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A Statistical Modal Analysis (SMA) methodology is developed for geometric variation characterization, modeling, and applications in
manufacturing quality monitoring and control. The SMA decomposes a variation (spatial) signal into modes, revealing the fingerprints
engraved on the feature in manufacturing with a few truncated modes. A discrete cosine transformation approach is adopted for mode
decomposition. Statistical methods are used for model estimation, mode truncation, and determining sample strategy. The emphasis
is on implementation and application aspects, including quality monitoring, diagnosis, and process capability study in manufacturing.
Case studies are conducted to demonstrate application examples in modeling, diagnosis, and process capability analysis.
Keywords: Manufacturing, quality, variation reduction, GD&T tolerancing

1. Introduction
With intense global competition, quality assurance becomes a critical challenge for design and manufacturing
in industry. In a mass production environment, mechanical
parts cannot be manufactured to completely conform to
design specifications. There is a vital need to control manufacturing variations to optimize manufacturability and
ensure product functionality (Ceglarek and Shi, 1995; Voelcker, 1998; Ceglarek et al., 2004; Huang, Lin, Kong, and
Ceglarek, 2007).
A major concern in manufacturing is to understand and
control the effects of variations, in particular, that being
made on critical geometric features. Three aspects in this
regard involve (i) variation characterization and modeling;
e.g., measuring and summarizing variation information on
a manufactured part with a simplified math model that facilitates quality improvement in both design and manufacturing; (ii) identifying and extracting the most significant
variation patterns for quality monitoring and diagnosis;
and (iii) evaluating or predicting the capability of a process to produce quality products. The variation is also con∗
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trolled in tolerance design. Geometric Dimensioning and
Tolerancing (GD&T) describes all of the ranges and geometric ways that feature variations of size, position, orientation, form, and runout are allowed. To ensure quality, the
variations must be simulated, and the impacts to manufacturability and product performance should be predicted via
tolerance analyses. A model that can effectively characterize/summarize the variation and then convey the information to design for tolerance simulation is highly desirable
but unfortunately unavailable. Huang and Ceglarek (2002)
presented a Discrete Cosine Transformation (DCT)-based
characterization technique that only partially solved the
concern mentioned in (i) above. More methodological, application, and implementation issues still remain open, such
as the concerns in (ii) and (iii) and the links between Statistical Modal Analysis (SMA) and tolerance design.
A unified variation model that bridges manufacturing
and design is necessary but challenging. Currently available models are either good at characterizing signal variations (e.g., signal processing techniques for monitoring
and diagnosis) or specialized in representing/manipulating
curve/surface features (e.g., CAD parametric models). Neither serves both in a coherent manner.
1. The signal processing techniques in monitoring have
accumulated and documented major amounts of information (process fingerprints) for characterization,
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statistical modeling, diagnosis, and quality control (e.g.,
Statistical Process Control (SPC) and process capability). They are powerful in analyzing random signals with
rich frequency components from measurements. Nevertheless, they have rarely been linked to or served as
a GD&T model for replicating variations in tolerance
design.
2. The modes identified by signal processing techniques
have not been linked and interpreted in terms of GD&T
tolerances, such as position, orientation, flatness
and waviness, etc. This link is critical for root cause
recognition in process control and in tolerance design
simulation. For example, the first three rigid modes
characterize kinematic variation of planar features;
thus, by assigning these modes in a tolerance simulation
model the size/position and flatness tolerance design
can be evaluated through simulation.
3. To incorporate manufacturing uncertainty in GD&T
design, the variations have been simulated by subjective statistical models (e.g., random CAD parametric
models). These models have rarely been linked to actual variations in manufacturing because of their poor
property in random signal processing and statistical
modeling. The CAD parametric models, such as Bezier
surface/curves, B-spline, NURBS, 16-point bicubic surface, etc., were initially designed for part curve/surface
feature manipulation rather than the variations characterization. It is difficult to statistically model the random
variations from measurement data. For example, a large
number of parameters in NURBS (rational polynomials) on multiple surface patches must be estimated by
nonlinear regression.
Huang and Ceglarek (2002) proposed the SMA concept
and DCT algorithm for mode decomposition. However, it is
an incomplete version of SMA methodology. It lacks some
key components in theory and application, including statistical modeling, mode truncation criteria, sampling, the link
between SMA and GD&T models as well as its applications
in manufacturing. To address this problem, this article aims
at comprehensively extending the work reported in Huang
and Ceglarek (2002) by establishing (i) a complete SMA
methodology with all of the above-mentioned components
that were not covered or fully elaborated in the initial work
and (ii) SMA application techniques in manufacturing; i.e.,
pattern extraction, monitoring. Statistical Process Control
(SPC) and process capability with GD&T requirements.
To keep a complete and smooth description of SMA, a
certain level of overlap with the initial work remains, but
it has been cut short as much as possible. Although the focus is on the manufacturing side, here the authors scratch
only the surface of SMA for tolerance design; for more
details please refer to Huang et al. (2010). In design, the
SMA modes can be explained by GD&T tolerances such
as size (e.g., first mode), orientation (e.g., second and third
modes), and form (modes >3 in a certain frequency win-
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dow). The statistical GD&T design calls for replicating the
variations in the same way as they are being produced in
the manufacturing process. Thus, it may provide a two-way
traffic for design and manufacturing; i.e., utilizing process
knowledge to compose the relevant modes (the fingerprints)
into a SMA model for tolerance design simulation.
This article is organized as follows: a literature review
is presented in Section 2, followed by assumptions and
basic ideas of SMA in Section 3; Section 4 deals with a
series of key issues in modeling such as statistical (spatial)
modal analysis, mode truncation, and sampling; Section 5
emphasizes the strategy and implementation procedures for
manufacturing application; i.e., identifying key variation
patterns for diagnosis, process monitoring by mode-based
control chart, and analyzing process capability with GD&T
specification; case studies and a summary are included in
Sections 6 and 7.

2. Related work
In the last several decades, tremendous efforts have been
devoted to establishing variation and tolerance models for
tolerance design and quality control in manufacturing.
Requicha (1983) pioneered the work on geometric tolerance representation theory. The concepts of Tolerance Zone
(TZ) and variational class for representation of geometric
tolerances were defined and studied (Requicha, 1983; Srinivasan and Jayaraman, 1989; Requicha and Chan, 1986).
The TZ was defined as a region bounded by two virtual
features, which are offsets from a design nominal feature.
All actual features within the TZ belong to an acceptable
variational class. Several techniques have been developed
for computing offset feature surfaces in CAD models.
Parametric semantics can also be directly extended to approximate TZ semantics to any accuracy by increasing the
number of parameters (e.g., polynomial, Bezier, and bicubic surface patches). Turner and Wozny (1987) proposed a
polynomial function to model form tolerance for nominal
planar features. Alternative approaches based on Bezier’s
triangle fitting and triangle patches have also been proposed
to represent planar surface (Gupta and Turner, 1993). Roy
and Li (1998, 1999) (see also Li and Roy (2001)) developed
a 16-point bicubic surface interpolation method. Most of
these efforts focused on deterministic TZ construction in
CAD systems rather than the random variability per se.
Random polynomial representation models have been
developed in the last two decades. Roy and Li (1998, 1999)
ensured that all of the control points on the interpolation
surfaces were randomly selected in the TZ. In general, a
combination of more than one surface patch is needed to
represent the variational class of a complex feature with selected knots connecting them. Merkley (1998) also adopted
random parameter Bezier functions for simulation of variations in assembly analysis. The random control points
of the Bezier patch were used to simulate the patterns of
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variations. They can be easily embedded into existing CAD
systems. The parametric models used for statistical tolerance analysis rely on subjective assumptions on the distributions of model parameters. The estimation of these
parameters and their distribution from measurement data
is a cumbersome task because of high computation costs
(e.g., in multi-dimensional spline surface fitting), nonlinear
regression (e.g., NURBS), and problems associated with
determiming the number and placement of knots, appropriate continuity constraints, model orders, etc.
In rigid assembly analysis, point-based variation models
prevail (Ceglarek et al., 2004; Huang, Lin, Kong, and
Ceglarek, 2007). The covariance matrix method provides
an alternative approach for variation analysis in compliant
sheet metal assembly (Merkley, 1998; Camelio et al.,
2004). The covariance matrix, under a normality assumption, represents a point-based multivariate distribution
(discretized geometric variations). Principal Component
Analysis (PCA), a data-driven technique, can be used
to eliminate correlations in the point-based data and
thus provide a variation characterization model. The
result of PCA is data or case dependent; thus, it may
lead to inconsistent models from samples. Despite its
wide applications in manufacturing for variation analysis
and quality monitoring, the PCA model is not suitable
for tolerance applications that require case-independent
simulation models in their design. Therefore, there is
no available PCA technique in the literature suitable for
application to GD&T tolerance design.
Signal processing techniques have been used for many
years in surface characterization stuies. Many orthogonal
transformation techniques have been developed in image
signal processing, such as the DCT (Ahmed et al., 1974) and
Karhunen–Loéve Transform (KLT; Srinivasan and Wood
(1997)), etc. Huang et al. (2002) initiated DCT- based mode
decomposition for stamping part variation analysis.
Data-driven methods, such as PCA and KLT, are sample
specific and will produce inconsistent models. Srinivasan
and Wood (1997) applied wavelets for feature extraction
in manufacturing. The wavelet approach works excellently
in characterizing highly localized and nonstationary signal
patterns, but it is difficult to explain the obtained results,
especially in terms of GD&T tolerances. These techniques
have been applied almost exclusively in signal characterization for quality monitoring and diagnosis. There are only a
few reports on GD&T design-related applications.
In summary, the above research efforts have been largely
devoted in two parallel directions. On one side, a variety of
models have been developed for tolerance design. On the
other, two-dimensional (2D) data-driven signal processing
and spatial statistics techniques have been developed for
spatial feature characterization and monitoring in manufacturing. The urgent desire from industry for a unified
methodology to bridge the gap motivated the authors’ research reported in this article.

3. Problem formulation
By projecting a surface to a plane (x, y), geometric variation on the surface feature is defined as the deviation of
an actual feature from a nominal feature; i.e., f (x, y) =
F actual − F nominal , where F actual and F nominal are the actual
and nominal features, respectively. Two assumptions are
introduced below.
Smoothness assumption: f (x, y) is sufficiently smooth
such that the high spatial frequency components (e.g., surface roughness) are small and can be ignored; i.e., f (x, y) is
band limited.
Height field assumption: f (x, y) can be expressed as a
height field (a single-valued function): z = f (x, y) defined
on a 2D domain and it is a stationary Gaussian random
field process.
An actual feature variation can be measured by a Coordinate Measurement Machine (CMM); a similar case
can be found in micro/nanoscale topography with scanning by atomic force microscopy. The probe of a CMM
machine works as a low-pass filter that cuts off higher frequency components by bridging small grooves. Compared
with global variation patterns, the microscale errors, such
as roughness and micro-texture, can be ignored in many engineering applications. CMM results provide a depth map
that consists of a bi-dimensional array of height z measurements at various discrete (x, y) locations. The normality assumption is justified by checking the CMM measurement
data on sheet metal parts (Ceglarek and Shi, 1995).
A mode-based expression for geometric variations is proposed in this article. The idea is to decompose a variation
signal into a linear combination of series of modes. The
orthogonality of the modal shape functions ensures the
mode independence. The approximation is achieved in a
truncated modal space. An SMA model can approximate
a variation to any accuracy by increasing the number of
modes included in the model. The statistical property of
the variation is captured by the distributions of the modal
parameters. A correlation reduction technique, such as orthogonal transforms commonly used in digital image processing, can be applied for modal decomposition. Given
measurement data f (nx, my) = f (n, m) at x = nx, y =
my, n, m = 1, . . ., N, the variation is transformed from the
spatial into the frequency (mode) domain. For a “smooth”
variation a large proportion of “signal energy” is concentrated in a few modes (variation patterns). In general, for
2D signal arrays with a sample size of N 2 (or M × N, if
M = N), the forward and inverse transforms are given as

T(u, v) =

N−1 
N−1


f (n, m) g(n, m, u, v)

n=0 m=0

(forward transform)

(1)
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Fig. 1. Variation mode decomposition and interpretation.

f (n, m) =

N−1 
N−1


4.1. Modal decomposition via DCT transformation
T (u, v) h(n, m, u, v)

u=0 v=0

(inverse transform),

(2)

where T(u, v) represents the contribution of the mode indexed by mode numbers u, v in the x, y axes, respectively.
g(.) and h(.) are called the forward and inverse transformation kernels (see also Section 4 for details). The transformation in Equation (2) is interpreted as a superposition of
modes.
SMA modes (Equation (2)) reveal various variation patterns (Fig. 1) on an actual feature. For example, a kinetics
mode (modes 1 to 3 or h(n, m, 0, 0), h(n, m, 1, 0), and
h(n, m, 0, 1)) may represent fixture positioning/setup error
(see Case I in Section 6); form or deformation modes (u +
v > 1) represent part distortion or non-kinetics variation
produced in manufacturing as summarized in Fig. 1 (also
shown in Section 6). An SMA model carries rich information on variation patterns for manufacturing monitoring
and diagnosis, enhancing signal interpretability, and quality control. It also provides a unified parametric framework
for GD&T tolerance modeling in design. In comparison,
existing tolerance models are largely parametric and thus
lack the capability/flexibility of characterizing rich variation patterns.

There are a number of discrete transformations that can be
used for SMA modeling, such as Discrete Fourier Transform (DFT), discrete sine transform, DCT, slant transform,
KLT, Wavelet Transform (WT), etc. DCT is selected here
based on four criteria: (i) energy compaction (EC); (ii) analytical representation; (iii) frequency resolution; and (iv)
interpretability.
1. EC: DCT has almost the highest EC; thus, it ensures the
most compact model. DCT outperforms DFT by avoiding errors out of discontinuity from finite sampling. The
DFT block or segment-based transforms leads to discontinuities at block boundaries (Gibbs phenomenon).
2. Analytical representation: Unlike the sample-dependent
KLT approach, the cosine function-based approach provides a consistent analytical representation that is desirable in tolerance modeling and simulation.
3. High frequency resolution: Compared with WT, the superior frequency resolution of DCT is desirable in variation pattern identification, separation, representation,
and interpretation.
4. Mode interpretation: Spatial frequency and mode are
more interpretable than the results of WT in engineering
(see Figs. 1 and 2 and Section 6).
The DCT transformation pair can be written as

C̃(u, v) =

4. SMA
f (n, m) =
The SMA methodology is developed in the following sections. In Section 4.1, the DCT method is initially introduced for variation modal analysis. Section 4.2 is devoted
to statistical modeling. An inference method is applied for
mode significance analysis in Section 4.3. Section 4.4 develops mode truncation criteria whereby the most significant
modes are preserved in an SMA model.

N−1
N−1 


n=0 m=0
N−1
N−1


f (n, m)g(n, m, u, v),

C̃(u, v)g(n, m, u, v),

(3)

u=0 v=0

where {C̃(u, v)} are the DCT coefficients, representing a
variation spectrum on a feature (Fig. 2). The modes can be
interpreted in terms of GD&T tolerances as illustrated in
Figs. 1 and 2. The superposition of the first three modes in
Equation (3) approximates the rigid modes. For example,
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Fig. 2. The spatial frequency representation of geometric variation and its four modes.

Proof. The orthogonal cosine base yields
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when u = v = 0,
f (n, m)|1st-mode

(XT X)−1 = [I]

N−1 N−1
2 
f (k, l),
= 2
N

(5)

The least squares estimation of the error with DCT transformations presented in Equations (4) and (5) yields

k=0 l=0

represents a horizontal plane (variation controlled by size
or location tolerances). When u = 0, v = 1, or v = 0, u =
1, the second and third modes (C(1, 0) and C(0,1) in Figs.
2(a) and 2(b)) are inclined quasi-rigid modes subject to orientation tolerance (e.g., flatness, straightness, etc.). Some
higher modes are shown in Figs. 2(c) and 2(d). The combination of higher modes may represent form variations and
even roughness according to their wavelengths.
4.2. DCT and cosine-based regression
The equivalency of DCT and cosine-based least squares
regression is now demonstrated. Express Equation (3) as a
discrete cosine-based regression model:

C(u, v) cos(2unπ/(2N − 1))
f (n, m) =
(u,v)∈

× cos(2vmπ/(2N − 1)) + εt = Xβ + εt
(n, m = 1, 2, . . . , N),

or b = XT f

b = XT f =

N−1 
N−1


f (n, m)α(u)α(v) cos(2nuπ/(2N − 1))

n=0 m=0

× cos(2mvπ/(2N − 1))
N−1
N−1 

f (n, m)g(n, m, u, v) = {C(u,v)}
=
n=0 m=0

This completes the proof.



From Theorem 1 any results for b holds for {C(u, v)};
thus, in Sections 4.3 and 4.5 only vector b is used to describe
DCT coefficients {C(u, v)}.
The DCT algorithm requires evenly spaced samples;
however, unevenly scattered sampling can be more popular.
For unevenly scattered sample points, the regression algorithm with the 2D cosine base function, similar to Vanı́ček’s
method in least squares spectral analysis, gives an alternative for DCT coefficients estimation (Wells et al., 1985).

(4)
4.3. Statistical significance test for SMA parameters

where C(u, v) = C̃(u, v)α(u)α(v), β = {C(u, v)}T, X is composed of mode shape vectors,  is a subset of N × N modes,
and εt stands for a random error vector. Equation (4) includes the principal modes defined in  (see Sections 4.3
and 4.4) and the residual εt . εt is a linear combination of
all minor mode components and is assumed to be normal.
The least squares estimation for f (n, m) is f̂ = Xb, b =
(XTX)−1XTf.
Theorem 1 shows that the DCT transform is equivalent
to the least squares regression with 2D discrete cosine bases.
Theorem 1. The least squares estimation of β: b =
(XTX)−1XTf is equivalent to modal parameter vector
{C(u, v)}, with b = {C(u, v)}, where β and {C(u, v)} are
defined in Equations (3) and (4), respectively.

Sections 4.1, 4.2 were devoted to point estimation of modal
parameters. However, it is more desirable to have their statistical model for tolerance design application. In this section, the distribution is initially estimated and then the
mode significance test is introduced for truncation criteria
creation in Section 4.4.
Assuming εt (n, m) ∼ N(0, σ 2I), it can be shown that b
is an unbiased estimation of β: E(b) = β, and Cov(b) =
σ 2(XTX)−1 = σ 2[I]. b is a linear combination of f that is normally distributed; thus, normality of b is ensured. It is also
easy to show for a portion of b1 out of b that E(b1 ) = β1 .
Theorem 2. Let f = Xb1 +εt , X be defined as in Equation
(7), b1 = {b1 , b2 , . . .br }T and εt ∼ NN (0, σ 2I). Let b̄1 be the
sample mean of vector β1 . Then the 100(1 − α)% confidence

502

Huang et al.

region for β1 is given by
T

2

(β1 − b̄1 ) (β1 − b̄1 ) ≤ r s Fr,N−r (α),

(6)
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where Fr, N−r (α) is the upper (100%) percentile of an Fdistribution with r and N − r degrees of freedom. s2 =
ε̄Tt ε̄t /(N − r ) is the sample variance estimation of residual
mean, and E(s2) = (σ /M)2. The simultaneous 
100(1 − α)%
confidence intervals for β 1i are given by b̄1i ± s r Fr,N−r (α).

Proof. Sampling distribution of b1 = (XTX)−1XTf is Nr (β1 ,
σ 2(XTX)−1), so the distribution of b̄1 with M samples is
Nr (β1 , (σ /M)2(XTX)−1). From the orthogonality of discrete cosine basis, X is a fixed r rank matrix. X(β1 − b̄1 ) is
a linear combination of (β1 − b̄1 ) ∼ Nr (0, (σ 2 /M2 )XT X),
so (β1 − b̄1 )T XT X(β1 − b̄1 ) ∼ χr2 . Since X is a fixed matrix
from discrete base function, the sample mean estimation
of response is f̄(n, m) = Xβ1 +ε̄t , ε̄ˆ t = [I − XXT ]ε̄t , where
ε̄t ∼N(0, (σ /M)2I). The covariance matrix becomes
⎡
⎤
 
I
|
0
σ2 ⎣
b̄1
= 2 − − − −|− − − − ⎦ .
Cov
ε̄ˆ t
M
0
| I − XXT
Thus, ε̄ˆ t = [I − XX ]ε̄t and b̄1 are independent. The distri2
(Johnson and Wichern, 1998), so the
bution of s2 ∼ χ N−r
100(1 − α)% confidence region for β1 is (β1 − b̄1 )T (β1 −

b̄1 ) ≤ r s2 Fr,N−r (α).
T

∧

Since the Var(b̄1 ) = (s/M)2(XTX)−1 and from the result
of Equation (6) the simultaneous
 100(1 − α)% confidence
intervals for the β 1i is b̄1i ± s r Fr,N−r (α), i = 1, 2, . . . , r.
Replacing F r,N−r by the t-distribution, the one-at-a-time
confidence interval for searching significant mode in part
error signals is b̄1i ± tN−r ( α2 )s, i = 1, 2, . . . , r.
Only the coefficients with such confidence intervals that
do not include zero are taken as statistically significant.
However, a statistically significant mode can be meaningless
if it has only minor engineering significance. More relevant
significance indices are defined in Section 4.4 to account
for both statistical and engineering significances, thereby
allowing mode truncation criteria to be developed. The
truncated model with all significant modes in  can be
written as

b̄u,v cos(uxπ) cos(vyπ ) = Xb̄1 .
(7)
f (x, y) =
u,v∈

As discussed in Section 4.1, it can be approximated by
simplifying the quasi-rigid modes with linear terms:
f (x, y) = b1 + b2 x + b3 y +

p


bi ϕi (x, y)

(8)

i =4

4.4. Mode significance and truncation criteria
Three criteria are now proposed for significance checking.
The importance of a mode is measured by significance in-

dices defined in Section 4.4.1, including (i) statistical significance; (ii) energy significance; and (iii) Hausdorff distance
between measured error surface and reconstructed surface
from the model. Criteria (ii) and (iii) define the engineering
significance of a mode. The mode truncation criteria are
developed by using these indices in Section 4.4.2.
4.4.1. Mode significance criteria
Denote  as a significant mode index set with a specific
subscript, and the following three criteria are defined for
mode significance check.
1. Statistical Significance Criterion (SSC): Given confidence level α, denote the confidence interval in Section
4.3 as I (u, v) , then the statistically significant mode set is
defined as: s = ∪ {(u, v)| 0∈I (u, v) }.
2. Energy Significance Criterion (ESC): The contribution
of each mode (u, v) can be characterized by the magnitude of the modal parameter |C(u, v)|. The signal
energy in the mode is expressed as C 2(u, v). Using Parseval’s Theorem, it yields:
N−1 
N−1


C 2 (u, v) =

u=0 v=0

N−1 
N−1


f 2 (n, m).

(9)

u=0 v=0

The ratio of the energy in a selected significant mode set
to the total signal energy can be used to define the EC
of the model. To achieve a given EC of 0 ≤ E ≤ 100%,
the minimum number of significant modes that should
be included in a coefficient index set i of the ith part is
2
i C (u, v)
N−1
2
n,m=0 f (n, m)

≥E

(u, v) ∈ i .

(10)

The above truncation criterion is based on coefficients of
an individual part. With M samples, e is defined as the
index set that satisfies e = ∪i , i ≤ M. e includes all
of the mode indices that are energy significant in these
M samples.
3. Hausdorff Distance Criterion (HDC): The Hausdorff
distance is a generic distance between two non-empty
sets. Let d(p, S′ ) be the Euclidean distance between a
point p ∈ surface S and a surface S′ , or d(p, S′ ) =
minp∈S || p−p′ ||2 . Hausdorff distance is defined as
d(S, S′ ) = maxp′ ∈S′ {d(p, S′ )}. Given a threshold δ the
Hausdorff distance criterion is defined as
p∈ f̃ (n,m)

d( f˜ (n, m), f (n, m)) = max {d( p, f (n, m))} ≤ δ
(u,v)∈ j

f˜ (n, m) =
C(u, v) cos(2unπ/(2N − 1))
j

× cos(2vmπ/(2N − 1)),
f (n, m) = f̃ (n, m) + εt (n, m).

(11)

The Hausdorff distance can be simplified as a pointto-point distance between sampled error surface and
reconstructed surface. It provides an intuitive geometric
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Fig. 3. (a) Frequency domain and (b) mode shapes (N = 8, k = 2).

measure of the maximum distance between the truncated model and the measured model. Analogous to the
definition of e for M part samples, h is defined as the
index set that satisfies h = ∪j , j ≤ M. h includes all
of the mode indices that satisfy the HDC.
4.4.2. Mode truncation criteria
The modes to be preserved must be statistically significant
and meaningful in terms of engineering. For example, the
modes for texture irregularity (e.g., roughness) can be statistically significant, but they usually only have an insignificant effect on assembly stackup analysis. The presented
significance criteria are combined to define the rules for
mode truncation. The union and intersection of the sets
of indices are introduced to exclude insignicant modes and
three truncation criteria are thus defined.
1. Mode Selection Criterion 1: Given confidence level α
and an EC E the truncated SMA model must include
all modes (u, v) ∈ :  = e ∩ s .  represents a
set that includes those modes that are significant both
statistically and in EC.
2. Mode Selection Criterion 2: Given confidence level α
and a maximum Hausdorff distance δ, the truncated
SMA model must include all modes (u, v) ∈ :  =
h ∩ s .  represents all the modes satisfying the HDC
and are statistically significant.
3. Mode Selection Criterion 3: Given confidence level α,
a maximum Hausdorff distance δ, and an EC E, the
truncated SMA model must include all modes (u, v) ∈
:  = s ∩ (e ∪ h ).
The truncated model with the coefficient index set  is
f̃ (n, m) =



C(u, v) cos(2unπ/(2N − 1))



× cos(2vmπ/(2N − 1)).

4.5. Sampling and aliasing
An implicit assumption in the SMA model is that a feature
is sampled with sampling rate that ensures all the variation
patterns of interest are included. However, a CMM cannot
automatically ensure a sufficient sampling rate. A validity
check method is now introduced for a predefined sampling
rate (Fig. 3).
Before a part is sampled an appropriate sampling rate has
to be decided to avoid aliasing error. Sampling theorem ensures that aliasing errors can be avoided if the sampling
points are taken with periods of 1/x and 1/y greater
than or equal to the Nyquist frequencies 2F and 2G, respectively. Otherwise, the aliasing error has to be taken
into account.
Although the assumption was made in Section 3 that the
form error f (x, y) is band limited, the cut-off frequencies F
and G are actually unknown. The cut-off frequencies can
be estimated using process knowledge. For example, tool
and tool path parameters can be used to estimate periodic
variations on a feature in machining processes. A sampling
rate can be initially determined from experience, and then
the validity of the rate must be checked. A likelihood ratio
test is introduced below for validity checking the predefined
sampling rate. It is assumed that the modal magnitudes
are monotonically decaying with increasing frequencies u
and v.
Denote βs as a subset of coefficients β of a complete
regression model. βs is defined as {(u, v) |u ≤ N − k, v ≤
N − k}, k ≥ 1. The integer k ≥ 1 is selected to provide the
degrees of freedom for s2 estimation. βs is split into two
groups: β1 includes all of the modes with index {(u, v) |
u ≤ (N − k)/2, v ≤ (N − k)/2}, and β2 = βs − β1 includes
all of the modes with index {(u, v) |(N − k)/2 < u ≤ N −
k, (N − k)/2 < v ≤ N − k}. The statement that β2 does
not affect f̄(u, v) can be expressed as H 0 hypothesis:
H0: β2 = 0;
H1: β2 = 0;

i.e., f̄ = X1 β1 + ε; and
i.e., f̄ = X1 β1 + X2 β2 + ε.
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Under hypothesis H 0 , X and βs are


X = [X1 ] (N−k)2 , [X2 ] 3(N−k)2 ,
N×
N×
4
4
⎤
⎡
[β1 ] (N−k)2
×1
4
⎦
βs = ⎣
[β2 ] 3(N−k)2
4

×1

The likelihood ratio test rejects H 0 if
4 × (SSres (X1 ) − SSres (X))
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3(N−k)2 s 2

> F3(N−k)2 /4, k(2N−k) (α) (12)

Here s 2 = (f̄ − Xb̄s )T (f̄ − Xb̄s )/k(2N − k)), SSres (X) = (f̄−
T
T
Xb̄s ) (f̄ − Xb̄s ) and SSres (X1 ) = (f̄ − X1 b̄1 ) (f̄ − X1 b̄1 ).
If the H 0 cannot be rejected, the contribution of modes with
β2 as coefficients can be taken as being insignificant; thus,
conservative upper bound estimates of the cut-off frequencies are F ≤ (N − k)/2 and G ≤ (N − k)/2. The sampling
frequencies satisfy sampling theorem: 2F ≤ N = 1/x,
2G ≤ N = 1/y, so the sampling rate is valid. If H 0 is
rejected, larger sampling frequencies must be used.

5. SMA model for quality monitoring and evaluation
5.1. SMA for detection and diagnosis
The SMA model provides a tool for variation pattern isolation and identification. These patterns are fingerprints of
a process carrying the manufacturing process information
and can be used for monitoring and diagnosis (they also
provide a guide for mode composition in tolerance simulation). A domain expert can easily attribute a major
pattern to the cause of a problem. For example, in a subassembly or a final product, a rigid mode error represents
datum- or locator-induced part position/orientation deviations, whereas a higher mode pattern reveals errors caused
by a manufacturing process, such as tool (e.g., die or fixtures) misalignment, spring back, fixture deformation, the
machine’s structural compliances (stiffness and directional
orientation), thermal effects, etc. (Dornfeld and Lee, 2008).

[β̂11 , β̂12 , . . . β̂1 p ]T , and β̂1k = (1/m) im=1 bki k = 1, 2, . . . ,
p is the estimated mean of the kth modal parameter. The
covariance matrix is estimated by
m

1 
(b1i − β̂¯ 1 )(b1i − β̂¯ 1 )T = σ̂ 2 I.
m−1

ˆ =
>

i =1

2

A mode-based T control chart is introduced below for
the variability monitoring. For a single observation, this
control chart signals a shift in the mean β̂1 ,
Ti2 = (b1 − β̂1 )T ˆ −1 (b1 − β̂1 )
(b1 − β̂1 )T (bi − β̂1 )
> h1,
(13)
=
σ̂ 2
where h1 is a specified control limit. In Phase I, a preliminary charting procedure should be constructed to purge
the outliers in observations. The control limit h1 for Phase
I is determined by (Lowry and Montgomery, 1995): h1 =
{(m − 1)2/m}B[α;p/2,(m−1−p)/2] ; B[α;p/2,(m−1−p)/2] is the upper
αth quartile of the beta distribution with parameters p/2
and (m − 1 − p)/2. For the observation with subgroup of
size n, out-of-control is detected by
−1
Ti2 = n(b1i − β̂1 )T ¯ˆ (b1i − β̂1 )
n(b1i − β̂1 )T (b1i − β̂1 )
> h2,
=
σ̂ 2

(14)

where b1i is the sample mean within ith subgroup and the
¯ˆ = (1/m) m 
ˆ ˆ
ground mean β̂1 = (1/m) im=1 b1i ; 
i =1 i .  i
is the within ith sample group covariance matrix. The control limit h2 is determined by (Mason and Young, 2002)
h2 =

p(m − 1)(n − 1)
Fα, p,mn−m− p+1 .
mn − m − p + 1

In Phase II, the control limits for individual observation
(n = 1) are (Mason and Young, 2002)
UCL1 =

p(m + 1)(m − 1)
Fα, p,m− p ,
m2 − mp

LCL1 = 0. (15)

5.2. Multivariate process monitoring by Hotelling T 2
control charts

For the subgroup of size n > 1, the corresponding upper
and lower control limits are
p(m + 1)(n − 1)
Fα, p,mn−m− p+1 , LCL2 = 0.
UCL2 =
mn − m − p + 1
(16)

5.2.1. Mode-based T 2 control chart
Feature variability in an SMA model is expressed as f (x,
y) = Xb1 + ε with all of the reserved significant modes in
Xb1 and residuals ε. In manufacturing b1 is determined by
measurements on manufactured feature(s). Thus, b1 carries
process information for monitoring.
Suppose f (x, y) is measured on m parts, p modes are
preserved and estimated by DCT, b1 ∼ N p (β1 , ). β1 , 
can be estimated by sample mean β̂1 and sample covariance
ˆ respectively. β̂1 is the sample mean vector, β̂1 =
matrix ,

5.2.2. Residual T 2 control chart
The residuals in the SMA model are ε = f (x, y) − Xβ̂1 . ε
characterizes the feature deviation from the average varia2
ˆ −1
tion patterns. E(ε) = 0, 
ε = 1/σ̂ . If the process is stable
and in control the residuals are assumed to be trivial unless
some special causes drive some of these modes to a significant level (mean shift or variance change). As a necessary
supplement to the above three schemes, a method is proposed in this section based on the Hotelling T 2 chart. It
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is suggested that it is used together with any of the other
schemes.
For individual observation let us take the residual of
sample i as an observed random variables, since it is usual
to appeal to large sample approximation, so we have
−1

ˆ ε ε ∼ χ2 2
Tε2 = ε 
N −p
E(ε′ ε) = σ 2 (N2 − p).

UCL = χ N2 2 − p (α) (17)
ε′ ε
σ̂ 2 =
(N2 − p)

For n > 1 the control chart is based on a group mean of
residuals:

ε̄ =

m


−1
εi ∼ N(0, σ 2 /m), Tε2 = ε̄′ ˆ ε ε̄ ∼ χ N2 2 − p and
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i =1

UCL = χ N2 2 − p (α)

(18)

5.3. Process capability analysis
The multivariate process capability indices in the literature
exclusively rely on a normality assumption and a specification domain with a simple regular shape (e.g., rectangle, cube, ellipsoid, etc.). However, the GD&T tolerances
specified on a feature are usually interrelated and form
an irregular specification domain (e.g., Maximum Material
Condition (MMC), containment/floating relations among
position/size, orientation, form tolerances, etc.). Yield, a
conformity-based process capability index, provides a more
versatile and generic alternative (Liu et al., 2013). Yield is
defined as the probability of a feature conforming to a specification domain ; i.e., Y = Prob[f (x, y) ǫ ].
The SMA mode-based model conforms to GD&T
tolerances: the rigid modes characterize variations in
size/position/orientation of a perfect feature, whereas the
higher modes represent form variations. Thus, it allows for
a yield estimation process in a capability study.
With an SMA model, f (x, y) = Xb1 + ε with p reserved
mode b1 = {bi }p×1 , i = 1, . . . , p, can be randomly simulated
with the known distributions of b1 that are characterized
by sample means and variances. The statistical model of b1
is estimated with the data from a number of sampled parts.
With a multivariate normality assumption, the probability
density distribution (p.d.f.) of the key mode coefficients
b1 can be conveniently estimated. Kernel p.d.f. estimation
gives an alternative method for more generic cases when the
normality is not warranted (Huang et al., 2012; Liu et al.
2013).
The yield-based process capability study involves two
major steps: (i) generating a number of random feature
samples via Monte Carlo simulation from estimated p.d.f.
and (ii) conformity checks. When a kernel p.d.f. is used,
Metropolis–Hasting sampling or Monte Carlo integration
algorithms should be utilized for random sample generation or conformity check (Huang et al., 2012).

Fig. 4. A TZ.

To illustrate the capability analysis with interrelated
GD&T tolerances, Fig. 4 shows a TZ t for a position on
the top face of a rectangular planer feature. Other tolerances such as orientation t′ and form t′′ are not shown.
The interrelationships among them will be described later.
The feature variation is composed of rigid modes and form
variation modes. The linear terms v S = b1 , v O = b2 x + b3 y
below are rigid modes if a variation is considered as a spatial signal. These terms approximate the first three modes in
the SMA model (Equation 4 and Fig. 2). Thus, {b1 , b2 , b3 }
characterizes the rigid-body motion of a perfect feature.
The modes in v F = ik=4 γι ϕi (x,y) characterize a form
variation (warping, bending, twisting, etc.):
f (x, y) = v S + v O + v F = b1 + b2 x + b3 y
k

bi ϕi (x, y).
+

(19)

i =4

The variations in Equation (19) are decomposed into
modes as illustrated in Fig. 5. On the left side of Fig. 5
there are examples of feature variations on the top face in
Fig. 4.
The containment and floating relations of GD&T tolerances is defined by t ′′ ⊆ t ′ ⊆ t, where t, t′ , t′′ are position,
orientation, and form tolerances. Their relations can be
expressed as
|v0 | = |v S + v O + v F | = |b1 + b2 x + b3 y +

k


bi φi (x, y)|

i =4

≤ t/2 (t = width of size tolerance),
k

|v1 | = |v O | = |b2 x + b3 y +
bi φi (x, y)| ≤ t ′ /2

(20a)

i =4

′

(t = width of orientation tolerance), (20b)
k

|v2 | = |v F | =
bi φi (x, y) ≤ t ′′ /2
i =4

(t ′′ = width of form tolerance),

(20c)

where the three constraints must be subjected to the Maximum/Minimum Material Condition (MMC) specified in
GD&T (Rule #1). The containment and floating relations of GD&T tolerances allow wobbling and shrinking
of t′ inside t and t′′ inside t′ . These relationships lead to
irregularity of the specification domain. Figure 6 illustrates an example of this relation between orientation and
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Fig. 5. Modal decomposition of a 2D planar surface feature.

position tolerances; i.e., t′ and t. As shown in the figure,
when a planar feature position b1 approaches its tolerance
boundary t/2, the orientation tolerance window t′ must
be adjusted (shrunk) accordingly, allowing a smaller allowance for b2 and b3 .
The conformity check procedure is as follows: (i) estimating p.d.f. of mode coefficients b1 ; (ii) generating random feature sample {b1 b2 , . . . , bn } from the p.d.f. by Monte Carlo
or other sampling algorithms; and (iii) checking conformity
of all sample points to the GD&T specification region.

6. Case studies
Case study I: One typical ship panel used in shipbuilding
is shown in Fig. 7. Measurement data of 40 panel samples
are utilized; 21 × 17 nodes evenly scatter in the x and y directions on each panel. A signal energy of 98%, confidence
level 1 − α = 99%, and maximum Hausdorff distance δ =
0.1 were set as the criteria for significant mode selection. All
three mode truncation criteria produced identical results.
Five significant modes are  = {(0, 0), (2, 0), (4, 0), (0, 2),
(0, 4)}. One of the initial panel variation and the recovered
variation (from SMA model with the five modes) are shown
in Fig. 8. The five significant modes are shown in Fig. 9.
There may be many contributors to the variations in
panel fabrication such as material handling, plasma cutting, geometrical design of the panel, assembly sequence,
welding process parameters, etc. Experienced process engineers may easily link the mode patterns to the causes by

looking at the mode shapes. The interpretations of the significant modes in the case study are given in Table 1. If the
five modes are selected as key quality characteristics, the
multivariate control chart can be established as illustrated
in Case III.
The SMA analysis can also be extended to those nonplanar features that can be developed onto a 2D plane (e.g.,
x−ϕ or x−y plane), such as cylindrical, conic, non-flat free
surface, spherical surfaces, etc. The measured variations on
these features are actually treated as images on the projected
2D planes.
Case study II: An application on a MEMS surface for
image feature recognition and extraction is illustrated
below (Fig. 10). An RF-switch MEMS has two surfaces
that are in an on–off contact working status with a high frequency. The flatness of the contacting surfaces affects the
component’s performance and reliability. Contact analysis
requires the multi-scale simulation of surface topography
in a range of nanometers up to 102 μm. An RF-switch
MEMS bottom layer surface was scanned by AFM on a
10 × 10 μm2 area as shown in Fig. 10(a). The topography is
represented by a 256 × 256 pixel (in the vertical or z direction) image matrix. A regular fractal structure was found in
the signal. The regular hexagonal patterns match the evenly
distributed small holes on the top metal layer. The holes are
designed to allow chemicals to flow down through the top
layer in an etching process. These patterns are composed
of the remnants of undesired material, that deteriorating
the flatness of the surface. One of the authors’ ongoing
research topics is to identify the regular hexagonal pattern
and characterize both regular and fractal components
with appropriate models; i.e., deterministic and fractal
models. SMA and the ESC were adopted for extracting

b1
t/2

b3

Ω
b2

Fig. 6. The three-dimensional tolerance region.

Fig. 7. Variation patterns on a planar part.
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Fig. 8. (a) Measured surface and (b) recovered surface.

and modeling the hexagonal patterns. The original image
signal was contaminated by MEMS sample orientations (a
gradual color change from the left to the right in Fig. 10(a))
about the x and y directions, attributable to setup errors
(e.g., by uneven glue below the component for holding the
sample during AFM measurements). In addition, the zero
mode, representing overall signal level in the z direction,
is irrelevant to the flatness of the surface and needs to be
eliminated. These undesirable signal components must be
removed before further processing.
To characterize and model the undesirable hexagonal
patterns for quality monitoring and further contact analysis, a DCT transformation was conducted on the topography image. The zero and orientations modes (C(1, 1),C(1,
2), C(2, 1)) were removed by nullifying these mode coefficients (Fig. 10(b)) from the DCT result. The key modes
were selected and reserved using ESC by checking and comparing the energy contribution ratio of each mode against
a selected threshold δ. Over 97% of signal energy (when δ
= 0.000 01) was reserved in these modes and they satisfactorily extract and approximate these patterns as shown
in Fig. 10(c). The data compression rate is about 98%. A
tradeoff must be made between accuracy and dimension
reduction (compression rate) in selecting δ. The smaller the
δ, the higher the model dimension.
This topography SMA model serves two purposes:
(i) characterizing the hexagonal patterns for contract and
performance analysis in MEMS design and itching process improvement and (ii) providing a compressed variable
space for quality monitoring (e.g., multivariate SPC). The
complete topography model for contact analysis may require modeling both the hexagonal pattern and fractal irregularity; the latter is beyond the scope of this article and
will be presented elsewhere.
Case study III: A mode-based Hotelling T 2 control chart
was constructed using simulated modes of planar features.

Fig. 9. Significant modes selected from 40 panels.
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Five modes (p = 5) were selected to characterize manufactured planar features. Mode coefficients C(0, 0), C(1,
0), C(0, 1), C(1, 1), and C(2,1) were simulated using a
known multi-normal distribution that was hypothetically
estimated from an in-control process. To construct the T 2
control chart we assumed p = 5, m = 35, n = 1; i.e., using 35
initial samples in Phase I. These parameters were selected
only for validation and illustration purposes. With a Type
I error α = 0.005 the upper/lower control limits were obtained by Equation (15) as UCL = 24.655 and LCL = 0.
The hypothetically observed T 2 were calculated from simulated mode coefficients. The initial 200 T 2 values (denoted
as T -sq ) were simulated from the in-control process with
all points being within the control limits (Fig. 11). Then,
the combined mean shifts in C(0, 0) and C(1, 0) modes by
2σ and 1σ were intentionally created, respectively. A rising trend can be seen starting from the 200th point. The
shifted process was simulated for subsequent T 2 point calculations. The first two out-of-control points are at the
233th and 268th samples (T 2 = 25.664 and T 2 = 26.035).
Reducing Type I error α by lifting UCL (e.g., α = 0.0027
or ARL0 = 370 as for a Shewhart chart; thus UCL =
26.076 and the first out-of-control point is at the 282th
sample with T 2 = 27.345) increases the Type II error, deteriorating the ability of the chart to detect anomolies and
resulting in a higher average run length ARL1 . This chart,
like Shewhart charts, seems to be insensitive to small or
moderate changes. The authors therefore suggest using
multivariate CUSUM or EWMA techniques to improve
the chart’s sensitivity. If an out-of-control signal is triggered on a T 2 chart checking individual mode charts (using a univariate Shewhart chart) may help to identify major
contributors to the process change. The mode interpretations as shown in Table 1 shows the possible root causes
(e.g., misalignment, residual stress, spring back, etc.), rendering the SMA T 2 control chart a unique diagnostic
advantage.
Case study IV: It is impossible for conventional univariate methods and indices (e.g., Cp , Cpk ) to evaluate process
capability with GD&T specifications. GD&T specified on a
planar feature, for example, usually produces an irregularlyshaped specification region and involves multiple quality
characteristics (Liu et al., 2013). For example, GD&T on
a planar feature may allow the feature variations in position/size, orientations around two axes, waviness, etc.,
within their respective tolerances. Their interrelated relationships define an irregular region as shown in Fig. 6.
Liu et al. (2013) illustrate more irregular tolerance regions
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Table 1. Case study I: Mode interpretation
Modes

Coefficients

Fig. 9(a)
Figs. 9(b)–(e)

Mean shift caused by fixture calibration
Material handling-induced modes: residual stress in milling process
and in material handling on shop floor (moving) as well as uneven
support in conveyance systems

C(0,0)
C(2,0), C(0,2), C(4,0), C(0,4)

Error interpretation was based on the information provided by DCS, Inc. Troy, MI.

Fig. 10. (a) Original bottom layer topography by AFM (10 × 10 μm2), (b) the topography after the zero mode and orientation
components are removed, and (c), image recovered by the reserved modes.

with various GD&T designs. In addition, the multivariate
normality may not be warranted.
Unlike conventional indices Cp and Cpk , the conforming
probability p to a GD&T specification is introduced here
as an index for the evaluation. A rectangular planar feature
is used for illustrating process capability analysis with
GD&T tolerances. As shown in Fig. 4, the feature has the
dimensions of Lx = 60, Ly = 40, size tolerance t = 0.5,
orientation tolerance t′ = 0.2, and we ignore t′′ to simplify
the visual illustration. With Rule 1 in the GD&T standard
30

25

20
T-sq
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Fig. 11. Mode-based T 2 control chart UCL(α = 0.005) = 24.655.

the two tolerances have a containment relation; i.e., the
orientation tolerance must float within the size tolerance.
To evaluate process capability, a sufficient number of
manufactured part features must be initially measured
from an in-control process in order to estimate a statistical
model. In the case study we assume that (i) the first three
mode coefficients (characterizing size and orientation
variations) are normally distributed and (ii) their p.d.f.
is estimated from measurement data and DCT results. A
kernel method can also be adopted for p.d.f. assessment
when normality is not warranted, as shown in Huang et al.
(2012) and Liu et al. (2013). With the p.d.f. there are two
methods for conformity p estimation; i.e., random simulation and Monte Carlo integration. The former is adopted
in the case study; the latter can be found in Liu et al.
(2013).
An orientation tolerance zone o is shown in Fig. 12.
A simulation algorithm was applied in the case study to
generate samples. Sample size N = 100 000 was chosen
to ensure accuracy. The overall conformity p with both
position and orientation is about 0.9952. Marginal conformities p1 = 99.73% and p2 = 99.78% were estimated
by similar analysis algorithm that counts only the conformity to each individual tolerance; i.e., size and orientation. p1 , p2 explain the probabilities (= 0.9973 and
0.9978) of manufactured features falling in the size and
orientation tolerance ranges, respectively. When p is not
satisfactory, marginal conformities help to identify the
contributions from different sources, prioritizing process
improvement actions toward the source(s) with lower
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Fig. 12. Tolerance conformity of a rectangular planar feature.

marginal conformities. For example, if p1 < p2 increasing
p1 is more effective for improving overall conformity p.

7. Summary and discussion
The information carried in variations on part features can
be utilized for quality control in two ways: (i) in manufacturing: pattern identification for monitoring, predicting
changes via statistical models, evaluating process capability,
and supporting decision making; and (ii) in design: replicating variation patterns and predicting/optimizing manufacturability and product performance in tolerance design.
The proposed SMA methodology is an approach to create
a unified and coherent model to meet both requirements in
design and manufacturing. SMA has many facets in application as shown in Sections 5 and 6. The emphasis here is
on the manufacturing side, covering the topics of quality
monitoring, diagnosis, and process capability study.
A mode-based model provides a platform for planar
geometric feature (surface) variation characterization. It
can find applications in both manufacturing (for quality
monitoring and control) and design (for GD&T tolerance
simulation). The model can also be easily extended to those
features (in the authors’ ongoing work) that can be developed on a plane (e.g., the features with axes of rotational
symmetry, such as cylindrical, conic, spherical surfaces,
etc.). This property generalizes its applicability to a variety
of features. A systematic procedure is designed for statistical modal analysis and modeling, including mode decomposition via DCT or regression, mode truncation criteria,
and sampling. DCT is highly efficient for the SMA analysis
on evenly spaced samples; regression with the same cosine
base functions gives an alternative method for uneven samples. The significance in both engineering and statistics is
considered in mode truncation.
The DCT algorithm uses orthogonal expansion to approximate feature variations. The resultant mode-based
model has a much smaller variable size (i.e., coefficients

of a few key modes) that alleviates the difficulty for control chart construction that may otherwise involve tens of
thousands of variables. The interpretations of the modes
based on process knowledge and experiences can be linked
to the generating mechanisms such as die misalignment,
setup errors, force-induced deformation, vibration, etc. It
benefits root cause identification and diagnosis for quality
improvement.
The modes can also be interpreted in the GD&T context
(e.g., position/size, orientation, form, etc.). The GD&T interpretation makes tolerance simulation possible by mode
composition (e.g., inverse DCT as shown in the recent literature (Huang et al., 2010; Liu et al., 2013). The tolerance interpretation also allows mapping mode coefficients
directly into a tolerance region for conformity checks, especially for the lowest three modes that describe kinematic
movements of a planar feature. A numerical simulation
method for multivariate process capability (MPC) analysis
is created using conformity as an index. The interactions
among GD&T tolerances often lead to an irregular tolerance region, preventing conventional MPC analysis from
application in this case.
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Appendix
Notation
b, b1
b̄1
{C̃(u, v)}
C(u, v)
d(S, S′ )
f (x, y)
f,f̂,

= estimated model coefficient vector
and its sub-vector
= a sample mean of b1 estimated from
multiple parts
= Discrete-cosine-transformation coefficient vector
= C̃(u, v)α(u)α(v)
= Housdorff distance of surfaces S
and S′
= variation at a coordinate of (x, y)
= observed and estimated variation
vectors

fˆ0
F r, N−r
h(n, m, u, v),
g(n, m, u, v)
HTu, v
I (u, v)
M, N
r
tN−r
T(u, v)
u, v
X
α(u), α(v)
α
β, β1
χr2
δ

εt , ε̄t
ε̄ˆ t
σ


= predicted variation at a new coordinate (x0 , y0 )
= F distribution with degrees of freedom of r and N-r
= inverse transformation kernel, and
forward transformation kernel
= a discretized cosine base vector
= a confidence interval of C(u, v)
= sample sizes
= dimension of vector b1
= t distribution with degrees of freedom N−r
N−1
N−1
=
m=0 f (n, m)g(n, m, u, v) a
n=0
transformation coefficient
= mode indices in x and y directions
= a matrix composed of Īand all the
vectors H u, v
= constant factors
= confidence level
= regression coefficient vector and its
sub-vector
= chi-square distribution with a degrees of freedom r
= a specified Housdorff distance
threshold
= a residual vector and its sample
mean
= [I − XXT ]ε̄t
= standard deviation of εt
= a mode index set
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