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Lecture Outline

Introduction: Difference vs. Differential Equations

University of Warwick, EC9A0 Maths for Economists, Sect. 7 Peter J. Hammond 2 of 54



Walking as a Simple Difference Equation

What is the difference
between difference and differential equations?

It is relatively common to indicate by:
a subscript a discrete time function like m — x,;

parentheses a continuous time function like t — x(t).

Walking on two feet can be modelled as a discrete time process,
with time domain T ={0,1,2,...} =Z; = {0} UN
that counts the number of completed steps.

After m steps, the respective positions /, r € R?
of the left and right feet on the ground
can be described by function T > m = ({1, rm) € R?.
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Walking as a More Complicated Difference Equation
Athletics rules limit a walking step to be no longer than a stride.

So a walking process that starts with the left foot
might be described by the two coupled equations

0 = AMrm—1) if mis odd and 1 — p(lm—1) if mis even
b1 if mis even Fm—1 if mis odd

form=0,1,2,....

Or, if the length and direction of each pace are affected

by the length and direction of its predecessor, by

/\(rm_l,ﬂm_z) if mis odd

b = : .
fm_1 if mis even

p(bm—1, rm—2) if mis even

and rp,
Fm—1 if mis odd

form=20,1,2,....
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Walking as a Differential Equation

Newtonian physics implies that a walker’'s centre of mass
must be a continuous function of time, described
by a 3-vector valued mapping Ry > t — (x(t), y(t), z(t)) € R3.

The time domain is therefore T := R,.

The same will be true for the position of, for instance,
the extreme end of the walker's left big toe.

Newtonian physics requires that the acceleration 3-vector
2

d
described by the second derivative d?(x(t),y(t), z(t)) € R3
should be well defined for all t.

The biology of survival requires it to be bounded.

Actually, the motion becomes seriously uncomfortable
unless the acceleration (or deceleration) is continuous
— as a driving instructor taught me more than 60 years ago!
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Lecture Outline

First-Order Difference Equations
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Basic Definition

Let T =74 >t x¢ € X describe a discrete time process,
with X =R (or X = R™) as the state space.

Its difference at time t is defined as
Axp = Xep1 — Xt
A standard first-order difference equation takes the form
Xer1 — X = Axp = di(x¢)
where each d; : X — X, or equivalently,

T x X 3 (t,x) — di(x)
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Equivalent Recurrence Relations

Obviously, the difference equation xt+1 — x¢r = Axy = di(x¢)
is equivalent to the recurrence relation xey1 = re(xt)

where T x X 3 (t,x) — ri(x) = x + di(x),

or equivalently, d¢(x) = r¢(x) — x.

Thus difference equations and recurrence relations
are entirely equivalent.

We follow standard mathematical practice
in using the notation for recurrence relations,
even when discussing difference equations.

We may even write “difference equation”
when actually we are considering a recurrence relation.
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Existence of Solutions

Example
Consider the difference equation x; = v/x¢_1 — 1 with xg = 5.

Evidently xy = v/5—1=2, then xo =2 —-1=1,
and next x3 = /1 —1=0,
leaving x4 = +/0 — 1 undefined as a real number.

The domain of (t,x) — v/x — 1 is limited to

D :=7Z4 x [1,00). O
Generally, consider a mapping D > (t, x) — r¢(x)

whose domain is restricted to a subset D C Z4 x X.

For the difference equation x;+1 = r:(x;) to have a solution
for all t € Z, one must ensure that

(t,x) e D= (t+1,re(xt)) € D forall t € Zy
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Lecture Outline

First-Order Linear Difference Equations: Introduction
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Application: Wealth Accumulation in Discrete Time

Consider a consumer who, in discrete time t =0,1,2,...:

P starts each period t
with an amount w; of accumulated wealth;

P receives income ys;
P> spends an amount e;
» earns interest on the residual wealth w; + y; — e; at the rate r;.

The process of wealth accumulation is then described
by any of the three equivalent equations

Wer1 = (14 re)(wWe + ye — ) = pe(we — x¢) = pe(wy + st)

where, at each time t,
» p: =1+ ry is the interest factor;
> x; = e; — y; denotes net expenditure;

» s; = y+ — et = —x; denotes net saving.
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Compound Interest

Define the compound interest factor

t—1 t—1
R = szo(l +re) = szo Pk

with the convention that the product of zero terms equals 1
— just as the sum of zero terms equals 0.

This compound interest factor is the unique solution
to the recurrence relation Rer1 = (14 re) Ry
that satisfies the initial condition Ry = 1.

In the special case when r: = r (all t),
it reduces to Ry = (14 r)t = pt.

University of Warwick, EC9A0 Maths for Economists, Sect. 7 Peter J. Hammond 12 of 54



Present Discounted Value (PDV)

We transform the difference equation w1 = ,Ot(Wt — Xt)
by using the compound interest factor R; = Hk 0 Pk
in order to discount both future wealth and future expenditure.

To do so, define new variables wy, & which denote
the present discounted values (PDVs) of, respectively:
1. wealth w; at time t as w; := (1/Ry)wy;

2. net expenditure x; at time t as & := (1/R¢)x:

With these new variables,
the wealth equation w1 = pe(w: — x¢) becomes

Retiwi1 = Pth(Wt - ft)

But Ri11 = ptR:, so eliminating this common factor
reduces the equation to w1 = we — &,
with the evident solution w; = wg — Zij) & for k=1,2,....
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Lecture Outline

General First-Order Linear Equation

University of Warwick, EC9A0 Maths for Economists, Sect. 7 Peter J. Hammond 14 of 54



General First-Order Linear Equation

The general first-order linear difference equation
can be written in the form

Xt—atXt_]_:ﬁ_b fort:1,2,...,T

for non-zero constants a; € R and a forcing term N> t — f, € R.

When this equation holds for t =1,2,..., T, where T > 6,
this equation can be written in the following matrix form:

X0

—a; 1 0 0 0 0 ; fi
0 —a 1 0 0 0 Xl f
0 0 -—a3 0 0 0 2 fs
0 0 0 ... —arq 1 0|72 fr_y
O 0 0 ... 0 —ar 1) |71 fr

XT
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Matrix Form

The matrix form of the difference equation is Cx = f, where:

1. Cisthe T x (T + 1) coefficient matrix whose elements are

—as ift=s
cst =<1 ft=s+1
0 otherwise

fors=1,2,..., Tandt=0,1,2,..., T;
2. x is the T + 1-dimensional column vector (x;)/_,
of endogenous unknowns, to be determined;

3. f is the T-dimensional column vector (f;)/_;
of exogenous shocks.
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Partitioned Matrix Form

The matrix equation Cx = f can be written in partitioned form as

(U er) (":_1> _

T

where:
1. U is an upper triangular T x T matrix;

2. et =(0,0,0,...,0,1)" is the Tth column vector
of the canonical basis of the vector space RT:

3. x"~1 denotes the column vector which is the transpose
of the row T-vector (xo, X1, X2, ..., XT—2,XT—1)-

In fact the matrix U satisfies

(U,er) = (—diag(a1, a2,...,ar),er) + (07rx1,I7xT1)

Hence there are T independent equations in T + 1 unknowns,
leaving one degree of freedom in the solution.
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An Initial Condition

Consider the difference equation x; — azx;—1 = fi,
or Cx = f in matrix form.

An initial condition specifies an exogenous value X
for the value xg at time 0.

This removes the only degree of freedom
in the system of T equations in T + 1 unknowns.

Consider the special case when a; =1 for all t € N.

The obvious unique solution of x; — x;_1 = f;
is then that each x; is the forward sum

t
Xy = Xp + Zs:l fs

of the initial state Xp, and of the t exogenously specified
succeeding differences fs (s =1,2,...,t).
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A Terminal Condition

Alternatively, a terminal condition

for the difference equation x; — x;—1 = £
specifies an exogenous value X7 for the value x1
at the terminal time T.

It leads to a unique solution as a backward sum
_ T—t—1
Xt = XT — E frs
s=0

of the exogenously specified
» terminal state X1;

» preceding backward differences —f1_g
(s=0,1,..., T —t—1).
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Lecture Outline

Particular, General, and Complementary Solutions
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Particular and General Solutions

We are interested in solving the system Cx = f
of T equations in T + 1 unknowns,
where Cisa T x (T + 1) matrix.

When the rank of C is T, there is one degree of freedom.

The associated homogeneous equation Cx = 0
will have a one-dimensional space of solutions x,_f" = 5)?[" (£ € R).

Given any particular solution x/ satisfying CxP =f
for the particular time series f of forcing terms,

the general solution x© must also satisfy Cx® = f.

Simple subtraction leads to C(x¢ — x) = 0, so x¢ — xP = x"
p

for some solution x" of the homogeneous equation Cx = 0.

So x solves the equation Cx = f
iff there exists a scalar £ € R such that x = x” + ¢x",
which leads to the formula x¢ = xP + & x/ for the general solution.
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Complementary Solutions

Consider again the general first-order linear equation
which takes the inhomogeneous form x; — agx¢—1 = f;.

The associated homogeneous equation takes the form
Xt — dtXt—1 = 0 (for all t € N)

with a zero right-hand side.

The associated complementary solutions
make up the one-dimensional linear subspace L
of solutions to this homogeneous equation.

The space L consists of functions Z, > t — x; € R satisfying

t
Xt = X a forall t e N
t 0 Hs:1 s ( € )
where Xxg is an arbitrary scaling constant.
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From Particular to General Solutions
Consider again the inhomogeneous equation

X¢ — arxe—1 = ft

for a general RHS f;.

The associated homogeneous equation takes the form
Xt — arxe—1 =0

Let x/ denote a particular solution,

and xC any alternative general solution,
of the inhomogeneous equation.

Our assumptions imply that, for each t = 1,2,..., one has
Xf - atxtil = f
x$ —ax, = fi

Subtracting the first equation from the second implies that

XtG - XtP - at(XtG—l - Xf—l) =0

This shows that x/7 ;= x& — xP solves the homogeneous equation.
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Characterizing the General Solution

Theorem
Consider the inhomogeneous equation x; — arx;_1 = f;
with forcing term f;.

Its general solution xC is the sum x + x!' of

> any particular solution x| of the inhomogeneous equation;

> the general complementary solution x!!

of the corresponding homogeneous equation x; — arx¢—1 = 0.
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Linearity in the Forcing Term, |

Theorem
Suppose that xtP and ytP are particular solutions
of the two respective difference equations

Xt —aXe—1=dr and y; —aryi-1 = &

Then, for any scalars o and (3,

the equation z; — a;zy—1 = ady + Bet

has the corresponding linear combination zF = ax + pyf
as a particular solution.

Proof.
Routine algebra. O
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Linearity in the Forcing Term, Il

Consider any equation of the form x; — a;x;—1 = £
where f; is a linear combination > 7_; axfk
of n forcing terms (f<)7_,.

The theorem implies that a particular solution

is the corresponding linear combination Y7 _ axxf*
of particular solutions (x/*)7_,
to the respective n equations x; — arxt_1 = X (k=1,2,...,n).
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Lecture Outline

Explicit Solution as a Sum
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Solving the General Linear Equation

Consider a first-order linear difference equation
Xe41 = arXe + fi

for a process T 5 t — x; € R, where each a; #0

(to avoid trivialities).

We will prove by induction on t that for t =0,1,2,.

there exist suitable non-zero constants p; , (k =0, 1, 2 o t)
such that, given any possible value of the initial state xg

and of the forcing terms f; (t =0,1,2,...),

the unique solution can be expressed as

t
Xt = Pt,0X0 + Zkﬂ Ptk f—1

The proof, of course, will also involve deriving
a recurrence relation for the constants p; , (k =0,1,2,...,t).

University of Warwick, EC9A0 Maths for Economists, Sect. 7 Peter J. Hammond 28 of 54



Early Terms of the Solution

Because xp = po,oxo = Xo,
the first term is obviously pg o = 1 when t = 0.

Next x; = agxg + fo when t =1
implies that p; o = ap and p;,1 = 1.

Next, the solution for t = 2 is
Xo = ai1x1 +f = aiagxo + a1fo + A1
This formula matches the formula
t
Xt = Pt,0Xo + Zk:l Ptk fk—1

when t = 2 provided that:
» pr o = aido;
> p21 = ay;
> ppo=1
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Explicit Solution, |

Now, substituting the two expansions

t
Xt = ProXo + D1 Peifk—1

t4+1
and  Xep1 = Pe41,0X0 + Do pkiq Pe+1kfk—1

into both sides of the original equation x;y1 = aix; + f; gives

t+1 t
pe+1,0%0 + Y Peiikfuc1 = ae | proxo+ Y pefer | + 1o
k=1 k=1

Equating the coefficients of xy and of each f,_;
in this equation implies that for general t one has

Pt+1,k = atPtk for k = O7 ]., ot with Pt+1,t+1 = 1
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Explicit Solution, Il
The equation pyi1 x = arps i for k =0,1,...,t implies that

pPt,0 = ai—1-ar—2---ap when k=0
Ptk = adt—1-at—2---adk when k=1,2,...,t

or, after defining the product of the empty set of real numbers as 1,

t—k
Ptk = H dt—s
s=1

Inserting these into our formula x; = p;oxo + Zi:l Ptk fk—1
gives the explicit solution

Xt = (H::l at_s) X0+ Z,t(:l <HZ:: at—s> fr—1

Putting xp = 0 gives one particular solution of x;y1 = arx¢ + ft,

namely
t t—k
Xy = ar—s | fx_
t k_l( s—1 t s) k—1
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Lecture Outline

Constant and Undetermined Coefficients
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First-Order Linear Equation with a Constant Coefficient

Next, consider the equation x; — ax;_1 = f¢,
where the coefficient a; has become the constant a # 0.

Evidently one has x; = axp + f1,

then next x; = ax1 + fo = a(axo + f) + o = a°xo + afi + f,

followed by
x3=ax+h=alax+ah+h)+h=2ax+ah+ah+1

etc. One can easily verify by induction the explicit formula

t
Xt:atX0+ E P lat_kfk

In the very special case when a =1,
. . . . t
this also accords with our earlier sum solution x¢ = xp + >, _ fk.
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First Special Case
An interesting special case occurs when there exists some p # 0

such that f; is the discrete exponential function N > t 5 pt.

Then the solution is x; = atxg + S; where S; := Ei:l at=kpk.

Note that
t t B
(a - ,U)St — ZkZI at—k+1uk _ ZkZI at kluk+1 — atﬂ _ Nt+1

In the non-degenerate case when pu # a,

it follows that $; = p (a—,ut> and so x; = atxg + <‘9t_ut>
—H a—pu
This solution can be written as x; = x/* 4+ x/ where:
1. x' = ¢Mat with €7 .= xy + p/(a — p) is a solution
of the homogeneous equation x; — ax;_1 = 0;
2. xP = ¢Put with €P .= —p/(a — ) is a particular solution

of the inhomogeneous equation x; — ax;—1 = u'.
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Degenerate Case When i = a

In the degenerate case when i = a, the solution collapses to

t

Again, this solution can be written as x; = x!' + x/” where:
1. x! = ¢Mat with €H .= xg is a solution
of the homogeneous equation x; — ax;_1 = 0;
2. xP = €Patt with ¢€P := 1 is a particular solution
of the inhomogeneous equation x; — ax;_1 = a'.

Note carefully the term in a‘t, where a' is multiplied by t.
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Second Special Case

Another interesting special case is when f; = t"u! for some r € N.

Then the explicit solution we found previously
takes the form x; = atxg + S; where S; := Zf(zl at_kkryk.

We aim to simplify this expression for S;.

We first restrict attention to the non-degenerate case when 1 # a.

The solution can still be written as x; = x}! + x/” where:
1. xI = €Mat with scalar €" € R
solves the homogeneous equation x; — ax;—1 = 0;

2. xf = €P(t) ut is any particular solution
of the inhomogeneous equation x; — ax;—1 = t"ut.

The issue is finding a useful form of the function t — £P(t)
that makes £7(t) ut a solution of x; — ax;_1 = t"ut.
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Method of Undetermined Coefficients

We will find a particular solution x/” = &P (t)ut

of the inhomogeneous difference equation x; — ax;—1 = t'p
where £P(t) = S0 _, &kt is a polynomial in t of degree r,
the power of t on the right-hand side.

t

The coefficients (o, &1, ..., &) of the polynomial
are undetermined till we consider the difference equation itself.

Let 1,<x denote 1 if j < k, but 0 if j > k.
Then, by the binomial theorem,

P(t—1) = Y5 & (t—1)
= Yhoobk im0 (5) H(—1)k
= Dm0 ko Li<kék <f) H(—1)k
= Zf:oZizjskG)(—l)k—th
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Determining the Undetermined Coefficients
For x{ = ut >} _o &tk to solve x¢ — axe_1 = t'put, we need

N N L r KN Nkjd ot
T ICTETTED S0 M1 o SV
First consider the non-degenerate case u # a.
Equating coefficients of t" implies that uté, — apt=1¢, = ut.

Dividing by puf~! gives u&, — a&, = p, and so &, = pu(p —a)~ L.

For j=0,1,...,r — 1, equating coefficients of #/ implies that

r k )
R T ST () [V

_ K _
s0 & = (1 — a) L iy (%) (~ 1)<
In principle one can solve this system of r + 1 equations

in the r + 1 unknowns (&, &—1,&r—2,...,&0)
by backward recursion, starting with &, = p(u — a)~!, ending at &.
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Degenerate Case

But in the degenerate case p = a,
the equation pé&, — a&, = p for & has no solution,
so the method does not work.

Instead, to solve x; — ax;_1 = t"at,

we introduce the new variable y; = a=¢

Xt.
Then y; = a f(axe—1 + t'a") = yr1 + t".

The solution is y: = yo + S,(t) where S.(n) == ) _1J"
is the much studied sum of rth powers of the first n integers.

Hence x; = a* [xo + S/(t)].

Theorem
The sums S,(n) satisfy the recurrence relation

(r+1)S,(n)=(n+1)"1—-1- Z; (r I 1) Si(n)
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Proof of Theorem
For j =1,2,...n, the binomial theorem implies that

4 r r r+1 ir
(’I+1)+1:Zk:0< k )J H

Summing over j, then interchanging the order of summation, gives

(n+1)r+1 -1 = Zjn 1[(j—|- )r+1 _ -r+1]
= ZJ 1Zk 0(r+1) Zk 0(r+1)5k( )

Isolating the last term gives

(1)t -1=3"" <’: 1) Se(n) + (r ' 1> 5.(n)

and so, after rearranging

(r+1)S,(n)=(n+1)"1—1- Z;:) (r t 1) Si(n)
L]
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Important Corollary

Corollary

Each sum Sy(n) :=3_7_ j"

of the rth powers of the first n natural numbers

equals a polynomial 30 a,in' of degree r +1 in n,
whose coefficients are rational,

with constant term a,g = 0

and leading coefficient a, 1 = 1/(r + 1).

Using the theorem, we prove the corollary by induction,
starting with the obvious So(n) 1= 3_7_ 1_/ =n

and the well known Si(n) :== > 7, j = sn(n+1) = %nJr n-.

N
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Proof by Induction

Indeed, consider the induction hypothesis
that Sq(n) satisfies the corollary for ¢ =0,1,2,...,r — 1.

This hypothesis implies in particular
that each Sk(n) is a polynomial of degree k + 1 in n.

It follows that the right-hand side of the equation

(r+1)S,(n)=(n+1)"t—-1- Z;:) (r I 1) Si(n)

is obviously a polynomial of degree at most r + 1 in n.

Moreover, it has rational coefficients, a constant term 0,
and a leading coefficient 1 attached to the highest power n"t1. [
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Main Theorem

Theorem
Consider the inhomogeneous first-order linear difference equation

Xt —axe_1 = t'u', wherea#0andr cZ,.

Then there exists a particular solution of the form xI = Q(t) ut
where the function t — Q(t) is a polynomial which:

» in the regular case when u # a, has degree r;

» in the degenerate case when | = a, has degree r + 1.

The general solution takes the form x; = xI' + x& where:
> xf is any particular solution of the inhomogeneous equation;

> xtC is any member of the one-dimensional linear space
of complementary solutions

to the corresponding homogeneous equation x; — ax;—1 = 0.
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Lecture Outline

Stationary States and Stability for Linear First-Order Equations
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Stationary States, |

The general first-order equation x;1+1 = ft(x¢) is non-autonomous;
for it to become autonomous,
there should be a mapping x — f(x) that is independent of t.

Given an autonomous equation xy+1 = f(x¢),
a stationary state is a fixed point x* € R of the mapping x — f(x).

It earns its name because if x; = x* for any finite s,
then x; = x* forall t=s,s+1,....
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Stationary States, Il

Wherever it exists, the solution of the autonomous equation
can be written as a function x; = ®;_¢(xs) (t =s,s+1,...)
of the state xs at the initial time s,

as well as of the number t — s of times

that the function x — f(x) must be iterated

in order to determine the state x; at time t.

Indeed, the sequence of functions ¢, : R — R (k € N)
is defined iteratively by ®(x) = f(Px_1(x)) for all x.

Note that any stationary state x* is a fixed point
of each mapping ® in the sequence, as well as of ®1 = f.
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Local and Global Stability

The stationary state x™* is:

» globally stable if ®x(xp) — x* as k — o0,
regardless of the initial state xp;

> locally stable if there is
an (open) neighbourhood N C R of x*
such that whenever xp € N
one has ®,(xp) — x* as k — oc.

Generally, global stability implies local stability, but not conversely.

Global stability also implies that the steady state x* is unique.

We begin by studying stability for linear equations,
where local stability is equivalent to global stability.

Later, we will consider the local stability of non-linear equations.
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Stationary States of a Linear Equation

Consider the linear (or rather, affine) equation x;11 = ax; + f
for a fixed forcing term f.

A stationary state x* has the defining property
that x; = x* = x¢411 = x¥,
which is satisfied if and only x* = ax* + f.
In case a = 1, there is:
P no stationary state unless f = 0;
» the whole real line R of stationary states if f = 0.
Otherwise, if a # 1, the only stationary state is x* = (1 — a)~Lf.
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Stability of a Linear Equation

If a £ 1, let us denote by y; := x; — x*
the deviation of state x; from the stationary state x* = (1 — a)~1f.

Then yry1 = xpp1 —x* = axe +F —x* = a(y: + x*) + f — x* = ay;.

This equation has the obvious solution y; = ypat,
or equivalently x; = x* + (xp — x*)a".

The solution is evidently both locally and globally stable
if and only if at — 0 as t — oo,
which is true if and only if |a| < 1.
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Lecture Outline

Local Stability of Nonlinear First-Order Equations
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Stationary States
Let / be an open interval of the real line,
and | 3 x — f(x) € I a general, possibly nonlinear, function.
A fixed point x € | of f satisfies f(x) = x.
Consider the autonomous difference equation x;y1 = f(x¢).

For each natural number n € N,
define the iterated function [ 5 x — f"(x) € /
so that f1(x) = f(x) and f"(x) = f(f""1(x)) for n =2,3,....

A stationary state is any x* € /
with the property that f"(x*) = x* for all n € N.

This implies in particular that x* = xs11 = f(xs) = f(x*),
so any stationary state must be a fixed point of f.

Conversely, it is obvious that any fixed point of f
must be a stationary state.
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Local Stability

The steady state x* is locally stable
just in case there is a neighbourhood N of x*
such that whenever x € N one has f"(x) — x* as n — cc.

Theorem
Let x* be an equilibrium state of x;4+1 = f(xt).

Suppose that x — f(x) is continuously differentiable
in an open interval | C R that includes x*.

Then
1. |f'(x*)| < 1 implies that x* is locally stable;
2. |f'(x*)| > 1 implies that x* is locally unstable.

The proof below uses the fact that, by the mean value theorem,
if x; € I, then there exists a ¢; € | between x; and x*
such that f’(¢;) is a mean value of f'(x) in the sense that

Xer1 — X* = f(xe) — F(x*) = f'(ct)(xe — x¥)
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Proof of Local Stability

By the hypotheses that f’ is continuous on / and |f'(x*)| < 1,
there exist an ¢ > 0 and a k € (0,1) such that:

1. (x*—e,x*4+¢) C I
2. |f/(x)] < k for all x € (x* — €, x* +¢).
Suppose that |x; — x*| < e.

Then the ¢; between x; and x*
where |x¢11 — x*| = |f'(c¢)(x¢ — x*)| must satisfy |c; — x*| < e.

Hence |f'(ct)| < k, implying that
Ixer1 — x*| = |F'(ce)(xe — x¥)| < k|xe — x*| < ke < €

By induction on t, if [xg — x*| < ¢, it follows that |x; — x*| <
and in fact |x; — x*| < kf|xg — x*| for t =1,2,.. ..

Hence |x; — x*| — 0 as t — cc. O
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Proof of Local Instability
By the hypotheses that f’ is continuous on [ and |f'(x*)| > 1,
there exist an € > 0 and a K > 1 such that:

L (x*—e,x"+¢€)C I,
2. |f(x)] > K for all x € (x* —¢,x* +¢).
Suppose that there exist s, r € N such that x; € /

and 0 < |x¢ — x*| <eforall t € Ts,:={s,s+1,...,s+r—1},
the set of r successive times starting from time s.

Then for each t € T, any ¢; € | between x; and x*
where |x¢11 — x*| = |[f'(¢t)(xe — x*)| must satisfy |c; — x*| < e.

This implies that |x¢11 — x*| > K|x; — x*| for all t € T ,.

By induction on r, it follows that |xsi, — x*| > K"|xs — x*|.

So [Xs4r — x*| > K"|xs — x*| > € for r large enough.

This proves there is no s € N such that |x; — x*| < e for all t > s.

It follows that x; 4 x* as t — oo. O
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