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The map (p,r) — (P(t; p, r), R(t; p, r)) preserves symplectic structure:
dP NdR = dp A dr,

where
W=dpAdr=dpt Adrt + -+ dp" Adr" (1)

is the differential 2-form.
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Hamiltonian H(r, p)
microcanonical ensemble (NVE)

: OH

P = ar P(0) = p,
. oH

R = _Fp, R(O) =r

The map (p,r) — (P(t; p, r), R(t; p, r)) preserves symplectic structure:
dP NdR = dp A dr,

where

W=dpAdr=dpt Adrt + -+ dp" Adr" (1)
is the differential 2-form.
The sum of the oriented areas of projections of a two-dimensional surface
onto the coordinate planes (p',r!), ..., (p", r") is an integral invariant.
A method for (16) based on the one-step approximation

P=P(t+ht,pr), R=R(t+h;t p,r)
preserves symplectic structure if dP A dR = dp A dr.
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microcanonical ensemble (NVE)
canonical ensemble (NVT)

p(r, p) o exp(=BH(r, p)),

where 8 =1/(kgT) > 0 is an inverse temperature.

Two computational tasks

@ nondynamic quantities

o dynamic quantities

Milstein&T. Physica D 2007



Rigid Body Dynamics

Consider a system of n rigid three-dimensional molecules described by the

T T
center-of-mass coordinates r = (r* ..., r" )T € R%,
r=(r,nnr)" eR? and the rotatlonal coordinates in the quaternion
representation q—(q1 e, q" ) eERY, ¢ =(d),q,q), 44T € R,

such that |¢/| = 1.
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m = (7!‘{),7!‘{,7%,71‘/3')1— € R*, are the angular momenta conjugate to q;
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Consider a system of n rigid three- dlmenS|ona| molecules described by the

center-of- r_na;s coordinates r = (r1 ,...,r” )T e R3,
r=(r,nnr)" eR? and the rotatlonal coordinates in the quaternion
representation q—(q1 yeees Q" ) eERY, ¢ =(d),q,q), 44T € R,
such that |¢/| = 1. Following [Mlller [ et aI J. Chem. Phys., 2002]
H(r,p,q, = +ZZ Vi(q', ) + U(r, ), (2)
j=1 k=1
T T . L
where p=(p* ,...,p" )T € R, p/ = (p|,p}, P;)" € R3, are the
T
center-of-mass momenta conjugate to r; ™ = (7r1 RN )T € R,

m = (7!‘{),7!‘{,7%,71‘/3')1— € R*, are the angular momenta conjugate to q;

Vi(q, ) = & [77Siq)°, g meRY, 1=1,23, (3)

I; — the principal moments of inertia and the constant 4-by-4 matrices S; :

Siq = (91,99, —®)", $9=(-9,—q,9.q1)",
S3g = (—q3,q2,—q1,qo)T.
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1 0 0 O 00 0 -1
SS= 1o 0 0 1|°2|10 0 o0 |
|0 0 -1 0| 01 0 0
[0 0 0 -1
0 0 1 0
5 = |9 10 0 |
1 0 0 0 |

Also introduce Sy = diag(1,1,1,1), D = diag(0,1/h,1/h,1/k), and
G —q91 —q —q3

a G ~—$B @
S5(q) = [S04q, 519, 529, S3q] =
(q) [ 04,919, 924, 3q] o o d -

B —q2 q do

The rotational kinetic energy of a molecule:

3
> Vi(g,m) = %WTS(q)DST(q)W.
=1



Rigid Body Dynamics

We assume that U(r, q) is a sufficiently smooth function. Let

fi(r,q) = =V, U(r,q) € R3, the net force acting on molecule j, and
Fi(r,q) = —@q/U(r,q) € T,S?, which is the rotational force. Note that,
while V,; is the gradient in the Cartesian coordinates in R3, @qj is the
directional derivative tangent to the three dimensional sphere S implying
that

qT@qj U(r,q) =0. (4)
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We assume that U(r, q) is a sufficiently smooth function. Let

fi(r,q) = =V, U(r,q) € R3, the net force acting on molecule j, and
Fi(r,q) = —@q/U(r,q) € T,S?, which is the rotational force. Note that,
while V,; is the gradient in the Cartesian coordinates in R3, @qj is the
directional derivative tangent to the three dimensional sphere S implying

that
Q" U(r.q) = 0. (4)
We note
11
ZV Vi(a, = ZIZ;TISIQ[SIQ] (5)
- §S<q)DST( )



Rigid Body Dynamics

The Hamilton equations of motion are

dRS pi

da T om RI(0) =1, (6)

&~ PRQ P0)=P,

T(i = ZS@)DST @)V, Q(0)=¢ || =1,

dl"lf 1 3 1 X . .

- Z,;T, (V7SQ) SV + F(R,Q), W(0)=7/, ¢"n/ =0,
j = 1,...,n
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Rigid Body Dynamics

The Hamilton equations of motion are

dR/ pJ ) ;
- - i(0) = o
® - ROo=r (6)
J] . ) .
—dcl; = f(R,Q)dt, P/(0)=p,
dQy 1 , S
— = S(@)DST @)V, Q0 =7, |d| =1,
; 3
drv 1 1 . o
- = = ~(rvT J J — T —
" 4/;I/rl SQ) SV + F(RQ), V() ==, ¢ =0,
Jj = 1,....n
We have _
|Q(t)) =1, j=1,...,n, fort>0. (7)
QT (t)=0, j=1,...,n, fort>0 (8)

ie. MV(t) e T,S?

Symplectic integrator for (6) in [Miller Ill et al J. Chem. Phys., 2002]
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Thermostats

o Deterministic

o Stochastic

Now we derive stochastic thermostats for the molecular system (6),
which preserve |@/(t)| = 1 and @ T(¢)[V(t) = 0. They take the form of
ergodic stochastic differential equations (SDEs) with the Gibbsian
(canonical ensemble) invariant measure possessing the density

p(l’, p,q,ﬂ') S8 exp(fﬁH(r,p,q,ﬂ')), (9)
where 8 =1/(kgT) > 0 is an inverse temperature.

Davidchack, Ouldridge&T. J Chem Phys 2015



Langevin thermostat for Rigid Body Dynamics
AR = %jdt, R(0) =/, (10)

P = PRQ): P+ [T (), P0) =

[ay

dQ/ = JS(Q)DST(@)Wdt, Q(0) = ¢, |¢/| =1, (11)

3
av = %le MTSQ) SMVdt + FI(R,Q)dt — FJ(Q)Vdt

1
I=1
%ZS/QJHW/U), VO) =, ¢ =0, j=1,....n,
1=1

where (W, WT)T = (w!T ... ow'T, WiT ... w"T)Tisa

(3n + 3n)-dimensional standard Wiener process with w/ = (W, wh, wl)T
and W/ = (W}, Wy, W3J)T; ~ >0 and I > 0 are the friction coefficients
for the translational and rotational motions, 5 =1/(kgT) > 0 and

M 4
J(q) = ZS(CI)DST(CI)v M = E (12)



Langevin thermostat for Rigid Body Dynamics

o The Ito interpretation of the SDEs (10)—(11) coincides with its
Stratonovich interpretation.

o The solution of (10)—(11) preserves the quaternion length
|Q(t)|=1, j=1,...,n, forall t>0. (13)

o The solution of (10)—(11) automatically preserves the constraint:
QT ()V(t)=0, j=1,...,n, fort>0 (14)

o Assume that the solution X(t) = (RT(¢t), PT(¢),Q"(t),N"(¢))" of
(10)—(11) is an ergodic process on

D = {XI(I’T,pT,qT,ﬂ‘T)TERMni
| =1, ¢"# =0, j=1,...,n}.

Then it can be shown that the invariant measure of X(t) is Gibbsian
with the density p(r,p,q,7) on D:

p(r,p,q, ) o exp(—=BH(r, p,q, 7)) (15)



Stochastic Hamiltonian systems

Stochastic Hamiltonian system:

dP = f(t,P,R)dt + Y o(t,P,R)x dw(t), P(to) = p, (16)
=1

m
dR = g(t, P, R)dt + > _v,(t, P, R)* dw(t), R(to) =r,

r=1
fl=—0H/ar', g =0H/dp', (17)
ol =—0H,/0r", N =0H;/op', i=1,...,n, I=1,....m.
The phase flow (p, r) — (P, R) of (16) preserves symplectic structure:
dP A dR = dp A dr (18)
Bismut 1981; Milstein, Repin&T. SINUM 2002
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Stochastic Hamiltonian system:

dP = f(t,P,R)dt + Y o(t,P,R)x dw(t), P(to) = p, (16)
=1

m
dR = g(t, P, R)dt + > _v,(t, P, R)* dw(t), R(to) =r,

r=1
fl=—0H/ar', g =0H/dp', (17)
ol =—0H,/0r", N =0H;/op', i=1,...,n, I=1,....m.
The phase flow (p, r) — (P, R) of (16) preserves symplectic structure:
dP ANdR =dp A dr (18)

Bismut 1981; Milstein, Repin&T. SINUM 2002
A method for (16) based on the one-step approximation

P=P(t+ht,p,r), R=R(t+h;t p,r)
preserves symplectic structure if
dPAdR=dpAdr. (19)
Milstein, Repin&T. SINUM 2002; Milstein& T, Springer 2004



Langevin equations and quasi-symplectic integrators

dR’

dpP’
dQ’

dry

pJ : .
—dt, RI(0)=",
m

(R, Q)dt — yP/dt + %dwj(t), Pi(0) = p/,

2S(@)DST(Q)Vdt, Q(0)=¢', |¢'| =1,

&=

A=

3
72% (WTS,Q) SiVdt + F/(R,Q)dt — TJ(Q)Vdt
=1

2Mr

=1

Zs,Qdef( ), WO)=w, T/ =0,=1,...

(10)



Langevin equations and quasi-symplectic integrators

J P J y
R = "t RI0)="r, 9)
dPi = PR Q)de —yPidt + |27 dwi(t), PI(0) =P,
dQ = 1S(Q)DST(Q@)Ver, F(0) = ¢, g =1 (10)
, 11 -
W= 130 VTSE) SV PR Q) TA@) Ve

+ﬁz SIQdW/(1), W(0)=n, ¢Tw/ =0, j=1.....n
=1

Let Dy € R, d = 14n, be a domain with finite volume. The
transformation

x = (r,p,q,7) — X(t) = X(t; x) = (R(t; x), P(¢t; x), Q(t; x), N(t; x))
maps Dy into the domain D;.



Langevin equations and quasi-symplectic integrators

V. = /dxl...dxd (20)
D
DXL X))
= — 1 dx"...dx“.
/‘ D(x1,...,x%) x x
(2}
The Jacobian J is equal to
D(X,..., X
J= (X% ):exp(—n(?yy—i—r)-t). (21)

D(x,...,x%)



Quasi-symplectic integrators

It is natural to expect that making use of numerical methods, which are
close, in a sense, to symplectic ones, has advantages when applying to
stochastic systems close to Hamiltonian ones. In [Milstein&T. IMA J.
Numer. Anal. 2003 (also Springer 2004)] numerical methods (they are
called quasi-symplectic) for Langevin equations were proposed, which
satisfy the two structural conditions:
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Quasi-symplectic integrators

It is natural to expect that making use of numerical methods, which are
close, in a sense, to symplectic ones, has advantages when applying to
stochastic systems close to Hamiltonian ones. In [Milstein&T. IMA J.
Numer. Anal. 2003 (also Springer 2004)] numerical methods (they are
called quasi-symplectic) for Langevin equations were proposed, which
satisfy the two structural conditions:

RL1. The method applied to Langevin equations degenerates to a
symplectic method when the Langevin system degenerates to a
Hamiltonian one.

RL2. The Jacobian J = DX /Dx does not depend on x.

The requirement RL2 is natural since the Jacobian J of the original
system (10)—(11) does not depend on x. RL2 reflects the structural
properties of the system which are connected with the law of phase
volume contractivity. It is often possible to reach a stronger property

consisting in the equality j =J.



Weak-sense numerical integration

We usually consider two types of numerical methods for SDEs:
mean-square and weak [Milstein&T. Springer 2004]. Mean-square
methods are useful for direct simulation of stochastic trajectories while
weak methods are sufficient for evaluation of averages and are simpler
than mean-square ones.

A method X is weakly convergent with order p > 0 if
[Ep(X(T)) = Ep(X(T))| < Ch”, (22)

where h is a time discretization step and ¢ is a sufficiently smooth
function with growth at infinity not faster than polynomial. The constant
C does not depend on h, it depends on the coefficients of a simulated
stochastic system, on ¢, and T.



Langevin integrators

Davidchack, Ouldridge&T. J Chem Phys 2015

For simplicity we use a uniform time discretization of a time interval
[0, T] with the step h= T/N.



Langevin integrators

Davidchack, Ouldridge&T. J Chem Phys 2015

For simplicity we use a uniform time discretization of a time interval
[0, T] with the step h= T/N.
Goal: to construct integrators

o quasi-symplectic

o preserve |Q(ty)|=1, j=1,...,n, forall t >0 automatically
o preserve Q' T(t )MV (tx) =0, j=1,...,n, for t > 0 automatically
o of weak order 2

To this end:

o stochastic numerics+splitting techniques [see e.g. Milstein& T,
Springer 2004]

o the deterministic symplectic integrator from [Miller 11l et al J. Chem.
Phys., 2002]



Langevin integrators

We use the mapping W, (g, 7) : (g,7) — (Q, ) defined by

Q = cos(x,t)q + sin(x,t)Siq,

M = cos(x,t)m + sin(x,t) ST, (23)
where o
X = 4—Il7r Siq.
We also introduce a composite map
V=W, 30V 0V 10V, 50V, 03, (24)

where “o” denotes function composition, i.e., (g o f)(x) = g(f(x)).



‘Langevin A’ integrator

The first integrator is based on splitting the Langevin system in

dRI = —dt, RI(0) =,

dPl = fI(R,Q)dt + Z%dwf(t),

4@ = S(@)DST(@)Vat,

darv. = 1f:i(I‘IJ'TS/QJ')S/I'Ifdf-“+Ff(R»Q)dt
4 £ |,



‘Langevin A’ integrator

The first integrator is based on splitting the Langevin system in

dRf = —dt, RI(0)="/,
m
dP = fi(R,Q)dt + 2%dwf(t),
_ 1 o
dQ = ;S(Q)DS(Q)Vt,
3
J - %Z%(HJTS,Qf)S,ﬂfdt+FJ(R,Q)dt
=1
OMF & :
+ TZS/QJdVV/(tL J = 17 » 1,
1=1

and the deterministic system of linear differential equations

p=—vp, #=-TId)w, j=1,....n.



‘Langevin A’ integrator

Po = p, Ro=m, QO:qwith\q/\:l,jzl,A.A,n,
My = = with qTﬂ':O7
h ; N
P = ede m, — @i, o1
\f 2m~y
Pk = 'Plk+7f(Rk7Qk)+7 75;(
; h Vh
I'Ijzﬁk = 1k+ F(Rk,Qk)+7 ZS/QkT]Jk ,i=1,...
h
Riyi = Re+ —Pay,
m
QM) = Wa(QMy ), j=1,...,n,
J J vh
M,y = M+ F(Rk+170k+1)+7 ZS/QHlTIJ,UJ—l
\[ 2m~y
Pik = Pox+ f(Rk+1;Qk+1)+7 3 [
h . _ j h .
Pipi = e 72P3y, M, =e ECA: My J=1,005m,

kK = 0,...,N—1,



‘Langevin A’ integrator

& = (fl,k?' - ﬂ§3n,k)T and 771( = ("7{,/0 T 7775,k)T7j: L,

their components being i.i.d. with the same law

PO =0)=2/3, P(0=+V3)=1/6.



‘Langevin A’ integrator

Ee=Crpo &) and 17, = (4 b )T i =1,...,n, with
their components being i.i.d. with the same law

PO =0)=2/3, P(0=+V3)=1/6. (29)

Proposition 1. The numerical scheme (28)—(29) for (10)—(11) is

quasi-symplectic, it preserves the structural properties (13) and (14) and
it is of weak order two.



‘Langevin B’ integrator

2
dP; = —yP, dt + mdw(t),

ML Zs,quJ( )
=1

drt, = —TJ(q)Vdt +
P . 1 ) o
dR; = i dt, dPy = f(Ry,Qu)dt, dQ), = ZS(Q{,)DST(Q{,)I'IJ,,dt, (31)

3
i ; 1 1
dnjll - FJ(RIhQII dtJr E T/ { S/Q//] S,I'I,,dt j=1,.
1=1



‘Langevin B’ integrator

2
dP, = —P, dt + ,/%dw(t),

ST (30)
drY, = —TJ(q)Wdt + 5 Zs,quf()
1=1
P . 1 ) o

dR;, = Jdt dPy = f(Ryy, Qu)dt, dQ) = 75(Q})DS™(Q})M)dt ., (31)

3
: : 1en1

dnjll - FJ(RIhQII dtJr ZT/{ S,Q’,]S,I'I,,dt j=1,.

I=1

The SDEs (30) have the exact solution:

P;(t) = P;(0)exp(— +1/ 5 exp ~(t — s))dw(s), (32)

3

M(t) = exp(—-TJ(q )+ 2/\ng/0 exp(—TJ(q)(t — 5))dW/(s).

To construct the method: half a step of (32) + one step of a symplectic
method for (31) + half a step of (32).

o



‘Langevin B’ integrator

The vectors f e~ (@)= S)SICIC/WJ( ) in (32) are Gaussian with zero
mean and covariance C/ t;q) f e (=9 G,4(S,q)Te T(@)(t=5) s,



‘Langevin B’ integrator

The vectors f e~ MA(E=9) G, qd W/ (s) in (32) are Gaussian with zero
mean and covariance C/(t,q = fo e~ T@(t=5) 5 q(5,q)Te~ T (@(E=5) s,

3
= 3" Glt:0) = 1 S(@AC(EDST(a),
=1

where
Ac(t;T) =diag(0, h(1 — exp(=MTt/(2h))), k(1 — exp(—MTt/(2h))),
l5(1 — exp(=MT't/(2k)))).-



‘Langevin B’ integrator

The vectors f e~ MA(E=9) G, qd W/ (s) in (32) are Gaussian with zero
mean and covariance C/(t,q = fo e~ T@(t=5) 5 q(5,q)Te~ T (@(E=5) s,

3
)= Cltig) = 1=S@AC(E NS (9)
=1

where
Ac(t;T) =diag(0, h(1 — exp(=MTt/(2h))), k(1 — exp(—MTt/(2h))),
l5(1 — exp(=MT't/(2k)))).-

Let o(t; q)o " (t; q) = C(t; q), e.g., o(t; g) with the columns

Mrt
O'/(t; CI) = \/Wl/ ( eXp(_Ql/)) S/qa I = 1a2a37




‘Langevin B’ integrator

The vectors f e~ MA(E=9) G, qd W/ (s) in (32) are Gaussian with zero
mean and covariance C/(t,q = fo e~ T@(t=5) 5 q(5,q)Te~ T (@(E=5) s,

3
)= Cltig) = 1=S@AC(E NS (9)
=1

where
Ac(t;T) =diag(0, h(1 — exp(=MTt/(2h))), k(1 — exp(—MTt/(2h))),
l5(1 — exp(=MT't/(2k)))).-

Let o(t; q)o " (t; q) = C(t; q), e.g., o(t; g) with the columns

MTt
oi(t; q) = \/MF// ( exp(—2ll)) Siq, 1=1,2,3,

then I'I{(t) in (32) can be written as

OMT & o
M(t) = e @i (0) + 7Za—,(t; a)xi, ) areiid. N(0,1).
=1



‘Langevin B’ integrator

Po=p, Ro=r, Q=q, |¢|=1,j=1,...,n, M=, "7 =0,

Pri=Pre 2 4 /%(1 —e=h)E,,
: 3
. h 4 _ Mrh P
W, = e M@ 4 5 Sl <1 —e ¥ >5,Q1k7fkv’,j =1,...,n,
I=1

h
Pz,k = Pii+ Ef(Rk,Qk),
Y Y h_j .
M, = n1,k+§F Rk, Qx), j=1,...,n,
h
Riri = R+ —Poy,
m
QM) = Wa(Q,Ny,), M, =M, + EFJ(Rk+1,Qk+1)7 j=1,...,n,
h
Pk = Pkt Ef(Rk+1,Qk+1)7

_ m
Piyi = Psye T2y \/ E(l —e= M)y,
; 3
. B ho 4 —mrh o
nl’<+1 = ¢ rJ(QiH)Q n{hﬂL E Z b (1 e Y )S,Q{Grldk)/’
=1

j = 1,...,n, k=0,...,N—1,



‘Langevin B’ integrator

§k = (fl,k7~~~»§3n,k)T» Ck = (Cl,k7~~~a§3n,k)T> 772 = (%,lﬂ e 777é,k 7

)’
Jj=1,...,n, with their components being i.i.d. with the same law (29):

PO =0)=2/3, P(0=+V3)=1/6.

Proposition 2. The numerical scheme (33), (29) for (10)—(11) is
quasi-symplectic, it preserves (13) and (14) and it is of weak order two.



‘Langevin C' integrator

Based on the same spliting (30) and (31) as Langevin B, i.e., the
determinisitic Hamiltonian system + OU.

To construct the method: half a step of a symplectic method for (31) +
step of (32) + half a step of a symplectic method for (31).



‘Langevin C' integrator

Based on the same spliting (30) and (31) as Langevin B, i.e., the
determinisitic Hamiltonian system + OU.

To construct the method: half a step of a symplectic method for (31) +
step of (32) + half a step of a symplectic method for (31).

Various splittings are compared for a translational Langevin thermostat in
[Leimkuhler&Matthews 2013]



[} . r -
Langevin C' integrator
Po=p, Ro=r, Q =q, |q‘i|:1,j:1,...,n, My ==, qTﬂ-:O’
h
Pk =Pr + Ef(Rk,Qk)7
) h
njl,k:m+5Fj(Rk,Qk)7 j=1,...,n,
h
Rix = Rk + —P1x,
2m

(QLe M) =V(Q T ) =1, .,n,

_ m
P2,k = P1 ke vh + E(l —e—2h)g,
j 3
i — J : 4 _ Mrh X .
I'Ig)k — o i njz,k i 5 Z I (1 _e 7 )S/QJl,kntl!j —1.....n
=1

h
Riti = R+ RPQW
Qi) = Wi(Q,nT,), j=1,...,n,
h
Pisi = Paxt Ef(RHthH),
Y J h .
M = ”4,k+§F (Rks1, Qrs1)s j=1,...,n,



‘Langevin C' integrator

where £k = (fl,k? s a§3n,k)T and 77&( = (T’g_’/m cee 777{),7/()1—7 ./ = 17 RN
with their components being i.i.d. random variables with the same law
(29).

Proposition 3. The numerical scheme (34), (29) for (10)—(11) is
quasi-symplectic, it preserves (13) and (14) and it is of weak order two.



The gradient thermostat for rigid body dynamics

It is easy to verify that

/ exp  (—BH(r,p,q,7))dpdm (35)
Diiom

& eXP(*BU(", q)) = /N)(ra q)a
where (r',q")T € D' = {(rT,q")T € R"": |¢/| = 1} and the domain of
conjugate momenta Dy, = {(pT,ﬂ'T)T €ER":q"m =0}.



The gradient thermostat for rigid body dynamics

It is easy to verify that

/ exp (=BH(r,p,q,m))dpdm (35)
Dinom

& exp(fﬁU(r,q)) = Z)(rvq)a

where (r',q")T € D' = {(rT,q")T € R"": |¢/| = 1} and the domain of
conjugate momenta Dy, = {(pT,ﬂ'T)T €ER":q"m =0}.
We introduce the gradient system in the form of Stratonovich SDEs:

2
dR = %f(R7 Q)dt + \/Edw(t), R(0) =r, (36)
T . 27T 23 i i
dQ' = - F/(R,Q)dt + Mg =1 SIQ xdW(t), (37)

QJ(O):qJ? |qj|:17 j:]‘?"'7n7

where “x" indicates the Stratonovich form of the SDEs, parameters

v > 0and T > 0 control the speed of evolution of the gradient system
(36)-(37), f = (f1T,...,f"T)T and the rest of the notation is as in
(10)—(11). [Davidchack, Ouldridge&T. J Chem Phys 2015]



The gradient thermostat for rigid body dynamics

This new gradient thermostat possesses the following properties.

o As in the case of (10)—(11), the solution of (36)—(37) preserves the
quaternion length (13).

o Assume that the solution X(t) = (RT(t),Q7(t))"T € I/ of (36)—(37)
is an ergodic process. Then, by the usual means of the stationary

Fokker-Planck equation, one can show that its invariant measure is
Gibbsian with the density p(r,q) from (35).



Geometric integrator for the gradient thermostat

The main idea is to rewrite the components @ of the solution to
(36)—(37) in the form Q/(t) = exp(Y?(t))@/(0) and then solve
numerically the SDEs for the 4 x 4-matrices Y?(t). To this end, we
introduce the 4 x 4 skew-symmetric matrices:

IFj(raq) = Fj(r,q)qu - qj(Fj(r’q))TJ =1...,n
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Geometric integrator for the gradient thermostat

The main idea is to rewrite the components @ of the solution to
(36)—(37) in the form Q/(t) = exp(Y?(t))@/(0) and then solve
numerically the SDEs for the 4 x 4-matrices Y?(t). To this end, we
introduce the 4 x 4 skew-symmetric matrices:

IFj(raq) = Fj(r,q)qu - qj(Fj(r’q))TJ =1...,n

Note that FF;(r,q)¢/ = F/(r,q) under |¢/| = 1 and the equations (37) can
be written as

3
49 = 1F(R Q) Qdt + % >_S@xaWi(1), @O = l¢| =1,
=1

(38)
One can show that

T 2T (1)) ;
Yi(t+h) = b F(R(1), Q1))+ M—BZ(W,(Hrh)—VV,(t)) S
I=1

+ terms of higher order.



Geometric integrator for the gradient thermostat

Ro=r, Q=q, |¢|=1,/=1,...,n, (39)
v 2u
Rk+1 - Rk + th(Rk,Qk) —+ \/E miﬁék’
. T T 3.
J 2T J
Yk—hMFJ(RMQk)Jr\/E Mﬁ;nﬁ( S,
Q{;H:eXP(Y;{)Qi, j=1,...,n,

where €, = (&1 4., E3,0) T and &, i=1,....3n, 1", 1 =1,2,3,
j=1,...,n, are i.i.d. random variables with the same law

PO = +1) = 1/2. (40)



Geometric integrator for the gradient thermostat

Ro=r, Q=q, |¢|=1,/=1,...,n, (39)
v 2V
Rk+1 — Rk + th(Rk,Qk) —+ \/E mﬁék’
3
T 27 ,
Jo_ oy 27 J
Yk_hMIFJ(Rk7Qk)+\/E Mﬁ Izgl'rﬁ( 5/’
Qi+1 = eXP(Y;{)@;7 j=1,...,n,

where €, = (&1 4., E3,0) T and &, i=1,....3n, 1", 1 =1,2,3,
j=1,...,n, are i.i.d. random variables with the same law

PO = +1) = 1/2. (40)

Proposition 4. The numerical scheme (39)—(40) for (36)—(37) preserves
the length of quaternions, i.e., |@Q,| =1, j=1,...,n, forall k, and it is
of weak order one.

Davidchack, Ouldridge&T. J Chem Phys 2015



Numerical experiments

Davidchack, Handel&T. J Chem Phys 2009
and Davidchack, Ouldridge&T. J Chem Phys 2015

Two objectives for the experiments:
o the dependence of the thermostat properties on the choice of
parameters v and I for the Langevin thermostat
o errors of the numerical schemes.

TIP4P rigid model of water (Jorgensen et. al J. Chem. Phys. 1983)

The quantities we measure include the translational temperature
p'p

3nkgm’

tr —

rotational temperature

,Trot 3!7/(322 V/ q/,ﬂ'j

j=1 I=1

and potential energy per molecule

1
U= ;U(r,q).
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Figure: Langevin thermostat: v = 4ps™', I = 0.
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Parameters of the Langevin thermostat

Figure: Langevin thermostat. Dependence of relaxation time of the
translational temperature on vy and T.



Parameters of the Langevin thermostat

¥, ps”

Figure: Langevin thermostat. Dependence of relaxation time of the rotational
temperature on v and T.



Parameters of the Langevin thermostat

@ 8
10° > ,
N
: 10° -
A 5.
—
10' 4
3
10° \ )
10° 10 10°

v, ps~!

T PS

Figure: Langevin thermostat. Dependence of relaxation time of the potential
energy on y and I.

v=2-8pstand =3 —40ps!



Accuracy of integrators

o Translational kinetic temperature

PP
(Tex)n = 3mken’

o Rotational kinetic temperature

2(3 S it )
3/(3!7 '

o Translational configurational temperature
(5w,
ST
o Rotational configurational temperature
(S IVaUR),
<,Trc>h - n 5 )
ke <Zf:1 ijU>h

where V; is the angular gradient operator for molecule j;

(T )n =

(Zc>h =




Accuracy of integrators

o Potential energy per molecule

U)ph = =(U)n;

o Excess pressure

(S )

h

<7)cx>h - - 3V ’

where V is the system volume;

o Radial distribution functions (RDFs) between oxygen (O) and
hydrogen (H) interaction sites

(8ap(N))n s
where a5 = 00, OH, and HH.

Angle brackets with subscript h represent the average over a simulation
run with time step h.



Accuracy of integrators

EA(X) = EA(X) + Cah” + O(hPT)

p = 2 for Langevin integrators and p = 1 for the gradient thermostat
integrator

Talay&Tubaro Stoch.Anal.Appl. 1990



Accuracy of integrators
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Gradient thermostat
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plot illustrates numerical integration error in the evaluation of the RDFs near
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Accuracy of integrators

Results for Langevin A, B, and C thermostats with v = 5ps—! and
I = 10ps—! and gradient thermostat with v = 4fs and T = 1fs.

Langevin A Langevin B Langevin C Gradient
A, unit (Ao Ea (Ao Ea (Ao Ea (Ao Ea
T, K 300.0(2)  —0.136(8)  299.9(2) 0.100(13) 300.02)  —0.135(7) - -
T, K 299.9(2) —0.808(8) 299.8(3) —0.092(13) 300.1(2) —0.803(8) - -

Tie, K 300.1(3) 0.022(13) 299.9(4) 0.45(2) 300.1(3) 0.021(13)  299.6(1.0) 3.6(5)
T, K 299.8(3) 0.158(11) 299.6(4) 0.99(2) 299.9(3) 0.152(11)  298.6(1.6) 9.9(4)
U, keal/mol  —9.068(4)  —0.0004(2) —9.071(4)  0.0059(2)  —9.066(3) —0.0005(2) —9.075(11) 0.033(4)
Pex, MPa  —117.4(1.3)  —0.02(5) —117.4(1.6)  027(9)  —117.5(1.4) —001(5) —118(11)  1.7(2.8)
800(roo) 3.007(4) 0.0006(2) 3.009(4) —0.0027(2) 3.009(4) 0.0004(2) 3.012(9) —0.011(4)
gon(ron)  1.490(3)  0.0003(2)  1.492(2)  —0.0024(2)  1.490(2)  0.00028(9)  1.491(7)  —0.011(2)
g (ran) 1.283(2) 0.00012(7) 1.284(2) —0.00082(6) 1.282(2) 0.00018(7) 1.284(4) —0.004(2)

Values of (A)y and E4 were obtained by linear regression from (A), for
h < 6fs for Langevin integrators and for h < 4fs for the gradient
integrator. Quantities E4 are measured in the units of the corresponding
quantity A per fs?, where p = 2 for Langevin integrators and p = 1 for
the gradient integrator.



Conclusions

©

Two new thermostats, one of Langevin type and one of gradient
(Brownian) type, for rigid body dynamics are introduced.

©

As in the deterministic case, it is important to preserve structural
properties of stochastic systems for accurate long term simulations.

o Geometric integrators for the stochastic thermostats were
constructed.

(%]

Testing of thermostats and numerical integrators were done.
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