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Quadratic Forms and Their Definiteness
Quadratic Forms and Symmetric Matrices
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Quadratic Forms: Preliminary Exercise

Exercise
Let A be any n X n matrix.

For each j € N, recall that &/ = (§;)"_,
denotes the jth column of the identity matrix 1,
and that (/)T = (65)—y is the ith row of I,.
For each i,j € N, explain why:
1. A€l is the jth column & of the matrix A,
whose ith component is 3] _; a0k = ajj;

2. (e) A/ =30, duay,
which equals the single element aj; of the matrix A.
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Definition of Quadratic Form

Definition
A quadratic form on the n-dimensional Euclidean space R"
is a mapping

n —xQx=S" T i
R">x+— qg(x) =x' Qx = Zi:l ijlx,quxj eR

where Q is a symmetric n X n matrix.

The quadratic form x " Qx is diagonal just in case
the matrix Q is diagonal, with Q = A = diag(A1, A2, ..., An).

In this case x " Qx reduces to x ' Ax = "7, \; (x;)2.
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The Hessian Matrix of a Quadratic Form in Two Variables

Exercise
. _ a b\ (x
Given the quadratic form q(x,y) = (x,y) <c d) <y>

. . (a b\ . .
show that, even if the matrix c 4] not symmetric,

the Hessian matrix of its second-order partial derivatives

/" 1/
is the symmetric matrix <q;</>< q/x/y) _ < 2a b+ c>.
yX qyy b +c 2d
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The Hessian Matrix of a Quadratic Form in n Variables

Exercise
Consider the n-variable quadratic form

R" 3> x> g(x) =x' Ax€R

Show that, even if the matrix A is not symmetric,

the n x n Hessian matrix H whose elements h;;

0%q

0x;0x;

are the constant second-order partial derivatives

is the symmetric matrix A + AT .
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Symmetry Loses No Generality

Requiring Q in x" Qx to be symmetric loses no generality.

This is because, given a general non-symmetric n X n matrix A,
repeated transposition implies that

x Ax = (x"Ax)" = %[XTAX +(x"Ax)"] = %XT(A +AT)x

Hence x "Ax = xTATx = x' Qx
where Q is the symmetrized matrix 3(A + AT).

Note that Q is indeed symmetric because

QT =3(A+AT) =3AT + (A1) ]=}(AT +A)=Q
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Quadratic Forms and Their Definiteness

Definiteness of a Quadratic Form: Definition
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Definiteness of a Quadratic Form
When x = 0, then x"' Qx = 0. Otherwise:
Definition
The quadratic form R” 3 x — x ' Qx € R,
as well as its associated symmetric n X n matrix Q, are both:

positive definite just in case x" Qx > 0 for all x € R" \ {0};
negative definite just in case x' Qx < 0 for all x € R"\ {0};
positive semi-definite just in case x' Qx > 0 for all x € R™;
negative semi-definite just in case x ' Qx < 0 for all x € R™;
indefinite just in case there exist both x™ and x~ in R”
such that (x*)"QxT >0 and (x7)"Qx~ < 0. O

Given the domain Q,x, of symmetric n X n matrices,
the sign of each Q € Q,«,, is indicated,
using some obvious abbreviations, by the definiteness function

Onxn > Q — def(Q) € {PD, ND, PSD, NSD, ID}
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Definiteness of a Diagonal Quadratic Form

Theorem
Suppose that Q is the diagonal matrix diag(A1,...,\p),
so that x' Qx = Y71 A (x;)2.
Then the diagonal quadratic form x — Y7, \; (x;)*> € R is:
positive definite if and only if \j >0 fori =1,2, ..., n;
negative definite if and only if \; <0 fori=1,2,... n;
positive semi-definite if and only if \j > 0 fori =1,2,...,n;
negative semi-definite if and only if \; <0 fori=1,2,...,n;

indefinite if and only if there exist i,j € {1,2,...,n}

such that A\; > 0 and \; <O0.

Proof.

The proof is left as an exercise.
The result is obvious if n =1, and straightforward if n = 2.

Working out these two cases first suggests the proof for n > 2. [
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Concavity or Convexity of a Quadratic Form

Exercise
Show that, as a function R" 3 x — x' Qx € R,
the quadratic form x" Qx is:

strictly convex if and only if Q is positive definite;
strictly concave if and only if Q is negative definite;
convex if and only if Q is positive semi-definite;
concave if and only if Q is negative semi-definite.

Otherwise x ' Qx is neither concave nor convex
if and only if Q is indefinite.
The solution is more suited to Pablo’s lectures than mine!
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Quadratic Forms and Their Definiteness

Definiteness of a Quadratic Form: Some Simple Tests
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Definiteness of a Quadratic Form: Simple Tests
Even if Q is not a diagonal matrix,
its diagonal elements still provide useful information.
Proposition
The quadratic form R" 5 x — x ' Qx is:

1. positive definite only if g;; > 0 for all i € N,;
positive semi-definite only if q; > 0 for all i € N,
negative definite only if q;; < 0 for all i € Np;
negative semi-definite only if q;; < 0 for all i € Np;

AR

indefinite if there exist i, j € N, such that q;; > 0 > gj;.

Proof.
For each i € N, recall that (e)" Qe' = g;
where e’ denotes column i of |,.

The result follows from checking the signs
of (¢/)TQe' = g;; and (¢/)"Qe/ = gj; in the 5 different cases. [
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Semi-Definiteness of a Quadratic Form

Suppose that the diagonal of the symmetric n x n matrix Q
has at least one zero element.

By the previous proposition, the quadratic form R” 3 x — x ' Qx
cannot be either positive definite or negative definite.

But could it still be
either positive semi-definite or negative semi-definite?
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Semi-Definiteness of a Quadratic Form: Simple Test

Proposition
Suppose that the diagonal of the symmetric n X n matrix Q
has two zero elements q;; and qj; with i # j.

Then the quadratic form R" 5 x — x " Qx is indefinite
unless one has q;j = qji = 0.

Proof.
Consider the particular column vector x = ae' + fe/ € R”
where « and [ are any two real scalars.

Routine calcqlation shows. that, because Q is symmetric,
and (¢')"Qe’ = (¢/)'Qe/ = g;; = g;; = 0, one has

x'Qx = af[(e')" Qe + (¢/)'Qe'] = 2g;a3

As the pair (a, 3) ranges over all of R?\ {0},
one has a8 2 0 according as sgn o = £ sgn S.

Sox"Qx = 2g;ja3 is indefinite unless g;; = g;; = 0. O

University of Warwick, EC9A0 Maths for Economists Peter J. Hammond 15 of 64



Outline

Quadratic Forms and Their Definiteness

The Two Variable Case
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The Two Variable Case: Completing the Square

In the 2 x 2 case, the typical quadratic form is

2 X a h X . 2 2
R 9<y>H(X y) (h b> <y>—ax + 2hxy + by

Assuming that a # 0, one can complete the square

h\? h?
by writing ax? + 2hxy + by? as a <x + ay> + <b _ a) y2,

which can be verified term by term.

First, the quadratic form ax® + 2hxy + by?
is neither positive nor negative definite in case:

» a =0, because then ax? + 2hxy + by> =0
when x # 0 and y = 0;

» a0 but ab— h?> =0, because then ax? + 2hxy + by? =0
when y # 0 and x = —hy/a.
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Tests Based on Completing the Square

We are considering the quadratic form which, in case a # 0,
after completing the square, becomes

h\? h?
aX2+2th—|—by2:a<X_|_ay> + (b_a>y2

P o1
If a > 0, because b — - = g(ab — h2), the quadratic form is:
positive definite if and only if ab — h? > 0;
positive semi-definite if and only if ab — h*> > 0;
indefinite if and only if ab — h?> < 0.

o1
If a <0, because b — - = g(ab — h?), the quadratic form is:

negative definite if and only if ab — h*> > 0;
negative semi-definite if and only if ab — h? > 0;
indefinite if and only if ab — h?> < 0.
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Completing the Square as Symmetric Pivoting, |

Given the 2 x 2 matrix ( h), provided that a # 0,

a
h b
the downward pivoting operation

involves adding —h/a times row 1 to row 2.

In symbols, this downward pivoting operation is represented

_ 1 0
by the 2 x 2 matrix Eil = E2+(7h/a)l = (h/a 1)'

Applied to the original matrix, the result is

(5 5)= (one 1) (0 5)= (0 o-ess)
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Completing the Square as Symmetric Pivoting, Il

. . . 1 (a h\ _[a h
Starting with the equation EY; <h b) = <0 b— hg/a),
suppose now we post-multiply each side by the transpose (E%I)T.

This completes a symmetric pivoting operation whose result is

i3 e (3 ) (b )
_ <g A _(;72/3> = diag(a, b — h*/a)

The two-part symmetric pivoting operation
converts the original quadratic form ax? + 2hxy + by?
to the diagonal form az? + (b — h?/a)w?

v ()L ()
s () -0 ()- (2. 9 )
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Example Where Symmetric Pivoting Is Impossible

Example

Let A be the 2 x 2 symmetric matrix <2 g)

Both diagonal elements are zero.

These zeroes make symmetric pivoting impossible,
so one cannot complete the square in the quadratic form

6 NA() =t (5 o) ()=t 0 (1) =2mo

Fortunately the definiteness of A is easy to determine directly.
If h# 0 then A is indefinite.

If h=20 then A = 05>,
the only 2 X 2 symmetric matrix that is both
positive semi-definite and negative semi-definite.
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Quadratic Forms and Their Definiteness

The Block Diagonal Case
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The Block Diagonal Case: Proposition

Proposition
Suppose that A = diag(B, C)
is a symmetric block diagonal matrix.

Then A is positive definite (resp. semi-definite) if and only if
both blocks B and C are positive definite (resp. semi-definite).

Corollary

Suppose that A = diag(A®), ... A(K)) js symmetric.

Then A is positive definite (resp. semi-definite) if and only if
each block AU) (i € Ny ) is positive definite (resp. semi-definite).
The corollary is easily proved by induction on k.

Remark

As usual, the result for a negative (semi-)definite matrix A

follows from the corresponding result
for the positive (semi-)definite matrix —A.
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The Block Diagonal Case: Proof

Proof.

Consider the block diagonal quadratic form
T Tya (YY) _ (T Ty (B 0Y (y) _ T T
(y 2 )A <Z> _(y yZ ) <0 C> <Z> =Yy BY+Z Cz

If A is positive definite (resp. semi-definite),

then (y",07)A (3) =y By > 0 (resp. > 0) for all y # 0,

0

z

and (07,27)A < ) =2"Cz >0 (resp. > 0) for all z # 0.

So both B and C are positive definite (resp. semi-definite).

Conversely, if both B and C are positive definite, then so is A
because y 'By +z'Cz > 0 unless both y = 0 and z = 0.

But if both B and C are only positive semi-definite,
then y'By +z'Cz > 0, so A is positive semi-definite. O
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Definiteness Tests by Symmetric Pivoting
Quadratic Form Invariance
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Quadratic Form Invariance: Statement of Lemma

Lemma
Suppose that A and B are n X n symmetric matrices,
and there exists an invertible n x n matrix R such that B = RAR" .

Then the definiteness function
Qnxn > Q — def(Q) € {PD, ND, PSD, NSD, ID}

satisfies def(B) = def(A).
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Quadratic Form Invariance: Proof of Lemma

Proof.
For any x,u € R"” with x = RTuandsou= (RT)_lx,
note that for B = RART one has
1. x'Ax=(R"u)TAR"u = u"RAR"u = u"Bu;
2.x=0«<=u=0andsox#0 <= u#0.

From these two statements one can verify
each of the following four equivalences:

Vx #0:x' Ax 0<=VYu#0:u'Bu

INIV AV
INIV AV

In addition, it also follows from these four equivalences
that A is indefinite if and only if B is indefinite. O
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Quadratic Form Invariance: Counter Example

Example

Suppose that A and B are n X n symmetric matrices,
where A is either positive or negative definite.

Suppose too that there exists a singular n x n matrix S
such that B = SAS".

Then |[S|=|ST| =0, s0 ST is also singular.
Hence there exists y # 0 such that STy = 0.
Then y By =y SASTy = 0.

It follows that B is neither positive nor negative definite.
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Definiteness Tests by Symmetric Pivoting

Symmetric Straightforward Pivoting
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Symmetric Maximal Diagonalization: Definition

Definition
A symmetric maximal diagonalization of an n x n matrix A

takes the form RART = (0 Drxr 0 Orsc(n—r) ) where:
(n—r)xr (n=r)x(n—r)

1. the integer r € Z satisfying 0 < r < min{m, n} is the rank;

2. Dyx, is an r x r diagonal matrix which is invertible
because all its r diagonal elements are non-zero;

3. Riis an invertible n x n matrix that, because |R| =1,
represents a determinant preserving row operation.

In case 0 < r < n, the symmetric maximal diagonalization
of the n x n matrix A needs the full expression
for the 2 x 2 partitioned matrix on the right-hand side.

Otherwise, in case r = n, this partitioned matrix reduces to D,«,.

University of Warwick, EC9A0 Maths for Economists Peter J. Hammond 30 of 64



Straightforward Symmetric Pivoting, First Step

Start with any n x n symmetric matrix A, also denoted by A(©),
T

: . .. a a
which we can write in partitioned form as A = 1 =L,
a>11 A1l

where a-1 1 is a column n — 1-vector with transpose 311,1-
Provided that a1 # 0, we can pivot symmetrically about a1 by:
1. pre-multiplying A
by the lower triangular downward pivot matrix Eh?
2. post-multiplying the product EflA
: T
by the upper triangular transpose (E{l)
of the downward pivot matrix Eil.

The combined effect is to transform A to the symmetric matrix

011
AW —ELAEL)T = (T
11A(E}) 0-11 A(l)

>1,>1
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Straightforward Symmetric Pivoting, Start of Step k

For each k € Nwith 1 < k < n,
step k starts with the n x n matrix AK—1) which,
by induction on k, takes the symmetric form

D(é(;:i)k Ockk Ock >k
AT =10 al ) @)
0>k, <k a(>kk_,11) A(>kk_;)k
where:
(k1)

1. DY,y isa (k —1) x (k — 1) diagonal matrix;
2. ag(k_i) is a column n — k-vector;
3. Ag(;i)k is an (n — k) x (n — k) symmetric matrix.
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Straightforward Symmetric Pivoting, Step k

D(<kk_,i)k Ockk Oci>k
- k—1) _ k-1 k-1
Starting from A(k—1) = 0} af(k ) (a(>k,k))T ,
k-1 k-1
Osrck alyy’ AL

provided that the pivot element satisfies ag;_l) = 0, we can:

P pre-multiply by the lower triangular pivot matrix Etk;
» post-multiply by the upper triangular transpose (Etk)T.

The result of the symmetric pivot operation
is A) = Ef A-D(EL )T where

k
D(gz,gk 0§k,k+1 0§k,>k+1

(k) ( (k) )T

(k) — T
A Opii<k Atfihrr  (ASiiikan

(k) (k
Osrti<k @ipirprr Askiiskit

The k x k diagonal matrix D(gkiz,gk is the diagonal matrix D

. . k—1 .
with one extra non-zero pivot element aik ) on the diagonal.
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Conclusion of Straightforward Symmetric Pivoting
Provided that the successive pivot elements affz), for k € N,
are all non-zero, straightforward symmetric pivoting can continue
all the way until k reaches n.

In this case, after all the n stages,
straightforward symmetric pivoting ends
with the n X n matrix A(”), -

. . . n
which equals the diagonal matrix D} .

The last diagonal element ag,"_l) could be zero.

This does not matter because, after step n — 1,

no more pivoting is required.

But like downward pivoting, if a%i) = 0 for some k < n,
then straightforward symmetric pivoting eventually fails.

Some adjustment of at least one pivot element is needed.
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Definiteness Tests by Symmetric Pivoting

Adjusted Symmetric Pivoting
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Adjusted Symmetric Pivoting: The Matrix Sequence, |

Like straightforward pivoting, straightforward symmetric pivoting

works provided each pivot element ag,i_l) with k < n is non-zero.

Like adjusted pivoting, adjusted symmetric pivoting introduces
sign-corrected permutation matrices to allow for the possibility
that at least one relevant prospective pivot aff,{:l) with kK < nis 0.
If the adjusted symmetric pivoting process can last at least r steps,

it will generate, for each k € N,, an n x n symmetric matrix A
R (k)
Dk Okx(n—k)

~(k
0(n—k)xk A(>2,>k

which takes the partitioned form A() =

Here [N)f(kx)k is the diagonal matrix in which, for each p € N,
(k)

the non-zero diagonal element i,

is the adjusted pivot element 5}(),;71) that was used at stage p.
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Adjusted Symmetric Pivoting: The Matrix Sequence, |l
Suppose that the adjusted symmetric pivoting process
lasts exactly r steps, where r € N,.

Starting from A) — A, each successive step kK € N,,

after adjusting any non-zero pivots, makes symmetric double use
of the determinant preserving downward pivoting operation INEtk.
The symmetric double application of Eik to the matrix Ak—1)
leads to the symmetric matrix AK) = Etk,&(k_l)(ﬁik)T.

By induction on k, for each k € N, one has A(¥) = RIWA(R(K))T
where R(K) = HZ;(l) Eifq,qu = Eikét—l,k—l T Egzéflv
multiplied in that specific order.

Pivoting ceases with the matrix A(") = RODA(R()T.

Note that R(¥) is invertible as the product of invertible matrices.

Because of quadratic form invariance,
the definiteness of succiassive matric~es
satisfies def(A) = def(A(K)) = def(A(") for all k € N,.
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Adjusted Symmetric Pivoting: The End, Case 1
[N)E<k><)k O (n—k)

~(k
Ok AL,

The (k + 1)th step starts from AK) =

Case 1: If the bottom right submatrix A(>k,37>k = 0(n—k)x (n—k)»

then the (k + 1)th pivot step is impossible.

All the r pivoting steps that are possible have been completed.

Drxr 0r><(nfr) >
. . . 0_(m*f)><f O(rzfr)>§(nfr)
where D, is an invertible r x r diagonal matrix with r < n.

The final matrix takes the form (

Because r < n, quadratic form invariance implies

that the original symmetric matrix A cannot be definite.

It is positive or negative semi-definite according as the (non-zero)
diagonal elements of D,, are all positive or all negative

— that is, according as D, is positive or negative definite.

But if the diagonal of D, «,

has both positive and negative elements, then A is indefinite.
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Adjusted Symmetric Pivoting: The End, Case 2

=~ (k
DS<><)I< OkX(n*k)

~(k
0(n—k)xk A(>Z,>k

The (k + 1)th step starts from AK) =

(k)

Case 2: Suppose that in the bottom right submatrix A>k Sk

at least two of the diagonal elements (agﬁ))q:kﬂ are zero,
& (k

even though A(>,27>k Z 0(n—k)x (n—k)-

Then there exist a pair p,q € N with k < p <qg<n

such that 5,(31;) = 58’2,) 0 and yet a,(gq) = agp (k) # 0.

So the simple test for semi-definiteness
implies that the symmetric matrix A(¥) is indefinite.

By quadratic form invariance, so is the original matrix A.
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Adjusted Symmetric Pivoting: How to Adjust

) DY), O
The (k + 1)th step starts from A(K) = ok kx(n=k)

Orsxk AL,
Case 3: Suppose that 55<?17k+1 = 0 but the matrix Ag27>k
has at least one non-zero diagonal element 58’;) with ¢ > k + 1.
That is, there exists at least non-zero element 55,’;)
on the part of the diagonal below and to the right of a§<k+)1 K1

We adjust the pivot symmetrically along the diagonal by applying

one sign corrected swap matrix along with its transpose:

1. first, we pre-multiply A(K) by the n x n matrix 'i'zxk;rl

which first swaps rows g and k + 1, then corrects the sign;
2. then we post-multiply T9XTAK)
by the n x n transposed matrix (TZ’Xk,Tl) ,
which first swaps columns g and k + 1, then corrects the sign.
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Adjusted Symmetric Pivoting: The Next Step

B, Oux(nn)

A (k)

The (k + 1)th step starts from AK) =
On-k)xk  Asicsk

Together, the two sign-corrected swaps T and (T9X )T

. oK) R
move the original non-zero element agq) in A(K)

up left to the k + 1, k 4+ 1 position
in the adjusted matrix T9X AR (TEAH)T

nxn

These prior sign-corrected swaps
of both rows and columns g and k + 1 allow us to apply
the standard symmetric pivoting operation based on Etﬂ Kl

to this new adjusted version of the matrix A()

The result of this (k + 1)th adjusted symmetric pivot step

is the next matrix A(k+1) = k 1 ,(HA(/‘)(INELrl )|

k41
where Ek+1 k41 is the adjusted pivot matrix EkJrl k+1TZXn :
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How Adjusted Symmetric Pivoting Ends: Case A

Given an n x n symmetric matrix A, adjusted symmetric pivoting
can go on through steps k =1,2,...,r
until it reaches a terminal symmetric matrix A() with r < n.

There are two possible cases.
Case A: Symmetric pivoting may end after r steps with
~ D 0
Al = < > rx(n=r) > = diag(a!?,....a!",0,_
0(n—r)><r O(n—r)x(n—r) g( 1 i ! r)
where aﬁ) is the non-zero kth pivot element, for all k € N,,

and so D,, is an invertible r x r diagonal matrix.

Then the definiteness def(A) of the original matrix
is the same as the definiteness def(A(")) of the diagonal matrix,
which is easy to determine.
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How Adjusted Symmetric Pivoting Ends: Case B

Case B: Alternatively symmetric pivoting may end after r steps
with AC) = ( Drsr Orx(o-n) >

0(nfr)><r s(nfr)><(nfr)
where D, ., = diag(agrl), e ag)) whose element a%()
is the non-zero kth pivot element, for each k € N,
and S(,,_,)X(,,_,) is a non-zero symmetric matrix
whose diagonal elements are all zero.

In this case too the definiteness def(A) of the original matrix
equals the definiteness of the non-diagonal matrix def(A(").

But in this case A(") is always indefinite.
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Curtailing the Symmetric Pivoting

After k steps, symmetric pivoting reaches a partial diagonalization

= (k)
of the form A(K) = Dk Of(xlf)n—k)
On—ryxk  Asik

The simple tests of definiteness we discussed earlier imply that,

in case the diagonal matrix f)g(kx)k has:

1. two non-zero diagonal elements of different signs,
both it and the original symmetric matrix are indefinite;

2. any zero element, neither it nor the original symmetric matrix
can be either positive definite or negative definite.

These properties may allow a test of definiteness to be curtailed
before the symmetric pivoting process has been completed.
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Outline

Sylvester’s Criterion for (Semi-)Definite Quadratic Forms
Sylvester's Criterion: Statement and Preliminary Examples
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Notation for Relevant Principal Minors

Recall the earlier definitions
of the principal and leading principal minors of a determinant.

Given any n X n symmetric matrix A
and any non-empty subset K C N, with k = #K, let:

1. Akk denote the k x k matrix
whose elements form the symmetric submatrix (a;)(j jyexxk
made up of the rows i € K and columns j € K;

2. let AkK = |Akxk| denote
the corresponding principal minor of order k.

In case K =Ny, ={1,2,..., k}, let Dy denote AIE",
which is the unique leading principal minor of order k.
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Sylvester’'s Criterion: General Statement

Theorem (Sylvester's criterion)

Any n X n symmetric matrix A
and associated quadratic form x Ax are both:

positive definite <= Dy >0 forallk=1,...,n
positive semidefinite <= AK >0 for all AF of any order k
negative definite <= (—1)*D, >0 forall k=1,...,n
negative semidefinite <= (—1)KAK >0 for all Af of any order k

Otherwise the quadratic form x" Ax and matrix A are indefinite.

Note that the conditions for A to be negative (semi-) definite
are exactly those for —A to be positive (semi-) definite.
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The Case of a Quadratic Form in Two Variables
The general quadratic form in 2 variables is

h
(x,y) (‘; b> (;) = ax? 4 2hxy + by?

If it is positive definite, it is positive whenever x # 0 and y = 0.

This implies that ax? > 0 whenever x # 0,
which holds if and only if the first leading principal minor a > 0.

But if a > 0, then completing the square implies that
ax? 4 2hxy + by? = a(x + hy/a)®> + (b — h*/a)y?
Given that a > 0, this is positive definite if and only if b > h?/a,

or iff the second leading principal minor ab — h? = 2 h‘ > 0.

h b

For the case of 2 variables, this proves
that the real-symmetric matrix A is positive definite

if and only if all the leading principal minors of A are positive.
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Quadratic Form in Two Variables: Exercise

Exercise
For the case of a quadratic form in two variables,
prove the other cases of Sylvester’s criterion.
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The Case of a Diagonal Quadratic Form

The general diagonal quadratic form in n variables is x " Ax
where x is an n-vector
and A is an n x n diagonal matrix diag(A1,...,\n).

Then the quadratic form x"Ax = Y7, A\j(x;)? and matrix A are:

1. positive definite if and only if A\; >0 for i =1,2,...,n.
This is true if and only if the k-fold product []<_; A;
is positive for each k =1,2,...,n.
But [T\, A = |diag( 1, ..., Ax)]
is the leading principal minor Dy of order k for A.

2. positive semi-definite if and only if A\; >0 for i =1,2,...,n.
This is true if and only if the product [[;cx Aj is nonnegative
for every nonempty K C N, = {1,2,...,n}.

But each product J];c, Ai equals
the determinant |Axx x| of the diagonal submatrix Ak,
which is the particular principal minor AkK of order k = #K.
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Toward the General Case

The formal proof of Sylvester’s criterion
for a general n x n symmetric matrix A
to be positive or negative definite will rely on:

1. showing that unadjusted symmetric pivoting, while it works,
preserves each leading principal minor of A;

2. using unadjusted symmetric pivoting to reduce
the general case to the case when A is diagonal.

A similar argument allowing for adjusted symmetric pivoting
will treat the case when A is positive or negative semi-definite.

For large n (n > 37), the best way to compute those minors,
however, may well be to use symmetric pivoting ...
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Outline

Sylvester’s Criterion for (Semi-)Definite Quadratic Forms

Proving Sylvester's Criterion
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Symmetric Pivoting Preserves Leading Principal Minors

Given any n X n symmetric matrix A and any k € N,
let A<y <k denote the k x k matrix whose determinant |A< <|
is the kth order leading principal minor.

Whenever p < g < k, the elementary row operation A — Eg4qpA
of adding « times row p to row g of A preserves not only |A|,
but also each leading principal minor |A<, <|

when Egqp is restricted to the k x k matrix A<y <.

The same property of leading principal minor preservation

applies to each elementary column operation A — AEqTJrap.

From this, it follows that leading principal minor preservation
also applies to the symmetric pivoting operation A — E,i,pA(Ef,p)T
when it is restricted to A<y <k, where k > p.
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Proof by Induction: Key |deas

We will prove Sylvester's criterion
for a general n X n symmetric matrix A.

Actually, we prove a superficially stronger necessary condition
for A to be positive definite:
all its principal minors, whether leading or not, must be positive.

The proof of this modified form of Sylvester’s criterion
will be by induction on n.

The result is trivial when n =1 and A = (a11),
whose only minor is det(ai1) = a11.

The induction hypothesis will be that Sylvester's modified criterion
is valid for any m x m symmetric matrix A.

The induction step will be to prove

that if Sylvester's modified criterion is valid

for every (n — 1) x (n — 1) symmetric matrix,
then it is valid for every n X n symmetric matrix.
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Proof by Induction in Four Parts

To repeat, the induction step will be to prove

that if Sylvester's modified criterion is valid

for every (n— 1) x (n — 1) symmetric matrix,

then it is valid for every n x n symmetric matrix.

This induction step has to be proved four times for Sylvester's:
1. modified necessary condition for a positive definite matrix;
2. sufficient condition for a positive definite matrix;

3. necessary condition for a positive semi-definite matrix;
4. sufficient condition for a positive semi-definite matrix.

Each of the four proofs will occupy two slides.

Recall that the criterion

for a negative definite or semi-definite symmetric matrix A

is equivalent to the same criterion
for the positive definite or semi-positive symmetric matrix —A.
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1. Proving Necessity for a Positive Definite Matrix, |

(a) Suppose the n x n symmetric matrix A is positive definite.
(

(c) So the downward pivoting matrix Eh

is well defined and invertible.

b) We have already argued that a;; > 0, as a diagonal element.

(d) Because Eil is invertible and A is positive definite,

so is the block diagonal matrix EilA(Efl)T = diag(a11,B)
where B is the (n — 1) x (n — 1) symmetric submatrix
that results from one round of symmetric pivoting.

(e) It follows from (d) that the block B is positive definite.

(f) Because B is positive definite, the induction hypothesis
implies that each principal minor Aff of |B| is positive.
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1. Proving Necessity for a Positive Definite Matrix, |l

(g) From (f) it follows that every principal minor of diag(ai1, B)
which does not include the diagonal element a7 must be positive.
(h) But apart from aj; by itself,

all the other principal minors of diag(ai1, B)

which do include the element aj; take the form allAkK

where AK is a principal minor of |B.

(i) Because a11 > 0, it follows from (f), (g) and (h)

that every principal minor of diag(a;1, B) must be positive.

(j) But the matrix Eil is determinant preserving,
so E1,A(E},)T = diag(a;1, B) has the same principal minors as A,
implying that all the principal minors of A are also positive. O
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2. Proving Sufficiency for a Positive Definite Matrix, |

(a) Suppose that every leading principal minor

of the n X n symmetric matrix A is positive.

(b) Note that (a) implies in particular

that the first leading principal minor satisfies a;; > 0.

(c) So the downward pivoting matrix Eh

is well defined and determinant preserving.

(d) But (c) implies that A has the same leading principal minors
as the block diagonal matrix EflA(Eil)T = diag(a11, B)
where B is the (n — 1) x (n — 1) symmetric submatrix

that results from one round of symmetric pivoting.

(e) Evidently, the leading principal minors of | diag(a11, B)|
take the form ai1,a11D1,...,311Dn-1

where each Dy denotes the kth leading principal minor of |B|.
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2. Proving Sufficiency for a Positive Definite Matrix, Il

(f) By the induction hypothesis, because (e) implies

that all the leading principal minors of |B| are positive,

the (n — 1) x (n — 1) symmetric matrix B is positive definite.
(g) Then, because (b) implies that a;; > 0,

it follows from (f) that diag(ai1, B) is positive definite.

(h) Finally, because E%l is invertible and (g) implies
that diag(a;1,B) = EilA(Eil)—r is positive definite,
it follows from quadratic form invariance

that A is also positive definite.
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3. Proving Necessity for a Positive Semi-Definite Matrix, |

(a) Suppose the n x n symmetric matrix A is positive semi-definite.

(b) In case all the diagonal elements of A are zero,

we must have A = 0,,.,,, otherwise A would be indefinite.

(c) In the trivial case when A = 0,4, all minors of |A| are zero.
(d) Otherwise there exists a diagonal element ap, # 0,

which is positive because A is positive semi-definite.

(e) Let 'i'lp denote the sign adjusted swap of rows 1 and p.

Use it to define an adjusted symmetric pivot operation that gives
the symmetric matrix EX; T1,A(EY; T1,)" = diag(app, B),
where B is an (n — 1) x (n — 1) symmetric matrix.

(f) Because Efl'i'lp is invertible,

it follows from quadratic form invariance

that positive semi-definiteness of A

implies the same for diag(app, B), and so also for B.
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3. Proving Necessity for a Positive Semi-Definite Matrix,

(g) Because B is positive semi-definite, the induction hypothesis
implies that, for each k € Ng_l and each K C N,_; with #K =k,
the principal minor AK of |B| is non-negative.

(h) Now each principal minor of | diag(ap, B)|

that is not a principal minor of |B| _
must take the form a,, AK for some principal minor AK of |B.
(i) But then a,, > 0 by (d) and AK >0 by (g),

so (h) implies that every principal minor of | diag(app, B)| is
non-negative.

(j) Now diag(a11, B) = Ey, T1,A(E}, T1,)"

where Ty, is a sign-preserving swap of two rows

and the downward pivot matrix Eil is determinant preserving.

It follows that there is an obvious bijection

between each of the 2" — 1 principal minors of | diag(app, B)|

and a unique corresponding principal minor of A.

(k) From (i) and (j), each principal minor of A is non-negative. [

University of Warwick, EC9A0 Maths for Economists Peter J. Hammond 61 of 64



4. Proving Sufficiency for a Positive Semi-Definite Matrix, |

(a) Suppose that every principal minor
of the n X n symmetric matrix A is non-negative.

(b) In case all the diagonal elements of A are zero,
we must have A = 0,,.,,, otherwise at least one principal minor
of the symmetric A would be negative.

(c) In the trivial case when A = 0,xp,
the matrix A is evidently positive semi-definite.

(d) Otherwise there exists a non-zero diagonal element ap,
which is positive because every principal minor of A is > 0.

(e) Let 'i'lp denote the sign adjusted swap of rows 1 and p.

Use it to define an adjusted symmetric pivot operation that gives
the n x n symmetric matrix EflTlpA(Ethp)T = diag(app, B),
where ap, > 0 and B is an (n — 1) x (n — 1) symmetric matrix.
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4. Proving Sufficiency for a Semi-Definite Matrix, Il
(f) Because Ty, is a sign-preserving swap of two rows
whereas Eh is determinant preserving, there exists
an obvious bijection between each of tbe principal minors
of |E%1T1pA(Ei1T1p)T| = | diag(ap,, B))|
and a unique corresponding principal minor of A.

(g) Together (a) and (f) imply )

that each principal minor of | diag(app, I§)\ is non-negative.
So therefore is each principal minor of |B|.

(h) By the induction hypothesis, (g) implies

that the (n — 1) x (n — 1) matrix B is positive semi-definite.
(i) Because app > 0, (h) implies

that the n x n matrix diag(app, B) is positive semi-definite.
() But diag(ap, B) = Ey, T1,A(Ey; T1p)

where Ethp is invertible.

(k) By quadratic form invariance,

together (i) and (j) imply that A is positive semi-definite.
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Envoi

Though Sylvester's Criterion has been proved, remember it is here
only because it is in various textbooks, including ours.
To establish the definiteness of a symmetric matrix,

especially if it is larger than 3 x 3,
one can and should use symmetric pivoting first.

Key reference for idea of symmetric pivoting:

Paul Binding (1991) “Simple Tests for Classifying Critical Points
of Quadratics with Linear Constraints”

American Mathematical Monthly 98 (10): 949-954.

As its main topic, this paper also considers conditions

for a quadratic form x" Ax to be positive (semi-)definite

subject to a constraint Kx = 0 — in the sense

that x"Ax > (>) 0 for all x € R"\ {0,} that satisfy Kx = 0.

The relevant tests involve “bordered Hessians".

We can move on at last!
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