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Abstract

In modern �nancial markets, uncertainty is dynamic. Agents attempt to infer
assets' underlying return-generating processes, but these processes jump ran-
domly over time. In such nonstationary contexts, optimal Bayesian updating
is remarkably complex. It calls for explicit learning of both outcome and jump
probability (the �Hierarchical Bayes model�), or, if jumps are accounted for
only implicitly, through discounting of the old data, optimal learning of the
discount parameter (the �Forgetting Bayes model�). A Bayesian thus deals not
only with the riskiness of the returns, but also with parameter uncertainty
and jump risk. Parameter uncertainty stems from the fact that a Bayesian
does not merely consider a single-point estimate but all the possible values
of the unknown probability of earning excess returns. Jump risk comes from
the abrupt changes in this probability. If optimal Bayesian inference appears
too complicated in such dynamic settings, one can completely avoid the mul-
tiple layers of uncertainty, by learning the assets' values through a simple
win-keep lose-switch heuristic (the �Reinforcement Learning� model). We ask
to what extent people can account for these jumps and update their proba-
bility estimates rationally (i.e., according to Bayes rule). We propose a novel
experimental task with which to study decision-making under uncertainty in
such dynamic problems. We found that both Bayesian models explained sub-
jects' choices uniformly better than the Reinforcement Learning model. Our
result suggests that people are capable of processing information rationally in
the face of the most complex situations, as long as the latter are su�ciently
compelling.
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Learning, Reinforcement Learning

∗École Polytechnique Fédérale de Lausanne and Swiss Finance Institute. Correspondence
should be sent at elise.payzan@ep�.ch

†École Polytechnique Fédérale de Lausanne, Swiss Finance Institute, and California Insti-
tute of Technology

1



1 Optimal Vs Heuristic Decision-Making In A

Complex Task

Animals foraging for food, traders picking stocks, oil men exploiting oil wells,
people playing bandits in a casino, all have to choose between various reward-
generating-processes (food sources, assets, oil wells, bandits) with unknown
reward probabilities. Contrary to casino bandits which are �xed, the reward-
generating-processes encountered in some real-world situations are a�ected by
abrupt changes (jumps), as when a market event causes a huge discontinuity in
assets' returns, when oil unexpectedly dries up at a hitherto-productive place,
etc. Day-traders and oil men need to detect such unexpected jumps and adapt
behavior to the new contexts (e.g., start investing in new assets). Such jumps
are routinely encountered in modern �nancial markets � see, e.g., Barndor�-
Nielsen and Shephard (2006), Huang and Tauchen (2005), Tauchen and Zhou
(2006).
The present experimental study is an attempt to learn whether individuals

can process information rationally � and hence do optimal allocation decisions
� in such dynamic settings. The answer may be negative. The type of uncer-
tainty human beings are optimized for is the one generated by Nature, not the
one generated through modern �nancial markets. Most of the ecologically rel-
evant changes that animals encounter in their natural environments are steady
(see, e.g., the slow di�usion of the reward rate provided by a source of food);
abrupt changes are rare events.1 So it is an open question whether people are
su�ciently sophisticated that they can fare well in the face of jumps.
To examine the nature of learning in such dynamic settings, we designed

the �Boardgame,� a six-armed bandit task in the form of a board with six
locations, three blue and three red. Each trial, every single location delivers one
outcome among three possibilities. At a blue location, the possible outcomes
are 1 CHF, −1 CHF, 0 CHF; at a red one, 2 CHF, −2 CHF, 0 CHF. At the
beginning of the game, the nature of each location � i.e., the probabilities of
the three outcomes � is unknown. Furthermore, the locations jump randomly
throughout play. That a location jumps means two of its outcome probabilities
swap. For example, consider a location which returns the reward outcome with
probability 0.8; the loss outcome, with probability 0.2. This location jumps
and it now returns the reward outcome with probability 0.2; the loss outcome,
with probability 0.8. In this instance of a jump, the reward probability swaps
with the loss probability. There are two independent jump processes, one for
the red locations, one for the blue ones. When a jump occurs for one of the
two colors, the three locations of this color jump at the same time. The two
jump intensities are �xed. The jump intensity for the red locations is larger
then the jump intensity for the blue ones, whereby jumps are more frequent
at the red locations than at the blue ones. Given a color, the three locations
di�er in their riskiness. The Boardgame is a high-frequency sampling task,
so the riskiness of a location relates to the ability to predict next outcome
while sampling this location. Given a color, one location has high risk in

1Jumps in the rates of reward of natural sources are encountered only after rare events
such as a vulcan, etc.
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that it is unpredictable (say, �random�): even though one knows perfectly
its probabilities, one cannot predict next outcome (as is the case when the
outcome probabilities are close to 1/3). One location has low risk in that it is
predictable (say, �biased�): if one knows its probabilities, one may want to bet
on the nature of next outcome (as is the case when the outcome probabilities
are very di�erent i.e., one outcome is much more likely than the others). One
location is in between (say, �median�) i.e., less predictable than the biased
one, and more predictable than the random one. These risk levels are �xed.
Each trial, the player (a she) selects one location. She immediately receives
the outcome generated by the chosen location, and does not see any outcome
elsewhere. She accumulates rewards and losses throughout the game. The goal
is to maximize the cumulative earnings during the game. The player knows
that jumps occur independently for the two colors, that the red locations are
more unstable than the blue ones, and that the jump intensities are �xed.
The player also understands what it means for a location to jump (the swap
feature). Besides, she knows that for each color, the three locations di�er in
their level of risk. However, the player knows neither the absolute values of
the two jump intensities, nor those of the three levels of risk. Additionally,
among the three locations of a same color, the player does not know which is
the biased one, which is the median one, and which is the random one. To
examine the nature of learning behind choice in this task, we had 62 subjects
play during 30 minutes, and recorded their choice at each trial of play (500
trials on average).
The Boardgame was meant to be the simplest possible setting to study

decision making in a relevant multi-armed bandit task with jumps. Given the
di�culty of this class of changepoint problems, it was critical to make the game
engaging, transparent, and well-structured. For otherwise we would measure
anything but noise in our experimental task. This led us to introduce the
following features.
Firstly, we introduced six locations, three blue and three red, instead of

only two, to make the game engaging and facilitate learning. First, the jump
intensities for blue vs red were su�ciently di�erent that the red locations
should be perceived as really unstable compared to the blue ones, stable by
contrast. This �counterpoint� e�ect was meant to facilitate learning, by helping
the player be sensitive to the uncertainty coming from the jumps. Further,
given a color, we used contrasts of entropies.2 We contrasted one minimal-
entropy location, very predictable when generating returns, with one maximal-
entropy location, highly unpredictable, and with one median-entropy location,
quite predictable, but to a lesser degree than the minimal-entropy location
(more on this below, in the detailed presentation of the task). The instructions
are deliberately vague regarding the three entropy levels.3 The fact that the
player knows neither the absolute levels of entropy nor which location is biased,
which is median, and which is random, is meant to render the game engaging:

2The entropy of a location measures how much the probabilities di�er across the three
possible outcomes. Entropy is highest when all probabilities are equal, whereby it relates
to the unpredictability of a location (how much the generated outcomes surprise one).

3We refrained from using the term �entropy� in the instructions. Rather, we used pictures
to explain intuitively what it means for a location to be �predictable�/biased.
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a sophisticated player may �rst attempt to pin the nature of each location
down, then do strategic allocations (e.g., time visits of the locations perceived
to be biased, to catch the good runs). The majority of our subjects reportedly
did so. However, the use of six bandits � a relatively large number for this
class of problems � could cause an excessive memory-load for the player.4 We
thus provide the player with the history of past received outcomes, in the form
of cues displayed on the board. Hence our subjects did not have to remember
everything, and could play e�ectively. So overall, the contrast between the six
locations made the game absorbing.
Secondly, we wanted the dynamics of the locations to be well-structured

and transparent, for otherwise learning the nonstationary returns distribu-
tions would be hampered. Indeed, Epstein and Schneider (2007) has argued
that probabilistic learning is implausible when the probabilities are nonstation-
ary. But the situations envisioned in claims like this are more unstructured
than the one in our Boardgame, where i) jump detection is facilitated, as the
probabilities change in a very speci�c sense, through simple swaps; and ii) the
instructions are very transparent regarding the nature of such jumps. So, the
player can in principle accommodate her learning to the presence of the jumps.
We believe the resulting Boardgame balances reasonably well degree of com-

plexity and level of induced engagement, as our subjects could plausibly learn
something about the locations throughout play, despite the complexity of the
problem. They were given strong incentives to do so.5

Our goal was to infer something about the learning processes behind our sub-
jects' choices. We tested two competing theories of learning in the Boardgame.
The �rst, which we refer to as the �full-rationality hypothesis� or �Bayesian hy-
pothesis,� posits sophisticated players who process information rationally (i.e.,
according to Bayes rule) to estimate at each trial the outcome probabilities
of the locations. The second theory, which we call the �bounded-rationality
hypothesis,� states that players are unsophisticated �reinforcement learners,�
because Bayesian learning is too demanding in this task. While Bayesians un-
derstand that the outcomes returned by the locations are caused by the hidden
probabilities, reinforcement learners, in contrast, ignore probabilities. At the
start of the game, they arbitrarily forecast next outcome for each location.
Then, at each trial, they update the forecast attached to the visited loca-
tion according to the prediction error (the gap between the returned outcome
and the forecast) they observe. That is, reinforcement learners have adap-
tive expectations of the values of the six locations. Normatively, reinforcement
learning is ad-hoc, and one could cook other heuristics that may �t better with
our task. Nonetheless, we know from prior work in decision neuroscience that
reinforcement learning is so ingrained in the mammal brain that it appears
to govern reward learning in various experimental tasks. In the light of these
results, one may posit Boardgame players to be reinforcement learners as well.

4To alleviate the complexity of the task, we may have suppressed the median-entropy
location and just keep the two extreme ones. We tested this alternative setting with a
few subjects, but it was reported to be much less engaging.

5The aim of the game is to maximize the accumulated earnings during the game. The
subjects knew that a good player earns a lot of money in this game (more than 150
CHF), while a mediocre player gets back home with the show-up fee only (5 CHF).
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We thus took reinforcement learning to represent bounded rationality in our
task.
Since the present paper emphasizes learning, both theories are deliberately

general on how the player selects one location at each trial, on the basis of the
values she has learnt. Speci�cally, both theories posit that in this game, each
subject was capable of weighing optimally the merits of exploitation against
those of exploration, in accordance with her idiosyncratic �exploratory ten-
dency.� (Exploitation refers to the motive to select the location with the
highest estimated value; exploration, to the opposing motive to visit the other
locations, to get information about their value � after all, one only has esti-
mates of the values.)
To be able to compare the two theories, we described them with �models.�

A model is a learning algorithm (to estimate the values of the locations) along
with a decision rule (to link the estimated values to choice). As hinted above,
the Bayesian and reinforcement learning models share the same decision rule:
we used the logit rule to model the foregoing general assumption about choice.
The models di�er in their learning algorithms. There are two possible candi-
dates to formulate the full-rationality hypothesis. Full Bayesian learning calls
for explicit learning of both outcome and jump probabilities (the �Hierarchical
Bayes model�). Nonetheless, given the richness of the information to be pro-
cessed in our complicated task, a sophisticated player may refrain from learning
explicitly the two jump intensities. After all, what really matters is to infer
outcome probability. A second kind of sophisticated player infers outcome
probability with a natural sampling scheme that accommodates its sample
size to the strength of evidence in favor of a jump at each trial (the �Forget-
ting Bayes model�). Both kinds of sophisticated players process information
rationally. The competing �Reinforcement Learning model,� in contrast, is
composed of a suboptimal reinforcement learning heuristic.
We examined which model best explained the choices we recorded from each

of the 62 subjects. We set up the stochastic structure of the game so that we
were able to discriminate between the Bayesian models and the Reinforce-
ment Learning model, because they prescribed di�erent courses of action. The
models were �t to the data with maximum likelihood, using the Nelder-Mead
simplex method and a genetic algorithm to �nd the maxima. We found that
the Bayesian models explained subjects' decisions almost uniformly better than
the Reinforcement Learning model, with slight superiority of the Hierarchical
Bayes model. This means our subjects acted more like Bayesians.
To our knowledge, the present paper is a �rst experimental attempt to learn

whether individuals can process information rationally in dynamic situations
of uncertainty. The optimal behavior in our task is conceptually and computa-
tionally very di�cult. So, from the bounded rationality perspective, it is hard
to believe that subjects perform such calculations. One may expect them to
play heuristically, if not randomly. Still, sophisticated thinking prevailed in
our experiment.
Relating our �nding to prior work leads to the following fact: In somewhat

di�cult problems, heuristic rules outperform the normative prediction � see,
e.g., Tversky and Kahneman (1971), Kahneman and Tversky (1972), Grether
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(1992), Charness and Levin (2005), whereas in our very di�cult decision prob-
lem, the normative rule appeared to be a much better prediction. Even more
strikingly, our �nding contrasts with recent examples that point to signi�cant
bounds to human rationality even when computational e�ort would be minimal
� see, e.g., Johnson et al. (2002).
Standard theories of bounded rationality don't produce this fact, which sug-

gests that task complexity is not necessarily an obstacle for rationality to
emerge. On the contrary, we believe the complexity of our task, together with
its compelling nature � because of both its deeply engaging game play and
its high monetary incentives, to explain the prevalence of the optimal decision
plan. As such, our result may prompt a reevaluation of the scope of bounded
rationality.
We will �rst present the Boardgame. We then propose two classes of be-

havior in the Boardgame. In the �rst, people process information rationally
in the face of our task. In the second, they are guided by a simple heuristic.
We show in detail how these two candidate plans proceed in our task. Last
and foremost, we compare the two theories, and show that the �rst is a much
more plausible explanation of our subjects' behavior.

2 Experimental Task

Our experimental task is a six-armed bandit task in which the bandits are six
locations displayed on a board. Each trial, every single location returns one
outcome. There are three possible outcomes (�states�): the location returns
either a reward, or a loss, or nothing. The probabilities associated with each
state are hidden. Further, they change abruptly (jump) over time. Each trial,
the player selects one location. She then immediately receives the outcome
generated by the chosen location (and does not see any outcome elsewhere).
Rewards and losses are accumulated throughout play. The aim is to make as
much money as possible.
How do you think players behave in a problem like this? Owing to the

jumps, this class of decision problems is very di�cult to solve, and hence not
very relevant, as people are expected to play randomly. However, we attempted
to create a design su�ciently engaging, well-structured, and transparent, that
its complexity would not hamper e�ective learning � and informed choice. This
led us to create the so called Boardgame.
Engaging. In the Boardgame, the locations contrast in their levels of risk

(entropy) and instability (jump frequency). Speci�cally, there are three blue
locations and three red (see Fig. 1). The two di�erent colors point to two
Bernoulli jump processes, one that concerns the blue locations, and one that
concerns the red ones. Each jump process is a sequence of iid random variables
with two possible outcomes at each trial, Jump or No jump. The occurrence
of a jump for red (resp blue) thus means all the red (resp blue) locations
change at the same time. Jump intensity is 1/4 for red, 1/16 for blue, whereby
the red locations are very unstable compared to the blue ones, experienced
as stable by contrast. Given a color, the three locations di�er in their level
of risk/entropy. The minimal-entropy location, median-entropy location, and
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maximal-entropy location, have an entropy level equal to 0.3, 0.65, and 1.1,
respectively. An instance of a minimal-entropy location is a location delivering
the reward outcome with probability 0.8 and the loss outcome with probability
0.2. If one knows the underlying probability of such a location, one expects
next outcome to be good. As such, the minimal-entropy location is predictable.
Conversely, each outcome is equally likely when sampling the maximal-entropy
location, so one does not expect the realization of a particular outcome there.
The median-entropy location is relatively predictable, but to a lesser extent
than the minimal-entropy location: see, e.g., a location generating the three
outcomes with probabilities 0.6, 0.3, and 0.1. We used such �counterpoint
e�ects� with the two dimensions (instability and risk) in order to render the
game engaging and help the players be sensitive to the two dimensions. The
cost of doing that is that there are six locations, a relatively large number. To
alleviate the memory-load for our subjects, we thus provided them with the
history of past outcomes throughout play (see Fig. 1).
The resulting task is still a very di�cult game, which requires one to be

extremely focused. So we gave the player huge monetary incentives to play
well. Each trial, 1 CHF can be earned at a blue location (2 CHF at a red one),
and there are on average 500 trials per play. Before the start of the game, the
player knows she will receive the accumulated earnings minus a �xed price �
we ensured that every single subject understood the call nature of the payo�.6

Therefore, before starting the game, our subjects knew that they would earn
a lot if they could accumulate a lot of rewards during the game, and that they
would get back home with nothing but the show-up fee of 5 CHF in the case
they would underperform during the game.
Well-structured. The Boardgame is Markovian (more on this below), which

means that for each location, the generated outcome at a trial depends on
the outcome probability at this trial, which in turn depends on the outcome
probability at the previous trial through the jump process. Besides, the nature
of the changes in the probabilities is very speci�c: a jump at a location means
two of its outcome probabilities swap. Jump detection is thus possible, as the
structure of the game is transparent to the player.
Transparent. The player can intuitively understand the hierarchical struc-

ture of the task, because she knows that the probabilities are governed by the
jump process. She is aware of the meaning of the two colors, of the nature
of the changes (the swap feature), and of the presence of the three types of
location (in terms of their level of unpredictability) for each color. However,
the player is not told the absolute levels of the two jump intensities, neither
those of the entropies. Besides, among the three locations of the same color,
she does not know which is the very predictable one, which is the median one,
and which is the unpredictable one. The goal was to balance non-triviality of
the task and su�cient transparency. To judge to what extent such a target
was reached, the reader should think like an actual player and attempt to go
through the game rules as actually presented in the experiment (see Fig. 2

6However, we deliberately refrained from telling the subjects the amount of the �xed price,
because the knowledge of the �xed price would possibly in�uence their choices during
the game � and we did not want to have to model such in�uences.
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and Fig. 3).7

We thus posited our subjects to be capable of playing e�ectively � at least,
not randomly � in the face of this complex and compelling game. What does
it mean for a subject to �play e�ectively�? We had two candidates in mind.
The �rst decision plan is the one of a probabilistically sophisticated Bayesian
player; the second, the one of an unsophisticated player, called reinforcement
learner, who uses a simple win-stay lose-move heuristic. The present paper
answers the question of whether actual players acted more like Bayesians or
like reinforcement learners. Before presenting the horse race between the two
hypotheses, we have to be explicit about their nature.

Figure 1: User Interface of the Boardgame

7All our subjects were French-speakers. They consulted the French version of the
Boardgame website. See �Experimental Protocol� in the Appendix.
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Please read carefully this section, which explains the rules of the Boardgame.

It will take you about 10 to 15 minutes to read this section, as the Boardgame is quite complicated. Please be

patient.

A play of the boardgame lasts around 30 minutes.

At the beginning, you'll see on the screen a board composed of 6 locations. This board will remain on screen

throughout play. Each location has a number - the symbols 1 through 6 are used. These numbers don't mean

anything; they just serve to distinguish between the six locations on the board.

There are three blue locations and three red locations.

Each round, every location delivers one outcome. There are three possible outcomes: a

blue (resp red) location returns either 1 CHF (resp 2 CHF), or - 1 CHF (resp - 2 CHF), or

0 CHF. That is, three possible scenarios each round: win, lose, no change.

 

At the start of each round, when you've selected one location (see the ``Instructions''

page), you never know for sure whether you're gonna win or lose or get 0 CHF.

 

The chances to be in each scenario differ across the locations.

 

So there may be ``good'' and ``bad'' locations, but at the beginning of the game, you

don't know which ones are good and which ones are bad. It's up to you to discover that.

 

Even though you knew the chances to be in each scenario, you still would not

know for sure the outcome you're gonna receive before you actually see it (it's like

in the Roulette). However, knowing the chances may allow you to anticipate

somehow which outcome you're gonna receive.

 

For instance, if you know that the location you've just selected gives 2 CHF 80%

of the time and -2 CHF the rest of the time, you expect more to receive 2 CHF.

 

Furthermore, knowing the chances of the three scenarios gives you an idea of the

degree of uncertainty/unpredictability of a location.

 

For instance, consider (Fig. 1) a blue location

giving 1 CHF 10% of the time and -1 CHF the rest

of the time - i.e., the probability to win 1 CHF is

0.1, the probability to lose 1 CHF is 0.9, and the

probability to get 0 CHF is 0.

 

This location is very "biased" because the bad scenario is much more likely

than the two others. If asked, you would bet more on the occurrence of the bad

scenario than on the occurrence of the good scenario - which is unlikely. And

you are sure that 0 CHF is not gonna happen.

In that sense, this location is predictable.

 

Now, consider (Fig. 2) instead a blue location

for which the three scenarios are equally likely.

 

This location has maximal uncertainty / unpredictability, in that you cannot

anticipate at all the outcome that such a location is gonna return: everything is

possible - there is no reason why -1 CHF should happen more rather than +1

CHF or 0 CHF.

 

The locations are more or less biased: among the three blue locations, there is

one location that is very biased, another one that is less biased, and the third

one is not biased at all - and hence very unpredictable. As for the three red

locations, you have exactly the same three degrees of

uncertainty/unpredictability.

 

The uncertainty/unpredictability level of each location is fixed throughout.

 

You have to test a given location several times to discover something about its nature.

 

For example, imagine you've decided to visit location 2 (a blue one), which you select ten rounds in a row. It

appears that you've obtained: 1 CHF, 1 CHF, 0 CHF, -1 CHF, 1 CHF, 1 CHF, 1 CHF, 1 CHF, 1 CHF, 1 CHF.

 

If you continue to select location 2 for a while, do you think you will receive 1 CHF more than half of the time,

or less than half of the time?

 

CAVEAT! What makes this game challenging, and hopefully engaging, is that the locations change throughout

play: there are unexpected changes in the chances to be in each scenario, which means that a hitherto-good

location may well suddenly turn into a bad one, and this at any point in time!

 

For example, location 6 (a red one) has appeared to be a good location, delivering 2 CHF 75% of the time,

and never giving -2 CHF. Then, unexpectedly, the location changes: now, 2 CHF never occurs and -2 CHF

occurs 75% of the time!

    

You are not warned in advance when such changes occur.

 When a change occurs for the red color, all the red locations change

at the same time; when a change occurs for blue, all the blue locations

change at the same time. However, the changes concerning the blue

locations and the changes concerning the red ones occur

independently.

We don't tell you how often the blue locations change; same thing for

red.

 However, keep in mind that the red locations are unstable (the blue

ones, stable): changes for red are frequent compared to changes for blue.

 

Also, keep in mind that a change at the red locations may well happen even though you are currently visiting a

blue location, and similarly blue locations may well change while you are visiting a red location.

 

In principle, a change may occur at each round, although it is very unlikely that this will happen.

 

The color of each location is fixed throughout.

 

 

 

 

 

“Boardgame” experiment

Contact: Elise Payzan ( ldmu.manager@epfl.ch )
 

Laboratory of Decision Making under Uncertainty

Figure 2: Rules of the Boardgame
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Also, keep in mind that a change at the red locations may well happen even though you are currently visiting a

blue location, and similarly blue locations may well change while you are visiting a red location.

 

In principle, a change may occur at each round, although it is very unlikely that this will happen.

 

The color of each location is fixed throughout.

 

 

 

 

 

“Boardgame” experiment

Contact: Elise Payzan ( ldmu.manager@epfl.ch )
 

Laboratory of Decision Making under Uncertainty

Figure 3: Rules of the Boardgame (cont'd)
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3 Analysis of the decision problem

If you were a Boardgame player, how would you play? The goal of the player
is to maximize her accumulated earnings. If she knew the expected values
of the locations, at any time she would pick the location with the highest
expected value.8 But these values are not known. At each trial, the player
has to select one location on the basis of her estimates of the values. Optimal
choice thus needs to trade-o� the desire to exploit the location deemed best at
a particular time, and the motive to explore the other ones, to get information
about them. How to solve this trade-o� between exploitation and exploration
in the Boardgame?

3.1 Choice

If the locations were stationary, the player would maximize her cumulative
earnings by selecting the location with the greatest Gittins index (the expected
total future returns at a particular time) (Gittins and Jones, 1974).9 In the
Boardgame however, the locations are nonstationary, hence one has to forgo
the Gittins index.
We formalized the exploitation/exploration trade-o� as follows. Assume

that the player uses a stationary stochastic policy π. Let Q(l, T ) denote the
estimated value of location l after the T th trial. π is a function from the
vector Q to the probability vector P π = (P π(l), l = 1, . . . , 6), under the con-
straint that

∑6
l=1 P

π(l) = 1. To solve the trade-o� between exploitation and
exploration, we suggest maximizing w.r.t P π the following criterion from in-
formation theory :

6∑
l=1

Q(l, T ) P π(l, T )− 1

β

6∑
l=1

P π(l, T ) lnP π(l, T ).

This criterion function weights the merits of exploitation against those of ex-
ploration: exploitation maximizes the estimated expected reward (the �rst
term), whereas exploration is captured by the randomness (entropy) of P π

(the second term). The inverse of β captures the �willingness to explore� of
the player, as the larger β, the smaller the weight of exploration (equivalently,
the larger the weight of exploitation). We assume heterogeneity between sub-
jects: β is subject-speci�c. The solution of the maximization of this criterion
under the constraint that

∑6
l=1 P

π(l, T ) = 1 is the logit rule, whereby the logit
speci�cation has a cognitive foundation here, aside from latent randomness.10

8Without loss, we assume risk-neutrality. Had risk-aversion/risk-loving entered our models,
this would not have changed the result of our horse race between the Bayesian model(s)
and the Reinforcement Learning model.

9This is true provided the player discounts exponentially the value of each reward over an
in�nite horizon of play.

10Usually, the usage of the logit rule to model stochastic choice is just part of the estimation
of the utility models (McFadden, 1974). In the present study, β is a fudge factor as usual,
but it also has a cognitive interpretation.
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Logit decision rule.

∀l = 1, . . . , 6 P π(l, T ) =
exp (βQ(l, T ))

6∑
l′=1

exp (βQ(l′, T ))

,

where Q(l, T ) denotes the estimated value of location l after the T th trial.

To examine to what extent the choice of the logit rule drove the result
of the horse race, we also compared the predictions of the di�erent models
when choice was modeled with a purely greedy rule (β tends to ∞ in the
criterion above), and also when choice was modeled with this purely greedy
rule augmented with annealing (�xed noise is added, so that the resulting
rule generates experimentation independent of valuation). It appeared that i)
the �ts were best with the logit rule,11 and ii) the ranking of the models was
invariant with the usage of a particular choice rule (more on this in the Results
Section). Therefore, the di�erence in the �ts came from the way the subjects
processed information during the game.

3.2 Learning

We conjectured two types of learners, one fully-rational, and one bounded-
rational.
Fully-rational players are sophisticated both in the way they set their beliefs,

and in the way they update them. Firstly, they are probabilistically sophisti-
cated (Machina and Schmeidler, 1992). This means their subjective probabil-
ity of a state does not depend on the outcome they get in that state. They
thus follow Savage principle and won't fall victim to a Dutch Book or, in the
language of �nance, they won't provide an arbitrage opportunity. Secondly,
fully-rational players update their beliefs optimally. This means they can learn
the six outcome probabilities through the most e�cient information-processing
method, Bayes rule.
It is likely that a less rational model using sets of priors � see, e.g., Gilboa and

Schmeidler (1989), Ghirardato and Marinacci (2002), Epstein and Schneider
(2003), Klibano� et al. � instead of probabilistic beliefs would outperform
our model. We by no means suggest our Bayesian model being the absolute
truth. Our goal was to study whether people's behavior was close to being
optimal in our task, and we precisely exploited the fact that our Bayesian
formulation is behaviorally false � in the sense that it entails extreme levels of
sophistication. Indeed, would our sophisticated model outperform the bounded
rationality alternative, this would strongly suggest that our subjects were close
to learning optimally during the game. However, would we �nd the reverse
(i.e., the bounded rationality hypothesis to be more plausible), we would do the
horse race again, this time between a multiple-priors model, which assumes a
lesser degree of sophistication, and our reinforcement learning model. That is,

11The �t of each model was better under the logit rule, even after penalizing the latter for
having one additional degree of freedom (β is a free parameter in the estimation).
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we would suppress the hypothesis of probabilistic sophistication, while keeping
the second chief aspect of rationality, which relates to the way people update
their beliefs.
In our complicated task, Bayesian updating falls into two categories. The

�rst, the Hierarchical Bayes model � henceforth, HB model � is the optimal
learning protocol. It uses the Markovian structure of the game (more on this
below) to learn all the unknown parameters, outcome and jump probabilities.
The second, called the Forgetting Bayes model � henceforth FB model � can
accommodate its learning rate to the strength of evidence in favor of a jump at
each trial. As such, it is tractable and excellent at learning outcome probability.
Contrary to the HB model, the FB model does not make any assumption
about the nature of the jumps.12 As such, the FB model describes rational
updating when one cannot reasonably process all available information on how
parameters vary.13 In our complicated task, it is thus an excellent method of
probabilistic learning, very close to the optimal HB approach.
In contrast to the fully-rational (HB or FB) players, bounded-rational play-

ers try to predict the absolute occurrence of incoming outcomes, rather than
their probability. That is, such players merely backward-forecast next out-
come. We call such learning by adaptive expectations �reinforcement learn-
ing,� to point to its solid cognitive foundations (more on this below).14 To-
gether with the logit decision rule, reinforcement learning entails a win-stay
lose-switch heuristic, also referred to as Matching Law � see, e.g., Herrnstein
(1970) and Du�y (2006). It prescribes that the locations that yielded good
outcomes in the past should be visited more often in the future.
We are now more explicit about the nature of Bayesian updating in our

task, then contrast it with the reinforcement learning approach. We start with
the normative model of learning in the Boardgame, the Hierarchical Bayes
method.

4 Competing models of learning in the

Boardgame

4.1 Hierarchical Bayes model

4.1.1 Hidden Markov model of the environment

HB players have in mind the true Markovian structure of the game, so they
can track outcome probability without having to store the entire history of

12The FB model employs a forgetting operator as an alternative for the proper transition-
probability operator.

13Before each experimental play, we checked in the lab through an MCQ questionnaire
that the subjects had well understood the stochastic structure of the game � the nature
of the jump processes, the di�erent nature of the three locations for each color, etc.
Nevertheless, it could be, arguably, that the subjects could not make use of all these
sources of information during the game.

14Our use of the label �reinforcement learning� is also to stress that the forecasted values
derived from the non-Bayesian heuristic are not probabilistic � i.e., they are not proper
�expectations.�
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estimated probabilities and outcomes. To clarify what it means for the task
to be Markovian, we need some notation. Each location l = 1 . . . 6 can be
characterized as follows.

• Let Θ denote the �3-simplex.�15 pl t = (pl 1 t, pl 2 t, pl 3 t) ∈ Θ is the prob-
ability vector (triplet) for location l at time t. Each location l is multi-
nomial r̃lt ∼ Multi(pl t). There are three possible outcomes: for l blue,
rl1 = −1 CHF, rl2 = 0 CHF, rl3 = 1 CHF; for l red, rl1 = −2 CHF, rl2
= 0 CHF, rl3 = 2 CHF. To infer the hidden two-dimensional16 probabil-
ity parameter, it is thus unnecessary to explicitly consider states of the
remote past, because the outcome returned at time t is independent of
past outcomes, and depends only on the current probability triplet plt.

• The transition from pl t to pl t+1 is controlled by a Bernoulli jump pro-
cess. There are two independent jump processes, one for the red loca-
tions, J̃red ∼ Bern(αred), and one for the blue ones, J̃blue ∼ Bern(αblue).
Jred t is equal to 1 when a jump occurred for red at time t (in which case
all the red locations change at time t), and 0 otherwise. Jblue t is equal
to 1 when a jump occurred for blue at time t (in which case all the blue
locations change at time t), and 0 otherwise. While the values of αred

and αblue are unknown, it is known that αred > αblue. The prior distribu-
tion of αred, denoted by f0(αred), is the uniform distribution within the
interval [1/5, 1/2]; the one of αblue, f0(αblue), the uniform distribution
within the interval [0, 1/5].17

• The evolution of the probabilities is as follows. Assume without loss
that l is a red location.18 The changeability of the probability vector is
represented by the transition probability distribution Pl(plt|plt−1). Let
δplt−1

denote point mass at plt−1. For the moment, take for granted
P0t(plt|plt−1), the probability distribution at location l after a jump at
time t, given plt−1. Note that

Pl(plt|plt−1, αred, Jred t) = δplt−1
(plt)

unless Jred t = 1, in which case

Pl(plt|plt−1, αred, Jred t) = P0t(plt|plt−1).

Further note that P (Jred t = 1) = αred and P (Jred t = 0) = 1 − αred. So,
the transition distribution of the probability is

Pl(plt|plt−1, αred) = (1− αred)δplt−1
(plt) + αredP0t(plt|plt−1).

At any location, P01 is the uniform distribution on Θ; for t strictly greater
than 1, P0t(plt|plt−1) is a uniform distribution that is centered around a triplet,

15Θ =

{
p | pi ≥ 0, i = 1 . . . 3,

3∑
i=1

pi = 1

}
.

16p1 + p2 + p3 is equal to 1, so knowing two components is tantamount to knowing p.
17We should write fred and fblue to refer to the respective distributions (since they di�er).

For notational convenience we don't.
18In what follows, for l blue, replace αred by αblue and Jred by Jblue .
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perm(plt−1), which represents all the possible new triplets after plt−1 has
jumped. The formal de�nition of P0t(plt|plt−1) is delegated to the Appendix,
because it is rather involved. Here we give a heuristic de�nition, based on
one example. Suppose that plt−1 is (0.8, 0.2, 0). What does it mean for plt−1

to jump? By design, it means that its �rst component swaps either with the
middle one, or with the third one.19 So starting from (0.8, 0.2, 0), the possible
permuted triplets are

(0.2, 0.8, 0), (0, 0.8, 0.2), (0.2, 0, 0.8), (0, 0.2, 0.8).
perm((0.8, 0.2, 0)), the average permuted triplet, is

1/4(0.2, 0.8, 0) + 1/4(0, 0.8, 0.2) + 1/4(0.2, 0, 0.8) + 1/4(0, 0.2, 0.8).

So perm((0.8, 0.2, 0)) = (0.1, 0.45, 0.45) and P0t(plt|(0.8, 0.2, 0)) is a two-
dimensional uniform distribution that is centered around the �rst two20 com-
ponents of (0.1,0.45,0.45):

U ( [0.1− 0.1; 0.1 + 0.1]× [0.45− 0.1; 0.45 + 0.1] ) .

Fig. 4 provides a diagram of the Markovian structure of the game.

    Figure 4: Diagram of the underlying structure of the Boardgame, for
a red location (left) and for a blue location (right).

19These are the only admissible swaps, be design. The other ones would not constitute
relevant jumps because the experienced outcomes after such jumps are essentially the
same as before the jump. To see this, consider in the foregoing example a jump leading to
a swap between probability 0.2 and probability 0, whereby the new underlying probability
for location l is (0.8, 0, 0.2). When sampling several times in a raw location l just after
such a jump, it still appears that on average, the bad scenario crops up almost all the
time and that the two other ones almost never obtain, exactly as before the jump.

20Since p1 + p2 + p3 is equal to 1, once two components are speci�ed the remaining one is
known.
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As we show now, the Markovian structure of the task allows to learn both
outcome and jump probabilities. We break the solution process into steps to
suggest how it works in a relatively transparent way. Full derivation of the
solution, along with proofs, are in the Appendix.

4.1.2 Algorithm

Let δrli denote point mass at rli. Time t observation is the count vector clt =
(clit, i = 1 . . . 3), where clit = δrli(rlit). clT denotes the data for location l at
time T :
clT = (clt, t ∈ ∆l(T )), with ∆l(T ) = { t| l is visited at time t , t ≤ T}.
For any location l, the likelihood function at trial T is, using the Markov

structure of the environment:

l(clT|plT
) =

∏
t∈∆l(T )

3∏
i=1

pclitlit = exp

 3∑
i=1

∑
t∈∆l(T )

clit ln plit

 . (1)

Goal At any time T and for each location l, the goal is to compute the value
Q(l, T ), which in a Bayesian framework is the expected outcome at the Tth
trial. As such, the posterior probability distribution PlT (plT) � with which
to get the posterior mean of plT � needs to be computed. The �rst step is
to compute the posterior distribution of the jump parameter αred,

21 denoted
fT (αred) ≡ P (αred|clT).

Posterior distribution of the jump parameter For expositional clarity,
throughout in this part we will skip the index l that refers to a speci�c lo-
cation, although the learning process is location-speci�c. So PT (pT), cT and
α stand for PlT (plT), clT, and αred,

22 respectively, with cT = (c1, c2, . . . , cT).
At time T , the posterior distribution of the jump parameter is, by de�nition,

fT (α) =

∫
Θ

P (pT, JT = 1, α|cT) dpT +

∫
Θ

P (pT, JT = 0, α|cT) dpT. (2)

The calculation of the joint likelihoods P (pT, JT = 1, α|cT) and P (pT, JT =
0, α|cT) involves multidimensional integrals. We used the Markovian struc-
ture of the task to derive a relatively tractable recursive form, with which to
compute the posterior probability of the jump parameter at each trial:

fT (α) = fT−1(α)

∫
Θ

l(cT|pT)P (pT|cT−1, α) [αP0T (pT|pT−1
∗) + (1− α)] dpT,

where pT−1
∗ is the mode of the posterior probability distribution PT−1. See

the Appendix for a proof. After deriving a tractable recursive equation on

21αblue if l is blue.
22 αblue if l is blue.
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P (pT|cT−1, α) (details are given in the Appendix), we used a three-dimensional
meshgrid to assess fT (α) as a Riemann sum with steps of 0.01 on each coordi-
nate p1, p2, and α.

Posterior probability distribution Armed with the posterior distribution of
the jump parameter, the HB learner can infer the posterior probability distri-
bution. Marginalization over all the possible values of the jump parameter23

generates the posterior distribution of pT , the hidden probability parameter:

PT (pT) =

∫ 1

0

P (pT|cT, α) fT (α) dα.

We used the aforementioned three-dimensional grid to compute PT (pT) as a
Riemann sum with steps of 0.01 on the coordinate α.

Posterior mean probability The HB player then estimates the probability
by computing the mean of PT (pT):

p̄T =

∫
Θ

pTPT (pT) dpT. (3)

We used a two-dimensional grid to assess the integral in Equation (3) as a
Riemann sum with steps of 0.01 on every single coordinate p1 and p2.

4.1.3 Learning by the HB model

Learning of the probabilities We did simulations to test the quality of
learning by the HB algorithm. Each simulation was of 500 trials in length.
The underlying stochastic structure was identical to that in the experimental
sessions.24 We compared the learned outcome probability (see Equation (3),
p. 17) with the true outcome probability. We �rst ignored the decision aspect
and studied the learning of the probabilities by the HB algorithm, when the
player was forced to stay at the same location throughout the game. In Fig.
5 (p. 18), the top graph (bottom graph) shows the estimated probability of
the loss outcome25 at the minimal-entropy blue (red) location for each trial in
one simulation. These graphs suggest that the HB algorithm is very good at
learning the underlying outcome probabilities � convergence of the estimated
probability to the true probability is quick. Nonetheless, it appears on the
bottom graph that the FB player did not have su�cient time to fully learn the
probability at the red location, which jumped very often.

23An alternative route is to derive from fT (α) the posterior mean of α (denoted ᾱ), from
which the posterior probability distribution is obtained as PT (pT) = P (pT|cT−1, ᾱ). As
pointed to in MacKay (2003), marginalization over all the possible values of α leads to
more robust estimates.

24The low entropy level is 0.3, the median one, 0.65, and the high one, 1.1; jump frequency
is 1/16 at the blue locations, 1/4 at the red locations.

25The counterparts of Fig. 5 for the probabilities to be in the two other states (win and no
change) are similar.
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The top graph of Fig. 6 (p. 19) shows the probability of the reward out-
come26 at the minimal-entropy blue location, as estimated by the HB model.
The bottom graph is the counterpart for the minimal-entropy red location.
Remember that the HB model is a HB player who, at each trial, learns the
underlying probabilities of the locations through the HB algorithm, then feeds
the expected values into the logit rule, to select one location. The β coe�cient
of our simulated HB player is the average maximum likelihood estimate we
got from the subjects (more on this in the next Section). On this graph, the
estimated probability is stable and converges well at the blue location. By con-
trast, it is erratic at the red location, which re�ects the high jump frequency
there.
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Figure 5: The top (bottom) graph shows the learning by a simulated
player of the probability of the loss outcome at the minimal-
entropy blue (red) location. The player was forced to stay
at this location throughout the game. He learnt the proba-
bilities using the HB algorithm at each trial.

26The counterparts of Fig. 6 for the probabilities to be in the two other states (lose and no
change) are similar.
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Figure 6: Learning by the HB model of the reward probability at the
minimal-entropy blue location (top graph) and at the low
entropy red location (bottom graph), at each trial of one
simulated play.
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Learning of the jumps We further studied how well the HB model learns
the jump intensities. At time T , the estimated jump frequency is

ᾱT =

∫ 1

0

αfT (α) dα.

Fig. 7 shows the jump frequencies (for red locations and blue locations) as
estimated by the HB model at each trial in one simulation. The jump frequency
estimates appear to be inconsistent.27 An explanation of such inconsistency is
that a Bayesian may not want to learn the truth in the Boardgame, owing to
the aforementioned trade-o� between exploitation and exploration. Rothschild
(1974) showed that even in a stationary multi-armed bandit problem, optimal
behavior leads to incomplete learning. In our nonstationary multi-armed ban-
dit task, it may be even more so that a full learning is uncalled for. From this
perspective, it could be, arguably, that learning explicitly the two jump inten-
sities merely adds an extra layer of complication. We now present a method
that allows one to estimate outcome probability rationally � as the HB algo-
rithm does � while avoiding to learn a full posterior probability distribution of
the jump intensities.

4.2 Forgetting Bayes Learning

Now to the presentation of the FB approach. A statistical justi�cation of its
usage, as well as formal derivations of all the forms we introduce below, are
in the Appendix. Here we sketch the FB method heuristically, and try to
explain intuitively how the ensuing FB algorithm works. Our goal is twofold.
Firstly, we show that FB players fully account for the jumps. Like HB players,
FB players learn the nonstationary outcome probabilities, They solve the same
changepoint problem di�erently. While HB players learn the distribution of the
two jump frequencies, FB players do not. They detect jumps �on the spot,� and
such jump detection drives their learning rate at each point in time. Secondly,
we want to stress that the FB algorithm is tractable and particularly well
adapted to our highly nonstationary task.

4.2.1 Updating rule

The FB algorithm is a natural sampling scheme under Dirichlet prior. Re-
member that FB players are probabilistically sophisticated � like HB players.
We take their prior probability distribution, denoted by P0,

28 to be Dirichlet
with center p̂0 and precision ν0 = (ν0, ν0, ν0):

27On the bottom graph of Fig. 7, which shows the estimated jump frequency for the red
locations, fT (αred) does not tend to 1 for every neighborhood of the true value of αred

(1/4), even after 400 trials. The counterpart for the blue locations (top graph) hints at
a possible (slow) convergence to the true value of αblue though.

28Pl0, the prior probability distribution at location l, is the same for all the locations, so
Pl0 ≡ P0.
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Figure 7: Learning by the HB model of αblue (top) and αred (bottom),
at each trial of one simulation.
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P0 (p) =

[∏3
i=1 Γ(ν0p̂i0)

Γ(ν0)

]−1 3∏
i=1

pi
(ν0p̂i0−1) δΘ(p), (4)

with p = (p1, p2, p3)
′
,

Γ(ν0p̂i0) =

∫
Θ

xν0p̂i0−1 e−x dx.

The center p̂0 is the base measure: p̂0 = EDir(p̂0,ν0) [p]. We formalized absence
of prior knowledge related to outcome probability by setting p̂i0 = 1/3, for i =
1 . . . 3. The precision parameter ν0 controls the extent to which the probability
mass is localized around the center p̂0. We set it equal to (1, 1, 1). Intuitively,
ν0p̂i0 is tantamount to the �prior observation counts� for outcome i, thereby
measuring (in units of i.i.d samples) the weight of the prior in the inference.
The FB method accounts for the occurrence of jumps in the probabilities,

albeit it avoids learning explicitly the two jump frequency parameters. Specif-
ically, at any point in time T , FB learners ask themselves whether a jump has
just occurred. Using the available evidence in favor of a jump, they set their
subjective probability that a jump has not occurred, and then accommodate
the sample size to the strength of this belief, that we denote λ(T ). The formal
computation of λ(T ) is in the Appendix. If a FB player is strongly convinced
that a jump has occurred (λ(T ) close to 0), he restarts estimation from the
prior P0 i.e., forgets most information gathered from previous observations.
Conversely, if he is strongly convinced that no jump occurred (λ(T ) close to
1), he keeps the latest posterior probability distribution (PPD) of outcome
probability, and updates it, using Bayes rule, after observing the new outcome
obtained at time T . Mixed evidence in favor of a jump (λ(T ) lies somewhere
between 0 and 1) leads to some degree of discounting of the past data, whereby
the ensuing PPD is a geometric mean between the latest PPD and the prior
P0.
The return to the prior, after a jump has been detected, may seem like an

ine�cient way to process information: after a location has jumped, should not
FB players retain in memory what they have learnt about the entropy, since
the latter is known to be �xed? Contrary to the HB model, the FB model
ignores the entropy dimension. As we show below, the FB model is capable
of learning the nonstationary probabilities very well precisely because it does
not try to �do too much� and merely focuses on jump detection. The return
to the prior is stabilizing and helps learning outcome probability in the face of
the numerous jumps.
For large T , at any location l, the PPD of the unknown triplet at time T is

well approximated by
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plT ∼ Dir(p̂lT, νlT),

p̂i l T =
1

νlT

[
ν0 p̂i 0 +Nλ

l(T )�cli(T)�
]
,

νlT = ν0 +Nλ
l(T ),

where �cli(T)� =

∑
t∈∆l(T )

(
T∏
s=t

λ(s)

)
clit

Nλ
l(T )

,

Nλ
l(T ) =

∑
t∈∆l(T )

T∏
s=t

λ(s).

The computation of the PPD is readily obtained, because �cli(T)� is a suf-
�cient statistic for p̂i l T . A statistic is Bayes su�cient if, for any prior, the
posterior distribution only depends on the data through it. In other words,
FB players only have to keep track of �cli(T)� . Then, as the previous expres-
sion suggests, they take Nλ

l(T ), the e�ective number of data, to be the weight
given to the su�cient statistic in the inference. We derived recursive forms
(see the Appendix for a proof), whereby �cli(T)� � and hence, the PPD � is
readily computed at each trial through the following updating rule:

�cli(T)� = �cli(T-1)� (1− ηl(T )) + ηl(T )cliT ,

where the learning rate ηl(T ), formally de�ned as the inverse of Nλ
l(T ), is

computed recursively too:

ηl(T ) =
1

1 + λ(T )
ηl(T−1)

.

The forgetting mechanism is at the heart of the inference of the PPD. Such
forgetting e�ect is twofold. First, as a location l is not visited, Nλ

l(T ) decreases
(equivalently, ηl(T ) increases). So, in the inference of the probability for this
location, more weight is put on the prior and less on the likelihood. This
is to account for the possibility that jumps occurred since the last visit at
the location. Second, after a jump has been detected (λ is minimal), the
e�ective number of data drops sharply (equivalently, the learning rate soars),
so that estimation restarts from the prior. These two e�ects are apparent in
Fig. 8, which shows the e�ective number of data in the inference of outcome
probability at the minimal-entropy red location, at each of the �rst 100 trials
of one simulation with the FB model. From trial 19 to trial 27, the increase
of the sample size is concave. In a stationary environment, the increase would
be linear. This concavity is caused by the fact that the belief that a jump
has just occurred is rarely null, whereby the FB algorithm is going to discount
somehow the past data at each trial. Now consider the subinterval from trial 53
to trial 83: the e�ective sample size, starting from a value of �ve observations,
is quickly reduced to zero as the location is not visited any more. To see how
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jump detection drives the e�ective sample size, consider trial 27 on Fig. 8,
p. 24. The drop of the e�ective sample size is not caused by the FB player's
selecting a di�erent location after trial 27,29 but to λ(27)'s being minimal: the
FB player detected a jump at trial 27. Accounting for the jumps is thus the
essence of probabilistic learning by the FB algorithm.
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Figure 8: E�ective sample size in the inference of outcome probability
of the minimal-entropy red location, at each one of 100 trials
during one simulated play (500 trials) by the FB model.
Crosses at the bottom indicate that the low entropy red
location was visited at the corresponding trials.

29Indeed, the cross at trial 27 indicates that the location under study is visited at trial 27.
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4.2.2 Estimated probability

As the HB learner, the FB learner derives from the PPD the estimated outcome
probability, from which he directly gets Q(l, T ), the expected value of location
l at trial T (for l = 1 . . . 6). The estimated outcome probability is

p̄l i T =
Nλ

l(T )�cli(T)� + 1/3

Nλ
l(T ) + 1

. (5)

See the Appendix for a proof.

4.2.3 Learning performance of the FB algorithm

As in the study of the HB model, we performed simulations of 500 trials in
length to compare the learned outcome probability (see Equation (5), p. 25)
with the true probability.
Fig. 9 shows the learned probability of the loss outcome by a simulated

FB player who was forced to stay at the same location (the minimal-entropy
location) throughout the game. The learned outcome probability converges
to the true value at the blue location (on the top graph, see, e.g., the value
of the learned probability for the �rst 100 trials, and from trial 275 to trial
350). Convergence is also observed at the red location (on the bottom graph
consider, e.g., the period from trial 90 till trial 120, approximately) despite
its large jump frequency. Such probabilistic learning is facilitated because our
FB algorithm focuses on jump detection. The quality of jump detection is
apparent. For instance, note the quick and accurate adjustment to a jump in
probability at about time 90 and time 350 in the top graph.
Fig. 10 shows the learning of the probability of the reward outcome by the

FB model. As in the simulated data with the HB model, the value of β (the
free parameter of the logit rule) is the maximum likelihood estimate we got
from the subjects (more on this in the next Section). Convergence to the true
value 0.9 is often observed, even at the red location (see, e.g., the estimated
probabilities at times 80, 200 and 350 in the bottom graph). Notice that
convergence to low probabilities (0; 0.1) never obtains: when the location is
�bad� (which is what the low probabilities mean), the FB algorithm leaves it,
learning stops, and beliefs return to the prior [1/3, 1/3, 1/3]. Such a return to
the prior, which re�ects the forgetting e�ect (see, e.g., around trial 120 on the
top graph, around trial 360 on the bottom graph), helps stabilize the learning
of outcome probability.30

It thus appears in these simulated data that the FB model is very good at
learning outcome probability. As hinted above, one important characteristic

30We also tested an augmented FB model. The latter is a FB model that learns the entropies
explicitly, whereby it does not return to the uninformative prior P0 after a jump has been
detected at a location. Rather, it returns to a prior having the estimated level of entropy
of the location. The quality of learning of this model was not better. On the contrary,
it appeared to be less stable than the FB model. (This may be due the fact that if
the estimated entropies are far from their true level, one would better return to the
uninformative prior P0.)
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of the FB model is that it processes information rationally (i.e., according to
Bayes rule), while deliberately avoiding to process all available information.
We suggest such a selective use of the available information being particularly
adaptive in our complicated task, where a full learning may not be optimal,
as already noted, with reference to Rothschild (1974). Therefore, while some
may argue that after all, the FB model is a heuristic �in between� the sophis-
ticated HB model and the crude RL model, we argue the opposite. The FB
model falls into the full-rationality hypothesis, because our view on rational-
ity has to do with how people process the information they consider using �
whence the suggested dichotomy between Bayesian learning vs reinforcement
learning. However, we are agnostic about the optimal way to select the rel-
evant information in a complicated task like ours. However, the high quality
of probabilistic learning by the FB model suggests that the FB model does
this selection optimally. We now present the alternative way to learn in the
Boardgame, through simple reinforcement learning.
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Figure 9: The top (bottom) graph shows the learning by a simu-
lated FB player of the probability of the loss outcome at
the minimal-entropy blue (red) location at each trial. The
player was forced to stay at this location throughout play.
He learnt the probabilities using the FB algorithm.
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Figure 10: Learning by the FB model of the probability of the reward
outcome at the minimal-entropy blue location (top graph)
and at the minimal-entropy red location (bottom graph),
at each trial of one simulated play.

4.3 Reinforcement Learning

4.3.1 The RL model

For each location l = 1, . . . , 6, from an initial value denoted Q(l, 0) (that we
set equal to 0), the RL model updates at each trial T the six estimated values
according to an error-correction principle:

• If l is sampled at trial T,
Q(l, T + 1) = Q(l, T ) + ηblue δ(T ) if l is blue,

Q(l, T + 1) = Q(l, T ) + ηred δ(T ) if l is red,
(6)

where δ(T ) = rlT −Q(l, T ) is the prediction error in trial T.

28



• If l is not visited at trial T, then Q(l,T+1)= Q(l,T).

Note that ηblue drives the rate of learning at the blue locations; ηred, at the
red ones. These parameters are exogenous.

4.3.2 Why use this heuristic?

The rule belongs to the class of Temporal Di�erence models (Sutton and Barto,
1998), where learning is driven by the prediction error. Prior work in decision
neuroscience has shown that such a prediction error is instantiated in neural
mechanisms, such as the �ring of dopaminergic neurons (Schultz et al., 1997).
It appears that reinforcement learning characterizes reward learning in various
contexts, in monkeys, rats, and humans. Humans are sophisticated creatures
that may use optimal Bayesian learning in some conditions. But reinforcement
learning is pervasive in humans too. So, we took the RL model to be the most
plausible de�nition of �bounded rationality� in the Boardgame.
Our RL model is not the only candidate within the reinforcement learning

class though. In particular, a variant of the RL model with a single learning
rate would have provided a more parsimonious account of the data. It appeared
that the RL model �tted the data better than the simple version.31

One may still be skeptical about our usage of the RL model to compete with
the Bayesian hypothesis. The RL model may be judged as excessively unso-
phisticated, as RL players seem to be insensitive to the realized volatility32 in
their environment. We could have conjectured a lesser degree of unsophistica-
tion. In the Boardgame, the most sophisticated form of reinforcement learning
accommodates the speed of learning to the realized volatility of the locations,
whereby the learning rate is higher when the location is experienced as more
volatile. A simple modi�cation of the RL model produces this feature. Instead
of having the two exogenous learning rates ηblue and ηred, compute the learning
rate at each trial, and for each location, as the (scaled) level of �surprise� (the
absolute value of the prediction error last time the location was sampled).33

This sophisticated version of reinforcement learning appeared not to �t the
data well compared to the RL model.34 So, in the horse race between the
fully-rational and bounded-rational models, we believed the RL model to be
the most credible competitor of the Bayesian model (HB or FB).

31This is after penalizing the RL model for one additional degree of freedom. The results
are available upon request.

32We use the term �realized volatility� here � rather than �jumps� � because for a reinforce-
ment learner, there are no such things as jumps. Remember that reinforcement learners
ignore the underlying causes behind observables.

33In the machine learning literature, this model is called the Pearce-Hall model (Pearce and
Hall, 1980).

34The results are available upon request.
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5 Model comparison

We assessed the comparative �ts of the three models by exploiting data series
of 500 trials in average length,35 from each of 62 subjects (all students at the
EPFL, in Lausanne).

5.1 Method

We compared players' choice with predictions made by the competing models.
The idea is as follows. Anthropomorphize each model and think of it as a
back-seat driver (a �he�) commenting on the choices of the player (a �she�) at
every single trial. The back-seat driver, armed with the actual sequence of
decisions of the player and her outcomes, develops his own estimates of the
values of the di�erent locations, and makes �recommendations� (predictions)
for subsequent choices. To measure to what extent these recommendations
match actual choice, we used the likelihood of actual choice under each model.
Speci�cally, for each one of the 62 subjects, we �tted the free parameters of
the models36 to the subject's choice data by maximizing the log-likelihood of
observed choice compounded over trials:

LL =
Tmax∑
t=1

lnP π(lt∗, t),

where lt∗ is the location that is actually chosen by the player at trial t, and
Tmax is the length of the time series.
Note that the approach is subject-speci�c here. For completeness, in the

reference to the learning literature, we also �tted behavior on the basis of �xed
parameters. This was not necessary in our case because unlike in, e.g., Camerer
and Ho (1999), samples per subject are reasonably large. The �xed-parameter
regression maximizes the likelihood of observed choices across subjects s and
trials t:

LL�xed =
62∑
s=1

Ts∑
t=1

lnP π(lst∗, t),

where lst∗ is the location that is actually chosen by player s at trial t, and Ts
is the length of the time series for player s.
The Nelder�Mead simplex algorithm was used to optimize the parameter

�ts. To investigate the robustness of our results, we alternatively used a genetic
algorithm to ensure that we avoided local minima.37 The results that we got
with the genetic algorithm are fully consistent with the ones from the Nelder-

35The Boardgame is self-paced. Each trial, players have at most 5 seconds to choose their
next location, and move to it thereafter. Hence reaction time varies between subjects
and the number of trials goes from 450 to 600, with an average of about 500.

36In the HB and FB models, there is only one free parameter, β. The RL model adds two
parameters: the learning rates ηblue and ηred.

37Simulated annealing has the same advantage, but a genetic algorithm maintains a pool
of solutions rather than just one, and new candidate solutions are generated not only by
mutation but also by combination of two solutions from the pool.
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Mead simplex search method.38

Before doing the horse race between the models, we checked that the predic-
tions of the RL model were su�ciently de-correlated from those of the Bayesian
models. For otherwise, the model comparison would have little meaning if any.
Having six possible actions rather than simply two helped achieve a reasonably
high de-correlation between the predictions of the competing models. Indeed,
the larger the choice set, the more likely that the models disagree.39 Also,
as explained earlier, we set up the stochastic structure of the game so that
jump detection is facilitated in our task. This was important not only to make
the game engaging, but also to have the competing models predict di�erent
courses of action. Indeed, because accounting for the jumps worked reason-
ably well � with the HB or FB method � the Bayesian models often moved
to a new location after a jump. The RL model was less reactive, because its
two learning rates are exogenous.40 We setup a test which con�rmed that the
competing models predicted di�erent courses of action. See the Appendix for
the presentation and results of this test.

5.2 Results

5.2.1 Estimation results

We compared the HB, FB, and RL models in terms of their ability to explain
the courses of action we recorded from our subjects. Table 1 compares the neg-
ative log likelihoods based on �xed-parameter estimation. It reveals behavior
to be �t best by the HB model, followed by the FB model. The RL model is
worst. To compare the models at the individual subject level, we plotted, for

Table 1: Model �ts (negative log likelihood−LL) to about 32000 choices, based
on �xed parameter estimation

Model number parameters - LLfixed
HB model 1 35407
FB model 1 39178
RL model 3 43079

each subject, the HB model's negative log likelihood against the RL model's
negative log likelihood (see Fig. 11, top graph), and similarly we plotted, for
each subject, the FB model's negative log likelihood against the RL model's
negative log likelihood (Fig. 11, bottom graph). When an observation is below
the 45 degree line, the Bayesian model �ts better than the RL model. Overall,
the HB model �ts better in 89% of the cases (subjects), while the FB model
beats the RL model in 81% of the cases.

38The results obtained with the genetic algorithm are available upon request.
39Another advantage of having 6 locations rather than 2 is that it is harder to be accurate

for any model � �guessings� (the policy that randomly chooses one location among the
six possible ones at each trial) leads to only 16.6% of correct predictions on average,
against 50% when there are only two possible choices.

40Another reason is that under the RL algorithm, the estimated Q-values of the locations
that are not currently visited are �frozen� at their most recent value, which is likely to
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Figure 11: Comparative �ts of the HB and RL models (top graph),
and of the FB and RL models (bottom graph), based on the
negative log likelihood criterion. Each data point corresponds
to one subject (500 samples on average per subject). The Bayesian
model �ts better when the data point is below the 45 degree line.
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So, the Bayesian models comfortably outperformed the RL model with a
pure negative log likelihood criterion, even though they have no free parameter
for the inference model (whereas the RL model has two). In principle, the RL
model should be penalized for these additional degrees of freedom. So we also
evaluated the models on the basis of Bayesian model comparison techniques,
that report negative log likelihood penalized for additional degrees of freedom,
and the superiority of the Bayesian models is strengthened. Details of this
method and the results are provided in the Appendix.
Finally, note that the HB model outperformed the FB model for 75% of the

subjects (for spaces reasons, we do not show the corresponding graph), which is
congruent with the result we got from the �xed-parameter estimation. As such,
subjects' choices re�ected optimal learning in the Boardgame. It is doubtful
that subjects did so consciously; rather, we expect them to learn intuitively.
Bayesian learning may indeed be happening at a low level, as is the case with
sensory processing, known to be best explained by sophisticated algorithms,
such as Bayesian integration of auditory and visual processes (Shams et al.,
2005). Such processes are subconscious.
It is unlikely that the relative �ts of the models were driven by our assum-

ing the logit rule to model choice. For we found the variability of the �tted
inverse temperature parameter β to be of the same order of magnitude across
the models,41 indicating that the logit model generated equal fudge factor ef-
fect. Further, the ranking of the three models was con�rmed when using a
deterministic predictor of choice, as we show now.

5.2.2 Prediction accuracy

We switched-o� any source of randomness coming from the choice rule, and
did the horse race again. Instead of using the logit rule, we took our subjects
to be purely greedy. The �HB algorithm� refers to a back-seat driver behaving
as a purely greedy HB learner; the �FB algorithm,� to a back-seat driver be-
having as a purely greedy FB learner; and the �RL algorithm,� to a back-seat
driver behaving as a purely greedy reinforcement learner. We compared these
three back-seat drivers in terms of their ability to mimic our subjects' choices.
Speci�cally, for each subject, at every single trial of play, we examined whether
the choice prescribed by each algorithm was the one that the subject made.
We looked at the percentage of trials for which the prediction matched the
actual choice. The predictive performance of an algorithm in predicting the
subject's course of action relates to this percentage. We assessed the perfor-
mance of each algorithm for each one of the 62 subjects, whereby we derived
the cross-subject distribution of the predictive performance of each algorithm.
Fig. 12 displays the distribution of the performance of each algorithm in the
form of a box-and-whisker plot. Boxes represent the interquartile range (25th
to 75th percentile), and whiskers indicate the 5th and 95th percentiles. Crosses
beyond the whiskers are outliers; note that the HB algorithm has one outlier,

be bad � unless exploration is high.
41The coe�cient of variation of the �tted β is 0.29 in the HB model, 0.26 in the FB model,

and 0.47 in the RL model.
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for which the predictive performance is only 10%. The notch in each box rep-
resents con�dence interval about the median (the horizontal line at the middle
of the notch). It appears that the median performance of both Bayesian al-
gorithms is signi�cantly higher than the one of the RL algorithm.42 The HB
and FB algorithms thus beat the RL algorithm.
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Figure 12: Box-and-whisker plots representing the distributions of the
performance of the HB, FB, and RL algorithms, across the
62 subjects. The performance of an algorithm relates to
the percentage of trials in which it predicted actual choice
during a play. Boxes represent the interquartile range (25th to
75th percentile), and whiskers indicate the 5th and 95th percentiles;
crosses beyond the whiskers are outliers. The notch in each box rep-
resents con�dence interval about the median, represented by hor-
izontal line at the middle of the notch. The width of a notch is
computed so that box plots whose notches do not overlap have dif-
ferent medians at the 5% signi�cance level. The di�erence between
the medians of the HB (FB) algorithm and the RL algorithm is
14% (6%). Since the notches in the box plot do not overlap, we
conclude, with 95% con�dence, that the true medians do di�er in
each case.

42We also performed a chi-square test that con�rmed the distribution of the performance
of both HB and FB to di�er signi�cantly from the one of RL (p < 0.001). These data
are available upon request.
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Further, Fig. 13 shows that the FB algorithm has �rst-order stochastic
dominance (henceforth FOSD) over the RL algorithm: for any percent level
of correct predictions x, the probability of observing a percentage of correct
predictions equal to or better than x is higher with FB than with RL. The HB
algorithm has �almost-FOSD� over the RL algorithm: it does not have FOSD
over the RL algorithm because of the outlier mentioned before (for which the
prediction accuracy was only 10%), but once this single outlier is excluded,
HB outperforms RL according to the FOSD criterion.
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Figure 13: First-order stochastic dominance (FOSD) of the Bayesian
algorithms over the RL algorithm. The performance level (per-
centage of correct predictions) is on the x-axis, and the cumulative
frequency of these performance levels is on the y-axis. The cumula-
tive frequency of x is the frequency with which performance levels
worse than x were obtained. Note that the FB curve is always be-
low the RL curve, which means the FB algorithm has FOSD over
the RL algorithm.
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5.2.3 Interpretation of our result

To an extent, our result is strong evidence in favor of the full-rationality hy-
pothesis. Our Bayesian models are much more complex (in Kolmogorov's
sense) than the simple RL model, as it is much easier to write a computer pro-
gram that simulates a RL learner, compared to a computer program that simu-
lates HB or FB. The more complex an explanation, the more detailed/speci�c,
so the more evidence you need to �nd it in the space of all possible expla-
nations. We thus expect the simple (general) RL description to �t our ob-
servations exactly as well as it would �t other behavioral data. In contrast,
the Bayesian formulation describes all the aspects of learning in full detail.
Under this complex formulation, the chance of falsifying our claim that people
are apt at processing information rationally in our task is higher. Hence, the
superiority of the complex explanation over the more general one makes the
full-rationality hypothesis much more credible than the bounded-rationality
one.
We wrap up this section with two cautionary notes. Firstly, we have not

shown that the Bayesian models are reasonable in a stand-alone sense. We
do not claim their absolute veracity. In particular, it is unlikely that peo-
ple are that sophisticated in the way they set their beliefs. We simply did
a horse race between two theories. Our objective was to examine whether
our subjects processed information rationally in our task. Our �nding that
even our extremely sophisticated Bayesian model comfortably outperformed
the bounded-rational model gives some credit to the idea that subjects did
process information rationally.43

Secondly, the implicit assumption behind this horse race is that choices are
relatively consistent across the trials of play. If choices were changing continu-
ally during play, it would not make sense to say that a given player �acted more
like a Bayesian� or �acted more like a reinforcement learner.� It could be, ar-
guably, that people change their learning style over time. Prior work suggests
that within-subjects, there is variability in the nature of updating during a
same session � see, e.g., Charness and Levin (2005) and M.Kuhnen and Knut-
son. These studies point to ine�cient deviations from Bayesian updating, these
deviations being caused by strong a�ective states. However, such departures
from Bayesian learning may be an optimal thing to do at times. Intuitively, a
Bayesian player who feels very unsure about her probability estimates at some
point during the game, may switch to reinforcement learning. This points to
a competition between the two competing learning methods (Bayesian learn-
ing vs reinforcement learning). This idea that people may forego the usage of
the optimal Bayesian method when they don't trust their estimates has been
formalized in the computational neuroscience literature (Daw et al., 2006b).

43We found consistent evidence in favor of the Bayesian hypothesis in the debrie�ng ques-
tionnaires. After play, we asked our subjects to do an entropy-based ranking of the loca-
tions (e.g., �Can you tell which one of the blue locations was the most unpredictable? The
most predictable? �). The majority of the subjects was surprisingly good at ranking the
three locations. Remarkably, they were capable of dissociating even the median-entropy
and minimal-entropy locations, albeit these two were not that di�erent (the minimal-
entropy location was very biased when generating outcomes, the median-one was biased
too, but to a lesser extent). We believe that such an accuracy re�ects sophisticated play.
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6 Conclusion

The Bayesian hypothesis thus appeared to be the best predictor of actual be-
havior in the Boardgame. This �nding indicates that people may be capable
of processing information rationally in the face of extremely complex environ-
ments, such as modern �nancial markets.
Bayesian updating is di�cult in the Boardgame. Viewed from the bounded

rationality paradigm, our �nding is puzzling. Some may allege that Boardgame
players cannot and do not even attempt to learn outcome probabilities, and are
reinforcement learners instead. In fact, in our very di�cult decision problem,
the normative rule did appear to be a much better prediction. This �nd-
ing contrasts with experimental studies of choice in simple situations such as
three-round alternating-o�er bargaining over a shrinking pie (Johnson et al.,
2002), which show extreme lack of sophistication in decision making (lack of
backward induction). Sophisticated thinking thus appears when it is computa-
tionally complex, as in our Boardgame, and does not emerge when it is simple.
This fact may prompt a reevaluation of the scope of the bounded rational-
ity paradigm. One may conjecture that backward induction in the context of
one-shot bargaining has low relevance (after all, is not the hallmark of social
interactions their repetition?). In contrast, our sampling task, albeit very dif-
�cult, is natural. Our brain may thus be well adapted to implement the most
e�cient learning protocol available. This may explain why people appear to
be sophisticated in our task.
Our �nding may also surprise one because it points to a positive role of

emotions in Bayesian learning. Given the complexity of our task, we had to
render it compelling. So, we gave huge monetary incentives to the players, and
emotions were reportedly strong during our subjects' play.44 In the light of
prior work, one could expect the strong a�ect induced by the game to hinder
Bayesian learning in it� see Charness and Levin (2005) and M.Kuhnen and
Knutson. Our �nding that our subjects acted more like Bayesians suggests
that in some cases, the key point may be to integrate emotions properly, not
to neutralize them.45

44The majority of our subjects reported the game to be �stressful� in the debrie�ng ques-
tionnaire after play.

45The idea that emotions play a chief role in learning is supported by prior studies in neu-
roeconomics. For instance, amygdala, the �fear center� of the brain, has been associated
with ambiguity (Hsu et al., 2005). Such a fear signal may embody the need to start
learning, whereby it is critical for Bayesian learning. Likewise, hormones such as cortisol
have been shown to in�uence the behavior of professional traders (Coates and Herbert,
2008), presumably causing risk signals in limbic structures such as the insula, which in
turn may cause the heart-beat and other bodily signals with which humans signal risk
to themselves (Lo and Repin, 2002).
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7 Appendix

De�nition of the conditional probability distribution after

a jump in the HB model

P0t(plt|plt−1) denotes the time t distribution at location l after a jump, condi-
tional on plt−1. This distribution is centered on a triplet, perm(plt−1), which
represents the "swaps" between the probability components:

perm(plt−1) = (perm1(plt−1), perm2(plt−1), 1− perm1(plt−1)− perm2(plt−1)) .

perm(plt−1) is obtained from a simple permutation function f .
Let preordered l t−1 = (pmax l t−1, pmid l t−1, pmin l t−1). f is de�ned as follows:

perm(plt−1) ≡ f(preordered l t−1) =

1/4(pmin l t−1, pmid l t−1, pmax l t−1) +

1/4(pmid l t−1, pmin l t−1, pmax l t−1) +

1/4(pmin l t−1, pmax l t−1, pmid l t−1) +

1/4(pmid l t−1, pmax l t−1, pmin l t−1).

The distribution after a jump conditional on plt−1 is the uniform distribution

U ( [perm1(plt−1)− 0.1; perm1(plt−1) + 0.1]

×[perm2(plt−1)− 0.1; perm2(plt−1) + 0.1] ) .

Derivation of the posterior distribution of the jump

parameter in the HB algorithm

At time T , the posterior distribution on the jump parameter is

fT (α) =

∫
Θ

P (pT, JT = 1, α|cT) dpT +

∫
Θ

P (pT, JT = 0, α|cT) dpT, (7)

so we need to calculate the joint likelihoods P (pT, JT = 1, α|cT) and P (pT, JT =
0, α|cT). Take �rst P (pT, JT = 1, α|cT), an untractable multidimensional in-
tegral:

P (pT, JT = 1, α|cT) ∝∑
JT−1

∑
JT−2

· · ·
∫

Θ

· · ·
∫

Θ

P (pT, JT = 1, (p
T−1

, JT−1, α, cT) dp
T−1

.

The Markovian structure of the game � both the probabilities and the jumps
are independent over time � permits us to reduce the dimensionality of the
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problem to a (still complicated) multidimensional integral over all the possible
T − 1 probabilities:

P (pT, JT = 1, α|cT) ∝∑
JT−1

∫
Θ

P (pT−1, JT−1, α|cT−1)l(cT|pT)

× P (pT|pT−1, JT = 1)P (JT = 1|α) dpT−1.

The joint likelihood is proportional to∑
JT−1

∫
Θ

P (pT−1, JT−1, α|cT−1)l(cT|pT)P (pT|pT−1, JT = 1)P (JT = 1|α) dpT−1.

Proof. To assess P (pT, JT = 1, α|cT), �rst note that it is proportional to
P (pT, JT = 1, α, cT):

P (pT, JT = 1, α, cT) =

∑
JT−1

∑
JT−2

· · ·
∫

Θ

· · ·
∫

Θ

P (pT, JT = 1, p
T−1

, JT−1, α, cT) dp
T−1

,

Using the Markov property, consider

P (pT, JT = 1, α, p
T−1

, JT−1, cT) =[
T∏
t=1

l(ct|pt)P (pt|pt−1, Jt)P (Jt|α)

]
α0(α)P0(p0).

Develop the previous expression to get

P (pT, JT = 1, α, cT) =∑
JT−1

∑
JT−2

. . .

∫
Θ

. . .

∫
Θ

T−1∏
t=1

l(ct|pt)P (pt|pt−1, Jt)P (Jt|α)α0(α)P0(p0)

×P (pT|pT−1, JT = 1)l(cT|pT)P (JT = 1|α) dp
T−1

.

The ensuing form gives the result:

P (pT, JT = 1, α|cT) ∝∑
JT−1

∫
Θ

P (pT−1, JT−1, α|cT−1)l(cT|pT)P (pT|pT−1, JT = 1)P (JT = 1|α) dpT−1.

To have a more tractable expression, suppose that HB learners do not
marginalize over all the possible T − 1 probabilities, but only consider pT−1

∗,
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their most preferred hypothesis at trial T −1 in that it is (one of) the mode(s)
of the posterior:46

pT−1
∗ = arg max

pT−1∈kT−1

PT−1(pT−1),

where kT−1 denotes the set of admissible triplets pT−1 of the contour.47

This leads to the following simpli�ed expression for P (pT, JT = 1, α|cT):

P (pT, JT = 1, α|cT) ∝

∑
JT−1

P (pT−1
∗, JT−1, α|cT−1)l(cT|pT)P (pT|pT−1

∗, JT = 1)P (JT = 1|α).

Using the fact that JT ∼ Bern(α), so that P (JT = 1|α) = α, we have

P (pT, JT = 1, α|cT) ∝
P (pT−1

∗, JT−1 = 0, α|cT−1)l(cT|pT)P (pT|pT−1
∗, JT = 1)α

+P (pT−1
∗, JT−1 = 1, α|cT−1)l(cT|pT)P (pT|pT−1

∗, JT = 1)α,

where

P (pT−1
∗, JT−1 = 0, α|cT−1) = (1− α)P (pT−1

∗|JT−1 = 0, α, cT−1) fT−1(α),

P (pT−1
∗, JT−1 = 1, α|cT−1) = αP (pT−1

∗|JT−1 = 1, α, cT−1) fT−1(α),

and P (pT|pT−1
∗, JT = 1) = P0T (pT|pT−1

∗).

The implication is

P (pT, JT = 1, α|cT) ∝

α
[
(1− α)P (pT−1

∗|JT−1 = 0, α, cT−1)l(cT|pT)P0T (pT|pT−1
∗)

+ αP (pT−1
∗|JT−1 = 1, α, cT−1)l(cT|pT)P0T (pT|pT−1

∗)
]

×fT−1(α).

Simple rewriting leads to

P (pT, JT = 1, α|cT) ∝

46Such approximation is usual practice in the machine learning literature; see, e.g., Yu and
Dayan (2005).

47The contour here refers to the set of triplets with an entropy level equal to that of the
generic location.
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α l(cT|pT)

×
[
(1− α)P (pT−1

∗|JT−1 = 0, α, cT−1) + αP (pT−1
∗|JT−1 = 1, α, cT−1)

]︸ ︷︷ ︸
∗

×P0T (pT|pT−1
∗) fT−1(α).

We proceeded in an analogous way to calculate P (pT, JT = 0, α|cT). Since
P (pT|pT−1, JT = 0) = δpT−1

(pT) = 1 if pT = pT−1 and 0 otherwise, the
expression for the joint probability P (pT, JT = 0, α|cT) boils down to

P (pT, JT = 0, α|cT) ∝

(1− α)l(cT|pT)

×
[
(1− α)P (pT−1

∗|JT−1 = 0, α, cT−1) + αP (pT−1
∗|JT−1 = 1, α, cT−1)

]︸ ︷︷ ︸
∗

×fT−1(α).

Now Identify ∗ as P (pT|cT−1, α) and revert to Equation (7) (p. 38) to get
the main result:

fT (α) = fT−1(α)

∫
Θ

l(cT|pT)P (pT|cT−1, α) [αP0T (pT|pT−1
∗) + (1− α)] dpT.

Derivation of a recursive equation for P (pT|cT−1, α) in the

HB model

Starting from

P (pT|cT−1, α) = P (pT, JT−1 = 1|cT−1, α)+P (pT, JT−1 = 0|cT−1, α),

use Bayes law to derive the following recursive equation:

P (pT|cT−1, α) ∝

αP0T−1(pT|pT−2
∗) l(cT−1|pT) + (1− α)P (pT|cT−2, α) l(cT−1|pT) .

Derivation of the posterior probability distribution in the

FB model

Because it will help the reader to proceed incrementally, we will start by ig-
noring the jumps (�Benchmark�). Then discounting will be introduced with
the jumps. In the �nal part of this section (�Metalearning�), we will explain
what the appropriate discounting rate is.
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7.0.4 Benchmark

The prior probability distribution, denoted by P0,
48 is Dirichlet with center p̂0

and precision ν0 = (ν0, ν0, ν0):

P0 (p) =

[∏3
i=1 Γ(ν0p̂i0)

Γ(ν0)

]−1 3∏
i=1

pi
(ν0p̂i0−1) δΘ(p), (8)

with p = (p1, p2, p3)
′
,

Γ(ν0p̂i0) =

∫
Θ

xν0p̂i0−1 e−x dx.

The center p̂0 is the base measure: p̂0 = EDir(p̂0,ν0) [p]. Absence of prior
knowledge related to outcome probability is formalized by p̂i0 = 1/3, for i =
1 . . . 3. The precision parameter ν0 controls the extent to which the probability
mass is localized around the center p̂0. We set it equal to (1, 1, 1). Intuitively,
ν0p̂i0 is tantamount to the �prior observation counts� for outcome i, thereby
measuring (in units of i.i.d samples) the weight of the prior in the inference.
If outcome probability is �xed, it has long been known that starting from

P0, the posterior probability distribution is also Dirichlet:49

pl T ∼ Dir(p̂lT, νlT), (9)

p̂i l T =
1

νTl

[ν0 p̂i 0 + Tl <cli>(T)] , (10)

νlT = ν0 + Tl, (11)

where Tl denotes the cardinal of ∆l(T )50 and <cli>(T) =
1
Tl

∑
t∈∆l(T )

clit.
51

7.0.5 Natural sampling in the context of jumps

For nonstationary sampling, the inference is more complicated. We used a
stabilized forgetting technique (Quinn and Kárný, 2007) for the learning of the
nonstationary outcome probability. At each trial the algorithm applies the
usual Bayes operator �rst and a stabilized forgetting operator thereafter. By
�usual Bayes operator� at time T � denoted by BT , we mean the operator
transforming a given prior into the likelihood times this prior:

∀pT, BT P (pT) ∝ l(CT|pT)P (pT).

48Pl0, the prior probability distribution at location l, is the same for all the locations, so
Pl0 ≡ P0.

49This closure of the prior for multinomial sampling characterizes the exponential family
of models with hidden variables (Sato, 2001), of which the Dirichlet distribution is a
member.

50Remember that ∆l(T ) = { t| l is visited at time t , t ≤ T}.
51As such, <cli>(T) is the empirical distribution corresponding to the unknown probability

pi l.
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We will turn now to the de�nition of the forgetting operator.

The forgetting operator The forgetting operator is a substitute for the
transition-probability operator P (pl t+1|plT) when a complete model of pa-
rameter changes is not available. To de�ne things we need some notation. Let
Pl T+1/T denote the prediction of outcome probability at time T + 1 when at
time T . Pl T+1/T is also the prior on outcome probability at time T + 1. Take
Pl T/T = Pl (pT|clT) to be the posterior probability distribution at trial T :

Pl T/T ∝ BT Pl T/T−1,

where Pl T/T−1 is the prior at time T . Viewed from time T , Pl T/T is the best
guess about the unknown outcome probability, based on available evidence at
time T .
Let us now introduce the forgetting operator, which we will denote FT .

What FT does is to derive the prediction Pl T+1/T from the posterior probability
distribution Pl T/T , by assessing the likelihood of a jump between T − 1 and T .
Speci�cally:

• After a jump, the prediction should not be Pl T/T but another reference
probability distribution P ∗l T+1/T , which describes available knowledge of

plT+1 based on prior information and information contained in clT (this
is the minimal guaranteed information about the future value plT+1).
Here P ∗l T+1/T = P0, where P0 is de�ned by Equation (8), p. 42. To
take Pl T+1/T equal to the reference prior means to restart the parameter
estimation by forgetting all information gathered from previous obser-
vations. This is optimal after a jump (at which point past data brings
little information about the current probability parameter). Notice that,
by re-starting from P0, our decision maker ignores crucial structural in-
formation, namely, that entropies are not equal across locations. Alter-
native assumptions did not improve the behavioral �t, however. One
may conjecture that there are trade-o�s between accurate jump detec-
tion and entropy learning: successful entropy estimation makes it harder
to identify jumps and vice versa.

• Conversely, in absence of a jump, one should carry over the latest pos-
terior probability distribution Pl T/T .

Thus, either plT+1 ∼ Pl T/T , or plT+1 ∼ P0.
Had jump detection been perfect, at any time either the reference or the

latest posterior probability distribution would be considered. FT mixes both
kinds of information, thereby representing uncertainty about the occurrence
of a jump:

Pl T+1/T = FT (Pl T/T , P0).

Speci�cally, FT derives Pl T+1/T as a geometric mean value between P0 and
Pl T/T ; we will explain the nature of this mean now. Let λ(T )52 denote the

52λ(T ) stands for λ(T )
blue

if the location that is visited at T is blue, and for λ(T )
red

if it is
red.
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subjective probability that no jump occurred at time T . Formally, λ(T ) =
P (JlT = 0 |clT). λ(T ) equals to 0 means certainty about the occurrence of
a jump at time T ; conversely, λ(T ) equals to 1 means certainty about non-
occurrence. A value of the subjective probability between 0 and 1 formalizes
belief uncertainty related to jump occurrence. See the next subsection for a
formal calculation of the value of λ(T ).
FT is solution of the following Bayes risk minimization program:

min
P∈Υ

{
λ(T ) KL(P, Pl T/T ) + (1− λ(T )) KL(P, P0)

}
,

where Υ denotes the probability space on Θ andKL(., .) stands for theKullback-
Leibler divergence measure. So the criterion can be rewritten

λ(T )

∫
Θ

P (p) ln
P (p)

Pl T/T (p)
dp + (1− λ(T ))

∫
Θ

P (p) ln
P (p)

P0(p)
dp . (12)

Note that the Kullback-Leibler divergence used in the criterion is notKL(Pl T/T , P )
� the one that would be used in a usual Bayes risk minimization program, but
KL(P, Pl T/T ). We used such �reverse KL� because under the assumption that
the product between Pl T/T and P0 is not 0 everywhere,

Pl T+1/T = FT (Pl T/T , P0) = arg min
P∈Υ

{ (12)} =
(
Pl T/T

)λ(T )
(P0)1−λ(T ).

Thus, FT is the geometric mean between the latest posterior probability dis-
tribution and the reference prior. Had we used the usual Bayes risk decision
criterion, we would have ended up with the arithmetic mean. The sense of these
two minimization programs is strictly equivalent, but the geometric mean is
more tractable, in the following sense.

Lemma. FT is closed for Dirichlet probability distributions Pl T/T and P0.
Thus, Pl T+1/T is Dirichlet.

Proof. Getting back to probability distribution function (p.d.f) of a Dirichlet
de�ned by (8), we write explicitly the p.d.f Pl T+1/T (p):

Pl T+1/T (p) =

 3∏
i=1

Γ
( (

(1− λ)ν0 + λνT/T
) (

1
(1−λ)ν0+λνT/T

(
(1− λ)p̂0 + λp̂l T/T

)))
Γ(ν0)

−1

×
3∏
i=1

pi

(
(1− λ)ν0p̂0i + λνT/T p̂T/T i − 1

)
δΘ(p).

Developing the previous expression and regrouping leads to the desired form:

plT+1/T ∼ Dir(p̂lT+1/T, νT+1/T),
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with


p̂lT+1/T = 1

νT+1/T

(
(1− λ) ν0p̂0 + λ νT/T p̂lT/T

)
,

νT+1/T = (1− λ)ν0 + λνT/T .

(13)

With a weighted sum of two Dirichlet distributions, Lemma 7.0.5 does not
hold, whereby the �reverse KL� is critical to make Pl T+1/T conjugate.

Updating of the probabilities Equipped with Lemma 7.0.5, we will now
state the main result: the Dirichlet measure is also closed for the sequential
use of the two operators (Bayes operator and forgetting operator). In other
terms, the space of the nonstationary posterior probability distributions is
conjugate under the sequence of i.i.d sampling and stabilized forgetting.

Proposition. For large T , at any location l, the posterior probability of the
unknown triplet at time T is well approximated by

plT ∼ Dir(p̂lT, νlT),

p̂i l T =
1

νlT

[
ν0 p̂i 0 +Nλ

l(T )�cli(T)�
]
,

νlT = ν0 +Nλ
l(T ),

where �cli(T)� =

∑
t∈∆l(T )

(
T∏
s=t

λ(s)

)
clit

Nλ
l(T )

,

Nλ
l(T ) =

∑
t∈∆l(T )

T∏
s=t

λ(s).

Proof. For expositional clarity we provide a proof for λ(T ) equals to λ at each
trial T . The principle of the proof is exactly the same under time-dependent
λ(T). Besides, to simplify and without loss, assume that the location is visited
at each trial from t = 1 up to t = T included (so that Tl = T ).
Consider Equation (13), p. 45, and note that Pl T/T−1 = FT−1(PlT−1/T−1, P0).

This leads to

p̂lT/T−1 =
1

νlT/T−1

[
(1− λ)ν0p̂0 + λνT−1/T−1p̂lT−1/T−1

]
.

On the other hand, using (9), p. 42,

νlT−1/T−1p̂lT−1/T−1 = νlT−1/T−2p̂lT−1/T−2 + clT−1,

so p̂lT/T−1 =
1

νlT/T−1

[
(1− λ)ν0p̂0 + λ(νlT−1/T−2p̂lT−1/T−2 + clT−1)

]
.

Proceeding recursively, apply the two operators successively: �rst the for-
getting operator to replace νlT−1/T−2p̂lT−1/T−2, then the Bayes operator, and
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so on:

p̂lT/T−1 =
1

νlT/T−1

[
(1− λ)ν0p̂0 + λ

(
νlT−2/T−2p̂lT−2/T−2 + clT−1

)]

=
1

νlT/T−1

[
(1− λ)ν0p̂0 + λ

(
(1− λ)ν0p̂0 + λνlT−1/T−2p̂lT−1/T−2 + clT−1

)]
(Using (13), p. 45)

=
1

νlT/T−1

[(1− λ)ν0p̂0+

λ
(
(1− λ)ν0p̂0 + λ

(
νlT−2/T−3p̂lT−2/T−3 + clT−2

)
+ clT−1

)]
(Using (9), p. 42)

...

=
1

νlT/T−1

[
(1− λ)ν0p̂0 + λ(1− λ)ν0p̂0 + λ2(1− λ)ν0p̂0 + . . .

+λT−2(1− λ)ν0p̂0 + λT−1ν1/0p̂l1/0 + λclT−1 + λ2clT−2 + . . .+ λT−1cl1

]
.

Apply the forgetting operator again: ν1/0p̂l1/0 = [(1− λ)ν0p̂0 + λν0p̂0] =
ν0p̂0. Since limT→∞ λ

Tν0p̂0 = 0, we have that

p̂lT/T−1 u
1

νlT/T−1

[
(1− λ)

T−2∑
k=0

λkν0p̂0 +
T−1∑
t=1

λT−tclt

]
.

We also know that

lim
T→∞

(1− λ)
T−2∑
k=0

λk = 1.

Combining the two leads to

lim
T→∞

p̂lT/T−1 =
1

νlT/T−1

[
ν0p̂0 +

T−1∑
t=1

λT−tclt

]
.

So for T large enough, a valid approximation of νlT/T−1p̂lT/T−1 is

[
ν0p̂0 +

T−1∑
t=1

λT−tclt

]
,

which implies that
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p̂lT/T−1 u 1

νlT/T−1

[
ν0p̂0 +

T−1∑
t=1

λT−tclt

]
,

νlT/T−1 = ν0 +
T−1∑
t=1

λT−t.

Applying the Bayes operator one more time, at trial T , leads to

p̂lT/T =
1

νlT/T

[
νT/T−1p̂lT/T−1 + clT

]
.

Replace for the expression of p̂lT/T−1, then conclude:

p̂lT/T u
1

νlT/T

[
ν0p̂0 +

T∑
t=1

λT−tclt

]
,

νlT/T = ν0 +
T∑
t=1

λT−t.

In the presentation of the model, p̂lT stands for p̂lT/T, to simplify notations.

From the Proposition, we can derive equivalent formulations in terms of
recursions, as follows.

Corollary. Consider ηl(T ) =

 ∑
t∈∆l(T )

(
T∏
s=t

λ(s)

)−1

. For T = sup ∆l(T ),

�cli(T)� = �cli(T-1)� (1− ηl(T )) + ηl(T )cliT .

Further,

ηl(T ) =
1

1 + λ(T )
ηl(T−1)

.

Equivalently,
Nλ

l(T ) = 1 + λ(T )Nλ(T − 1).

Proof. To simplify notation, the proof is done for a constant λ(T ), denoted by
λ. Note that the proof is exactly the same under a time-dependent parameter.
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Starting from

�cli(T)� = ηl(T )
T∑
k=1

λT−kclik with ηl(T ) =

[
T∑
k=1

λT−k

]−1

= ηl(T − 1)

[
λ
T−1∑
k=1

λT−1−kclik + cliT

]
ηl(T )

ηl(T − 1)

= λ

[
ηl(T − 1)

T−1∑
k=1

λT−1−kclik

]
ηl(T )

ηl(T − 1)
+ ηl(T )cliT ,

we derive

�cli(T)� = λ�cli(T-1)�
ηl(T )

ηl(T − 1)
+ ηl(T )cliT . (14)

On the other hand we have

ηl(T − 1)−1 =

[
T−1∑
k=1

λT−1−k

]

=

[
T∑
k=1

λT−k − 1

]
1

λ

=
[
ηl(T )−1 − 1

] 1

λ
,

so the �rst implication is

ηl(T ) =
1
λ

ηl(T−1)+1

.

Exploiting the previous equality, rewrite (14) as

�cli(T)� = �cli(T-1)�(1− ηl(T )) + ηl(T )cliT .

For T 6= sup ∆l(T ), we set

�cli(T)� = �cli(T-1)�,

ηl(T ) =
ηl(T − 1)

λ(T )
,

Nλ
l(T ) = λ(T )Nλ

l(T − 1).
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Computation of λ(T ) in the FB model

λ(T ) =
1

1 +
AC

B

, with
AC

B
=

p̂i∗0(νlT−1 + 1)

νlT−1p̂i∗lT−1 + 1
.

Proof. λ(T ) is de�ned as

λ(T ) = P (JT = 0 |clT).

Let Pl T (plT)(JT = 0) and Pl T (plT)(JT = 1) denote the posterior probability
distribution after No jump and after Jump, respectively. We take the prior
probability that a jump occurred to be 1/2. This leads to

P (JT = 0|clT) =

1/2

∫
Θ

l(clT|plT)Pl T (plT)(JT = 0) dplT

1/2

∫
Θ

l(clT|plT)Pl T (plT)(JT = 0) dplT + 1/2

∫
Θ

l(clT|plT)Pl T (plT)(JT = 1) dplT

=
1

1 +

∫
Θ

l(clT|plT)Pl T (plT)(JT = 1) dplT∫
Θ

l(clT|plT)Pl T (plT)(JT = 0) dplT

,

with Pl T (plT)(JT = 1) = P0(plT),

Pl T (plT)(JT = 0) = Pl T/T (plT) =
l(clT|plT)Pl T−1(plT)∫

Θ
l(clT|plT)Pl T−1(plT) dplT

.

Therefore we have that

λ(T ) =
1

1 +
AC

B

, with



A =

∫
Θ

l(clT|plT)P0(plT) dplT,

B =

∫
Θ

l(clT|plT)2Pl T−1(plT) dplT,

C =

∫
Θ

l(clT|plT)Pl T−1(plT) dplT.

Now note the following.

• l(clT|plT) =
3∏
i=1

pcliTliT ;

• the density P0(plT) is known from (8), p 42;
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• the posterior belief Pl T (plT) is

Pl T−1 (p) =

[∏3
i=1 Γ(νl T−1p̂i l T−1)

Γ(νl T−1)

]−1 3∏
i=1

pi
(νl T−1p̂i l T−1−1) δΘ(p),

with p = (p1, p2, p3)
′
, Γ(νl T−1p̂i l T−1) =

∫
Θ

xνl T−1p̂i l T−1e−x dx,

and the value of νl T−1 and p̂i l is given in the Proposition (p. 47).

Develop the expression for A; this gives

A =

∫
Θ

3∏
i=1

pcliTliT

3∏
i=1

pν0p̂i0−1
liT

3∏
i=1

Γ(ν0p̂i0)

Γ(ν0)

dplT.

Then noting that

∫
Θ

3∏
i=1

pcliT +ν0p̂i0−1
liT dplT =

3∏
i=1

Γ(cliT + ν0p̂i0)

Γ(
3∑
i=1

cliT + ν0)

, we can rewrite

A as follows:

A =

Γ(ν0)
3∏
i=1

Γ(cliT + ν0p̂i0)

Γ(
3∑
i=1

cliT︸ ︷︷ ︸
1

+ν0)
3∏
i=1

Γ(ν0p̂i0)

.

Let i∗ refer to the realized component of the count vector at time T − 1.53

We can further simplify the previous expression, using the equality

53For example, suppose that location l delivered the loss outcome at time T − 1; then
clT−1 = (1, 0, 0), and i∗ is equal to 1.
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Γ(x+ 1) = xΓ(x), and the fact that cliT = 0, ∀i 6= i∗,while cli∗T = 1:

A =

Γ(ν0)
3∏
i=1

Γ(cliT + ν0p̂i0)

Γ(1 + ν0)
3∏
i=1

Γ(ν0p̂i0)

=

3∏
i=1

Γ(cliT + ν0p̂i0)

ν0

3∏
i=1

Γ(ν0p̂i0)

.

Hence A =

Γ(1 + ν0p̂i∗0)
∏
i 6=i∗

Γ(ν0p̂i0)Γ(1 + ν0p̂i∗0)

ν0

3∏
i=1

Γ(ν0p̂i0)

=
1

ν0

Γ(1 + ν0p̂i∗0)

Γ(ν0p̂i∗0)

= p̂i∗0.

C is calculated in exactly the same fashion, which gives

C =

Γ(νlT−1)
3∏
i=1

Γ(cliT + νlT−1p̂ilT−1)

Γ(
3∑
i=1

cliT︸ ︷︷ ︸
1

+νlT−1)
3∏
i=1

Γ(νlT−1p̂ilT−1)

= p̂ i∗ l T−1.

The calculation of B is similar:

B =

Γ(νlT−1)
3∏
i=1

Γ(2cliT + νlT−1p̂ilT−1)

Γ(2
3∑
i=1

cliT︸ ︷︷ ︸
1

+νlT−1)
3∏
i=1

Γ(νlT−1p̂ilT−1)

.

Also, Γ(2 + νlT−1) = Γ(1 + (1 + νlT−1)) = (1 + νlT−1)Γ(1 + νlT−1)

= (1 + νlT−1)νlT−1Γ(νlT−1).

And
3∏
i=1

Γ(2cliT + νlT−1 ˆpilT−1) =
∏
i 6=i∗

Γ(νlT−1p̂ilT−1)Γ(2 + νlT−1p̂i∗lT−1).

Therefore B simpli�es to

B =
1

(1 + νlT−1)νlT−1

Γ(2 + νlT−1p̂ilT−1)

Γ(νlT−1p̂i∗lT−1)
.
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So
AC

B
=

p̂i∗0(νlT−1 + 1)

νlT−1pi∗ lT−1 + 1
.

Estimated outcome probability in the FB model

p̄lT =

∫
Θ

plT Pl T (plT) dplT

= EPlT
(plT)

= EDir(p̂lT,νlT)(plT)

= p̂lT

=
Nλ(T )�cl(T)� + ν0 p̂0

Nλ(T ) + ν0

.

Under the speci�cation ν0 = (1, 1, 1) and p̂i 0 = 1/3 ∀i = 1, 2, 3, the expres-
sion provided in the core text then obtains.

Discriminatory power of our design

To test whether the courses of action prescribed by a Bayesian disagreed with
the ones prescribed by a reinforcement learner, we used the purely greedy rule
to generate choice. That is, for each subject, we compared the choice made
by a purely greedy Bayesian learner (referred to as �Bayesian algorithm�) to
the one made by a purely greedy reinforcement learner (referred to as �RL
algorithm�), and this at each trial. If the Bayesian algorithm (HB or FB)
prescribes the same action as the RL algorithm too often, making a horse
race between the two makes little sense. We reasoned that the predictions of
the algorithms would be more correlated than those of the models � because
the logit rule is stochastic, so even though the models perfectly agree in that
they have the same choice probabilities, it is still expected that the choices
they generate di�er. In other words, we wanted the disagreement between the
back-seat drivers to come from learning, not from the latent randomness of
the choice rule (see Section 5.1 for an explanation of the concept of a back-
seat driver). So, each trial, before the real player made her choice, there was
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one choice prediction/recommandation coming from each algorithm. These
trials in which the algorithms selected a di�erent location were classi�ed as
�con�icting� (the algorithms �disagreed�). For each subject, we looked at the
percentage of con�icting trials during her play.54

The top graph in Fig. 14 shows the distribution across subjects of the
fraction of con�icting trials between the HB and RL algorithms. Speci�cally,
this graph shows that Bayesian (HB or FB) learning and reinforcement learning
lead to di�erent choices. Indeed, the HB and RL algorithms often disagreed:
for as many as 50 subjects (out of 62), the percentage of trials where HB and RL
disagreed is at least 40%. Similarly, for 57 subjects (out of 62), the percentage
of trials in which FB and RL disagreed is at least 20%. So, for almost all the
subjects, the HB and RL algorithms disagreed about which location had the
highest value at least 40% of the time; the FB and RL algorithms disagreed
at least 20% of the time.
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Figure 14: The top graph shows the distribution (62 subjects) of the
percentage of trials in which the HB and RL algorithms
disagreed about the location the subject should select next.
The bottom graph shows similar disagreement, this time
between the FB and RL algorithms.

54Remember that the number of trials per play varied between subjects from 450 to 600,
with an average value of 500.
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Bayesian model comparison

Here we report negative log likelihoods penalized for model complexity. The
BIC value of a model is −2 lnLL + d ln(n), where LL stands for the log
likelihood of the model with the �tted parameter(s), d is the number of free
parameters, and n is the sample size. Speci�cally, we looked at the di�erence
between the BIC value of the competing models. Indeed, when the sample size
is large enough, this di�erence is a good approximation of (twice times) the
logarithm of the Bayes factor (Kass and Raftery, 1995), which measures the
relative success of each model at predicting the data (the posterior odds). To
see this, let P (D|HBayes) be the probability of seeing the actual data, under
the hypothesis that the Bayesian model is true. P (D|HRL) is the similar
probability under the hypothesis that the RL model is true. The Bayes factor
is

P (D|HBayes)

P (D|HRL)
=
P (HBayes |D)

P (HRL|D)︸ ︷︷ ︸
posterior odds

∗Pprior(HBayes)

Pprior(HRL)
.

So the Bayes factor is equal to the posterior odds because here the prior prob-
ability for each model is the same.
In Fig. 15 (p. 55) we plotted, for every single subject, the HB model's BIC

against the RL model's BIC (top graph), and similarly we plotted, for each
subject, the FB model's BIC against the RL model's BIC (bottom graph).
When the data are below the 45 degree line, this means that BIC is higher
for the RL model, so the Bayes factor of the Bayesian model against the RL
model is positive � that is, there is positive evidence for the Bayesian model
against the RL model. There is positive evidence for the FB model against
the RL model 81% of the time, and for the HB model against the RL model
89% of the time.
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Figure 15: Comparative BIC criteria for the HB and RL models (top graph),
and for the FB and RL models (bottom graph). Each data point
provides the estimated BIC for one subject (500 trials on average
per subject). When a data point is below the 45 degree line, the
Bayesian model �ts better.
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Experimental protocol

Each experimental session started with 30 minutes of instructions in the lab.
We invited the subjects to read carefully the pages �The Game� and �How
to play� on the Boardgame website (http://decisions.ep�.ch/Boardgame1/) �
login: boardgame; password: brdgmesecure. We ensured that the subjects had
well understood the task by having them �ll an MCQ questionnaire about the
rules of the game before they started playing. They played during 30 minutes.
After play, they �lled a debrie�ng questionnaire that allowed us to understand
how they approached the task.
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