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Abstract

In this work we reconsider Harsanyi�s celebrated (1953, 1955, 1977) utilitarian impartial

observer theorem. Departing from Harsanyi�s individual-centered approach, we argue that,

when societal decisions are at stake, postulates must not be drawn from individualistic

behavior. Rather, they should be based on societal norms. Hence, notions like societal

fairness should explicitly be taken as the guiding principles. Continuing this line of thinking,

we state and prove a utilitarian result that, rather than the independence assumption, is

based on the notion of procedural fairness and on similar treatment of societal and individual

lotteries.



�An axiomatic justi�cation of utilitarianism would have more content to it if it

started o¤ at a place somewhat more distinct from the ultimate destination�Sen

(1976, page 251)

1 Introduction

In this work we reconsider Harsanyi�s celebrated (1953, 1955, 1977) utilitarian impartial

observer theorem. We propose an approach that puts more emphasis on procedural fairness

and o¤er a utilitarian result that does not use the independence assumption.

Harsanyi analyzed a society that needs to choose among alternate social policies, each

of which is a probability distribution (a lottery `) over a given set of social actions, where

the latter associate outcomes with the society�s members. Every social lottery ` induces a

lottery `i on individual i. Individual i�s preferences <i are known and di¤erent individuals
may possess distinct preferences.

To help determine the optimal social policy, Harsanyi suggested that every individual is

endowed with social preferences. Individuals may develop these preferences by adopting the

role of an impartial observer, thus disregarding their true identities and acting behind �a

veil of ignorance�. Therefore, the impartial observer faces not only a lottery ` over social

actions, but also a lottery � over identities. By assumption, the impartial observer is able to

compare situations in which two individuals get two di¤erent outcomes, under two disjoint

social actions.

Harsanyi argued strongly for �Bayesian rationality�. That is, he assumed that all in-

dividuals satisfy the independence assumption of the expected utility theory, both at their

personal and social preference layers. Harsanyi claimed that these �sound�axioms, together

with the so-called acceptance principle (that an impartial observer fully adopts individual

i�s preferences if she imagines becoming that individual for sure), would force the impartial

observer to be a (weighted) utilitarian. More formally, over all extended lotteries (�; `) in

which the identity lotteries and action lotteries are independently distributed, the impartial

observer�s preferences admit the following representation:
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V (�; `) =
X
i2I
�iUi(`i)

where �i is the probability of assuming person i�s identity and Ui(`i) :=
P

x ui(x)`i(x) is

person i�s von Neumann-Morgenstern expected utility.

Like Harsanyi, most authors who derived modi�cations of the utilitarianism result always

assumed the independence axiom. See the works of Weymark (1991), Zhou (1997), Karni

(1998), Dhillon and Mertens (1999), Gilboa, Samet and Schmeidler (2004), Grant, Kajii,

Polak and Safra (2010; henceforth GKPS), Fleurbaey andMongin (2012) and others. Notable

exceptions Blackorby, Donaldson and Mongin (2004) and Mongin and Pivato (2015), who

derived utilitarianism without independence. However, unlike the works mentioned above

(including ours), these authors consider both ex post and ex ante analyses (and thus are able

to employ Gorman�s (1968) separability theorem).

Interestingly, Harsanyi�s entire emphasis on Bayesian rationality was based on an individual-

centered approach. Firstly, he assumed that rational individuals must satisfy the indepen-

dence assumption and secondly, he claimed that society, by its need to be at least as rational

as its individuals, must also satisfy independence (Harsanyi 1975). We disagree with Harsanyi

on this. Instead we argue that when societal decision problems are at stake, postulates must

not be drawn from individualistic behavior. Rather, they should be based on societal norms.

Hence, when social preferences are formed, issues like societal fairness and equity should

explicitly be taken to be the guiding principles.

In this work we focus on procedural fairness. This principle was �rst advocated by

Diamond (1967) and was strongly supported by Sen (e.g., 1977). Its essence can be illustrated

by the following example, which is an adoption of Diamond�s example to the impartial

observer framework. Consider a society that needs to decide on how to allocate an indivisible

good among two individuals, 1 and 2, and action ai denotes allocating it to individual i.

Suppose, as Diamond did, that ui(ai) = 1 for both i, ui(aj) = 0 for i 6= j, and that the

impartial observer evaluations of all four outcomes are identical to those of the relevant

individuals. The impartial observer imagines having equal chance of being either individual

and has two policies at hand: policy (1) allocates the good to individual 1 (that is, chooses

action a1) and policy (2) allocates the good to either individual by tossing a fair coin (that
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is, choose the action lottery 1
2
a1+ 1

2
a2). Clearly, Harsanyi�s utilitarian observer is indi¤erent

between these two policies, as the expected social welfare values are identical. However,

Diamond, and Sen, argued that the impartial observer might prefer policy (2), as it provides

both individuals with a �fair shake�.1 This notion of procedural fairness is expressed in our

work through the notion of convexity over action lotteries: if, given an identity lottery �,

two individuals disagree on the ranking of action lotteries ` and `0, then mixtures of these

lotteries are weakly preferred over the less favorable one. If, as is the case in Diamond�s

example, the impartial observer is indi¤erent between ` and `0, then their mixture is weakly

preferred to both.2

Working in a framework in which the basic building blocks are two di¤erent types of

lotteries, those over identities and those over actions, raises a natural question: should these

separate types be treated similarly? Harsanyi, by applying the independence axiom to all

possible pairs of identity-action lotteries, implicitly assumed that they should. As we agree

with Harsanyi on this, we make this assumption explicit and call it indi¤erence between

identity and action lotteries.3

Despite its innocuous appearance, the conjunction of this assumption with our notion of

procedural fairness turns out to be rather forceful. More precisely, the main result of this

work shows that convexity, indi¤erence between identity and action lotteries and a stronger

notion of acceptance are necessary, and su¢ cient, for utilitarianism.

Since the independence axiom is not assumed here, even not partially, this result is novel

and quite unexpected. Paraphrasing Sen�s quote, we believe that one could hardly �nd an

axiomatic justi�cation of utilitarianism that starts o¤ at a place that is more distinct from

the ultimate destination than ours.

Lastly, our result implies that indi¤erence between identity and action lotteries cannot

hold if societies wish to exhibit strict inclination towards procedural fairness. Therefore, to

accommodate views of authors like Diamond and Sen, the impartial observer must prefer

1A long list of real-life applications supporting Diamond�s fairness consideration is provided by Elster

(1989).
2Unlike Epstein and Segal (1992), we do not assume strict preference becuase, as was agrued by Sen

(1977), mixture is not always superior.
3This assumption is similar to, though weaker than, an assumption made by GKPS (2010).
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action lotteries. We elaborate on this in the concluding section.

This work is organized as follows: Section 2 sets up the framework, Section 3 presents the

assumptions, Section 4 states, and explains, the utilitarian result and section 5 concludes.

Finally, proofs are given in the appendix.

2 Setup and Notation

Let X = [xmin; xmax] � R be a compact interval representing all possible outcomes and let

4(X ) denote the set of outcome lotteries, endowed with the weak convergence topology.

With slight abuse of notation, we will let x denote the degenerate outcome lottery that

assigns probability 1 to outcome x. Let T be a �nite set of potential individual types,

where each type t 2 T is characterized by a preference relation <t de�ned over 4(X ). We
assume throughout that each <t is complete, transitive, continuous (in that the weak upper
and weak lower contour sets are closed in the product topology), its asymmetric part �t
is nonempty and is increasing with respect to �rst-order stochastic-dominance. The set of

individuals under consideration is I = [t2TIt, where It is a denumerable (in�nite) set of

type t individuals. A society I is a �nite subset of I. Note that, even though we allow for

societies in which all individuals are of the same type, these individuals need not be treated

similarly. Also note that our framework departs from Harsanyi�s in that, instead of working

with one �xed �nite society, we consider all societies that are subsets of I.4

A social policy, or an action, associates an outcome with every individual and hence

is represented by a function a : I ! X . The set of all these actions, endowed with the

corresponding product topology, is denoted byA (two extreme actions, amax and amin, de�ned

by amax (i) = xmax and amin (i) = xmin for all i, respectively, will be used in the sequel). Let

4(A) denote the set of simple lotteries (lotteries with �nite support) over actions, with

typical elements denoted by `. With slight abuse of notation, we will let a denote the

degenerate action lottery that assigns probability 1 to action a. A lottery ` 2 4(A) is

sometimes written as ` =
P

a2Supp(`) ` (a) a.

Following Harsanyi, an observer imagines herself behind a veil of ignorance, uncertain

4The need for an in�nite set of individuals is clari�ed in the proof of the theorem.
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about which identity she will assume in the given society.5 Let4(I) denote the set of simple

identity lotteries on I, where typical elements are denoted by � (�i denotes the probability

assigned by the identity lottery � to individual i). These lotteries represent the imaginary

risks in the mind of the observer of being born as someone else. With slight abuse of notation,

we will let i denote the degenerate identity lottery that assigns probability 1 to individual

i. An imaginary lottery � 2 4(I) is sometimes written as � =
P

i2Supp(�) �i i. When

the observer is faced with pairs of identity and action lotteries, it is assumed that they are

independently distributed.

The observer is endowed with a preference relation < de�ned over the space of all product
lotteries4(I)�4(A). We assume throughout that < is complete, transitive, continuous and
that its asymmetric part � is nonempty, so it admits a (nontrivial) continuous representation

V : 4(I)�4(A)! R. That is, for any pair of product lotteries (�; `) and (�0; `0), (�; `) <
(�0; `0) if and only if V (�; `) > V (�0; `0).
A society I is a �nite subset of I. Denote by 4(I) the set of identity lotteries over I.

De�nition 1. Utilitarianism: The observer is a utilitarian if, for every society I � I, her

preferences restricted to 4(I)�4(A) admit a representation of the form

V (�; `) =
X
i2I
�iUi (`i)

where `i 2 4(X ) is the lottery faced by individual i (in which outcome a (i) is assigned a

probability of ` (a)) and, for each individual i, Ui (`i) :=
P

x2X ui (x) `i (x) is an expected

utility (EU) representation of <i.

As is well-known, the main behavioral property that characterizes EU preferences is

independence:

De�nition 2. Independence: Let <� be a preference relation on 4(X ). Then, for all
p; q; r 2 4(X ) and for all � 2 [0; 1],

p <� q ) �p+ (1� �) r <� �q + (1� �) r
5We refrain from using the adjective �impartial�until we make explicit, see Axiom 1 below, what we mean

by it.
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3 Assumptions

We make the following assumptions on <:

Axiom 1. Impartiality: For any two individuals i; j 2 I,

(1) for all ` 2 4(A); <i = <j and `i = `j ) (i; `) � (j; `)

(2) (i; amax) s (j; amax) and (i; amin) s (j; amin)

Part (1) of this axiom states that, given an action lottery `, if two individuals i and

j with identical preferences are faced with the same action lottery, then the observer is

indi¤erent between facing `, while being individual i, and facing `, while being individual

j. This requirement seems quite natural. Part (2) says that being individual i and getting

the most preferred outcome xmax is assumed ethically equivalent to being individual j and

getting the (same) most preferred outcome xmax. As was convincingly explained by Karni

(1998) who, in a di¤erent framework, employed a stronger axiom to derive utilitarianism

�This value judgment ... is obtained by default. The methodological framework of revealed

preference provides no ground for preferring one individual�s most preferred alternative over

that of the other. Consequently, strict preference in either direction is either biased or

involves considerations other than the rank order of the alternatives�. Clearly, the same

applies to the worst outcome xmin. A similar, though weaker, notion lies behind Segal�s

(2000) dictatorship indi¤erence axiom.6

Henceforth we assume that the observer preferences satisfy the impartiality axiom. To

emphasize it, we call her an impartial observer.

Axiom 2. Strong acceptance: For all i 2 I and `; `0 2 �(A) satisfying 8j 6= i `j = `0j, if

�i > 0 then

`i <i `0i , (�; `) < (�; `0)

This axiom states that the impartial observer sympathizes with individual i and fully

adopts his preferences when she imagines herself being this individual with a positive prob-

ability, and when all other individuals are una¤ected by her choice. This axiom strengthens

6See Karni (2003) for a di¤erent notion of impartiality.

6



Harsanyi�s acceptance principle, according to which this sympathy to hold only when �i = 1.

Axiom 2 also is equivalent to an axiom called strong Pareto, a version of Harsanyi�s Pareto

principle that was used in his aggregation analysis (see Harsanyi (1955), Weymark (1991)

and Epstein and Segal (1992)).7 In a sense, strong acceptance uni�es two of Harsanyi�s main

ideas from his two famous analyses of social choice theory. The axiom is analogous to Karni�s

(1998) sympathy assumption.

The strong acceptance axiom enables us to express the impartial observer�s function V

as a social welfare function. That is, V can be expressed as a functionW that, instead of the

action lottery `, depends on the individuals�utilities associated with their induced lotteries `i.

More formally, let Vi (`i) := V (i; `) be a representing utility the impartial observer attaches

to individual i preferences. Note that, by impartiality, Vi (xmin) = Vj (xmin) := vmin and

Vi (xmax) = Vj (xmax) := vmax, for all i; j 2 I, and hence by continuity, the image of Vi, for all

i, is equal to the closed interval [vmin; vmax]. Then, strong acceptance implies that V (�; `)

can be written as W
�
~�; ~V (`)

�
, where W is de�ned over 4([vmin; vmax]), the set of lotteries

over all attainable utility values in which, for all i 2 Supp (�), ~�i = �i is the probability

of
�
~V (`)

�
i
= Vi (`i). To see how W is constructed assume, for expositional clarity, that

Supp (�) = f1; :::; ng. Then, given V , Vi and ~v = (v1; :::; vn) 2 [vmin; vmax]n, de�ne W by

W (~�;~v) := V (�; `), for the imaginary lottery � satisfying �i = ~�i and for any ` satisfying

vi = Vi (`i), for all i 2 f1; :::; ng. By strong acceptance, W is well de�ned. Furthermore for

a given ~�, W is monotonic increasing with respect to vi whenever ~�i > 0. In the sequel we

assume that W is normalized to satisfy W (1; v) = v, for all v 2 [vmin; vmax].

Axiom 3. Convexity: Consider two lotteries `; `0 2 4(A) for which there exist two indi-

viduals i and j satisfying `i �i `0i and `j �j `0j. Then, for any � 2 4(I) satisfying �i > 0,

�j > 0 and for any � 2 (0; 1),

(�; `) < (�; `0) ) (�; �`+ (1� �) `0) < (�; `0)

That is, if two (participating) individuals disagree on the ranking of two action lotteries,

then mixing the two lotteries cannot worsen the situation for the impartial observer. As was

7Strong Pareto: For a given society I, (1) for all lotteries `; `0 2 �(A), if `i <i `0i for all i, then ` < `0

and (2) if, furthermore, there exists an individual i0 such that `i0 �i0 `0i0 , then ` � `0.
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explained in the introduction, this axiom is an expression of procedural fairness and is in

accordance with Diamond�s critique.

We include the requirement regarding two individuals with opposing preferences since

procedural fairness has greater appeal when real con�ict exists. Thus, our axiom is silent

about situations where only one individual faces distinct lotteries under the action lotteries

` and `0. As such, our axiom does not seem to imply that individual preferences must be

convex but, as the reader may have noticed, this implication does hold when continuity is

assumed.

Convexity is also related to social stability. Consider a society I � I, whose set of

available actions is given by a �nite A � A. For a given identity lottery � 2 4(I), the

impartial observer�s aim is to �nd the optimal action lottery that maximizes her utility.

That is, the impartial observer seeks to solve the problem

max
`24(A)

V (�; `)

For societal stability, it is desirable that the set of optimal action lotteries does not change

drastically when only minor changes occur. That is, we want this set to be upper hemi-

continuous and convex valued with respect to the set of available actions A. Clearly, the

continuity of < implies upper hemi-continuity, while convexity is equivalent to the optimal

set being a convex valued correspondence.

Axiom 4. Indi¤erence between identity and outcome lotteries: For all societies fi1; :::; ing

and for all sets of available actions fa1; :::; ang, if there exists k 2 f1; :::; ng such that
�
ij; a

k
�
s

(ik; a
j) for all j, then �

�e; ak
�
� (ik; `e)

where �e =
Pn

i=1
1
n
i and `e =

Pn
i=1

1
n
ai.

In words, this axiom states the following. Suppose there exists k such that the impartial

observer is indi¤erent between facing the deterministic action ak, imagining being individual

ij, and facing the deterministic action aj, imagining being individual ik, for all j. There

are two ways to randomize over these degenerate pairs of equivalent product lotteries. The

product lottery
�
�e; ak

�
randomizes over identity lotteries (for the given action ak), while
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product lottery (ik; `e) randomizes over action lotteries (for the given individual ik). Then,

as implicitly assumed by Harsanyi, the impartial observer is indi¤erent between the two

randomizations. Note that by continuity, the axiom holds for all � (and for its corresponding

action lottery `�).

4 Utilitarianism

Our main result shows that the preceding axioms force all individuals to be of the EU

type and, in addition, the impartial observer must be a utilitarian. That is, the behavioral

assumptions on the impartial observer preferences induce her, as well as all individuals, to

satisfy the independence axiom. This is achieved without imposing independence explicitly

(neither on individuals nor on the observer).

Theorem. The impartial observer preferences satisfy strong acceptance, convexity and

indi¤erence between identity and outcome lotteries if, and only if, all individuals in I satisfy

independence and the impartial observer is a utilitarian.

The proof, which is relegated to the appendix, consists of two parts. First, we prove that

all individuals in I must satisfy the independence axiom. Then, we demonstrate that the

impartial observer�s preferences can be represented by a function that is additive with respect

to the identity lotteries and that she, too, must satisfy the independence axiom.

Comment 1. Consider the Diamond example, described here by the table

a1 a2

1 1 0

2 0 1

where individuals 1 and 2 correspond to the rows, actions a1 and a2 correspond to the columns

and the entries represent the impartial observer�s utilities. Considering the identity lottery

�e =
�
1
2
; 1
2

�
, action ai corresponds to the pair (�e; ai), while tossing a fair coin corresponds

to the pair (�e; `e) =
�
�e; 1

2
a1 + 1

2
a2
�
. By indi¤erence between identity and action lotteries,

(�e; a1) � (1; `e) and (�e; a1) � (2; `e). Hence, (1; `e) � (2; `e) and therefore, by strong
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acceptance, (1; `e) � (�e; `e). But then, by transitivity, (�e; a1) � (�e; `e) and the impartial

observer is indi¤erent between the �rst action and the mixture. Put di¤erently, she does not

strictly prefer tossing a fair coin over the pure action a1. Moreover, it can now be seen (proof

omitted) that, by convexity, any mixture of the two actions a1 and a2 must be indi¤erent

to a1. This may seem like a signi�cant step towards proving utilitarianism. However, the

derivation of these �straight indi¤erence line segments�from the above extremely symmetric

situation does not extend to the general case and cannot be utilized to derive a utilitarian

representation.

Comment 2. As noted in the introduction, Blackorby, Donaldson and Mongin (2004) and

Mongin and Pivato (2015) also derived utilitarianism without imposing independence. Al-

though these authors work within Harsanyi�s aggregation theorem framework, a comparison

to our theorem seems natural and is therefore, carried by focusing on the analysis of Mongin

and Pivato (2015). Consider a given society I, with a set of actions A, and identify every

product lottery (�; `) with a matrix whose rows correspond to individuals and columns, to

actions. Mongin and Pivato�s ex ante analysis is manifested by their row preference assump-

tion, an assumption that is analogous to our strong acceptance axiom. Similarly, their ex

post analysis is manifested by a column preference assumption that, in our model, would

require an improvement in the impartial observer situation whenever an action a is replaced

by a better action �a. Together with a coordinate monotonicity assumption, these two as-

sumptions enable Mongin and Pivato to employ Gorman�s (1968) separability theorem and

to derive a fully separable representation of the observer preferences. As can be seen in

the appendix, our proof uses di¤erent arguments. Nevertheless, one might conjecture that

indi¤erence between identity and action lotteries must imply similar treatment of columns

and rows and hence, together with strong acceptance, this means that Gorman�s separability

theorem would yield our result. This, however, is not true. As can be seen in Examples 1

and 2 below, strong acceptance and indi¤erence between identity and action lotteries are not

su¢ cient to imply utilitarianism.

Comment 3. Another result that is close to ours appears in GKPS (2010). Their Theorem 3

roughly states that an impartial observer is a utilitarian if and only if she satis�es acceptance,
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independence over identity lotteries and (their notion) of indi¤erence between identity and

action lotteries. However, as we do not assume any form of independence, the current result

is stronger than theirs.8

The following �rst two examples demonstrate the necessity of convexity, while the third

demonstrates the necessity of indi¤erence between identity and action lotteries.

Example 1. Here we present a non utilitarian impartial observer who satis�es all axioms

except for convexity. Assume that all preferences <i of individuals i 2 I belong to the rank-
dependent utility class (RDU; see Weymark (1981) and Quiggin (1982)). Let g : [0; 1] !

[0; 1] be an increasing and onto function. For a given simple lottery r and z 2 Supp (r)

de�ne Fr (z) :=
P

y6z r (y), Fr (z�) :=
P

y<z r (y) and rg (z; r) := g (Fr (z)) � g (Fr (z�)).

For simple lotteries, RDU preferences are represented by a function of the form V (p) =P
x u (x)rg (x; p). When g is the identity function, rg (x; p) = p (x) and hence, in this

case, RDU preferences are reduced to EU preferences. We assume that, in the eyes of the

impartial observer, individual i�s preferences are represented by Vi (p) =
P

x ui (x)rg (x; p),

where g is common to all individuals. The impartial observer preferences are also of the

RDU type and are represented by

V r (�; `) =
X
i2I
Vi (`i)rg (Vi (`i) ;�)

where the function g is the same function that used in the individuals�functions.

Impartiality and strong acceptance are satis�ed by construction. To verify that indi¤er-

ence between identity and action lotteries is satis�ed, consider, without loss of generality,

a society I = f1; :::; ng, a set of available actions fa1; :::; ang and assume there exists k for

which V r
�
j; ak

�
= V r (k; aj) for all j. Then, for all j,

uj
�
ak (j)

�
= Vj

�
ak (j)

�
= V r

�
j; ak

�
= V r

�
k; aj

�
= Vk

�
aj (k)

�
= uk

�
aj (k)

�
8It should also be noted that the notion of indi¤erence between identity and action lotteries used by

GKPS (2010) is stronger than ours. A formal claim (Claim 2), and its proof, appears in the appendix.
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Hence,

V r
�
�e; ak

�
=

X
j2I
uj
�
ak (j)

�
rg
�
uj
�
ak (j)

�
;�e
�

=
X
j2I
uk
�
aj (k)

�
rg
�
uj
�
ak (j)

�
;�e
�

=
X
j2I
uk
�
aj (k)

�
rg
�
aj (k) ; `ek

�
= V r (k; `e)

as required.

To see that convexity may fail to be satis�ed, assume that g is strictly concave and con-

sider j 2 I and two distinct action lotteries `; `0 2 �(A) satisfying `i = `0i 8i, `j 6= `0j and

Vj (`j) = Vj
�
`0j
�
(clearly, such lotteries exist). Then the strict concavity of g immediately im-

plies Vj
�
1
2
`j +

1
2
`0j
�
< Vj (`j) and hence, for any � with �j > 0, V r

�
�; 1

2
`+ 1

2
`0
�
< V r (�; `).

Note that, as the following case shows, non-convexity of <i (which is manifested by the
concavity of g), is not necessary for the non-convexity of <. For this, let I = f1; :::; 5g,

consider the two actions described by the following matrix (the entries are the utility values)

a1 a2

1 1 0

2 0 1

3 1 1

4 1 1

5 1 1

let g be given by the convex piecewise linear function

g (t) =

8<: 0 t 6 0:2
�1
4
+ 5

4
t otherwise

and note that, by the convexity of g, each <i is convex.
Clearly,

V r
�
�e; aj

�
= g (0:2)� 0 + (1� g (0:2))� 1 = 1

for both j = 1; 2. Next, consider the lottery 1
2
a1 + 1

2
a2. For individuals 1 and 2,

Vi

�
1

2
a1 (i) +

1

2
a2 (i)

�
= g (0:5)� 0 + (1� g (0:5))� 1 = 5

8
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hence, for the impartial observer,

V r
�
�e;

1

2
a1 +

1

2
a2
�

= g (0:4)� 5
8
+ (1� g (0:4))� 1

=
1

4
� 5
8
+
3

4
� 1 = 29

32
< 1

and convexity is not satis�ed.

Example 2. In the two cases described in Example 1, either individual preferences are

non-convex with respect to outcome lotteries (when g is concave) or the impartial observer

preferences are non-convex with respect to identity lotteries (when g is convex). This might

suggest that convexity would be satis�ed if all preferences involved were convex. As we now

show, this conjecture is false.

Assume that individual preferences are weighted utility (WU; see Chew (1983)). That

is, for all i and p 2 4(X ),

Vi (p) = V (p) =
X
k

pk
w (xk)P
j pjw (xj)

u (xk)

where u is a strictly increasing utility function and w is a non constant and positive weighting

function. These preferences belong to the betweenness class (see Chew (1989) and Dekel

(1986)), a class that is characterized by the property: for all lotteries p and q, p < q if

and only if p < �p + (1� �) q < q, for all � 2 (0; 1). Clearly, betweenness implies that

WU preferences are convex. Note that although individuals have identical preferences over

4(X ), they still may disagree on 4(A).

The impartial observer preferences are of the same type and are given by

V w (�; `) =
X
i

�i
w (u�1 (V (`i)))P
j �jw (u

�1 (V (`j)))
V (`i)

As in Example 1, indi¤erence between identity and action lotteries is satis�ed. To see it,

assume (for k = 1) V w (j; a1 (j)) = V w (1; aj (1)), for all j. That is, u (a1 (j)) = u (aj (1)) or,

equivalently, a1 (j) = aj (1), for all j.

13



Then

V w
�
�e; a1

�
=

X
i

1

n

w ((u�1 � u) (a1 (i)))P
j
1
n
w ((u�1 � u) (a1 (j)))

u
�
a1 (i)

�
=

X
i

1

n

w (a1 (i))P
j
1
n
w (a1 (j))

u
�
a1 (i)

�
=

X
i

1

n

w (ai (1))P
j
1
n
w (aj (1))

u
�
ai (1)

�
= V (1; `e)

Next we show that convexity is not satis�ed. Consider again the Diamond�s example and

assume that w (u�1 (0)) = 0:1, w
�
u�1

�
2
3

��
= 0:6, w

�
u�1

�
32
33

��
= 0:75 and w (u�1 (1)) = 0:8.

Then,

V w
�
�e; a1

�
=

1
2
w (u�1 (1))

1
2
w (u�1 (1)) + 1

2
w (u�1 (0))

=
0:5� 0:8

0:5� 0:8 + 0:5� 0:1 =
8

9

and

V w
�
�e; a2

�
=

1
2
w (u�1 (1))

1
2
w (u�1 (0)) + 1

2
w (u�1 (1))

=
0:5� 0:8

0:5� 0:1 + 0:5� 0:8 =
8

9

Let `p = 0:8a1 + 0:2a2 be a mixture of a1 and a2. Then,

V (`p1) =
0:8w (u�1 (1))

0:8w (u�1 (1)) + 0:2w (u�1 (0))
=

0:8� 0:8
0:8� 0:8 + 0:2� 0:1 =

32

33

V (`p2) =
0:2w (u�1 (1))

0:8w (u�1 (0)) + 0:2w (u�1 (1))
=

0:2� 0:8
0:8� 0:1 + 0:2� 0:8 =

2

3

and, for the impartial observer,

V w (�e; `p) =
1

2

w (u�1 (V (`p1)))
1
2
w (u�1 (V (`p1))) +

1
2
w (u�1 (V (`p2)))

V (`p1)

+
1

2

w (u�1 (V (`p2)))
1
2
w (u�1 (V (`p1))) +

1
2
w (u�1 (V (`p2)))

V (`p2)

=
0:75

0:75 + 0:6
� 32
33
+

0:6

0:75 + 0:6
� 2
3

� 0:835 <
8

9

Hence, convexity is violated.
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Example 3. A non utilitarian impartial observer who satis�es all axioms except for indif-

ference between identity and action lotteries is the generalized utilitarian impartial observer

of GKPS (2010). Consider

V g (�; `) =
X
i2I
�i�i [Ui (`i)]

where �i : [vmin; vmax] ! R is strictly concave, for all i. It is easy to verify that strong

acceptance and convexity are satis�ed while, as was shown in GKPS, this observer deems

identity lotteries inferior to action lotteries.

Comment 4. Consider the following assumption, which is weaker than the axiom on indif-

ference between identity and action lotteries.

Preference for identity lotteries: For all societies fi1; :::; ing and for all sets of available actions

fa1; :::; ang, if there exists k 2 f1; :::; ng such that
�
ij; a

k
�
s (ik; aj) for all j, then�

�e; ak
�
< (ik; `e)

In the appendix (Claim 1) we show that this assumption, in conjunction with convexity,

implies indi¤erence between identity and action lotteries. Therefore, our theorem could be

stated in a stronger form. We prefer its current form because of the much greater normative

appeal of the assumption of indi¤erence between identity and action lotteries.

5 Conclusion

As stated in the introduction, we argue that, when societal decisions are at stake, postulates

must be drawn from society-centered behavior. We have chosen to focus on the notion

of procedural fairness (exhibited by convexity) and added to it the requirement that the

impartial observer is indi¤erent between identity and action lotteries. In our main result we

have shown that these two assumptions (together with strong acceptance) were su¢ cient to

force the impartial observer to be a utilitarian. Unlike most utilitarian results, no form of

the independence axiom was required here.

15



In addition to o¤ering a society-centered basis for utilitarianism, our result sheds more

light on what is needed in order to always have a strict preference for procedural fairness.

According to our analysis, the latter implies that the impartial observer must display a

preference for action lotteries. Two such non-utilitarian models exist in the literature. The

�rst follows from Karni and Safra (2002).9 In their model, which leads to the representa-

tion V (�; `) =
P

i2I �iVi (`i), individuals possess a sense of justice and the preference for

procedural fairness is solely manifested by their behavior (their utilities Vi are assumed to

be concave). It can easily be veri�ed that this impartial observer displays a preference for

action lotteries. The second model is the generalized utilitarian impartial observer of GKPS

(2010). As mentioned above, GKPS show that a preference for action lotteries holds if and

only if each �i is concave, a condition that implies procedural fairness. For a third model,

consider a rank dependent, or a Gini, impartial observer, whose preferences are represented

by

V rd (�; `) =
X
i2I
�(Ui (`i))rg (Ui (`i) ;�)

(where each Ui is of the EU type and both � and g are concave). As can easily be veri�ed,

a preference for action lotteries follows from Chew, Karni and Safra (1987) while procedural

fairness follows from Quiggin (1993, Section 9.1).

6 Appendix

(A) Proof of the Theorem. The �if�part is immediate. The proof of the converse is

divided into two parts.

(i)10 In this part we show that all individuals satisfy the independence axiom. Consider an

individual i� 2 I and denote his preferences by <�. We want to demonstrate that for all
p; q; r 2 4(X ), p s� q ) 1

2
p + 1

2
r s� 1

2
q + 1

2
r. This, using Herstein and Milnor (1953),

is su¢ ce to prove that <� satis�es the independence axiom. Using the continuity of <�,
we can restrict attention to equi-probability lotteries with the same number of outcomes:

9See also Grant, Kajii, Polak and Safra (2012).
10The proof of this part is similar to that of Dekel, Safra and Segal (1991, Theorem 2). However, dealing

with social multi-person frameowrk, our proof is more general than (and improves upon) theirs.
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p =
��

1
k
; :::; 1

k

�
; x
�
, q =

��
1
k
; :::; 1

k

�
; y
�
, and r =

��
1
k
; :::; 1

k

�
; z
�
where, in addition and without

loss of generality, x; y and z are non-constant vectors and p �� r. Without loss of generality,

assume that x1 > xj and y1 > yj, for all j 6= 1.

Consider a society I consisting of n = 2k individuals, all with preferences <i = <� and
assume, without loss of generality, that I = f1; :::; ng.11 Denote by �n the set of n permu-

tations on f1; :::; ng of the form �1 = (1; 2; :::; n), �2 = (2; 3; :::; 1),..., �n = (n; 1; 2; :::; n� 1)

(where �j(i) stands for the ith element of the permutation �j). We concentrate on a set of

actions _A = f _a1; :::; _ang available to the society that are de�ned as follows: for j = 1; :::; k

_aj (i) =

8<: x�j(i) if 1 6 i 6 k
z�j(i�k) if k < i 6 n

and, for j = k + 1; :::; n

_aj (i) =

8<: z�j�k(i) if 1 6 i 6 k
x�j�k(i�k) if k < i 6 n

(i.e., _a1 = (x1; x2; :::; xk; z1; z2; :::; zk), _a2 = (x2; x3; :::; xk; x1; z2; z3; :::; zk; z1), . . . , _ak+1 =

(z1; z2; :::; zk; x1; x2; :::; xk), _ak+2 = (z2; z3; :::; zk; z1; x2; x3; :::; xk; x1), etc.).

We start by showing that, for all i, (�e; _ai) s (�e; `e). For i = 1, since in both (j; _a1)

and (1; _aj) the impartial observer faces the same deterministic outcome (xj if j 6 k and

zj�k otherwise) then, by impartiality, (j; _a1) s (1; _aj), for all j 2 I. By indi¤erence between

identity and action lotteries, (�e; _a1) s (1; `e). Since for all i; j, `ei = `ej , impartiality im-

plies (1; `e) s (�e; `e) and hence, by transitivity, (�e; _a1) s (�e; `e). By similar arguments,

(�e; _ai) s (�e; `e) for all i.

Next, we show that the action lottery `k = 1
k

Pk
j=1 _a

j satis�es
�
�e; `k

�
s (�e; `e). First

note that, by construction, individual i strictly prefers action _ai over all other actions and,

by monotonicity with respect to �rst-order stochastic-dominance, he also strictly prefers

action _ai over all mixtures of the other actions. Hence, by repeated application of convexity,�
�e; `k

�
< (�e; _aj) for all j = 1; :::; k and, therefore,

�
�e; `k

�
< (�e; `e). For the converse,

consider the action lottery ^̀k = 1
k

Pn
j=k+1 _a

j and note that, for all i = 1; :::; k, ^̀ki , the lottery

11Here we use the in�nity of the set I.
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individual i faces under ^̀k, is identical to `kk+i, the lottery that individual k + i faces under

`k, and ^̀kk+i, the lottery individual k + i faces under ^̀
k, is identical to `ki , the lottery that

individual i faces under `k. Hence, by impartiality,
�
�e; ^̀k

�
s
�
�e; `k

�
. By construction,

individual 1 strictly prefers `k (where he faces the lottery p) over ^̀k (where he faces the lottery

r), while individual k+1 has the opposite preferences. Therefore, as `e = 1
2
^̀k+ 1

2
`k, convexity

implies (�e; `e) <
�
�e; `k

�
. Hence,

�
�e; `k

�
s (�e; `e). By impartiality and transitivity, we

then get
�
�e; `k

�
s (1; `e). Note that in the �rst lottery, the �rst k individuals face the

lottery p and the rest face the lottery r while, in the latter lottery, individual 1 is faced with

the lottery 1
2
p+ 1

2
r.

Finally, consider a second society with the same set of individuals I and a set of available

actions ~A =
�
~a1; :::; ~a2k

	
that is derived from _A by replacing every xj by yj. Clearly, a

similar conclusion holds: the impartial observer is indi¤erent between the product lottery�
�e; `k

�
, in which the �rst k individuals face the lottery q and the rest face the lottery r, and

the product lottery (1; `e), in which individual 1 is faced with the lottery 1
2
q + 1

2
r. But as

p s� q, all individuals in I are indi¤erent between p and q and hence, by strong acceptance,

the impartial observer is indi¤erent between the two occurrences (in the two societies) of

the product lottery
�
�e; `k

�
. Thus by transitivity, the impartial observer, while imagining

herself being individual 1, is indi¤erent between facing the lotteries 1
2
p+ 1

2
r and 1

2
q+ 1

2
r. By

strong acceptance, 1
2
p+ 1

2
r s� 1

2
q + 1

2
r and hence <� satis�es independence.

(ii) In the second part we show that the impartial observer is a utilitarian. Consider a

society I (without loss of generality, I = f1; :::; ng) and let V (�; `) = W
�
~�; ~V (`)

�
be a

representation of the impartial observer preferences where
�
~V (`)

�
i
= Vi (`i) = 'i (Ui (`i)),

'i is monotonic increasing and, by part (ii), Ui (`i) =
P

x2X ui (x) `i (x) is an EU rep-

resentation of individual i�s preferences. Since ui is determined up to (positive) a¢ ne

transformations, we can assume it satis�es ui (xmin) = vmin and ui (xmax) = vmax (hence,

'i (vmin) = vmin and 'i (vmax) = vmax, for all i). Choose (�; `) 2 �(I) � �(A), denote

vi = 'i (Ui (`i)) and let ci (`i) 2 X be individual i�s certainty equivalent of the lottery

`i (that is, ui (ci (`i)) = Ui (`i)). Consider a set of actions Â = fâj j j 2 f1; :::; ngg sat-

isfying â1 (i) = ci (`i) and âj (1) = ('1 � u1)
�1 (vj) for i; j = 1; :::; n. By construction,
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V (i; â1) = ('i � ui) (ci (`i)) = vi and V (1; âi) = ('1 � u1) � ('1 � u1)
�1 (vi) = vi. Hence

(i; â1) s (1; âi) and, by indi¤erence between identity and action lotteries, (�; â1) s (1; `�)

(`� is the action lottery associated with �). Put di¤erently, V (�; â1) = V (1; `�) or, equiva-

lently, W (~�; (v1; :::; vn)) = W (1; '1 (U1 (`
�
1 ))). Therefore,

V (�; `) = W
�
~�; ~V (`)

�
= W (~�; (v1; :::vn)) = W (1; '1 (U1 (`

�
1 )))

= '1 (U1 (`
�
1 )) = '1

 
nX
i=1

�iu1
�
('1 � u1)

�1 (vi)
�!

= '1

 
nX
i=1

�i'
�1
1 (vi)

!
= '1

 
nX
i=1

�i
�
'�11 � 'i

�
(Ui (`i))

!

Denote �V = '�11 �V and �i = '�11 �'i (note that �V also represents the impartial observer

preferences and its image is [vmin; vmax]). By the above,

�V (�; `) =
nX
i=1

�i�i [Ui (`i)]

To conclude, we show that for all i, �Vi = �i � Ui is a¢ ne which, given 'i (vmin) = vmin

and 'i (vmax) = vmax, implies �Vi = Ui. Take `; `
0 2 �(A). Since <i is of the EU type, we

have that for all � 2 [0; 1],

�Vi (�`i + (1� �) `0i) = �i [Ui (�`i + (1� �) `0i)] = �i [�Ui (`i) + (1� �)Ui (`0i)]

= �i [�ui (ci (`i)) + (1� �)ui (ci (`0i))] = �i [Ui (�ci (`i) + (1� �) ci (`0i))]

= �Vi
�
��ai (i) + (1� �) �aj (i)

�
= �V

�
i; ��ai + (1� �) �aj

�
for actions �ai and �aj satisfying �ai (i) = ci (`i), �aj (i) = ci (`

0
i) and �a

i (j) =
�
'j � uj

��1 �
('i � ui) (ci (`0i)) (note that the element �ci (`i) + (1� �) ci (`0i) that appears in the second

line is a lottery, not an outcome). By construction,

�V
�
j; �ai

�
=
�
'j � uj

�
�
�
'j � uj

��1 � ('i � ui) (ci (`0i)) = ('i � ui) (ci (`0i)) = �V
�
i; �aj

�
and hence, by indi¤erence between identity and action lotteries and for � satisfying �i = �,

�j = 1� � and �k = 0 otherwise,

�V
�
i; ��ai + (1� �) �aj

�
= �V

�
�i+ (1� �) j; �ai

�
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(note that actions �ak for k 6= i; j are irrelevant but can easily be de�ned as to �t with the

requirements of the axiom). Now, by the structure of �V ,

�V
�
�i+ (1� �) j; �ai

�
= � �V

�
i; �ai
�
+ (1� �) �V

�
j; �ai

�
= � �V

�
i; �ai
�
+ (1� �) �V

�
i; �aj

�
= � �Vi

�
�ai (i)

�
+ (1� �) �Vi

�
�aj (i)

�
= � �Vi (ci (`i)) + (1� �) �Vi (ci (`0i))

= � �Vi (`i) + (1� �) �Vi (`0i)

Summarizing,

�Vi (�`i + (1� �) `0i) = � �Vi (`i) + (1� �) �Vi (`0i)

and the a¢ nity of �Vi is established. �

(B) Preference for identity lotteries vs indi¤erence between identity and action

lotteries.

Claim 1. If the impartial observer preferences satisfy strong acceptance, convexity and

preference for identity lotteries than they satisfy indi¤erence between identity and outcome

lotteries.

Proof. Consider, without loss of generality, a society I = f1; :::; ng, a set of available

actions A = fa1; :::; ang and assume that (again, without loss of generality) V (i; a1) =

V (1; ai) := vi, for all i. Without loss of generality we can assume that all vi are pairwise

di¤erent and that vi > vi+1 for all i < n. For i; j 2 f1; :::; ng, let xij 2 X be de�ned by

Vi (xij) = v�j(i), where �j 2 �k, and note that, by the monotonicity of each Vi with respect

to the outcomes of X , V1 (x11) > V1 (x12) > � � � > V1 (x1n), V2 (x2n) > V2 (x21) > V2 (x22) >

� � � > V2
�
x2(n�1)

�
,...,Vn (xn2) > Vn (xn3) > � � � > Vn (xnn) > Vn (xn1). Consider a new set of

actions �A = f�a1; :::; �ang satisfying �aj (i) = xij. By construction,

V
�
i; �a1

�
= Vi (xi1) = v�1(i) = vi = V

�
i; a1

�
and

V
�
1; �ai

�
= V1 (x1i) = v�i(1) = vi = V

�
1; ai

�
which implies that, by strong acceptance, V (�e; a1) = W (�e; (v1; :::; vn)) = V (�

e; �a1) and

V (1; `e), given A, is equal to V (1; `e), given �A. Hence it is su¢ cient to restrict atten-

tion to �A and to show that V (�e; �a1) = V (1; `e) (given �A). For this note that: (i)
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since V (�e; �ai) = W (�e; (v1; :::; vn)) for all i, we have V (�e; �ai) = V (�e; �aj), for all i; j;

(ii) by construction, for every k 2 f1; :::; ng, V
�
i; �ak

�
= V (k; �ai), for all i; (iii) V (�e; `e) 2

[mini V (i; `
e) ;maxi V (i; `

e)] and hence, if V (�e; `e) = maxi V (i; `e) then V (�e; `e) = V (i; `e) =

V (j; `e), for all i; j; and (iv) individual i strictly prefers action �an+2�i (where �an+2�1 =

�an+1 := �a1) over all other actions and, by the monotonicity of Vi with respect to �rst-order

stochastic-dominance, he strictly prefers action �ai over all mixtures of the other actions.

Therefore,

V
�
�e; �a1

�
= max

k
V
�
�e; �ak

�
> max

k
V (k; `e) > V (�e; `e) > V

�
�e; �a1

�
where the equality follows from (i), the �rst inequality follows from (ii) and from preference

for identity lotteries, the second inequality follows from the �rst part of (iii) and the last

inequality follows from (iv) by repeated application of convexity (note that `e = 1
n

P
j �a

j).

Since the �rst and the last elements are identical, maxk V (k; `e) = V (�e; `e) which, by

the second part of (iii), implies that V (1; `e) = maxk V (k; `
e) and, therefore, V (1; `e) =

V (�e; �a1). Hence the impartial observer is indi¤erent between identity and action lotteries.

�

(C) GKPS�s (2010) indi¤erence between identity and action lotteries implies

ours.

Claim 2. As in GKPS (2010), assume that 8�; �0 2 4(I), 8`; `0 2 4(A) and 8� 2 (0; 1),

(�; `0) � (�0; `)) (�� + (1� �)�0; `) s (�; �`+ (1� �) `0)

Then the impartial observer exhibits indi¤erence between identity and action lotteries.

Proof. The proof is by induction. Without loss of generality, consider a society I =

f1; :::; ng, the set of available actions A = fa1; :::; ang and assume that (1; ai) s (i; a1), for

all i.

First let n = 2. By the GKPS. condition, (1; a2) s (2; a1) implies

(
1

2
1 +

1

2
2; a1) s (1;

1

2
a1 +

1

2
a2)

as required.
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Next assume it holds for n � 1 and consider n. Assume, without loss of generality,

that the acts of A satisfy (i; aj) s (i + 1; aj�1) for all i 2 f1; :::; n� 1g, j 2 f2; :::; ng.

Consider the society Ir1 = f2; :::; ng and the set of actions Arn = fa1; :::; an�1g. By con-

struction, (2; ai) s (i+ 1; a1) for all i = 1; :::; n� 1 and hence, by the induction hypothesis,

( 1
n�1

Pn
i=2 i; a

1) s (2; 1
n�1

Pn�1
i=1 a

i). Next apply the same argument to Irn = f1; :::; n� 1g

andArn = fa1; :::; an�1g, where (2; ai)s (i; a2) for all i, to get (2; 1
n�1

Pn�1
i=1 a

i) s ( 1
n�1

Pn�1
i=1 i; a

2).

Finally, apply it to Irn = f1; :::; n� 1g and Ar1 = fa2; :::; ang, where (1; ai+1) s (i; a2) for

all i, to get ( 1
n�1

Pn�1
i=1 i; a

2) s (1; 1
n�1

Pn
i=2 a

i). By transitivity,

(
1

n� 1

nX
i=2

i; a1) s (1;
1

n� 1

nX
i=2

ai)

To conclude, mix both sides of the last indi¤erence with (1; a1) and, by the GKPS. condition,

obtain (�e; a1) s (1; `e) for I = f1; :::; ng and A = fa1; :::; ang, as required. �
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