. Short glass fiber-reinforced polyamide

Finally, we consider a composite made of a polyamide matrix reinforced by short glass fibers, with the following material
properties:

! Inclusions: E = 72 GPa, m = 0.22.
! Matrix: E = 2.1 GPa, m = 0.3, r Y = 29 MPa.

The hardening of the matrix material is represented by a linear-exponential law:

R ¼ h1p þ h2 1 $ expð$ npÞð Þ; ð79Þ

with h1 = 139 MPa, h2 = 32.7 MPa and n = 319. The inclusions are ellipsoidal with aspect ratio a = 15, and their volume frac-
tion is c1 = 0.157. This composite was proposed as benchmark by Doghri et al. (2011), as the first moment-based incremental
tangent method yields poor predictions. In that paper, an incremental tangent method enriched with second-order moments
is proposed, which dramatically improves the predictions on this example. Reference results were obtained on prismatic
cells containing a large number of aligned sphero-cylinders.2 FE simulations were performed using ABAQUS and the DIGI-
MAT-FE software (DIGIMAT, 2011) and are described in (Doghri et al., 2011). The predictions of the variational approach are
compared to those of the first- and second-moment incremental tangent schemes.

Fig. 15. Effective response of the composite with c1 = 0.3 under shear loading (a) and biaxial tension (b).

Fig. 16. Effective response of the composite with 30% of inclusions under one cycle of tension/compression, for (a) _!e11 ¼ 10$ 3 s$ 1 and (b) _!e11 ¼ 10$ 6 s$ 1.

2 In the mean-field models, fibers are approximated by ellipsoids. Thus, FE and mean-field predictions do not correspond exactly to the same microstructure.
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Mechanics of Li-ion batteries

• Constitutive modelling of a-LiSi
• Coupled diffusion-plasticity analysis
• Anisotropic swelling and fracture in c-Si

This figure examines the e↵ects of structural relaxation parameter q0 on the stress and393

disorder. In the early stages of deformation all stress-strain and disorder-strain curves394

overlap for di↵erent q0. In the strain-softening stage larger q0 leads to smaller strain-395

softening which correspond to smaller step value in disorder. In addition, larger q0, larger396

relaxation of disorder, causes faster access to steady-state and smaller/larger steady-state397

value of disorder/stress.398

Fig. 4 is plotted for uniaxial tension with 10�1s�1 applied strain rate and shows399

the evolution of stress, disorder and the ratio of plastic volume for di↵erent degrees of400

material yield dependency on pressur (di↵erent values of b). Regarding Fig. 4a, the401

maximum and steady-state value of stress decreases with increasing b (b < 0.15). After402

that, the maximum value of stress decreases while the steady-state value of stress increases.403

Furthermore, when the yield criterion has a weak dependency on pressure (smaller b),404

material experience larger maximum stress at a larger strain. Based on Eq. (31) the405

creation of dicorder is proportional to b. Thus, more disorder and plastic dilatation are406

expected for larger value of b (Fig. 4b,4c).407

(a) (b)

Figure 1: E↵ects of applied strain rates on evolution of a) normalized stress and b) disorder in a uniaxial

tension loading.

3.3. Cyclic loading408

Here we perform a simulation of tension-compression cyclic loading in amorphous solids409

under strain-controlled cyclic loading. A constant strain rate of 10�1s�1 is applied. The410

black curve in Fig. 1a depicts the uniaxial stress-strain response of an amorphous solid411

specimen subjected to a monotonic uniaxial tension. The symbols indicate the strains412

corresponding to those used in the strain-controlled cyclic loading, ranging over linear413
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Mean-field homogenisation for transient 
diffusion problems
• Diffusion in heterogeneous media with high diffusivity contrast
• Non-classical effective behaviour

Brassart et al, JMPS (2018); Brassart and Stainier, JMPS (2019)
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where V is the RVE volume. This condition in turn implies that: 

1 
V 

! 
ω ∇ ̃  µ dV = 0  . (22) 

Using the divergence theorem, the latter condition can be rewritten as a surface integral: 
! 
∂ω ˜ µn dS = 0  , (23) 

where n is the outward unit normal to the RVE boundary. Condition (23) is satisfied by setting ˜ µ = 0 on ∂ω. Eq. (20) then 
leads to affine chemical potential boundary conditions: 

µ = µ̄ + ḡ · (x − x 0 ) on ∂ω. (24) 
Note that, while affine boundary conditions satisfy condition (21) , in general the volume average of the chemical potential 
in the RVE does not necessarily coincide with the macroscopic value: 

1 
V 

! 
ω µdV ̸ = µ̄. (25) 

For heat conduction problems, similar affine boundary conditions can be written in terms of prescribed temperature 
( Larsson et al. (2010) ). 
Remark 3. Alternatively, condition (22) is satisfied by requiring the micro-fluctuation field ˜ µ to be periodic: 

˜ µ(x + ) = ˜ µ(x −) , (26) 
where x + and x − are position vectors of corresponding points on the boundary. The boundary conditions then write: 

µ(x + ) − µ(x −) = ḡ · (x + − x −) on ∂ω. (27) 
Periodic boundary conditions only specify the field of chemical potential up to an undetermined constant. This is similar 
to periodic displacement boundary conditions in mechanics problems, which only determine the displacement field up to 
a rigid body motion. Similar to mechanics problems, the indeterminacy can be suppressed by prescribing the chemical 
potential value at one point on the RVE boundary. Alternatively, one can require that the average chemical potential should 
equal the macroscopic chemical potential: 

1 
V 

! 
ω µdV = µ̄. (28) 

Introducing expansion (20) into (28) , it amounts to requiring that the volume average of the microscopic fluctuation field 
vanishes: 

1 
V 

! 
ω ˜ µdV = 0 . (29) 

For heat conduction problems, a requirement similar to (28) was proposed by Özdemir et al. (2008a) , where it amounts to 
enforcing consistency of stored heat at macroscopic and microscopic levels. 
3.2. Averaging 

Expressions for the effective quantities ( ̇ ̄c, j̄ ) in terms of the local fields in the RVE are obtained by requiring that the 
macroscopic power should equal the power supplied to the RVE through its boundaries: 

µ̄ ˙ ̄c − j̄ · ḡ = − 1 
V 

! 
∂ω µ j · n dS (30) 

= 1 
V 

! 
ω µ ˙ c d V − 1 

V 
! 
ω j · ∇µ d V, (31) 

where the second equality follows from application of the divergence theorem and the local species conservation equation 
(8) . Eqs. (30) - (31) are equivalent to the Hill-Mandel condition in (quasi-static) mechanical homogenisation problems. In its 
original derivation ( Hill, 1967 ), Hill’s lemma follows from the a-priori definition of effective fields as volume averages. In 
contrast, here we postulate the equality (30) , and determine expressions for the effective concentration rate and diffusion 
flux which ensures that the equality is satisfied. The generalisation of the Hill-Mandel condition as a principle of multiscale 
virtual power for a broad class of RVE-based methods is discussed in Blanco et al. (2016) . 

Using the affine boundary condition (24) together with the divergence theorem and the conservation equation (8) , the 
right-hand side of Eq. (30) becomes: 

− 1 
V 

! 
∂ω µ j · n d S = µ̄ 1 

V 
! 
ω ˙ c d V − 1 

V ḡ ·
! 
∂ω (x − x 0 )( j · n ) dS. (32) 
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Fig. 8. a) Schematic of the diffusion boundary-value problem in a composite slab of length L and Finite Element mesh. Details of the microstructure 
are fully resolved. (b) Two-scale simulation of the same problem using an effective medium. At macroscale, a 1D Finite Element model with first-order 
elements is used, with element size corresponding to the RVE size. The constitutive behaviour at each integration point is given by the mean-field model. 

Fig. 9. Profiles of macroscopic concentration (a) and average inclusion concentration (b) in a composite slab subject to a step load at x = L and natural 
boundary conditions on the three other boundaries. Dashed black lines are the 2D full-field results and solid color lines are the results obtained by 
combining a 1D finite element approach with the mean-field model. 
Eqs (65) – (66) . Here, for simplicity, we assumed an isotropic response, that is, we set s 1 = 0  and S 1 = (1 / 12) 1  in the mean- 
field model. The effective isotropic conductivity k̄ was estimated using the Hashin-Shtrikman upper bound in 2D, Eq. (71) . 
The problem can then be solved in 1D ( Fig. 8 (b)). 

The 1D diffusion problem is solved numerically using FEM. As is standard, the weak form of the diffusion problem is 
obtained by multiplying the species conservation equation (15) by a test function w ( x ) that vanishes on ∂"µ (here, x = L ), 
integrating along the slab, using integration by parts and the boundary condition j x (0 , t) = 0 , to finally obtain: 

! L 
0 

"
˙ ̄cw − j̄ x dw 

dx 
#

dx = 0 . (97) 
The weak form is discretised in space using a finite element interpolation of the unknown field µ̄: 

µ̄ = N n $ 
I=1 µ̄I ξ I , (98) 

where the superscript I = 1 , . . . , N n refers to the node number, µ̄I are the nodal values and ξ I the shape functions. We 
adopt a standard Galerkin formulation and use the same shape functions to interpolate the test function w . Here, linear 
shape functions were used. We obtain N n equations for the N n nodal values: 

! L 
0 

"
˙ ̄cξ I − j̄ x dξ I 

dx 
#

dx = 0 (I = 1 , . . . , N n ) . (99) 
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Example: Double-network gels

Network design for strength and toughness  

Gong et al., Adv. Mater. (2003) > 2000 citations

𝛤=1000 J/m2
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a notched crack propagate. 

Double-network gels are 

tough because the internal 

fracture of the brittle net-

work dissipates substantial 

amounts of energy under 

large deformation, while the 

elasticity of the second net-

work allows it to return to its 

original configuration after 

deformation. The fracture 

energy of the double network 

is therefore much larger than 

those of either of the corre-

sponding single networks. 

Thus, by sacrifi cing the rup-

ture of the covalent bonds 

of the brittle first network, 

the material gains tough-

ness. The covalent bonds serve as “sacrifi cial 

bonds,” a term initially used to describe how 

bones fracture ( 4).

In principle, the double-network principle 

can be used to toughen other network mate-

rials, as long as the interpenetrating network 

structure is formed. However, applying this 

concept to the nonhydrated elastomers is not 

trivial. The fi rst challenge is to form an inter-

penetrating double-network structure in which 

the two networks have contrasting mechani-

cal properties. In the case of hydrogels, this 

structure is synthesized in a two-step process, 

using a polyelectrolyte as the fi rst network and 

a neutral polymer as the second network. A 

polyelectrolyte hydrogel swells much more 

than a neutral hydrogel, causing the chains to 

be highly stretched and stiff as well as highly 

dilute. In the case of elastomers, no poly-

electrolyte can be used, making it diffi cult to 

form the interpenetrating network structure. 

Another diffi culty is that elastomers do not 

contain solvent. Without solvent, two differ-

ent polymers usually do not mix but instead 

separate into different phases. To synthesize 

double network elastomers, one must prevent 

the phase separation of the two polymers.

Ducrot et al. now show how the double-

network concept can be used to improve the 

toughness of elastomers. To obtain a highly 

stretched and dilute fi rst network, they swell 

the fi rst network elastomer using monomers 

of the second network elastomer. They then 

polymerize the monomers to complete the 

double-network structure. In a further step, 

the double-network elastomers can be swelled 

in a third monomer, causing the fi rst network 

elastomer to be stretched even further; polym-

erization of the third monomer leads to a triple 

network elastomer.

This sequential polymerization method 

prevents phase separation of the different 

polymers because the second or third net-

work is formed from their monomer precur-

sors in the presence of the fi rst network. The 

stretched bonds of the fi rst network are the 

sacrifi cial bonds that impart toughness to the 

elastomers. The authors have also developed 

a method to observe the fracture of the sac-

rifi cial bonds in situ by using chemolumi-

nescent cross-linking molecules, which emit 

light as they break. This work should stim-

ulate researchers to develop new classes of 

tough hydrogels and elastomers and investi-

gate how they fracture.

Tough materials can dissipate substantial 

amounts of mechanical energy without frac-

turing. Compared with other tough materials 

in which noncovalent bonds dissipate energy, 

the covalent sacrifi cial bonds of brittle net-

works have the advantages of high bond 

energy and weak dependence of the stiffness 

and toughness on temperature and the rate of 

deformation. The disadvantage is that once 

the brittle network is broken, the covalent 

bonds cannot be reformed. The gel therefore 

softens permanently after large deformation. 

In a recent study, the covalent bonds have 

been replaced with ionic bonds to allow the 

fractured bond to be reformed in double-net-

work hydrogels ( 5). Studies along these lines 

have successfully produced tough hydrogels 

that recover after internal rupture.

The double-network concept naturally 

suggests a general strategy for design-

ing tough soft materials: incorporation of a 

mechanically fragile structure to toughen the 

material as a whole. This strategy is not lim-

ited to double- or multiple-network systems 

but also applies to single-network systems, 

as long as they have sacrifi cial bonds to dis-

sipate energy and can retain the original con-

fi gurations of the material after large defor-

mation. For example, Henderson et al. have 

used block copolymers ( 6) and Sun et al. 

polyampholytes carrying opposite charges 

randomly distributed on the polymer chains 

( 7) to create single-network hydrogels with 

dual cross-linking structures. The strong 

bonds in these gels impart elasticity, whereas 

the weak bonds rupture during deformation, 

dissipating energy. The mechanical behavior 

of these dually cross-linked gels thus resem-

bles that of double-network gels. The dual 

cross-linking strategy may also be applied to 

elastomers in the future.

Another goal is to develop tough soft 

materials with anisotropic mechanical per-

formance, similar to skin, cartilage, muscle, 

and tendons. For example, self-assembled 

molecules such as lipids, rodlike macromol-

ecules, or block copolymers may be used to 

build anisotropic energy-dissipation struc-

tures. This possibility is demonstrated by an 

anisotropic hydrogel consisting of layered 

lipid membranes entrapped in the matrix of a 

neutral network ( 8). Several different mech-

anisms for dissipating energy and main-

taining elasticity play a role in the design 

of tough soft materials. In a recent review, 

Zhao provides a guide to how these differ-

ent mechanisms can be used in the design of 

next-generation tough hydrogels ( 9). These 

strategies are also applicable to elastomers, 

with Ducrot et al.’s study pointing the way to 

many exciting materials.  
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2nd network

Tougher than its parts. (A) By combining different network materials, tough double-network materials can be created. (B) Photo 

of a tough double-network hydrogel containing 90 wt % of water ( 2). The value of the fracture energy G is an indicator of mate-

rial toughness. Ducrot et al. now successfully apply this concept to elastomers.
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the number of repeated monomeric units of polymer strands be-
tween two chemically cross-linked points and c indicates the molar
concentration of the monomeric units of polymers.

In this study, we take notice on the latter toughening condition
c2 >> c1. The sole first network is very brittle, and the DN gels
containing large amount of the second network is ductile and tough.
Then, how does the brittle gel change into a ductile and tough one by
increasing the amount of the second ductile component c2? In this
paper, we keep the first criteria N2/N1 >>1 satisfied and investigate
the effect of the two network concentrations c1 and c2 on the me-
chanical behavior of the DN gels. For this purpose, we synthesized 3
sets of DN gels. For each set, we use a constant 1st network cross-
linker density but various 2nd network concentrations. First, we
prepared PAMPS single network gels with 3 different cross-linker
densities. As the swelling degree of a polyelectrolyte hydrogel sub-
stantially changes with its cross-linker density, this permits us to
modulate c1 (which is roughly inverse to N1) only by changing the
cross-linker density for preparing the 1st network. In each set of the
PAMPS samples, we synthesized the second network from different
AAm monomer concentration, cAAm while keeping the chemical
cross-linker density of the second network constant at a very small
value. This permits us to keep N2 as a large constant value, and
modulate the concentration of the second network, c2 near the
transition regions. We characterized the strength and toughness of
these DN gels and determined the brittleeductile transition points
against c2. To characterize the internal fracture of these samples, we
also carried out the cyclic tensile test. By comparing the tensile
behavior of individual single network gels, we found that the brittlee
ductile transition is strongly related to the polymer strand density
ratio of the two networks, ne,2/ne,1, which indicates that the force
balance between the two networks acts as the key structural
parameter for this transition.

2. Experimental section

2.1. Gel synthesis

2.1.1. Materials
2-Acrylamido-2-methylpropanesulfonic acid (AMPS) (Toa Gosei

Co., Ltd.) was used as received. Acrylamide (AAm) (Junsei Chemical
Co., Ltd.) was purified by recrystallizing from chloroform. Both the
cross-linker N,N0-methylenebis(acrylamide) (MBAA) (Wako Pure
Chemical Industries Ltd.) and the initiator 2-oxoglutaric acid (Wako
Pure Chemical Industries Ltd.) were used as received.

2.1.2. Preparation of t-DN gel
The first network PAMPS concentration, c1, was varied by

changing the first network cross-linker density c1_MBAA and the

second network concentration c2, by changing the monomer con-
centration cAAm. Three sets of samples were synthesized. Each set
contains the same c1_MBAA but different cAAm. For simplicity, we
coded these DN gels as DN (x/y); where ‘x’ and ‘y’ are c1_MBAA (mol%,
with respect to the monomer concentration) and cAAm (M),
respectively. As has already been clarified in our previous works,
conventional DN gels contain some internetwork bonds between
the first and second networks, which are formed by copolymeri-
zation of the second network with the first network through un-
reacted residual double bonds of its cross-linker [4,16]. Since truly
independent DN gels (labeled t-DN gels) that do not contain any
covalent bonds between the two networks have simpler structures
than conventional DN gels, in this study we prepared t-DN gels for
analyzing the properties of the DN gels. The t-DN gel samples were
prepared using two-step sequential polymerization method with a
large amount of initiator in the first network polymerization [4].
First, a glass mold was prepared by sandwiching a silicone rubber
spacer (thickness varying from 1 to 3 mm for different experi-
ments) between two similar glass plates. The 1st network precursor
solution was prepared by dissolving 1 M of AMPS, 2, 3, 4 or 6 mol%
of MBAA as cross-linker and 1 mol% of 2-oxoglutaric acid as photo-
initiator (the molar percentages are respective to the monomer
concentration). The solution was then moved to an argon blanket,
made oxygen-free by shaking and then poured into the pre-made
glass molds. After irradiation with UV light of 365 nm wavelength
from both sides for 9 h in an argon atmosphere, the 1st network gel
(PAMPS gel) was obtained. Here, the initiator concentration used
was much higher than that used in the conventional DN gels which
should inactivate the un-reacted residual cross-linkers of the first
network. Next, these PAMPS gels were immersed and swollen in
the 2nd network precursor solution which contained 0.9e2 M of
AAm, 0.02 mol% of MBAA, and 0.01 mol% of 2-oxoglutaric acid for 3
days. The thickness of the as-prepared PAMPS gels was fixed at
1 mm and thicknesses of the swollen PAMPS samples in AAm so-
lutions are the same with those in pure water and they are tabu-
lated in Table S1 (Supporting information). The swollen PAMPS gels
containing AAm monomers were then sandwiched by two glass
plates, wrapped, moved to an argon blanket and again irradiated by
365 nm UV light from one side for 10 h. In this way, the 2nd
network was subsequently polymerized in the presence of the 1st
network and the interpenetrating double network (DN) gels were
obtained. The as-prepared DN gels were then swollen in Milli-Q
water for 4e5 days to remove any un-reacted monomer and then
used for further tests. The sample codes and compositions used in
this work are summarized in Table 1. The final thickness of these DN
gels after swelling and the subsequent true concentrations of two
networks in the DN gels along with the calculation method are
shown in the supporting information section (Supporting Fig. S1).

Scheme 1. Illustration of super-tough double network (DN) gels with a contrasting structure. The blue and pink lines represent the 1st and 2nd networks respectively and the filled
circles indicate chemical cross-linking points. The two networks do not have internetwork chemical bond, creating a truly interpenetrating network (IPN) structure. The chemical
structures of PAMPS and PAAm as first and second networks, respectively, are shown on the right. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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Example: hybrid ionic-covalent gels

then sealed in a polyethylene bag and submerged in mineral oil to
prevent water from evaporating, and stored in a fixed-temperature
bath for a prescribed time. The sample was then taken out of storage
and its stress–stretch curve was measured again at room temperature.
The internal damage was much better healed by storing the gel at an
elevated temperature for some time before reloading (Fig. 3e and
Supplementary Fig. 2). After storing at 80 uC for 1 day, the work on
reloading was recovered to 74% of that of the first loading (Fig. 3f).

We prepared gels containing various proportions of alginate and
acrylamide to study why the hybrids were much more stretchable and
stronger than either of their parents. When the proportion of
acrylamide was increased, the elastic modulus of the hybrid gel
decreased (Fig. 4a). However, the critical stretch at rupture reached a
maximum at 89 wt % acrylamide. A similar trend was observed for
samples with notches (Fig. 4c). The fracture energy reached a
maximum value of 8,700 J m22 at 86 wt % acrylamide (Fig. 4d). The
densities of ionic and covalent crosslinks also strongly affect the
mechanical behaviour of the hybrid gels (Supplementary Figs 3, 4),
as well as that of pure alginate gels (Supplementary Fig. 5) and pure
polyacrylamide gels (Supplementary Fig. 6).

Our experimental findings provide insight into the mechanisms of
deformation and energy dissipation in these gels. When an unnotched
hybrid gel is subjected to a small stretch, the elastic modulus of the
hybrid gel is nearly the sum of those of the alginate and polyacrylamide
gels. This behaviour is also suggested by viscoelastic moduli deter-
mined for the hybrid and pure gels (Supplementary Fig. 7). Thus, in
the hybrid gel the alginate and polyacrylamide chains both bear loads.
Moreover, alginate is finely and homogeneously dispersed in the
hybrid gel, as demonstrated by using fluorescent alginate and by
measuring local elastic modulus with atomic force microscopy
(Supplementary Fig. 8). The load sharing of the two networks may
be achieved by entanglements of the polymers, and by possible covalent
crosslinks formed between the amine groups on polyacrylamide
chains and the carboxyl groups on alginate chains (Fig. 1, Supplemen-
tary Figs 9, 10). As the stretch increases, the alginate network
unzips progressively23, while the polyacrylamide network remains
intact, so that the hybrid gel exhibits pronounced hysteresis and little
permanent deformation. As only the ionic crosslinks are broken, and

the alginate chains themselves remain intact, the ionic crosslinks can
re-form, leading to the healing of the internal damage.

The giant fracture energy of the hybrid gel is remarkable, consider-
ing that its parents—the alginate and polyacrylamide gels—have
fracture energies of 10–250 J m22 (Supplementary Figs 5, 6). The rela-
tively low fracture energy of a hydrogel comprising a single network
with covalent crosslinks is understood in terms of the Lake–Thomas
model8. When the gel contains a notch and is stretched, the deforma-
tion is inhomogeneous; the network directly ahead of the notch is
stretched more than elsewhere (Supplementary Fig. 11). For the notch
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Figure 3 | Mechanical tests under various conditions. a, Stress–stretch
curves of the three types of gel, each stretched to rupture. The nominal stress, s,
is defined as the force applied on the deformed gel, divided by the cross-
sectional area of the undeformed gel. b, The gels were each loaded to a stretch of
1.2, just below the value that would rupture the alginate gel, and were then
unloaded. c, Samples of the hybrid gel were subjected to a cycle of loading and
unloading of varying maximum stretch. d, After the first cycle of loading and

unloading (red curve), one sample was reloaded immediately, and the other
sample was reloaded after 1 day (black curves, as labelled). e, Recovery of
samples stored at 80 uC for different durations, as labelled. f, The work of the
second loading, W2nd, normalized by that of the first loading, W1st, measured
for samples stored for different durations at different temperatures. The
alginate/acrylamide ratio was 1:8 for a and b, and 1:6 for c–f. Weights of
crosslinkers were fixed as described in Fig. 2 legend.

1 5 9 13 17 21 25
0

50

100

150

200

250
75

94.12

92.31

88.89
85.71

80
66.67

s 
(k

P
a)

λ
60 70 80 90 100

0

20

40

60

80

100

120
E 

(k
P

a)

60 70 80 90 100
0

4

8

12

16

λ c

60 70 80 90 100
0

2,000

4,000

6,000

8,000

10,000

   
(J

 m
–2

)

Acrylamide/(acrylamide + alginate) (wt%)

Acrylamide/(acrylamide + alginate) (wt%)

Acrylamide/(acrylamide + alginate) (wt%)

a b

c d

Γ

Figure 4 | Composition greatly affects behaviour of the hybrid gel. a, Stress–
strain curves of gels of various weight ratios of acrylamide to (acrylamide plus
alginate), as labelled. Each test was conducted by pulling an unnotched sample
to rupture. b, Elastic moduli calculated from stress–strain curves, plotted
against weight ratio. c, Critical stretch, lc, for notched gels of various weight
ratios, measured by pulling the gels to rupture. d, Fracture energy, C, as a
function of weight ratio. Weights of crosslinkers were fixed as described in
Fig. 2 legend. Error bars show standard deviation; sample size n 5 4.
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𝛤=8700 J/m2

𝝀max>20

gels (Fig. 3a). The amounts of alginate and acrylamide in the hybrid
gels were kept the same as those in the alginate gel and polyacrylamide
gel, respectively. When the stretch was small, the elastic modulus of the

hybrid gel was 29 kPa, which is close to the sum of the elastic moduli of
the alginate and polyacrylamide gels (17 kPa and 8 kPa, respectively).
The stress and stretch at rupture were, respectively, 156 kPa and 23 for
the hybrid gel, 3.7 kPa and 1.2 for the alginate gel, and 11 kPa and 6.6
for the polyacrylamide gel. Thus, the properties at rupture of the
hybrid gel far exceeded those of either of its parents.

Hybrid gels dissipate energy effectively, as shown by pronounced
hysteresis. The area between the loading and unloading curves of a gel
gives the energy dissipated per unit volume (Fig. 3b). The alginate gel
exhibited pronounced hysteresis and retained significant permanent
deformation after unloading. In contrast, the polyacrylamide gel
showed negligible hysteresis, and the sample fully recovered its original
length after unloading. The hybrid gel also showed pronounced
hysteresis, but the permanent deformation after unloading was signifi-
cantly smaller than that of the alginate gel. The pronounced hysteresis
and relatively small permanent deformation of the hybrid gel were
further demonstrated by loading several samples to large values of
stretch before unloading (Fig. 3c).

After the first loading and unloading, the hybrid gel was much
weaker if the second loading was applied immediately, and recovered
somewhat if the second loading was applied 1 day later (Fig. 3d and
Supplementary Fig. 1). We loaded a sample of the hybrid gel to a
stretch of 7, and then unloaded the gel to zero force. The sample was
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Figure 1 | Schematics of three types of hydrogel. a, In an alginate gel, the G
blocks on different polymer chains form ionic crosslinks through Ca21 (red
circles). b, In a polyacrylamide gel, the polymer chains form covalent crosslinks
through N,N-methylenebisacrylamide (MBAA; green squares). c, In an
alginate–polyacrylamide hybrid gel, the two types of polymer network are
intertwined, and joined by covalent crosslinks (blue triangles) between amine

groups on polyacrylamide chains and carboxyl groups on alginate chains.
Materials used were as follows: alginate (FMC Biopolymer, LF 20/40);
acrylamide (Sigma, A8887); ammonium persulphate (Sigma, A9164); MBAA
(Sigma, M7279); N,N,N9,N9-tetramethylethylenediamine (Sigma, T7024);
CaSO4?2H2O (Sigma, 31221); ultraviolet lamp (Hoefer, UVC 500).
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Figure 2 | The hybrid gel is highly stretchable and notch-insensitive. a, A
strip of the undeformed gel was glued to two rigid clamps. b, The gel was
stretched to 21 times its initial length in a tensile machine (Instron model 3342).
The stretch, l, is defined by the distance between the two clamps when the gel is
deformed, divided by the distance when the gel is undeformed. c, A notch was
cut into the gel, using a razor blade; a small stretch of 1.15 was used to make the
notch clearly visible. d, The gel containing the notch was stretched to 17 times
its initial length. The alginate/acrylamide ratio was 1:8. The weight of the
covalent crosslinker, MBAA, was fixed at 0.0006 that of acrylamide; the weight
of the ionic crosslinker, CaSO4, was fixed at 0.1328 that of alginate.
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Continuum modelling

r · P = 0
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Kinematics:

µĊ + P : Ḟ � J ·rµ� Ẇ � 0
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Conservation equations: 

@C

@t
= �r · J
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Constitutive models:

e.g. Hong et al., JMPS (2008); Chester and Anand, JMPS (2010).

F = r�
<latexit sha1_base64="pVZ4JYa4JTmbMpYW/U5E/e2sVcE=">AAACFXicbZDLSgMxFIYzXmu9jboUIVgEV2XGC7oRioK4rGAv0BlKJs20oUlmSDJCGWblQ/gMbnXtTty6dumbmGlnYVsPhHz8/zmc5A9iRpV2nG9rYXFpeWW1tFZe39jc2rZ3dpsqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcOb3G89EqloJB70KCY+R31BQ4qRNlLXPvACDm/hFTR36gkUMJRNGA9o1rUrTtUZF5wHt4AKKKretX+8XoQTToTGDCnVcZ1Y+ymSmmJGsrKXKBIjPER90jEoECfKT8ffyOCRUXowjKQ5QsOx+nciRVypEQ9MJ0d6oGa9XPzP6yQ6vPRTKuJEE4Eni8KEQR3BPBPYo5JgzUYGEJbUvBXiAZIIa5Pc1JaA55m4swnMQ/Ok6p5Wz+/PKrXrIp0S2AeH4Bi44ALUwB2ogwbA4Am8gFfwZj1b79aH9TlpXbCKmT0wVdbXLzLXnsg=</latexit>

x = �(X, t)
<latexit sha1_base64="IbMf8CxX9YSg5HTyoRT/t9t1jx8=">AAACEnicbVDLSsNAFJ3UV62vqDvdDBahgpTEB7oRim5cVrAPaEKZTCft0JkkzEzEEgJ+hN/gVtfuxK0/4NI/cdJmYVsPXO7hnHu5M8eLGJXKsr6NwsLi0vJKcbW0tr6xuWVu7zRlGAtMGjhkoWh7SBJGA9JQVDHSjgRB3GOk5Q1vMr/1QISkYXCvRhFxOeoH1KcYKS11zT3H4/ARXkHdEwcPaFrJlPaxOuqaZatqjQHniZ2TMshR75o/Ti/EMSeBwgxJ2bGtSLkJEopiRtKSE0sSITxEfdLRNECcSDcZ/yGFh1rpQT8UugIFx+rfjQRxKUfc05McqYGc9TLxP68TK//STWgQxYoEeHLIjxlUIcwCgT0qCFZspAnCguq3QjxAAmGlY5u64vFUZ2LPJjBPmidV+7R6fndWrl3n6RTBPjgAFWCDC1ADt6AOGgCDJ/ACXsGb8Wy8Gx/G52S0YOQ7u2AKxtcvwxKc0w==</latexit>

det(F ) = 1 + ⌦C
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W = W e(F ) +W c(C)
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+ kinetic relations
Micromechanical 
modelling



Single chain behaviour
Freely-jointed chain with N Kuhn segments of length b

the real material behavior more accurately than the single parameter freely jointed
chain model which might be better suited for randomly oriented polymer chains in
rubber. In particular, due to the additional freedom introduced by the persistence
length as a second parameter, we shall thus focus on the wormlike chain model for
the collagen fibrils in the sequel.

3. Mechanics of the chain network

To incorporate the individual chain statistics into an overall constitutive
description, we apply an eight chain representation of the underlying cooperative
macromolecular network structure. These eight chains are embedded in a
transversely isotropic unit cell with initial cell dimensions a and b . The cell
dimension ratio a : b is thus a measure of the degree of anisotropy, b ¼ a
characterizes an isotropic material response while b ¼ 0 introduces a material with
a unidirectional fiber reinforcement. The eight chains essentially link at the center of
the unit cell and extend to the eight individual corners as in Fig. 3. While the end-to-
end length in the undeformed configuration is obviously given as

r0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ b 2 þ b 2
p

=2, we assume that the end-to-end length in the deformed
configuration can be expressed as

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I4 a2 þ ½I1 $ I4% b 2
q

= 2 (7)

in terms of the first and fourth invariant I1 and I4. The relevant invariants and their
derivatives are given in the following form.

I1 ¼ G $ 1 : C ; I3 ¼ detðCÞ; I4 ¼ N0 : C ,

dC I1 ¼ G $ 1; dC I3 ¼ I3C
$ t; dCI4 ¼ N0. ð8Þ
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Fig. 3. Kinematics of transversely isotropic eight chain network model (a) bulk material (b) eight single
chains (c) overall eight chain model.
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Figure 2: a) Ratio of e↵ective to actual average coordination, Z̄e↵/Z̄, as a function of the total loop

fraction ⇣ for various networks with parameters (Z̄, ⇣). The dashed line represents the relation Z̄e↵/Z̄ =

(1�⇣/2). b) Relative fraction of double links ⇣2/⇣ as a function of ⇣, or various networks with parameters

(Z̄, ⇣).

2.2. Chain behaviour114

We consider networks of identical chains with force-extension behaviour described by115

the Freely-Jointed Chain (FJC) model. The elastic energy of the chains is given by116

w = NkT

✓
�

tanh �
+ log

�

sinh �

◆
, (5)

where � = fb
kT . The force derives from the elastic energy as f = @w

@r , giving:117

f =
kT

b
L�1

⇣ r

Nb

⌘
, (6)

where L is the Langevin function: L(x) = coth(x)� 1/x.118

2.3. Network behaviour119

Networks are subjected to prescribed macroscopic deformation gradient tensor F ,120

which transforms the initial, cubic volume into a parallelepiped. Accordingly, the position121

vector x↵ of each boundary junction ↵ in the current configuration is given by:122

x↵ = F ·X↵, (7)

where X↵ is the position vector of the junction in the reference (initial) configuration.123

Equilibrium positions of the internal junctions are calculated by minimising the elastic124

6

� = L�1
⇣ r

Nb

⌘
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� =
3r

Nb
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� =
fb

kT
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Network models

Wang and Guth (1952); Treloar (1975);  Arruda
and Boyce (1993); Wu and Van Der Giessen (1993)

• 8-chain model

• Full-network model

Assembly of representative chains deforming affinely with the 
macroscopic strain

• 3-chain model

W e =
1

V

X

n

w
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Real networks are imperfect

TRECHM 28 1–17

Characterization of Polymer Network Topology Below !10 nm
Sub-10-nm polymer network topology concerns structural features at the (macro)molecular
level, including unreacted functionalities and loops of various order (Figure 1). Unreacted
functionalities are traditionally quantified by spectroscopic methods. In contrast, loops are
often chemically indistinguishable and thus they are typically evaluated semi-quantitatively from
swelling or tensile tests. These methods rely on mathematical relationships between the
network structure and mechanical properties; such relationships must be proven correct
before they can be broadly applied [38].

Two emerging techniques have shown great potential for quantitative evaluation of (macro)
molecular-level topologies in polymer networks through fundamentally different strategies:
multiple-quantum nuclear magnetic resonance (MQ NMR) and network disassembly spectrom-
etry (NDS). MQ NMR distinguishes local network structures (e.g., ideal connections, dangling
chains, loops of various order) based on subtle differences in chain dynamics. Resulting MQ
NMR signals are fitted with a multicomponent function to quantify fractions of different local
network structures [39,40]; the use of MQ NMR to characterize (macro)molecular-level polymer
network topology has been extensively reviewed [34,41,42]. By contrast, NDS quantifies specific
topological network features by degrading chemically labeled networks and analyzing the

Inhomogeneous crosslinking density

Molecular 
entanglements

3° loops

2° loops

1° loops

Dangling chains

Branch 
funcƟonality

Figure 1. The Complexity of Polymer Network Topology. The topological structure of an amorphous polymer
network can be simplified as connecting points (junctions) and connections (strands). A description of polymer network
topology requires at least three different length scales: < 1 nm, 1–10 nm, 10–100 nm. The dominant topological feature on
the 10–100 nm length scale (shown in green) is inhomogeneity in the distribution of network junctions " a consequence of
concentration fluctuation during network formation. At 1–10 nm, network topology involves macromolecular-level struc-
tures formed from one or multiple strands (shown in red), such as unreacted functionalities (e.g., dangling chains),
entanglements, and loops of various order. Note: the loop order describes the number of strands involved in the loop, such
as, for example, a primary loop (1# loop), a secondary loop (2# loop), and a ternary loop (3# loop). Below 1 nm, the major
topological structure of interest is branch functionality (shown in blue), which describes the maximum number of strands
connected to a network junction.

2  Trends in Chemistry, Month Year, Vol. xx, No. yy

Gu et al., Trends Chem. (2019)



Micromechanical modelling

• Random assembly of 
springs (polymer chains) 
connecting at junction 
points (crosslinks)

• Spring behaviour described 
by entropic force-extension 
relation

• Includes topological defects

Objectives
• Understand the relative contributions of network parameters to 

mechanical properties

• Generate reference results to validate constitutive models 



Model system: near-ideal networks

Focusing the spotlight on constitutional unit of the network,
most of gels from macromonomers were formed from asym-
metrical components such as multifunctional cross-linkers and
telechelic polymers. These asymmetrical combinations should
give the network a high degree of freedom, allowing various
microstructure including loops and defects. These various
microinhomogeneities deprive network of the cooperativeness,
resulting in weakening the gels.

Here, we show the new strategy for forming a homogeneous
network by decreasing the degree of freedom of the micronet-
work structure. We formed the gel by combining two well-
defined symmetrical tetrahedron-like macromonomers of the
same size (Figure 1). As each macromonomer has four end-
linking groups reacting with each other, these two macromono-
mers must connect alternately with avoiding the self-reaction.
This gelation process is simple A-B type reaction going along
with Flory’s classical theory; the gel was formed by mixing
two macromonomer solutions within several minutes. We named
this hydrogel tetra-PEG gel. The constitutional macromonomers
and the reaction were biocompatible, and the compressive
strength of resulting gel was in a megapascal range which was
much superior to those of agarose gels or acrylamide gels having
the same network concentrations (Figure 2). We discuss the
relation between the mechanical properties and homogeneity
of the network structure.

Experimental Section
Preparation of Tetrahydroxyl-Terminated PEG (THPEG).

THPEGs were synthesized by successive anionic polymerization
reaction of ethylene oxide from sodium alkoxide of pentaerythritol.
The molecular weight was estimated from the hydroxyl value. The
hydroxyl value was determined by an esterification reaction with
phthalic anhydride in a pyridine solution; subsequently, excess of

phthalic acid was estimated by alkaline titration using sodium
hydrate solution according to a method (JIS K 1557) filed in Japan
Industrial Standards (JIS).

Preparation of Tetraamine-Terminated PEG (TAPEG). 100
g of THPEG was dissolved in 100 g of KOH aqueous solution.
Then, acrylonitrile was added, followed by reaction for 4 h. After
neutralization, the product was extracted from the aqueous solution
into chloroform and then concentrated by evaporation. The extract
was purified by a repeated crystallization using ethyl acetate and
hexane; via drying in vacuum, the tetranitrile-terminated PEG was
recovered. 90 g of the tetranitrile-terminated PEG dissolved in 360 g
of toluene was hydrated with 9 g of Ni/carbon catalysis under NH3
and H2 pressure. The toluene solution was filtrated and crystallized
by adding an excess amount of hexane. After filtration and drying,
TAPEG was obtained. Molecular weight (Mw) was estimated from
the hydroxyl value of raw THPEGs. The molecular weight
distribution (MWD) was measured by gel permeation chromatog-
raphy (GPC) (LC-10Avp, Shimadzu). The activity of the functional
group was estimated using NMR.

Preparation of Tetra-NHS-Glutarate-Terminated PEG (TNP-
EG). 100 g of THPEG were dissolved in 150 g of toluene. After
dehydration, 6.9 g of glutaric anhydride and sodium acetate (0.5
g) were added to the solution. The reaction was performed under
reflux condition (∼110 °C) for 12 h. The reaction solution
containing tetraglutaric acid-terminated PEG was cooled to 40 °C.
Then, 13.8 g of N-hydroxysuccinimide and 17 g of N,N′-dicyclo-
hexylcarbodiimide were added and reacted at 40 °C for 3 h. The
mixture was purified by a repeated crystallization process from a
solvent system comprised of toluene, ethyl acetate, and hexane.
The crystalline precipitate was dried in vacuum, and TNPEG was
recovered. The Mw, MWD, and activity of the functional group
were measured by the same method as TAPEG.

Viscometric Measurement of TAPEG and TNPEG Aque-
ous Solution. Constant amounts of TAPEG and TNPEG ranging
from 50 to 3000 mg were resolved in 20 mL of water. The relative
viscosity of the solutions was measured with a rheometer (MCR501,
Anton Paar), using the concentric double cylinder at a constant shear
rate of 100 s-1. All experiments were carried out at 25 °C.

DLS Measurement of TAPEG and TNPEG. TAPEG and
TNPEG (100 mg) were resolved into 10 mL of water. For resultant
solutions, dynamic light scattering (DLS) measurements were taken
at a 90° angle by using a static/dynamic compact goniometer (SLS/
DLS-5000, ALV). A He-Ne laser with a power of 22 mW emitting
a polarized light at λ ) 632.8 nm was used as the incident beam.
All the measurements were carried out at 20 °C. The characteristic
decay time distribution function, G(Γ-1), was obtained from g(2)(τ)
with an inverse Laplace transform program (a constrained regu-
larization program, CONTIN provided by ALV).

TRDLS Measurement of Tetra-PEG Gel. TAPEG and TNPEG
(600 mg) were resolved into 0.1 M phosphate buffer (10 mL), pH
7.4 and 7.2, respectively. After mixing two solutions in a 10 mm

Figure 1 . Molecular structures of TAPEG (A) and TNPEG (B).

Figure 2 . Stress-strain curves of agarose gel (square), acrylamide gel
(triangle), and tetra-PEG gel (circle).
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Focusing the spotlight on constitutional unit of the network,
most of gels from macromonomers were formed from asym-
metrical components such as multifunctional cross-linkers and
telechelic polymers. These asymmetrical combinations should
give the network a high degree of freedom, allowing various
microstructure including loops and defects. These various
microinhomogeneities deprive network of the cooperativeness,
resulting in weakening the gels.

Here, we show the new strategy for forming a homogeneous
network by decreasing the degree of freedom of the micronet-
work structure. We formed the gel by combining two well-
defined symmetrical tetrahedron-like macromonomers of the
same size (Figure 1). As each macromonomer has four end-
linking groups reacting with each other, these two macromono-
mers must connect alternately with avoiding the self-reaction.
This gelation process is simple A-B type reaction going along
with Flory’s classical theory; the gel was formed by mixing
two macromonomer solutions within several minutes. We named
this hydrogel tetra-PEG gel. The constitutional macromonomers
and the reaction were biocompatible, and the compressive
strength of resulting gel was in a megapascal range which was
much superior to those of agarose gels or acrylamide gels having
the same network concentrations (Figure 2). We discuss the
relation between the mechanical properties and homogeneity
of the network structure.

Experimental Section
Preparation of Tetrahydroxyl-Terminated PEG (THPEG).

THPEGs were synthesized by successive anionic polymerization
reaction of ethylene oxide from sodium alkoxide of pentaerythritol.
The molecular weight was estimated from the hydroxyl value. The
hydroxyl value was determined by an esterification reaction with
phthalic anhydride in a pyridine solution; subsequently, excess of

phthalic acid was estimated by alkaline titration using sodium
hydrate solution according to a method (JIS K 1557) filed in Japan
Industrial Standards (JIS).

Preparation of Tetraamine-Terminated PEG (TAPEG). 100
g of THPEG was dissolved in 100 g of KOH aqueous solution.
Then, acrylonitrile was added, followed by reaction for 4 h. After
neutralization, the product was extracted from the aqueous solution
into chloroform and then concentrated by evaporation. The extract
was purified by a repeated crystallization using ethyl acetate and
hexane; via drying in vacuum, the tetranitrile-terminated PEG was
recovered. 90 g of the tetranitrile-terminated PEG dissolved in 360 g
of toluene was hydrated with 9 g of Ni/carbon catalysis under NH3
and H2 pressure. The toluene solution was filtrated and crystallized
by adding an excess amount of hexane. After filtration and drying,
TAPEG was obtained. Molecular weight (Mw) was estimated from
the hydroxyl value of raw THPEGs. The molecular weight
distribution (MWD) was measured by gel permeation chromatog-
raphy (GPC) (LC-10Avp, Shimadzu). The activity of the functional
group was estimated using NMR.

Preparation of Tetra-NHS-Glutarate-Terminated PEG (TNP-
EG). 100 g of THPEG were dissolved in 150 g of toluene. After
dehydration, 6.9 g of glutaric anhydride and sodium acetate (0.5
g) were added to the solution. The reaction was performed under
reflux condition (∼110 °C) for 12 h. The reaction solution
containing tetraglutaric acid-terminated PEG was cooled to 40 °C.
Then, 13.8 g of N-hydroxysuccinimide and 17 g of N,N′-dicyclo-
hexylcarbodiimide were added and reacted at 40 °C for 3 h. The
mixture was purified by a repeated crystallization process from a
solvent system comprised of toluene, ethyl acetate, and hexane.
The crystalline precipitate was dried in vacuum, and TNPEG was
recovered. The Mw, MWD, and activity of the functional group
were measured by the same method as TAPEG.

Viscometric Measurement of TAPEG and TNPEG Aque-
ous Solution. Constant amounts of TAPEG and TNPEG ranging
from 50 to 3000 mg were resolved in 20 mL of water. The relative
viscosity of the solutions was measured with a rheometer (MCR501,
Anton Paar), using the concentric double cylinder at a constant shear
rate of 100 s-1. All experiments were carried out at 25 °C.

DLS Measurement of TAPEG and TNPEG. TAPEG and
TNPEG (100 mg) were resolved into 10 mL of water. For resultant
solutions, dynamic light scattering (DLS) measurements were taken
at a 90° angle by using a static/dynamic compact goniometer (SLS/
DLS-5000, ALV). A He-Ne laser with a power of 22 mW emitting
a polarized light at λ ) 632.8 nm was used as the incident beam.
All the measurements were carried out at 20 °C. The characteristic
decay time distribution function, G(Γ-1), was obtained from g(2)(τ)
with an inverse Laplace transform program (a constrained regu-
larization program, CONTIN provided by ALV).

TRDLS Measurement of Tetra-PEG Gel. TAPEG and TNPEG
(600 mg) were resolved into 0.1 M phosphate buffer (10 mL), pH
7.4 and 7.2, respectively. After mixing two solutions in a 10 mm

Figure 1 . Molecular structures of TAPEG (A) and TNPEG (B).

Figure 2 . Stress-strain curves of agarose gel (square), acrylamide gel
(triangle), and tetra-PEG gel (circle).
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Network structures 
Input:
• Chain density 𝜈 = 𝑛/𝐿(

• Conversion probability p
→ average coordination 𝑍̅
• Loop fraction 𝜁

Energy minimisation (LAMMPS)

L

Figure 1: Schematics of a discrete network model of near-ideal polymer networks. The network repre-

sented in the figure contains only X chains for clarity.

under di↵erent loading conditions.70

2. Computational model71

2.1. Representative network structures72

We consider random Discrete Networks (DN) of n chains connecting at njcts junction73

points in a volume V = L3 (Fig. 1). The chain density is defined as the total number of74

elastically-e↵ective chainsn divided by the volume:75

⌫ =
n

L3
. (2)

The number of chains is chosen su�ciently large to ensure that the network is statistically76

representative. All results presented in the following were obtained using a minimum of77

X chains in the perfect network. The chain density is adjusted by changing the length L78

of the simulation volume, rather than by changing the number of chains.79

The average coordination number Z̄  4 is the average number of chains connecting80

at each junction. Perfect networks with Z̄ = 4 are generated starting from unstructured,81

tetrahedral finite element meshes by connecting the centres of neighbouring elements82

through their common face. The meshes are produced using the software GMSH [29],83

seeding vertices randomly through the volume prior to meshing to ensure randomness84

and isotropy. Networks with coordination Z̄ < 4 are obtained by randomly cutting links85

between junctions with a probability (1 � p), where p = 1 corresponds to the perfect86

4

Output:
• Stress-strain curves
• Chain length and 

orientation distribution 

energy for each value of F . This includes F = 1, since networks generated using the125

procedure described in the previous section are not equilibrated a priori. In practice, we126

used the algorithm X of the open-source software LAMMPS [30], treating the junctions127

as atoms and the springs as bonds with user-defined behaviour given by Eq. (6).128

Reaction forces at the boundary nodes are used to calculate the macroscopic first129

Piola-Kirchho↵ stress as (see Appendix B):130

P =
1

V

X

↵

(f e
↵ ⌦X↵), (8)

where f e
↵ is the external force vector on junction ↵. The macroscopic Cauchy stress131

is calculated from the first Piola-Kirchho↵ stress by the usual relation: � = 1
JP · F T ,132

where J = det(F ). Since the springs have a zero rest length, networks are subjected to a133

hydrostatic stress in the initial configuration.134

We consider volume-preserving deformation: J = 1, and define the macroscopic de-135

formation gradient by the three principal stretches along the face directions, �1, �2 and136

�3. Three loading conditions are considered, referred to as ”uniaxial loading” (�1 � 1,137

�2 = �3 = 1p
�1
, ”biaxial loading” (�1 = �2 � 1, �3 = 1

�2
1
) and ”shear loading” (�1 =138

1
�2

� 1, �3 = 1). The three principal Cauchy stresses are written �1, �2 and �3. Only139

di↵erences in principal stresses are considered in order to eliminate the contribution of the140

hydrostatic stress required to maintain constant volume. The shear modulus is calculated141

from the initial slope of the stress-stretch curve in uniaxial loading according to:142

3G = lim
�1!1

@(�1 � �3)

@�1
. (9)

At least five realisations of random network structures were considered for each combi-143

nation of network parameters ⌫, Z̄ and ⇣. Reported values of the elastic modulus are144

averages over the random realisations. For the complete stress-strain curve, only one145

representative stress-strain curve is represented.146

2.4. Limit extensibility147

Discrete networks were deformed until the numerical simulation fails to find a con-148

verged equilibrium solution. This happens when some chains become extended close149

to their extensibility limit, leading to high forces. We view these events as numerical150

artefacts, rather than the manifestation of the ”true” extensibility limit of an infinitely151

extended random network with same topology. As a workaround, we estimated the true152
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Figure 2: a) Ratio of e↵ective to actual average coordination, Z̄e↵/Z̄, as a function of the total loop

fraction ⇣ for various networks with parameters (Z̄, ⇣). The dashed line represents the relation Z̄e↵/Z̄ =

(1�⇣/2). b) Relative fraction of double links ⇣2/⇣ as a function of ⇣, or various networks with parameters

(Z̄, ⇣).

2.2. Chain behaviour114

We consider networks of identical chains with force-extension behaviour described by115

the Freely-Jointed Chain (FJC) model. The elastic energy of the chains is given by116

w = NkT

✓
�

tanh �
+ log

�

sinh �

◆
, (5)

where � = fb
kT . The force derives from the elastic energy as f = @w

@r , giving:117

f =
kT

b
L�1

⇣ r

Nb

⌘
, (6)

where L is the Langevin function: L(x) = coth(x)� 1/x.118

2.3. Network behaviour119

Networks are subjected to prescribed macroscopic deformation gradient tensor F ,120

which transforms the initial, cubic volume into a parallelepiped. Accordingly, the position121

vector x↵ of each boundary junction ↵ in the current configuration is given by:122

x↵ = F ·X↵, (7)

where X↵ is the position vector of the junction in the reference (initial) configuration.123

Equilibrium positions of the internal junctions are calculated by minimising the elastic124
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network. Dangling chains and disconnected clusters produced by the chain removal pro-87

cess are removed, as they do not contribute to the elasticity of the network. Centres of88

elements adjacent to a boundary are connected to the boundary plane via an additional89

node placed in the boundary plane.90

Loops are introduced in defected networks in the form of double or triple links, i.e.91

two or three chains connecting the same pair of junctions in parallel. Double links are in-92

troduced by randomly swapping links connecting two adjacent pairs of junctions, without93

altering their coordination. The preparation loop fraction ⇣p gives the fraction of chains94

to be swapped. The random chain swapping procedure can also produce triple links and95

quadruple links (the latter form a disconnected cluster). Elastically-ine↵ective clusters96

generated by the chain-swapping process are removed from the network, and the loop97

fractions are recalculated using the actual number of chains. We define ⇣2 (resp. ⇣3) as98

the fraction of chains involved in a double (resp. triple) link, and the total loop fraction99

is defined as ⇣ = ⇣2 + ⇣3.100

Loops reduce the average number of links per junction point, as compared to a network101

with the same average coordination but with no loops. We define the average e↵ective102

coordination Z̄e↵ as the average number of links (which include single, double and triple103

links) per junction in the network. Noting that the number of links and number of chains104

are related by nlinks = n(1 � ⇣2/2 � 2⇣3/3), it follows from the definitions of Z̄ and Z̄e↵105

that:106

Z̄e↵ =
nlinks

njcts
= Z̄(1� (1/2)⇣2 � (2/3)⇣3). (3)

In the case where ⇣3 is small, this relation is well approximated by the simpler relation:107

Z̄e↵ ⇡ Z̄(1� ⇣

2
). (4)

The numerical relationship between Z̄, Z̄e↵ and ⇣ is illustrated in Fig. 2a, together with108

the simple relation (4). The relative fraction of double links is illustrated in Fig. 2b,109

which shows that double links constitute more than 80% of the loops. The proportion of110

triple links increases at higher values of Z̄, since triple links can only be found between111

two junctions with a coordination Z = 4, which become increasingly rare as the average112

coordination Z̄ decreases.113
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Scaling of the shear modulus
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Figure 3: a) Elastic modulus as a function of chain density for various values of average coordination

Z̄ and ⇣ = 0. b) Elastic modulus as a function of average coordination, for various loop fractions and

constant density ⌫b3 = X. c) Elastic modulus as a function of e↵ective coordination, for various loop

fractions and constant density ⌫b3 = X. d) Normalised average chain pre-stretch as a function of e↵ective

coordination, for various loop fractions and constant density ⌫b3 = X.
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Figure 3: a) Elastic modulus as a function of chain density for various values of average coordination

Z̄ and ⇣ = 0. b) Elastic modulus as a function of average coordination, for various loop fractions and

constant density ⌫b3 = X. c) Elastic modulus as a function of e↵ective coordination, for various loop

fractions and constant density ⌫b3 = X. d) Normalised average chain pre-stretch as a function of e↵ective

coordination, for various loop fractions and constant density ⌫b3 = X.
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where n
nlinks = (1 � ⇣2/2 � 2⇣3/3)�1 (see Eq. (4)). The proposed approximation (13) is209

consistent with Eq. (14), except for the factor n
nlinks which is close to (and larger than)210

one. This extra factor explains the deviation of r̄30 in the DN model from the master curve211

(13) at high loop fraction. As Z̄e↵ (i.e. the number of links per junction) increases at212

fixed density, the volume between junctions - and thus the chain pre-stretch - must also213

increase in order to keep density constant. On the other hand, an increase in chain density214

at constant coordination requires compressing the chains by a factor ⌫�1/3. Finally, it is215

worth noting that r̄0 is independent of N (although the average pre-stretch r̄0/(
p
Nb)216

does, by definition).217

Inserting the scaling relation (13) into Eq. (19), the following scaling relation is218

obtained for the elastic modulus:219

G ⇠ 1

N
⌫1/3(Z̄e↵ � Z̄e↵,c)

2/3. (15)

This scaling relation di↵ers markedly from classical scaling relations of rubber elasticity220

theory (e.g. the a�ne model G = ⌫kT ), where the modulus scales linearly with density221

and is independent of the number of Kuhn segment. In near-ideal networks, the scaling of222

the modulus with density is much weaker, because the increase in energy density induced223

by an increase in ⌫ is partially compensated by the softening due to a lower pre-stretch.224

The scaling with N�1 directly follows from the reduced energy in chains with a larger225

number of Kuhn segments, cf. Eq. (A.2), together with the fact that r̄0 is independent226

of N in the model. The scaling of modulus with e↵ective coordination also di↵ers from227

scaling provided by the phantom model, e.g. [32].228

3.2. Stress-stretch curves229

We next consider the large-deformation response of discrete networks in order to de-230

termine whether density and topology impact the mechanical response beyond the initial231

sti↵ness. Fig. 4a shows representative stress-strain curves under uniaxial, shear and bi-232

axial loading, for perfect networks with Z̄ = 4 and ⇣ = 0. The initial slopes of the233

normalised stress-strain curves are respectively 3 (uniaxial), 2 (shear) and 6 (biaxial), as234

expected for networks of Gaussian chains (not visible on the figure). The three curves235

then rapidly become parallel at small to moderate stretches (�1 . 3). At large stretches,236

responses under uniaxial and shear loading are very similar, whereas the response under237
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Interpretation based on chain pre-stretch

Elastic modulus of a network of Gaussian chains:

• Topology impacts the modulus 
via the chain pre-stretch 

not been used before to study connectivity defects (including the presence of loops) in 3D39

networks.40

Our results emphasise the role of chain pre-stretch as a key factor to understand41

topology-property relationships in near-ideal networks. For an ideal chain with N Kuhn42

segments of length b, we define the pre-stretch as the ratio r0/(
p
Nb), where r0 is the43

end-to-end distance of the chain in the network and
p
Nb is the average distance of a free44

chain. Networks with varying amounts of topological defects have di↵erent average chain45

pre-stretches, which in turn greatly impacts their elastic modulus and extensibility limit.46

In particular, the elastic modulus of a network of Gaussian chains is exactly given by (see47

Appendix A):48

G = kT⌫
r̄20
Nb2

, (1)

where k is Boltzmann’s constant, T the absolute temperature, and r̄0 the rms-average pre-49

stretch of all the chains in the network. Eq. (1) shows that topology impacts elasticity50

via the average pre-stretch only. This result was originally obtained by James [24] and51

highlighted in recent works [23, 25].52

Theories of rubber elasticity models commonly assume that r̄0 =
p
Nb. Eq. (1) then53

reduces to the familiar expression G = ⌫kT (a�ne model). This assumption is reasonable54

for networks obtained by a random crosslinking process, where N represents the average55

number of Kuhn segments between junctions. We believe that the assumption r̄0 =
p
Nb56

is not a-priori justified in the case of near-ideal networks obtained by cross-coupling well-57

defined tetra-arm macromolecules in solution. In that case, N is fixed by the molecular58

weight of the arms, whereas the end-to-end distance in the network mainly depends on59

polymer concentration [10].60

The main objective of the present work is to highlight the markedly di↵erent scal-61

ing relations for the elastic modulus and limit extensibility that emerge when the usual62

assumption on the chain pre-stretch is not made. Instead, we use the computational63

model to obtain scaling relations for the pre-stretch in terms of density, average coordi-64

nation and loop fraction. We further investigate the e↵ect of topological defects on the65

large-deformation behaviour. We also illustrate the potential of the computational model66

as a tool to assess the accuracy of unit cell-based analytical models, namely the 3-chain67

model, 8-chain model, and the full-network model [26–28]. For perfect networks, we found68

that the full-network model provides the best estimate of the large-deformation behaviour69

3

r̄20 = hr20i
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(exact result)

• Scaling of chain pre-stretch 
with topology largely explained 
by geometric arguments
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Figure 3: a) Elastic modulus as a function of chain density for various values of average coordination

Z̄ and ⇣ = 0. b) Elastic modulus as a function of average coordination, for various loop fractions and

constant density ⌫b3 = X. c) Elastic modulus as a function of e↵ective coordination, for various loop

fractions and constant density ⌫b3 = X. d) Normalised average chain pre-stretch as a function of e↵ective

coordination, for various loop fractions and constant density ⌫b3 = X.
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a given value of density. The dependence of modulus with average coordination Z̄ is182

illustrated in Fig. 3b for varying values of the loop fraction ⇣. For a given value of Z̄, the183

presence of loops further lowers the modulus. The combined e↵ect of average coordination184

and loop fraction on the modulus is well captured by the average e↵ective coordination185

(Fig. 3c). Curves for low to moderate loop fractions collapse onto a single curve when186

the modulus is plotted as a function of Z̄e↵. Deviations from the master curve become187

however apparent at high loop fraction, suggesting an additional e↵ect of loops beyond188

their impact on e↵ective coordination.189

According to Eq. (1), network topology a↵ects the elastic modulus via the average190

chain pre-stretch r̄0/(
p
Nb), where r̄0 is the rms-average chain length in the network:191

r̄0 =

 
1

n

X

n

(r(i)0 )2
!1/2

, (12)

with r(i)0 the end-to-end distance of the ith chain in the network. We have verified that192

elastic modulus values calculated from Eq. (1) using r̄0 coincide with values obtained193

using Eq. (9). Small discrepancies were found in networks with low density or a large194

amount of defects, due to the presence of chains extended beyond their Gaussian regime.195

The evolution of average pre-stretch with average e↵ective coordination is shown in Fig.196

3d. As expected, pre-stretch curves also practically collapse when plotted as a function197

of Z̄e↵. We propose the following approximate scaling relation for the average initial198

end-to-end distance as a function of average e↵ective coordination and density:199

r̄30 =
↵

⌫
(Z̄e↵ � Z̄e↵,c), (13)

where Z̄e↵,c is a critical value of e↵ective coordination corresponding to the percolation200

threshold. Relation (13) is represented as a dashed line in Fig. 3d, taking ↵ = 0.64 and201

Z̄e↵,c = 2.43. Near Z̄e↵,c, only a few paths of highly-extended chains span the simulation202

domain, while the majority of chains have almost collapsed, so that the rms-average r̄0 is203

close to zero.204

The scaling relation (13) can be explained based on geometric arguments. r̄30 scales205

as the average volume between junctions, which is of the order of L3/njcts. On the other206

hand, we have that L3 = n/⌫ and njcts = nlinks/Z̄e↵, by definition. Combining these207

relations gives:208

r̄30 ⇠
1

⌫
Z̄e↵

n

nlinks
, (14)
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• Coincides with the classical affine 
estimate only when 𝑟.̅ = 𝑁𝑏: 

G = ⌫kT
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Large-deformation behaviour

1 3 5 7 9 11
�1

0

50

100

150

200

(�
1
�
�
3
)

G

Uniaxial

Shear

Biaxial

(a)

1 3 5 7 9 11
�1

0

25

50

75

100

125

150

(�
1
�
�
3
)

G

�b3 =0.0005

�b3 =0.001

�b3 =0.0015

(b)

1 3 5 7 9 11
�1

0

25

50

75

100

125

150

(�
1
�
�
3
)

G

z̄ =3.2

z̄ =3.6

z̄ =4

(c)

1 3 5 7 9 11
�1

0

25

50

75

100

125

150

(�
1
�
�
3
)

G

� =0.0

� =0.1

� =0.2

� =0.4

(d)

Figure 4: a) Normalised stress-strain curves of perfect networks (Z̄ = 4, ⇣ = 0, ⌫b3 = X) for uniaxial,

shear and biaxial loading. Symbols are numerical results obtained with the discrete network model and

continuous black lines are best-fit approximation using Eq. (10). b) Normalised stress-strain curves in

uniaxial loading for networks with varying density (Z̄ = 4, ⇣ = 0). c) Normalised stress-strain curves

in uniaxial loading for networks with varying average coordination (⌫b3 = X, ⇣ = 0). d) Normalised

stress-strain curves in uniaxial loading for networks with varying loop fractions (⌫b3 = X, Z̄ = 4).
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Stiffening rate depends on density and topology via the pre-stretch



Limit extensibility

• Limit extensibility partly explained by the pre-stretch
• Loops reduce the shortest chain path

2.0 2.5 3.0 3.5 4.0
z̄e�

0

5

10

15

20

25

30

�
m
ax

� =0.0

� =0.1

� =0.2

� =0.3

� =0.4

Figure 5: Maximum extensibility as function of the average e↵ective coordination at fixed density ⌫b3 = ....

The dashed lines represent the estimate (16).

The approximate relation (17) coincides with the classical estimate �max =
1p
N

in the268

particular case where r̄0 =
p
Nb. However, it gives markedly di↵erent scaling behaviour.269

In our discrete networks, the extensibility limit does depend on density, and is proportional270

to the number of Kuhn segments.271

4. Comparison to analytical estimates272

Discrete network models can be used to probe the predictive capabilities of well-known273

continuum theories of rubber elasticity. Here we consider the 3-chain model [26], 8-chain274

model ([27]) and full-network model [28], see also Ref. [33].275

3-chain model. The 3-chain model considers 3 representative chains with initial length276

r0 aligned in the 3 principal directions in the initial configuration. In the deformed277

configuration, the chain end-to-end distances become: r(1) = �1r0, r(2) = �2r0 and r(3) =278

�3r0. The free energy density is given by W = (⌫/3)
P3

i=1 w
(i), with w(i) the energy of279

the ith chain. The stress-stretch relation for volume-preserving deformation is given by:280

�1 � �3

G
=

1

3

Nb

r0

✓
L�1

✓
�1r0
Nb

◆
�1 � L�1

✓
�3r0
Nb

◆
�3

◆
, (18)

where281

G = ⌫kT

✓
r20
Nb2

◆
. (19)
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biaxial loading is significantly sti↵er. The black lines in the figure are semi-analytical fits238

using expression (10).239

Figs 4b, 4c and 4d illustrate the relative e↵ects of chain density, average coordination240

and loop fraction on normalised stress-strain curves for uniaxial loading. Similar trends241

were found for the other two types of loading (not shown). Increasing chain density at242

constant topology results in reduced sti↵ening capability and increased extensibility (Fig.243

4b). Conversely, increasing the average coordination at constant density leads to higher244

sti↵ening and reduced extensibility (Fig. 4c). Increasing the fraction of loops leads to a245

very small increase in sti↵ening capability and a reduction in extensibility (see also below)246

(Fig. 4d) (in the figure, only the best-fit curve for ⇣ = 0 is shown for clarity.) Notably,247

the presence of loops leads to early failure of the simulations due to local locking e↵ects.248

The evolution of maximum extensibility �SP
max as a function of the average e↵ective249

coordination is represented in Fig. 5. The maximum extensibility increases as the e↵ective250

coordination decreases, however curves for varying loop fractions do not collapse on a251

single curve like they did in the case of the elastic modulus (Fig. 3c). The main trends252

can be largely rationalised in terms of average chain pre-stretch. To this end, consider253

the following simple estimate:254

�max ⇡
Nb

r̄0
(16)

This estimate simply assumes that limit extensibility is reached when a representative255

chain with initial end-to-end distance r̄0 and aligned with the principal loading direction256

reaches its extensibility limit. Relation (16) is represented with dashed lines in Fig. 5,257

where r̄0 was taken directly from the discrete network simulations. The approximation258

(16) captures the e↵ect of coordination on extensibility via the chain pre-stretch. Recalling259

relation (13), Eq. (16) suggests the following (approximate) scaling:260

�max ⇡ N⌫1/3(Z̄e↵ � Z̄e↵,c)
�1/3. (17)

Chains in networks of lower coordination have a lower pre-stretch in the initial configura-261

tion (at constant density), and therefore can accommodate more stretch before reaching262

their extensibility limit. Likewise, chains in networks with a higher density also have a263

lower pre-stretch and have a higher extensibility limit (not shown). However, the simple264

estimate (16) fails in capturing the e↵ect of loops on the limit extensibility. This points265

at an additional e↵ect of loops beyond their e↵ect on the pre-stretch, which we attribute266

to a shortening of the shortest chain path.267
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Comparison to analytical models 
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Figure 6: Normalised stress-strain curved predicted by discrete network (DN) simulations and analytical

estimates for a) uniaxial loading; b) shear loading and c) biaxial loading.
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• Overall, the full-network is the most accurate
• The 8-chain model consistently underestimates the response

Uniaxial extension Biaxial extension

energy for each value of F . This includes F = 1, since networks generated using the125

procedure described in the previous section are not equilibrated a priori. In practice, we126

used the algorithm X of the open-source software LAMMPS [30], treating the junctions127

as atoms and the springs as bonds with user-defined behaviour given by Eq. (6).128

Reaction forces at the boundary nodes are used to calculate the macroscopic first129

Piola-Kirchho↵ stress as (see Appendix B):130

P =
1

V

X

↵

(f e
↵ ⌦X↵), (8)

where f e
↵ is the external force vector on junction ↵. The macroscopic Cauchy stress131

is calculated from the first Piola-Kirchho↵ stress by the usual relation: � = 1
JP · F T ,132

where J = det(F ). Since the springs have a zero rest length, networks are subjected to a133

hydrostatic stress in the initial configuration.134

We consider volume-preserving deformation: J = 1, and define the macroscopic de-135

formation gradient by the three principal stretches along the face directions, �1, �2 and136

�3. Three loading conditions are considered, referred to as ”uniaxial loading” (�1 � 1,137

�2 = �3 = 1p
�1
, ”biaxial loading” (�1 = �2 � 1, �3 = 1

�2
1
) and ”shear loading” (�1 =138

1
�2

� 1, �3 = 1). The three principal Cauchy stresses are written �1, �2 and �3. Only139

di↵erences in principal stresses are considered in order to eliminate the contribution of the140

hydrostatic stress required to maintain constant volume. The shear modulus is calculated141

from the initial slope of the stress-stretch curve in uniaxial loading according to:142

3G = lim
�1!1

@(�1 � �3)

@�1
. (9)

At least five realisations of random network structures were considered for each combi-143

nation of network parameters ⌫, Z̄ and ⇣. Reported values of the elastic modulus are144

averages over the random realisations. For the complete stress-strain curve, only one145

representative stress-strain curve is represented.146

2.4. Limit extensibility147

Discrete networks were deformed until the numerical simulation fails to find a con-148

verged equilibrium solution. This happens when some chains become extended close149

to their extensibility limit, leading to high forces. We view these events as numerical150

artefacts, rather than the manifestation of the ”true” extensibility limit of an infinitely151

extended random network with same topology. As a workaround, we estimated the true152
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Chain length distribution: Uniaxial extension

The full-network model well captures the chain length distribution 
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The full-network misses out a fraction of the highly extended chains. 
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Application to PEG hydrogels

• Kuhn length: 𝑏 = 1.1 nm

• Contour length:

𝐿7 = 𝑛89:×0.36	𝑛𝑚 = 𝑁𝑏

• Modified FJC to account for 
non-ideal chain behaviour

Article Macromolecules, Vol. 42, No. 16, 2009 6247

function of Mw. The reason for the Mw dependence may be
the presence of the arm-end,27 and the chain-end effect
becomes insignificant with increasing Mw. As a matter of
fact, the value of χ approaches the value of linear PEG
chains36 (χ=0.43 at T=20 !C) by increasing Mw.

Figure 3 shows the Mw and concentration dependence of
the radius of gyration, Rg, of TAPEG. Rg seems to be a
decreasing function of the initial polymer fraction, φ0, as well
as of Mw. The inset shows that Rg is roughly given by Rg ≈
φ0

-1/3, indicating that a simple contraction occurs in Tetra-
PEG chains as a function of φ0. This exponent indicates that
the Tetra-PEG chains behave as compressive elastic balls
that are dependent on the concentration, and no interpene-
tration occurs even at φ0> φ0*, where φ0* is the overlap
concentration. The absence of interpenetration may be due
to the presence of a large number of end groups, as discussed
in the previous paper.28 However, regarding Mw depen-
dence, the plots of Rg versus φ0 in the inset do not seem to
be superimposed by shifting with an equal gap, although the

Mw of the TAPEGs are in a series of two folds (i.e., 5k, 10k,
20k, and 40k). Therefore, there is a strong deviation from a
power law, that is,Rg≈Mw

Rwith R=1/2 (Θ-solvent) or 3/5
(good solvent). Figure 4 shows theMw dependence of Rg for
the case of φ0 = 0.0709. The dashed and chain lines are cal-
culated values by assuming Rg ≈ Mw

R with R=1/2 and 3/5,
respectively. Interestingly, a relation Rg≈Mw

1/2 is obtained
for TAPEG-5k and TAPEG-40k, although a significant
positive deviation is seen for TAPEG-10k and TAPEG-
20k. The reason is not clear in this stage.

4.2. Tetra-PEGGels in As-Prepared State. Figure 5 shows
SANS curves of as-prepared gels for (a) Tetra-PEG-5k gels,
(b) Tetra-PEG-10k gels, (c) Tetra-PEG-20k gels, and (d)
Tetra-PEG-40k gels. Note that these subfigures correspond

Figure 1. Scattering intensity curves of TAPEG macromer solutions, (a) TAPEG-5k, (b) TAPEG-10k, (c) TAPEG-20k, and (d) TAPEG-40k.

Figure 2. Molecular weight dependence of the apparent interaction
parameter χ.

Figure 3. Polymer concentration dependence of the radius of gyration,
Rg, of TAPEGs having variousMw values. The inset shows the log-log
plots.
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Parameters for PEG chains

Physical parameters for PEG chains 
 
Key parameters for our models are the Kuhn length �b  and the number of Kuhn segments �N  in a chain of 
PEGs with �n EGs monomers (see the definition of �n in the figure below).  Remember that �N  and �b  are 
statistical parameters. They describe a fictitious ideal chain that behaves, on average, in a similar way as 
the real chain.  This comparison ideal chain should have the same contour length and the same mean-
square end-to-end distance as the real chain: 

 (1) 

  (2) 

To identify �N  and �b  for the PEG chains, we need first to find values for the contour length ��Rmax  and the 

mean-square end-to-end distance ��r
2 .  

   
 

 
Contour length 
The contour length is the maximal value of the end-to-end distance.  For a freely-jointed chain of �n 
segments of length �l , the contour length is simply given by �nl . For a real chain, such a fully extended 
configuration is prevented by the fixed angles between the C-C and C-O bonds.  The largest end-to-end 
distance is achieved in the all-trans (zig-zag) configuration, see Ref. [1], Section 2.1.    
 
Let a PEG chain with �n EG monomers in the all-trans configuration, as depicted in the figure. The length of 
the C-C bonds and the C-O bonds are 1.54 and 1.43 [A], respectively, and two successive bonds make a 
tetrahedral angle of 109.5° [2].  One EG monomer consists of one C-C bond and two C-O bonds. The 
projected length of one EG segment in the zig-zag configuration is thus: 

  
The contour length is thus: 

 (3) 
 
Mean-square end-to-end distance 
One possible estimate of the mean-square end-to-end distance is Flory’s ratio for a polymer chain in a 
good solvent:  

 (4) 

(see Ref. [3], bottom of Table 1). This expression needs to be justified/clarified. TO DO: find 
references/justification/better estimate. 
 
Number of EG monomers 
PEG chains are most often described by their molecular weight in Da:  

   

The molar mass of a single EG monomer is 44 g/mol (sum of the molar masses of 2 carbons, one oxygen 
and 4 Hydrogen). Therefore, the number of monomers is simply given by 

  .  

 

Lc = nmon ⇥ 0.36 nm
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Lc = Nb
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b = 1.1 nm
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Kuhn length:

Contour length:

However PEG chains do not behave as ideal chains…

Mmon = 44 g/mol
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End-to-end distance of free chains depends 
on volume fraction and molecular weight
Matsunaga et al., Macromol. 2009
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function of Mw. The reason for the Mw dependence may be
the presence of the arm-end,27 and the chain-end effect
becomes insignificant with increasing Mw. As a matter of
fact, the value of χ approaches the value of linear PEG
chains36 (χ=0.43 at T=20 !C) by increasing Mw.

Figure 3 shows the Mw and concentration dependence of
the radius of gyration, Rg, of TAPEG. Rg seems to be a
decreasing function of the initial polymer fraction, φ0, as well
as of Mw. The inset shows that Rg is roughly given by Rg ≈
φ0

-1/3, indicating that a simple contraction occurs in Tetra-
PEG chains as a function of φ0. This exponent indicates that
the Tetra-PEG chains behave as compressive elastic balls
that are dependent on the concentration, and no interpene-
tration occurs even at φ0> φ0*, where φ0* is the overlap
concentration. The absence of interpenetration may be due
to the presence of a large number of end groups, as discussed
in the previous paper.28 However, regarding Mw depen-
dence, the plots of Rg versus φ0 in the inset do not seem to
be superimposed by shifting with an equal gap, although the

Mw of the TAPEGs are in a series of two folds (i.e., 5k, 10k,
20k, and 40k). Therefore, there is a strong deviation from a
power law, that is,Rg≈Mw

Rwith R=1/2 (Θ-solvent) or 3/5
(good solvent). Figure 4 shows theMw dependence of Rg for
the case of φ0 = 0.0709. The dashed and chain lines are cal-
culated values by assuming Rg ≈ Mw

R with R=1/2 and 3/5,
respectively. Interestingly, a relation Rg≈Mw

1/2 is obtained
for TAPEG-5k and TAPEG-40k, although a significant
positive deviation is seen for TAPEG-10k and TAPEG-
20k. The reason is not clear in this stage.

4.2. Tetra-PEGGels in As-Prepared State. Figure 5 shows
SANS curves of as-prepared gels for (a) Tetra-PEG-5k gels,
(b) Tetra-PEG-10k gels, (c) Tetra-PEG-20k gels, and (d)
Tetra-PEG-40k gels. Note that these subfigures correspond

Figure 1. Scattering intensity curves of TAPEG macromer solutions, (a) TAPEG-5k, (b) TAPEG-10k, (c) TAPEG-20k, and (d) TAPEG-40k.

Figure 2. Molecular weight dependence of the apparent interaction
parameter χ.

Figure 3. Polymer concentration dependence of the radius of gyration,
Rg, of TAPEGs having variousMw values. The inset shows the log-log
plots.

R ⇠ ��1/3
0 M3/5

w

<latexit sha1_base64="sGr3TiMytIyek2IyJkGPSfFSE/M=">AAACFXicbVDLSsNAFJ34rPUVdSnCYBHc2Ca2osuiGzdCFfuAJg2T6bQdOpOEmYlSQlZ+hN/gVtfuxK1rl/6JSZuFbT1w4XDOvdx7jxswKpVhfGsLi0vLK6u5tfz6xubWtr6z25B+KDCpY5/5ouUiSRj1SF1RxUgrEARxl5GmO7xK/eYDEZL63r0aBcTmqO/RHsVIJZKjH9xBS1IOrWBAHaMTnZilcnzjPHaicuksdvSCUTTGgPPEzEgBZKg5+o/V9XHIiacwQ1K2TSNQdoSEopiROG+FkgQID1GftBPqIU6kHY3fiOFRonRhzxdJeQqO1b8TEeJSjribdHKkBnLWS8X/vHaoehd2RL0gVMTDk0W9kEHlwzQT2KWCYMVGCUFY0ORWiAdIIKyS5Ka2uDzNxJxNYJ40TotmpVi5rRSql1k6ObAPDsExMME5qIJrUAN1gMETeAGv4E171t61D+1z0rqgZTN7YAra1y/jJJ3z</latexit>

RF ⇡ v1/5b3/5N3/5

<latexit sha1_base64="wlZDdtbkjkObu3N1H6A8lRwQUKg=">AAACG3icbVDLTgIxFO3gC/GFunTTSExc4YxidEk0Ma4MGnkkMJBO6UBDp520HSKZ8AF+hN/gVtfujFsXLv0TOzALQU/S3JNz7s29PV7IqNK2/WVlFhaXlleyq7m19Y3Nrfz2Tk2JSGJSxYIJ2fCQIoxyUtVUM9IIJUGBx0jdG1wmfn1IpKKC3+tRSNwA9Tj1KUbaSJ184a5zBVsoDKV4gMN27BydjqHXjk+SejOtpssu2hPAv8RJSQGkqHTy362uwFFAuMYMKdV07FC7MZKaYkbGuVakSIjwAPVI01COAqLcePKZMTwwShf6QprHNZyovydiFCg1CjzTGSDdV/NeIv7nNSPtn7sx5WGkCcfTRX7EoBYwSQZ2qSRYs5EhCEtqboW4jyTC2uQ3s8ULkkyc+QT+ktpx0SkVS7elQvkiTScL9sA+OAQOOANlcA0qoAoweATP4AW8Wk/Wm/VufUxbM1Y6swtmYH3+AN01n/4=</latexit>

Experiment:

Flory’s radius:

v⇤ = 0.17b3
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feasible for the off-stoichiometric samples due to the low signal-
to-noise ratio of the DQ buildup function IDQ. Also note that a
large fraction of dangling chains (as in off-stoichiometric samples
or at low degree of cross-linking) implies a broad distribution for
the cross-link fluctuations. This leads to broadly smeared out
peaks for any type of connection between stars.
Nature of Network Defects. Before discussing the actual

amounts of network and defect fractions in the light of our
computer simulation results, we first focus on the assignment of
the three components found in the buildup curves. For an
interpretation, we suggest the connectivity structures drawn in
Figure 6. The component with the highest RDC constant Dres

(1),
i.e., the lowest chain molecular weight Mc

(1) = 5 kg/mol, is the
single link as it is expected to be present when a 4-functional
macromonomer reacts with four different neighbors. Further-
more, we identify double connections between two neighboring
macromonomers (Figure 6b) with the second component. This
is the most simple (and most abundant) defect possible in
networks formed by an A!B reaction. By counting the number
of arms involved in this structure, we can get a rough estimation
for the “apparent” molecular weight (i.e., the MW measured by

the MQ NMR experiment) between the cross-link points:
Mc

(2) ≈ x 3 2Mc
(1) with 2 e x e 3. Since according to eq 2

Dres
(1)/Dres

(2) =Mc
(2)/Mc

(1) at fixed concentration, a factor of 4!6 is
thus expected for the RDC constants on the basis of the under-
lying fixed-junction model.
The third component cannot be associated with a single defect

structure. It rather corresponds to a sum of higher-order defects
with low orientational order, which will be designated as “other
defects”. Two examples are given in Figure 6c,d. We note that
even for a well-defined chain length there is some distribution of
order parameters because of the randomness of network con-
nectivity. Therefore, a separation of various components is only
possible if they are sufficiently resolved in the RDC distributions
and have sufficient intensity. As a consequence, not all well-
defined defect structures can be resolved (cf. Table 3 of ref 36),
and our analysis is restricted to stoichiometric A!B networks at
high conversion.
Figure 7 shows the RDC constants Dres

(i) along with the fitting
errors as a function of polymer concentration. The RDC con-
stants depend on concentration, and somewhat unexpectedly, we
observe different scaling exponents for the different components.
As anticipated from the considerations under Methodological
Background, the underlying physics is complex, and further
theoretical work will be necessary to understand in particular
the weakly positive and the comparably stronger, also positive
concentration dependence of the RDC constants associated with
primary network (single link) and the first-order defect (double
link) fractions, respectively. Over the given range of concentra-
tions, they are separated by a factor of about 4!8 upon

Figure 5. (a) Experimental data points for the DQ buildup IDQ
(squares) and the decay of the total MQ magnetization IΣMQ (circles)
for the 120 g/L stoichiometric Tetra-PEG sample. The normalized DQ
intensity InDQ (triangles) has been calculated according to eq 3. The
simultaneous fit by eqs 11 and 12 is demonstrated by the solid lines. Each
component of IDQ is drawn for further convenience. (b) shows the same
data on a logarithmic intensity scale. Additionally, the residuals for the fit
are plotted (c).

Figure 6. Schematic representation of possible connectivity structures
formed by an A!B copolymerization of four-arm macromonomers
including their frequency at cgeom

/ in the BFM simulations. The single
link (a) corresponds to the ideal state. The double-link (b) is by far the
most frequent cyclic network defect of A!B networks at the concentra-
tions of the present study.45 (c) and (d) are examples of more complex
network defects that possibly contribute to the low order parameter
wing36 and are accumulated in the third component of the fit function.
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feasible for the off-stoichiometric samples due to the low signal-
to-noise ratio of the DQ buildup function IDQ. Also note that a
large fraction of dangling chains (as in off-stoichiometric samples
or at low degree of cross-linking) implies a broad distribution for
the cross-link fluctuations. This leads to broadly smeared out
peaks for any type of connection between stars.
Nature of Network Defects. Before discussing the actual

amounts of network and defect fractions in the light of our
computer simulation results, we first focus on the assignment of
the three components found in the buildup curves. For an
interpretation, we suggest the connectivity structures drawn in
Figure 6. The component with the highest RDC constant Dres

(1),
i.e., the lowest chain molecular weight Mc

(1) = 5 kg/mol, is the
single link as it is expected to be present when a 4-functional
macromonomer reacts with four different neighbors. Further-
more, we identify double connections between two neighboring
macromonomers (Figure 6b) with the second component. This
is the most simple (and most abundant) defect possible in
networks formed by an A!B reaction. By counting the number
of arms involved in this structure, we can get a rough estimation
for the “apparent” molecular weight (i.e., the MW measured by

the MQ NMR experiment) between the cross-link points:
Mc

(2) ≈ x 3 2Mc
(1) with 2 e x e 3. Since according to eq 2

Dres
(1)/Dres

(2) =Mc
(2)/Mc

(1) at fixed concentration, a factor of 4!6 is
thus expected for the RDC constants on the basis of the under-
lying fixed-junction model.
The third component cannot be associated with a single defect

structure. It rather corresponds to a sum of higher-order defects
with low orientational order, which will be designated as “other
defects”. Two examples are given in Figure 6c,d. We note that
even for a well-defined chain length there is some distribution of
order parameters because of the randomness of network con-
nectivity. Therefore, a separation of various components is only
possible if they are sufficiently resolved in the RDC distributions
and have sufficient intensity. As a consequence, not all well-
defined defect structures can be resolved (cf. Table 3 of ref 36),
and our analysis is restricted to stoichiometric A!B networks at
high conversion.
Figure 7 shows the RDC constants Dres

(i) along with the fitting
errors as a function of polymer concentration. The RDC con-
stants depend on concentration, and somewhat unexpectedly, we
observe different scaling exponents for the different components.
As anticipated from the considerations under Methodological
Background, the underlying physics is complex, and further
theoretical work will be necessary to understand in particular
the weakly positive and the comparably stronger, also positive
concentration dependence of the RDC constants associated with
primary network (single link) and the first-order defect (double
link) fractions, respectively. Over the given range of concentra-
tions, they are separated by a factor of about 4!8 upon

Figure 5. (a) Experimental data points for the DQ buildup IDQ
(squares) and the decay of the total MQ magnetization IΣMQ (circles)
for the 120 g/L stoichiometric Tetra-PEG sample. The normalized DQ
intensity InDQ (triangles) has been calculated according to eq 3. The
simultaneous fit by eqs 11 and 12 is demonstrated by the solid lines. Each
component of IDQ is drawn for further convenience. (b) shows the same
data on a logarithmic intensity scale. Additionally, the residuals for the fit
are plotted (c).

Figure 6. Schematic representation of possible connectivity structures
formed by an A!B copolymerization of four-arm macromonomers
including their frequency at cgeom

/ in the BFM simulations. The single
link (a) corresponds to the ideal state. The double-link (b) is by far the
most frequent cyclic network defect of A!B networks at the concentra-
tions of the present study.45 (c) and (d) are examples of more complex
network defects that possibly contribute to the low order parameter
wing36 and are accumulated in the third component of the fit function.

fit

Lange et al., Macromol. (2011)

The fraction of loops increases as the pre-polymer volume 
fraction decreases



4-arm PEG with tunable connectivity probability

Nishi et al., J. Chem. Phys. (2012)

224903-2 Nishi et al. J. Chem. Phys. 137, 224903 (2012)

(a)

(b)

FIG. 1. (a) Schematic picture of tree-like structure. Elastically effective
cross-links are shown by filled circles. Arrows identify chains leading to in-
finity. (b) An example of a loop structure. Loops are not taken into consider-
ation in the tree-like theory.

new type of polymer network, i.e., tetra-poly(ethylene)glycol
(PEG) gel.17

In this study, we investigate the effect of local topol-
ogy of the network or the existence of the loops on the re-
lationship between G and p in the p ≫ pc region. First,
we derived an approximate expression of G for the loops-
containing network in the p ≫ pc region. Second, we con-
ducted simulations for deformation of polymer chains on
triangular and diamond lattices.18 Finally, we made mechani-
cal testing experiments on a p-tuned tetra-PEG gel. Tetra-PEG
gels are formed by A-B type cross-end coupling of two tetra-
arm PEG (TAPEG and TNPEG) units.17 Our previous works
demonstrated that a tetra-PEG gel is free from heterogeneities
and is a potential candidate for an ideal polymer network.19

In this experiment, we prepare a series of p-tuned tetra-
PEG gel networks by forming tetra-PEG gel with activity-
tuned TNPEG. Here, TNPEG has activated ester group, i.e.,
N-hydroxysuccinimidyl (NHS) ester (TNPEG) at chain end.
The activity of the activated ester on TNPEG is tuned by
partial hydration prior to the initiation of gelation reaction
(Figure 2). The elastic moduli for p-tuned networks obtained

FIG. 2. The schematic picture of sample preparation. The stars and triangles
represent the amine and NHS ester terminal groups, respectively. The NHS
ester on TNPEG was hydrolyzed in pre-gel solution for a given time in order
to control the reaction conversion.

will be compared with general law proposed in this work and
the tree-like theory.

II. THEORETICAL SECTION

A. Classical theories on elastic modulus

From the pioneering work of Kuhn,1 the elastic constant
G is given by

G = n

V
kBT , (1)

where n, V, kB, and T denote the number of elastically effec-
tive chains in the system, the volume of the system, the Boltz-
mann constant, and the absolute temperature. This model is
called the affine network model. James and Guth proposed a
theory of elastic properties of rubbers which allow thermal
motions of cross-links in the rubber.5 In their theory, the elas-
tic constant G is given by

G = n −m

V
kBT , (2)

where m is the number of elastically effective cross-links in
the system. This model is called the phantom network model.
Following other studies,12, 19–21 we take the phantom network
model in this work. We focus not on the details of phantom
network model, but on the relationship between the degree of
reaction pand the network parameters, nand m. First, let us
review a classical theory dealing with this relationship, i.e.,
the tree-like theory.

B. Tree-like theory

The tree-like theory treats polycondensation of f-
functional precursor and puts the following assumptions.12, 22
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p=0.61
p=0.68
p=0.75
p=0.83
p=0.89

Akagi et al., RSC Adv. (2013)

Good prediction with only one fitting parameter 𝑣∗



Dependence of modulus on concentration

Modulus dependence on molecular weight results primarily from the 
non-ideality of chain behaviour

Akagi et al., Macromol. (2013)



Summary

• Discrete network models as a tool to investigate the role of  
network parameters on the mechanical response of hydrogels

• Network defects (dangling ends, loops) have a significant impact 
on mechanical properties

• Coupling between strain pre-stretch and topology gives scaling 
relations different from classical theories

• The model can explain experimental trends by considering non-
ideal chain behaviour and the presence of network defects

References: 
G. Alamé and L. Brassart, Soft Matter 15, 5703 (2019) 
G. Alamé and L. Brassart, About to be submitted.



Future work

Extend the computational framework to describe: 
• Chain scission
• Crosslink breaking and reforming
• Distribution of chain length
• Interpenetrating networks

5186 | Soft Matter, 2018, 14, 5186--5196 This journal is©The Royal Society of Chemistry 2018
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Ideal reversible polymer networks

German Alberto Parada ab and Xuanhe Zhao *bc

In this article we introduce the concept of ideal reversible polymer networks, which have well-

controlled polymer network structures similar to ideal covalent polymer networks but exhibit viscoelastic

behaviors due to the presence of reversible crosslinks. We first present a theory to describe the

mechanical properties of ideal reversible polymer networks. Because short polymer chains of equal

length are used to construct the network, there are no chain entanglements and the chains’ Rouse

relaxation time is much shorter than the reversible crosslinks’ characteristic time. Therefore, the ideal

reversible polymer network behaves as a single Maxwell element of a spring and a dashpot in series,

with the instantaneous shear modulus and relaxation time determined by the concentration of

elastically-active chains and the dynamics of reversible crosslinks, respectively. The theory provides

general methods to (i) independently control the instantaneous shear modulus and relaxation time of

the networks, and to (ii) quantitatively measure kinetic parameters of the reversible crosslinks, including

reaction rates and activation energies, from macroscopic viscoelastic measurements. To validate the

proposed theory and methods, we synthesized and characterized the mechanical properties of a

hydrogel composed of 4-arm polyethylene glycol (PEG) polymers end-functionalized with reversible

crosslinks. All the experiments conducted by varying pH, temperature and polymer concentration were

consistent with the predictions of our proposed theory and methods for ideal reversible polymer

networks.

Introduction
While most crosslinked polymer networks are heterogeneous
and lack controlled structure, ideal covalent polymer networks have
been recently reported. The ideal covalent networks feature well-
defined lengths of polymer chains, crosslink functionalities and
network architectures.7,8 To fabricate such networks, multi-arm (3 or
4-arm, typically) end-functionalized macromers of low molecular
weight are mixed near the overlap concentration and crosslinked via
a reaction of the end groups (Fig. 1a). These ideal covalent polymer
networks not only provide powerful tools to study structure–property
relationships of crosslinked polymers but also give elastomers and
gels with well-controlled mechanical properties such as elasticity,9–11

mesh size, stretchability1,2,10,12,13 and fracture toughness.14 But
due to the permanent nature of the crosslinks, these network do
not exhibit any viscoelasticity. To obtain viscoelastic properties,
reversible crosslinks can be introduced.

Reversible crosslinking motifs, which include dynamic covalent
bonds, metal–ligand coordination, hydrogen bonding domains,

Fig. 1 Schematics of (a) ideal covalent polymer network, featuring well-
controlled network structure and permanent crosslinks;1,2 (b) the
proposed ideal reversible polymer network, featuring well-controlled net-
work structure and reversible crosslinks; (c) quasi-ideal reversible polymer
network,3,4 with reversible crosslinks but possibility of local defects and
loops; and (d) entangled reversible polymer network,5,6 with reversible
crosslinks and chain entanglements.
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Fig. 6. Lake–Thomas vs Irwin–Orowan. (a) A perfect network undergoes affine deformation that all chains deform the same. Upon fracture, all chains break 
simultaneously. A perfect network fractures by the Lake-Thomas picture. (b) An imperfect network undergoes nonaffine deformation. Upon fracture, the 
short chains break before the long chains. The rupture of short chains dissipates energy over a large volume of network off the plane of the crack. An 
imperfect network fractures by the Irwin–Orowan picture. 
loading cycle on, each cycle dissipates a similar amount of energy. Such hysteresis loops persist in polyacrylamide hydrogels 
even after thousands of cycles ( Bai et al., 2017 ). The molecular origin of this narrow, but persistent, hysteresis has not been 
studied. 

It is curious that the Mullins effect has not been reported for unfilled, noncrystalizing elastomers ( Diani et al., 2009 ). The 
Mullins effect has been studied for a double-network hydrogel, where one network has short chains and the other network 
has long chains ( Webber et al., 2007 ). When the hydrogel is stretched, the short-chain network breaks, but the long-chain 
network remains intact. 
5. Toughness 

Toughness of a material is the energy dissipated in advancing a crack in the material by a unit area. In a perfect polymer 
network, a crack advances by breaking a single layer of polymer chains on the crack plane, while all polymer chains off the 
crack plane remain intact ( Fig. 6 a). The picture gives a theoretical estimate of the toughness ( Lake and Thomas, 1967 ): 

!th = φ√ 
n aJ/V 

Lake and Thomas originally proposed the model for elastomers. Just before a polymer chain breaks, the entire chain is 
stretched taut, so that every covalent bond in the chain is stretched near the covalent energy. When the chain breaks, the 
entire chain retracts, and dissipates the energy stored in the chain. The product aJ / V is the same for any solid, such as silica. 
The Lake-Thomas model shows that the polymer chain amplifies the toughness by a factor of √ 

n . The above equation has 
been modified to include the effect of the volume fraction of polymer in the hydrogel, φ. The Lake-Thomas model is a scaling 
analysis, so that a numerical factor of order unity is undetermined, and is dropped from the above equation ( Bai et al., 2018 ). 
With values φ = 12.8%, V = 10 −28 m 3 , J = 5 × 10 −19 J, a = 4.6 × 10 −10 m, and n = 1786, we estimate that !th = 12.4 J/m 2 . 

An imperfect network contains polymer chains of distributed lengths. Before a long polymer chain at the crack front 
breaks, the network transmits the high stress from the crack front into the network. In the network, off the crack plane, 
some short chains break, while long chains remain intact ( Fig. 6 b). Consequently, as the crack advances in the imperfect 
network, energy dissipates to break not only a layer of polymer chains on the crack plane, but also some short chains off
the crack plane. This synergy of molecular cleavage and bulk hysteresis is common in most tough materials, as captured 
in the Irwin–Orowan picture ( Irwin, 1948; Orowan, 1950 ). Background hysteresis has been exploited in developing tough 
elastomers ( Ducrot et al., 2014; Hamed, 1994; Llorente et al., 1981; Mark, 1994 ) and tough hydrogels ( Gong et al., 2003; Sun 
et al., 2012 ). 

We measure the toughness by using samples with edge cracks ( Fig. 7 a). A sheet of the hydrogel, of dimensions H in 
height, B in thickness and T in width, is fastened by rigid clamps. Prior to stretch, a cut of length c is made at the edge of 
the sample. Then the sample is pulled from the original height H to the height λH ( Fig. 7 b). Thus the stretch of the sample 
is λ. We use a razor blade to make cut and mark the cut using a blue dye ( Fig. 7 c). When the sample is stretched, the cut 
blunts ( Fig. 7 d). We vary the length of the cut. For a cut of length below 1 mm, the length of the cut is measured under a 
microscope ( Fig. 7 e). We use a high stretch rate of 1/s so that poroelastic relaxation is insignificant. 

Parada and Zhao, Soft Matter, 2018 Yang et al., JMPS, 2019


