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Abstract

A manager aims to elicit employees’ information by designing a hierarchical commu-
nication network. She decides who communicates with whom, and in which order, where
communication takes the form of “cheap talk” (Crawford and Sobel, 1982) and the in-
formation structure is beta-binomial. The optimal network is shaped by two competing
forces: an intermediation force that calls for grouping employees together and an uncer-
tainty force that favours separating them. The manager optimally divides employees into
groups of similar bias. Under simple conditions on biases and a uniform prior, the optimal

network features a single intermediary who communicates directly to the manager.
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1 Introduction

Much of the information relevant for decision making in organizations is typically dispersed
among employees. Due to time, location or qualification constraints, management is unable
to observe this information directly. Managers aim to collect decision-relevant information
from their subordinates, but employees often have their own interests and hence communicate
strategically to influence decision making in their favour. In this paper, I study how a manager
optimally elicits information by designing a communication structure within the organization.
The manager commits to a hierarchical network that specifies who communicates with whom,
and in which order. Her objective is to maximize information transmission.*

My analysis shows that the optimal communication network is shaped by two competing
forces: an intermediation force that calls for grouping employees together and an uncertainty
force that favours separating them. The manager optimally divides employees into groups
of similar bias. Each group has a group leader who collects information directly from the
group members and communicates this information in a coarse way to either another group
leader or the manager. For the uniform prior, if employees’ biases are sufficiently close to one
another and far away from the manager’s, the optimal network consists of a single group. My
results resonate with the influential studies of Dalton (2017), Crozier (2009) and Cyert, March
et al. (1963) who observe that groups — or “cliques” — collect decision-relevant information in
organizations and distort this information before communicating it to organization members
outside the group.

The model I present considers a decision maker and a set of employees whom I call experts.
Each expert observes a noisy signal of a parameter that is relevant for a decision to be made
by the decision maker. The decision maker and the experts have different preferences over
this decision; specifically, the experts can have biases of arbitrary sign and magnitude over
the decision maker’s choice. The decision maker does not observe any signal of the relevant
parameter and relies on communication with the experts. As committing to transfers or to
decisions conditional on reports is often difficult in an organizational context, I rule these
out.? The decision maker instead commits to a communication network, which specifies who

communicates with whom, and in which order.®> Communication is direct and costless, i.e. it

!Evidence suggests that the communication structure within an organization indeed affects employees’
incentives to reveal their private information. See discussions in Schilling and Fang (2014) and Glaser, Fourné,
and Elfring (2015).

2A manager cannot contract upon transfers or any information received in Dessein (2002), Alonso, Dessein,
and Matouschek (2008), Alonso, Dessein, and Matouschek (2015), and Grenadier, Malenko, and Malenko (2016).
See also the literature discussion in Gibbons and Roberts (2013).

3The design of communication structures appears as a more natural form of commitment. For example, if
a party commits not to communicate with an agent, she will ignore any reports from the agent so long as they
are not informative, and the agent in turn will not send informative reports as he expects them to be dismissed.



takes the form of “cheap-talk” as in Crawford and Sobel (1982). I focus on the best equilibrium
payoffs for the decision maker in any given communication network and characterize the optimal
network for the decision maker.

My model builds upon the information and communication structure in Morgan and Stocken
(2008) and - for the case of the uniform prior - upon Galeotti, Ghiglino, and Squintani (2013)
who study simultaneous communication in a similar setting. The crucial difference to Galeotti
et al. (2013) - apart from a more general prior structure in my model - is that I study the optimal
sequential structure from the decision maker’s perspective, where they focus on the properties of
simultaneous communication in different network structures. In particular, I restrict attention
to tree communication networks, or “hierarchies.” This type of network is a natural starting
point in the study of communication in organizations. In the theoretical literature, hierarchies
are regarded as the optimal formal organization for reducing the costs of information processing
(Garicano, 2000; Radner, 1993; Sah and Stiglitz, 1986) and for preventing conflicts between
subordinates and their superiors (Friebel and Raith, 2004). In practice, hierarchies have been
identified as a prominent communication structure in organizations, even in those that aim to
have non-hierarchical communication and decision rights allocation (Ahuja, 2000; Oberg and
Walgenbach, 2009).

I show that an optimal communication network resolves a trade-off between two competing
forces. On the one hand, the intermediation force (illustrated in section 3) pushes in favour
of grouping experts together, in order to enable them to pool privately held information and
have more flexibility in communicating to the decision maker. On the other hand, the uncer-
tainty force (illustrated in section 4) pushes in favour of separating the experts, in order to
increase their uncertainty about the information held by other experts and relax their incentive
constraints. As in other contexts, uncertainty allows the pooling of incentive constraints, so a
less informed expert can be better incentivized because fewer constraints have to be satisfied
compared to the case of a more informed expert.

Building upon the interaction between the intermediation force and the uncertainty force,
I derive three main results. My first main result concerns star networks — those in which
each expert communicates directly to the decision maker. Star networks are a simple and
a prominent benchmark in the social network literature (Jackson, 2010). My analysis shows
that for a wide range of model parameters a star communication network is dominated by
an optimally-designed sequential communication network. Sequential communication between
the experts can generate as much information transmission to the decision maker as a star
network, and - under some conditions on the players’ prior distribution of the payoff-relevant
information - strictly more. The improvement arises because coordination in reports gives

experts the possibility to report pooled information in a coarse way. This is strictly beneficial



for the decision maker whenever the experts would send a less informative report it they were
unable to coarsen information.

My second main result shows that an optimal communication network consists of “groups”
of experts. In a group, a single expert — the group leader — receives direct reports from all
other members of the group and then communicates the aggregated information in a coarse way
either to another group leader or directly to the decision maker. The coarsening of information
by a group leader is key to incentivizing the experts to reveal their signals truthfully. As for
the optimal composition of a group, I show that group members who only observe their own
private signals have identical ranges of biases that support their equilibrium strategies; the
reason is that they have the same expected uncertainty about the signals of other experts and
their reports are treated symmetrically by their group leader. Consequently, the decision maker
benefits from grouping similarly biased experts together.

My third main result assumes a uniform prior - which has been studied widely in the
literature - and shows that either if the experts’ biases are sufficiently close to one another
while being large enough relative to the decision maker’s preferences, or sufficiently close to
the decision maker, then the optimal network consists of a single group. The group leader
acts as a single intermediary who aggregates all the information from the other experts and
sends a coarse report to the decision maker. Aggregation of the entire information allows this
intermediary to send a report with minimal information content. As a consequence, from the
perspective of each expert, any deviation from truth-telling results in the largest possible shift
in the decision maker’s policy from the expected value of the state. This allows the incentivizing
of highly-biased experts to reveal their private information truthfully.

In section 5 I examine the effect of allowing players to adapt mixed strategies in a setting
with two experts. I show that for small biases the decision maker prefers simultaneous commu-
nication whereas for large biases she prefers intermediation by one of the experts. The intuition
for the latter result is that a strongly biased expert communicates to the decision maker only
if he is able to aggregate and strategically coarsen both signals. Interestingly, if the biases
are small and intermediation is not optimal, the strategy profile requires one of the experts to
communicate very precise information allowing the other expert to communicate sufficiently
coarse information making a less tight constraint possible in the latter case.

As noted, my findings are in line with work on the modern theory of the firm, which empha-
sizes the importance of coordination between employees for intra-firm information transmission.
Cyert et al. (1963) observe that managerial decisions are lobbied by groups of employees that
provide distorted information to the authority. Similarly, Dalton (2017) and Crozier (2009)
view an organization as a collection of cliques that aim to conceal or distort information in

order to reach their goals. Dalton claims that having cliques as producers and regulators of in-



formation is essential for the firm, and provides examples of how central management influences
the composition of such groups through promotions and replacements.* Group leaders in my
model also resemble the internal communication stars identified in the sociology and manage-
ment literature. Allen (1977), Tushman and Scanlan (1981) and Ahuja (2000) describe these
stars as individuals who are highly connected and responsible for a large part of information
transmission within an organization, often acting as informational bridges between different
groups.

The next subsection discusses the related literature. Section 2 illustrates the main idea
with a simple example. Section 3 presents the model and the main results. Section 4 provides
specific results assuming a uniform prior and discusses the case of three experts. Section 5 stud-
ies mixed strategies with a uniform prior. Section 6 studies the case of experts with opposing

biases, and the benefits and limitations of using non-hierarchical networks. Section 7 concludes.

Related Literature. This paper is motivated by the literature studying how to design orga-
nizations in the absence of full commitment power by the manager. The literature discusses
several optimal policies such as closing down communication channels and rewarding those em-
ployees who focus on productive activities (Milgrom and Roberts, 1988) or delegating decisions
to better informed parties (Alonso et al., 2008, 2015; Dessein, 2002; Rantakari, 2008). This
paper studies a different incentive instrument: the design of communication hierarchies in the
presence of arbitrarily many players with strategic communication motives.

My focus on hierarchies is motivated by the extensive literature on the optimality of hier-
archical organizations. For example, Bolton and Dewatripont (1994), Van Zandt (1999) and
Van Zandt and Radner (2001) show that hierarchies are optimal as they minimize informa-
tion processing costs. Friebel and Raith (2004) show the optimality of hierarchies as they
can prevent conflicts between different organizational layers. Empirically, the importance of
hierarchical communication in firms is identified in Ahuja and Carley (1999) and Oberg and
Walgenbach (2009).

I model communication as cheap talk (Crawford and Sobel, 1982). In the famous extensions
of Crawford and Sobel (1982) to multiple senders (Battaglini, 2002; Krishna and Morgan,
2001a,b) full revelation of private information is possible if experts’ reports are cleverly played
against one another. However, such equilibrium construction is not possible in my model
because the experts’ signals are conditionally independent and so it is possible to receive
different signals on-path. As a result, the decision maker cannot credibly threaten to punish

the experts due to “incompatibility” of their reports as it is the case, for example, in Ambrus

4See p. 65-67. Dalton describes a case in which the new members of a clique were instructed about the
“distinction between their practices and official misleading instructions” (italics are from the original text).
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and Lu (2014) and Mylovanov and Zapechelnyuk (2013) where the experts receive the same
signal with probability 1 (or close to 1).

I model imperfectly informed experts that are also studied in Austen-Smith (1993) and
Battaglini (2004). Both papers focus on how to improve the informativeness of decision-
making either by comparing simultaneous and sequential communication (Austen-Smith, 1993)
or by simultaneously consulting many experts (Battaglini, 2004). My focus is rather related to
Austen-Smith (1993) but I allow for many arbitrarily biased experts and thus consider a large
family of communication structures.

The following papers are most closely related to my paper. First, an important study
by Wolinsky (2002) compares simultaneous communication to a partitioning of experts into
groups when the decision maker lacks commitment power. Wolinsky (2002) shows that the
decision maker can align the experts’ objectives with her own goals by splitting the experts
into groups and making them reveal information in instances where individual communication
fails to do so. I differ from Wolinsky (2002) in two main respects. First, while he focuses on
how partitioning the experts into groups enhances the informational content of their reports,
I explicitly pose the question of the optimal design of communication structures. Second, he
assumes that experts have the same preferences while some of my results exploit the strategic
conflict between the experts: for example, in section 6.1 I show how the decision maker benefits
from partitioning the experts into groups according to the sign of their biases.

Second, I borrow from Morgan and Stocken (2008) who study strategic information trans-
mission through polling. Their information structure is Beta-binomial model and they study
the properties of signal aggregation among the constituents who simultaneously report to a
decision maker. As their paper naturally focuses on the question of simultaneous information
aggregation, they do not study the optimal design of communication structures which is the
main focus of my paper.

Finally, Galeotti et al. (2013) and Hagenbach and Koessler (2011) study equilibrium com-
munication networks with one round of simultaneous communication. The case of the uniform
prior in my model resembles Galeotti et al. (2013) with the difference that I pose the question
of the optimal communication design whereas Galeotti et al. (2013) look at the properties of a
single-round communication where each player can communicate to every other player. Hagen-
bach and Koessler (2010) study a related setting but introduce coordination motives between
the players.

Generally, to the best of my knowledge, the question of optimal network design in the
presence of cheap talk for a broad class of networks and an arbitrary number of players with
arbitrary ideal points in the policy space has not been studied yet. However, the literature

provides valuable insights for a restricted class of networks such as complete networks (Galeotti



et al., 2013; Hagenbach and Koessler, 2010) or sequential communication with a single or
multiple intermediaries arranged in a line (Ambrus, Azevedo, and Kamada, 2013; Ivanov,
2010).

2 The main idea

The following example shows how a manager benefits from sequential communication in the
simplest possible environment.

There is a manager (“she”) and two experts (“he”). The manager chooses an action y € R
with the goal to minimize the loss function —(y — 6)* where 6 € [0,1] is the unobserved
state. Each expert wants to minimize his loss function —(y — (6 + b))? where b, called bias,
parameterizes the conflict of interest between the experts and the manager and is known to
all players. Notice that in this example there are no strategic motives between the experts.
Assume b > 0 so that each expert wants the manager to take an action 6 + b to the right of
the state, whereas the manager wants to match the state.

Each expert receives a (conditionally independent) binary signal s € {0,1} with Prob(s =
1) = 0. The manager wants to elicit experts’ signals by choosing a communication structure.
Suppose that she can only choose between a star where the experts send simultaneous messages
to the manager (Figure 1, left) or a line where expert 2 first listens to expert 1 and only
then reports to the manager (Figure 1, right). Since the manager is unable to commit to side
payments, communication is cheap talk. All model components are common knowledge. Which

communication structure does the manager prefer?

Figure 1: Tllustration of the main idea

Manager Manager

1
expert 2

expert 1 expert 2 1
expert 1

I focus on pure strategy equilibria with the highest payoff for the manager.” Without

loss of generality we can assume that each expert’s message space is equivalent to his signal

SMixed strategies are studied in section 5.



space. In the star network each expert has exactly two message strategies. He can either
reveal his signal to the manager or send signal-independent messages (known as babbling).
The manager’s optimal action for n € {0, 1,2} truthful messages, with k& € {0,..,n} denoting

the sum of the messages, is her posterior of 6:

kE+1
k) =En(0k,n) = .
(k) = Ex(Olk,n) =

Suppose, first, that only one expert (say, expert 1) reveals his signal. As b > 0, he wants to
reveal his signal “1” resulting in y(1,1) = % If he truthfully reveals his signal “0” the manager
chooses y(0,1) = % If he lies given his signal “0” (and the manager believes him), she chooses
% while expert 1 expects the state to be % It is easy to show that expert 1 is truthful only if
b<g.

Suppose, next, that the manager expects both experts to reveal their signals. Consider
expert 1 with the signal “0”. He believes that expert 2 has a signal “0” with probability % and
a signal “1” otherwise. Thus, if he communicates his signal truthfully, he expects the manager
to choose y(0,2) = % with probability % and y(1,2) = % otherwise. By deviation, he expects
the manager to choose y(1,2) = % with probability % and y(2,2) = % otherwise. As in both
cases the shift in the manager’s action is ;11, expert 1 does not lie if b < % (the same is true for
expert 2).

Third, consider the line network where expert 1 reveals his signal to expert 2 and so the
latter observes two signals from the set {00, 01, 10, 11}. Suppose that expert 2 uses the following
strategic pooling in his message strategy - he either informs the manager that the sum of both
signals is “00”, or that the actual signal combination is within the set {01,10,11}. The second

[4

message is “noisy”. Notice the difference to how noise is modeled in Myerson (1991) and

Blume, Board, and Kawamura (2007). In their studies, conditional on some signals a message
perfectly arrives to a receiver with some probability, and is drawn from a fixed error distribution
otherwise. In the current model the noise does not come from an error distribution but from

a strategic decision of the sender to pool multiple signals into a single message.

Upon receiving the first message the manager chooses i, and upon receiving the second
1

5 were she able to exactly

message she chooses y = g that is the midpoint between her action

3

1 were she able to exactly observe the signals

observe the signals “01” or “10”, and her action
11. Since the experts are positively biased, the only relevant deviation has to be conditioned on
both signals being 0. It is easy to show that the experts do not have incentives to deviate from
the above message strategies if b does not exceed the half-distance between the two equilibrium
actions of the manager, which implies b < 1—36.

Notice that due to the pooling of the signals in the line the difference between the two



equilibrium actions of the manager is larger compared to the star with one truthful report.
This is why it is costlier for the experts to misreport in the line compared to the star. As
a consequence, the line supports information transmission where the star does not (which is
the case for b > %) As I show in section 3, strategic pooling by an intermediary benefits the
decision maker for a large family of priors and not only for the uniform prior in the current
example.

Furthermore - as shown in the Appendix - the above equilibrium in the line strictly dom-

inates both the babbling equilibrium and the equilibrium with a single truthful signal. As a

ve (516)

the line results in a strictly higher expected payoff for the manager compared to the star.

result, for

As shown in section 5, allowing for mixed strategies does not change this result showing its

robustness.

3 Model

An organization consists of n > 2 experts (“he”) and a decision maker (“she”, denoted by DM).
There is an unobserved state # that can represent a parameter of the market demand, a state
of technology or a profit-maximizing capital allocation. The decision maker wants to match
the state with her action y € R that might represent, for example, the amount of an internal
budget allocated to a particular project the profitability of which depends on 6. Her payoff
function —(y — #)? indicates progressively higher losses the further away is the action from the
actual state. Fach of the experts from the set N¢ := {1,..,n} has a systematic bias relative to
the true state, for example due to career concerns. The payoff function of an expert ¢ € N¢
is —(y — 6 — b;)®. T assume that the biases can take arbitrary values, and that the entire
bias vector is common knowledge. This parameterization of players’ preferences is attractive
due to the linearity of best responses and is prominent in organizational economics (Gibbons,
Matouschek, and Roberts, 2013).

The state is unobserved and is commonly known to be distributed on [0, 1] according to a

Beta distribution with the parameters (a, 3):6

I'(a+5)

a—1 _ n\8-1 7
—F(a)F(B)e (1-6)"", a>0,8>0.

fa,ﬁ (9) =

6To my knowledge, Morgan and Stocken (2008) is the first paper using a Beta-binomial model in the context
of information aggregation.

"The two key properties of the gamma function I'(-) are: 1) for an integer ¢ we have I'(c) = (¢ — 1)! and 2)
since @ > 0, > 0 we have I'(c) = (¢ — 1)I'(c¢ — 1).



The set of prior distributions is a family of continuous functions with the full support on
[0,1]. The Beta prior is a natural choice: first, it comes from the conjugate family (as shown
below) and second, depending on the distributional parameters (o, 3) it can take one of many
functional forms featured in the literature such as the uniform case (« = § = 1), linearly
increasing or decreasing (e.g. a = 2,8 = 1) or bell-shaped (e.g. a = § = 2). To save on
notation I omit (o, 3) when referring to functional notations.

Each expert receives a private binary signal s; € {0, 1} with Prob(s; = 1) = 0. If a player

knew the exact sum k of n signals, his posterior would be:

I'(a+B8+n)
MNa+K)I(B+n—k)

f(0lk,n) = 0o (1 — g) R

As we see later, this simple structure of discrete signals results in a tractable summary
statistic. The decision maker chooses a communication network that determines both who
talks to whom and in which order. The network is represented by a directed graph @ = (N, E)
with the set of nodes N and an (n+1) x (n+1) adjacency matrix E = [e;;]; jen with e;; € {0,1}
representing the availability of a directed link from 7 to 7. I use a notion of a path in a network
Q, H;,;, (@), that is a sequence of nodes iy, 4y, .., %z, such that e;;,,, = 1foreach I =1,..,L —1.
Building upon a large literature on hierarchies (in the paper I use the terms hierarchy and
network interchangeably) I focus on directed tree networks where the decision maker is located
at the “root” of the tree. Specifically, the underlying set of networks Q satisfies the following

properties:®

1. each expert has a single outgoing link and (possibly) multiple incoming links,
2. there are no cycles, and

3. the decision maker has at least one incoming link and no outgoing links.

Further, a network determines the order of play: if there are two links e;; = 1 and e;, = 1,
then j first listens to ¢ and only then talks to v. Each expert’s ¢ type is his own private signal
and - depending on the network - the information that he receives from other experts.

In the main body of the paper I study pure strategy equilibria (see section 5 for mixed
strategies). To define players’ strategies let P(S) denote a partition of an arbitrary set S.
Each expert’s communication strategy is a partition of his type space. For each i € N, let
Ni(Q) :={j € N°¢: ej; = 1} define the set of experts who can send messages to i in a network

Q. If an expert ¢ € N°¢ babbles, it means that he sends messages independent of his private

8See the appendix for the formal definition



information, his communication strategy is denoted by P?(Q). The type set of expert i € N°¢

is
T,(Q) = Wien@ ({0, 1} (@) x {0,1},
and a communication strategy of expert 7 € N¢ is
Py T;(Q) = P(T3(Q)),
where

N]<Q> = {] Ui’ e N°: 3 HZIJ<Q) and VJ/ S {Z‘Z S Hi’j and ¢ 7é j},le(Q) 7é PJb/(Q)}

defines the set consisting of expert 7 and of all experts located on all paths leading to expert
J in @, who are not babbling, and whose successors on the entire path leading to expert j are
not babbling either.

Notice the recursive structure of an expert’s beliefs and strategies: an expert’s communi-
cation strategy is a partition of his type space, and his type space is a function of the commu-
nication strategies of experts directly connected to him, whereas the communication strategies
of those experts are partitions of their type spaces with each of those type spaces depending
on the communication strategies of experts directly connected to them etc. Naturally, for each
expert at the bottom of the hierarchy the type space is {0, 1} and the communication strategy
is a partition of {0, 1}.

The decision maker’s beliefs in a network () are determined by the information and com-
munication strategies of the experts directly connected to her and can be represented by a
partition Ppa(Q) = ien, @ FPi(Q). The strategy of the decision maker consists, first, of

choosing and committing a network ) € Q and, second, of choosing an action

Most communication networks give rise to multiple equilibria which is a common feature of
strategic communication games. I focus on the best equilibrium for the decision maker in any

given network.” When referring to optimality I use two concepts:

1. for an unrestricted domain of biases I say that a network ) weakly dominates a different

network ' if, for any players’ biases, the best equilibrium payoff for the decision maker

9Such an equilibrium is Pareto optimal in the ex-ante sense: before experts receive their signals each player
aims to minimize the residual variance E[—(y — 6)2].

10



in () is at least as high as in ', and for some biases it is strictly higher,

2. for a restricted domain of biases I say that () dominates a different network Q' if — for
the specified biases — ) results in a strictly higher expected payoff for the decision maker
than @'.

A Perfect Bayesian Equilibrium in pure strategies is a tuple

(QATH@ it {PAQ) bim1.ccn.001, y(Poi (Q)))

such that the following conditions are satisfied in equilibrium:

1. y(-) must be sequentially rational. For k& € {0,..,n} it means that if p’ € Ppy(Q) is

reported to the decision maker, she chooses

Yy € argmax — Z Pr(k / —0)*f(0]k,n)do

'eR
Y kep’

2. For every t; € T;(Q), the partition P;(Q) is incentive compatible if, for ¢; € p;, p; € Pi(Q):

= 3 Pl PA@) X P [ )~ 0 - 02Ol >

PEPpM(Q) kep

— S Pl Pa@) S Pr( k|t/ (y(p) — 0 — b2 F (Ol n)do

PEPpM(Q) kep
for p; € Pi(Q) and p] # p;.

3. Finally, () maximizes the expected payoff of the decision maker:

Qe argmax — Z Pr(p|P(Q ZPT / (p) — )2 f(0|K',n)do

pEPpM(Q) kep

where P(Q) = [LicnePi(Q).

Given the equilibrium conditions, the decision maker aims to match the state and chooses

y() = EDM(0’p> for pE PDM(Q)

3.1 Simultaneous versus sequential communication

A natural benchmark is a network called a star where each ¢ € N¢ has a link e;py; = 1 (Figure

2). The equilibria in a star are easy to characterize (see also Morgan and Stocken (2008)):

11



Proposition 1: Fiz any (o, 5). Take any number of experts, n, with arbitrary biases. An
equilibrium in a star network with n’ < n experts communicating their signals truthfully to the

decision maker exists iff for every expert i € {1,..,n'}, |b;] <

o
atf)(1+at+p)(n'+a+p)’

m. The expected payoff of

the decision maker s —1

Figure 2: A star with n experts

DM

To understand Proposition 1 notice, first, that for n’ equilibrium truthful signals and the

sum of the truthful signals k, the posterior of the decision maker is

[+ B +n)

f(Olk, ) = T(a+ kLB +n —k)

gotk—1 (1 _ 9)5+n’—k—1 )

Given the posterior, the decision maker chooses the action

a+k

1
k,n') = Epy(0lk,n') = 0f0lk,n)d) = ——.
o) = Bous(0lkn') = [0 61k )i =

Consider any expert ¢ who is believed (correctly in equilibrium) to truthfully reveal his
signal. If s; = 0 and ¢ lies about his signal, he expects a shift in the decision maker’s action

to the right of his expected state by the distance Similarly, if s; = 1 and i lies about

1
o
his signal, he expects a shift in the decision maker’s action to the left of his expected state

1
by T
deviate for |b;| < m
increases in precision with larger n’. As we see from her expected payoff in Proposition 1, she

Since the expert’s payoff function is symmetric around his ideal point, he does not

. Further, notice that for any (a, 8) the decision maker’s posterior

benefits from a larger number of truthful signals. However, since her posterior is concave in
the number of truthful signals, a larger n’ makes it more profitable for each expert to deviate.
As a result, a larger n’ corresponds to smaller biases (in absolute value).

Proposition 1 further reveals that for any given (a, 8) the experts’ communication incen-
tives depend on the equilibrium number of truthful messages and not on the exact realization
of the signals. In other words, even if an expert observes some of other experts’ signals, his

deviation incentives would not change. This has a direct implication on how an optimally

12



organized hierarchy can result in the same number of truthful signals and generate the same

payoff profile as the star network.

Proposition 2: Fiz any («, ) and take any number n of experts with F biases. Take any
network () that s not a star with the restriction that for any i connected to j, e;; = 1, it must
be true that |b;| < |b;|. Then any equilibrium number of truthful signals and the corresponding

payoff profile in the star is also implementable in Q).

The optimal ordering requirement in Proposition 2 states that the experts with smaller
biases (in absolute value) have to be closer to the decision maker. To illustrate the intuition
suppose that this condition is violated. Suppose there is an expert with a high enough bias
(b > m) who never reveals his signal in a star whatever the number n’ of truthful experts.
Proposition 1 tells us that he would not reveal his signal even if he knew the signal realizations
of the other experts since for any given n’ his incentives do not depend on k. But then, if the
decision maker expects the same information in a (multi-layer) hierarchy, as in the star, she
should not make this expert an intermediary.

Does it mean that a hierarchy can never incentivize a highly biased expert to reveal his
signal? The answer is no as the introductory example shows. In the example the pooling of
signals connected to higher states and separating them from signals connected to lower states,
increases experts’ deviation costs. As a result, highly biased experts reveal some information
in the line where the star does not transmit any information.

The next proposition generalizes the introductory example for two experts and shows that
an arbitrarily ordered line transmits coarse information from the experts to the decision maker
where the star does not, if one of the following conditions holds: either the experts are posi-
tively biased and the prior distribution assigns sufficiently high beliefs to higher states, or the

experts are negatively biased and the prior assigns sufficiently high beliefs to lower states.

Proposition 3: Tuke two experts with the biases strictly above |m| such that the only

equilibrium in the star is babbling. An arbitrarily ordered line dominates the star if either

a>32(/14+8(6+6)—1-0), >0 and

) 6( 1 l+a+p
€ (v g Brar At ar D)

resulting in the decision maker’s expected payoff

af(4+ o+ B(5+26) + a(5+ 33))
(a+B)(1+a+B)2+a+pB)2(1+a+2p)
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or3>i(y/1+ala+6)—1—a), a>0 and

l+a+p 1 )

hae |- 2+a+p)(1+2a+6) 2a+pB+1)

resulting in the decision maker’s expected payoff

_ aB(d+ B+ a5+ 2a) + B(5+ 3a))
(a+B)1+a+B)2+a+pB)2(1+2a+p)

To understand the equilibrium construction in Proposition 3 (that I use throughout the

paper), think of two positively biased experts with biases strictly exceeding ( From

1
2(atp+1)”
Proposition 1 we know that the only equilibrium in the star is a non-informative one (babbling).

Denote the bottom expert by 1 and the intermediary by 2: e;o = 1 and espys = 1. Consider
a strategy profile in which expert 1 truthfully reveals his signal and expert 2 either truthfully
reveals the signals 00 or sends a message p if both signal realizations are either 01, 10 or 11.

Upon receiving the first message the decision maker forms a posterior

o+ B+2)

7002 = rayra+2)

0~ (1 —6)7*!

with the expected value of 6, Upon receiving the second message, she forms the posterior

+ﬁ+2
via Bayes’ rule:

F'(a+B) pa— —
> ke 1kl(2 7 0 (1 — 0)* " e 001 (L= 0)7

Jo Xk w0 (1 = 00 e 021 (1 — 0)P~ 1o

f0)p,2) =

D(a+ B +2) 601 —0)°"1(2—0)
Fla+1D)I(B) (26+a+1)

(a+28+4+2)(a+1)
(a+28+1)(a+p+2) "

Consider, next, the experts’ communication incentives. Since both experts are positively

and the corresponding expected value is fol 0f(0|p,2)do =

biased we only need to check deviations to messages resulting in a higher expected posterior
of the decision maker. In particular, given the above message strategy the incentives for an
upward deviation for both experts have to be conditioned on both signals being 0. As I show in
the appendix, an expert does not deviate if his bias is weakly below the half-distance between

his expected value of 6 if both signals are 0 (which is %M) and the decision maker’s action if

(at28+42)(a+1)
a+28+1)(a+B+2

not deviate from truthfully revealing his signal 0 and expert 2 doesn’t deviate from truthfully

the signals 00 are not truthfully revealed (which is ( )). Therefore, expert 1 does
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revealing the signals 00 if

l+a+p

bi < 2+a+p)(1+a+28)

2.

Li=1

?

Clearly, the above message profile yields a higher expected payoff to the decision maker

0

compared to the babbling equilibrium even though communication contains noise.'® From

the only equilibrium in the star is babbling.

1+a+83 >
2+a+8)(1+a+20)

Proposition 1 we know that for ;5 > m

Therefore, the decision maker strictly prefers the line over the star if (

1
a+p+1
or

o> S(VIFBE+6) ~1-f)

where 1(1/1+ 8(8+6) —1— ) < 1 and monotonically converges to 1 (from below) as 3 goes
to infinity. As the prior is proportional to §271(1 — #)°~1  a sufficently high o means that the

players are sufficiently “optimistic” about the state (the prior assigns sufficiently high beliefs
to higher states). As we see from the above discussion, if & > 1, even for an arbitrarily large
B there still exists a range for positive experts’ biases where the line outperforms the star that
only has a babbling outcome.

The case for negative biases is similar. The equilibrium construction uses the fact that
an intermediary communicating to the decision maker either sends a message containing the
signals 00, 01 and 10, or reveals the signals 11. Thus, in terms of the equilibrium construction
the case of negative biases is the mirror image of the case with positive biases.!!

Which network should be favored by the decision maker who has access to more than
two experts? The next proposition characterizes a network with at least three experts that
results in a coarse information transmission where a star (with arbitrarily many experts) or a
line with two experts do not transmit any information. This happens if either for positively
biased experts the prior assigns sufficiently high beliefs to higher states or, for negatively biased
experts, the prior assigns sufficiently high beliefs to lower states. The corresponding network

should allow one of the experts to collect information from two of the other experts.

10My hypothesis is that the construction in Proposition 3 is also applicable to more general signals if the
signal precision is concave in the number of signals and — whenever the biases are sufficiently positive (negative)
— if the prior assigns sufficiently high probability to higher (lower) states. The reason is that for, say, positive
biases, by pooling the high states there is enough probability mass attached to higher messages in order to
generate a large a enough shift in the posterior of the decision maker by deviation. This would make deviations
costly even for large biases.

UThe insight that noise facilitates communication is, of course, not new (Blume et al., 2007; Myerson, 1991).
The novelty of the above approach is that noise is created by connecting the experts which results in strategic
pooling of aggregated signals.
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1+a+8
2+a+8)(1+a+28)

such that the only equilibrium in a star and any line with two experts is babbling. Take any

Proposition 4: Take n > 3 experts with all absolute values of biases strictly above (

@ which has an expert i € N¢ connected to the decision maker, e;ppy = 1, an expert j € N€
connected to i, ej; = 1, and another expert j' € N either connected to j, ej;; = 1, or connected

toi, ey =1. Fora>1, >0 and

1+a+0 31+a+p8)2+a+p) }

bbby € (e B T a T30 TETa T AET o+ 3001+ B + 3BT

or3>1, a>0 and

31+a+B8)(2+a+p) 1+a+p
bi,bj,bj/e |:— T )
2B+a+8) 2+ 2 +381+a)+3a2+a)) 2+a+B)(1+2a+p)
the network Q) results in a strictly higher payoff for the decision maker compared to a star or

any line with two experts.

The equilibrium construction is similar to the one in Proposition 3 and uses three signals.!?
In the case of positive biases the expert ¢ who is connected to the decision maker, aggregates
information about three signals and sends only two messages in equilibrium. He either informs
the decision maker that the sum of the three signals is 0, or that the sum of the three signals
is within the set {1,2,3}. This message strategy has a minimal informational content: the
decision maker only knows if all signals are 0, or not. Since almost all signal combinations are
pooled together in a higher message, a sufficiently large o ensures that a deviation from the
lower message results in a large shift of decision maker’s action from the expert’s expected value
of the state. Thus, even the experts with large biases are incentivized to stick to the above
message strategy. The equilibrium construction for negative biases is similar - an intermediary
either informs the decision maker that the sum of all three signals is 3, or not.

A consequence of Propositions 2 and 3 is stated in the next Corollary. It shows when, for

n > 2, an optimally designed hierarchy dominates the star:

Corollary 1: Take any network Q) that is not a star, with at least two experts such that if expert

i communicates to expert j, e;; = 1, then |bj| < |b;|. For either a > 3(/1+ B(f+6) —1—0)
or > 2(y/1+ala+6) — 1 —a) the network Q results in a higher expected payoff for the

decision maker than the star.

We see the power of information aggregation in hierarchies - an intermediary can pool signals

12A more general argument using a similar equilibrium construction for n signals can be shown using simu-
lation results. Its qualitative predictions are similar to Propositions 3 and 4.
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and increase the costs of deviation from the message strategies of all experts participating
in a non-babbling communication. Thus, aggregation of signals helps to overcome incentive

problems faced by experts with sufficiently large biases.

4 Uniform prior

In this section I assume a uniform prior (« = f = 1: see, e.g., Galeotti et al., 2013 or
Argenziano et al., 2015) that describes a situation in which the experts do not possess any
prior knowledge about the underlying parameter of interest (e.g. the quality of the project).
The corresponding optimal network in case of large and similar biases requires (1) a single
intermediary to be connected to the decision maker, (2) to aggregate all signals and (3) to
report his information in the coarsest possible way.

Proposition 5: Assume that the biases of all experts are either within the interval (72—, 7t

A(n+1)’ 4(n+2)
or within the interval [—4(’2—112), —4(7?—“)). Then:

1. In the optimal network the decision maker is connected to a single expert i € {1,..,n},
eipm = 1, and each expert apart from i is connected to some other expert j € {1,..,n},

no matter which one.

2. Any other network does not transmit any information from the experts to the decision

maker.

n+1 _ _n+l
I(nsay O below —3a7s,

Moreover, If the biases of all experts are above then no information is

transmitted in equilibrium.

The explanation for Proposition 5 goes as follows. Given the parameter restrictions, there
exists an equilibrium in which a single intermediary connected to the decision maker is informed
about all signals. This enables him to send messages according to the coarsest possible message
profile: in the case of positive biases, for example, this expert either sends a message containing
the sum of the signals 0, or a second message that pools together all the other signals.!®> As
a result, all experts condition their upward deviation on all n signals being 0. Whenever an
expert with a summary statistic 0 deviates to a message with a higher summary statistic, and

the actual sum of all signals is 0, the decision maker chooses a policy far to the right of the

n+1
4(n+2)

is determined by an upward deviation constraint of the partition {{0},{1,..,n}}. The lower

experts’ expected value of the state. In particular, the upper bound in Proposition 5

13For negative biases an intermediary either informs the decision maker that the sum of the signals is n or
that the sum of the signals is not n.
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bound is determined by the corresponding upward deviation constraint with n — 1 experts
where the single intermediary communicates to the decision maker according to the partition

(n— 1 n
{{0},{1,..,n — 1}}. This results in the bound @ 11):2) = I

Figure 3: Examples of optimal networks in Proposition 5

DM DM DM

A

/\ //\ .
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Figure 3 shows the examples of possible optimal networks characterized in Proposition
5. The ordering of the experts can be arbitrary. This is because the intervals specified in
Proposition 5 are not large enough to create incentive conflicts between the experts. A direct

consequence of Propositions 5 is

Corollary 2: Whenever the absolute values of biases of all n > 2 experts are strictly above é

and there are either m > 2 experts wzth < b < (":12), i=1,...,m, orm' > 2 experts with

—4(’;112) <b; < —g, j=1,..,m', then the commumnication strategies in the optimal network

feature strategic coarsening of information.

Consider now the case of sufficiently small biases (but not too small to completely alleviate
the players’ conflict of interest). The optimal network requires the expert with the smallest |b|
to communicate to the decision maker and all other experts to be directly connected to that

expert.

Proposition 6: Take any number n > 2 of experts such that

1. esther there is an expert i with the bias 0 < b; < 2(n—1+2) and the bias of each expert
j=1,.,n, j#1i, satisfies 5—= n+2 < b; _% or

2. there is an expert v with the bias — < b; < 0 and the bias of each expert j =

(n+2

. . . 3+n(n+1) 1
1,..,n, j #1, satisfies T 1 < 5y
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Then, the optimal network requires i to be connected to the decision maker, e;p = 1, and each

other expert to be connected to i, ej; = 1. The corresponding expected payoff for the decision

n2+3n+5

maker is — W .

The underlying logic is related to Proposition 5 with the difference that the message profile
in Proposition 6 features the smallest possible incentive compatible coarsening of signals. For
example, for positively biased experts the partition according to which the decision maker

receives her information is

{{0}, {1}, . {n —2},{n — 1,n}}.

Notice that Proposition 5 only requires the decision maker to receive information from a
single expert whereas Proposition 6 provides an additional restriction as it requires the interme-
diary to have the smallest bias and all other experts to have a directed link to the intermediary.
The reason for the additional restriction is to maximize the aggregate uncertainty among the
experts about exactly which element of the decision maker’s partition is communicated to
her. We next study how the uncertainty of experts about the signals of other experts affects

communication incentives.

Definition: Expert i receives full information from some other expert j in a network @ if ¢

perfectly observes every p € P;(Q) communicated by expert j.!4

Lemma 1: Tuoke any equilibrium in an optimal network Q) that involves strategic coarsening
of information. If some expert j truthfully communicates all his signals, P;(Q) = T;(Q), and
some other expert i recewes full information from j, then the range of biases supporting the

equilibrium strateqy of i is weakly included in the range of biases supporting the equilibrium

strateqy of 7j.

The next Lemma shows the implication of Lemma 1 for the structure of optimal networks.

Lemma 2: Take any number of experts with arbitrary biases. In the corresponding optimal
network @, if an equilibrium involves strategic coarsening of information and there is a player
1 € N who receives full information from some expert j € N€, j # i, then j has to be connected

to i, ej; = 1.

Formally, the partition P?(Q) is finer than the partition P;(Q).
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The proof of Lemma 2 uses the insight that if, contrary to the Lemma, there are some experts
between i and j, those experts face tighter constraints compared to the case in which j is directly
connected to ¢, without changing the expected payoff allocation. Thus, the Lemma shows that
if an expert receives full information from some other experts and coarsens the aggregated
information, in an optimal network he receives this information unmediated meaning from
each of those experts directly.

As a result, an optimal network consists of “information coordination units” (groups) which
are essentially stars. At the center of a group there is an expert who receives direct mes-
sages from all other group members, strategically coarsens the aggregated information and

communicates it up the hierarchy.

4.1 Optimal network for 3 positively biased experts

Using the insights of the previous sections, this section characterizes the optimal networks and
corresponding equilibria for 3 positively biased experts where none of the experts babbles.!?
When referring to the experts I label them 1, 2 and 3 such that b; < by < bs.

Propositions 1 and 2 imply that for experts’ biases below %, any network leads to complete
revelation of all signals and yields EUp; ~ —0.033.

For the following assume b > 0.1 for at least one of the experts. The optimal network

depends on the biases as follows

1. If the biases are small, the optimal network is depicted in Figure 4(a) (denoted by Q).
Assume b; < 0.1 and 0.1 < b3 < 0.125. In equilibrium experts 2 and 3 communicate their
signals truthfully to expert 1. Expert 1 sends one of three messages: if the sum of the
signals is 0, he sends py, if the sum of the signals is 1, he sends p/, and if the sum of the
signals is either 2 or 3, he sends p}. Decision maker’s choices are y(p;) = %, y(py) = %

and y(py) = 1—70. This strategy profile yields EUpy; ~ —0.038.

2. If the biases are in the intermediate range, the optimal network is depicted in Figure 4(b)
(denoted by Q). The biases by < 0.115 and 0.125 < b3 < 0.14 support the following
equilibrium strategy profile: expert 3 communicates his signal truthfully to expert 2.
Expert 2 sends p, if both his private signal and the message of expert 3 are 0, and sends

ph otherwise. Expert 1 sends p; if his signal is 0, and p} otherwise. The decision maker’s

choices are y(p1,p2) = %7 y(py,p2) = é, y(p1,ph) = 1—75 and y(p},py) = % resulting in

EUpy ~ 0.04. We know from the section 3.2 that the same outcome can be implemented

in a line, but only for a strictly smaller range of expert 1’s bias.

15Tf, for example, one of the experts babbles, we are back to the case of two communicating experts covered
in the introductory example.
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Figure 4: Networks for 3 experts
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3. If the biases are large, the optimal networks are depicted in Figure 4(a) (Q.) and 4(c) (the
latter is denoted by Q. ). This is a direct consequence of Proposition 5. Fix 0.1875 < b <
0.2 and b3 < 0.2. In equilibrium experts 2 and 3 communicate their signals truthfully to
expert 1. Expert 1 sends p; if the sum of all signals is 0. Otherwise he sends p}. The
decision maker chooses y(p1) = £ and y(p}) = £ with the resulting EUpy ~ —0.05.

5 Mixed strategies with a uniform prior and two experts

In this section I allow for mixed strategies while only looking at two experts. Studying mixed
strategies is important for at least three (related) reasons. First, in the context of discrete type
spaces it is well known that mixing allows for a richer strategy space potentially resulting in
more information transmitted (see, e.g., an example in Myerson (1991)). Second, it is known
from a related context featuring information aggregation (e.g. Austen-Smith (1993)) that ac-
quiring information by a decision maker from different sources can incentivize experts to distort
information in order to “outweigh” the decision maker’s information. But this implies that par-
tial revelation of information by some experts can incentivize truthtelling by other experts
which implies that some of the mixed strategy equilibria can payoff-dominate pure strategy
equilibria. Finally, Ivanov (2010) and Ambrus et al. (2013) show how biased intermediaries can

improve communication which means that a strongly biased expert who uses mixed strategies
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could be efficient in information transmission. The current model puts a strong constraint
on the tractability of general results with mixed strategies as both the possibility of strategic
coarsening of discreet signals and the randomizations over the partitions of available signals
typically result in a very large type space. For this reason, I only look at the two-experts case.

For simplicity, I assume that the each expert’s message space is countable. Since the
equilibrium definition is standard, I relegate it to the appendix. Suppose that both experts are
biased in the same direction (biases of different signs are analyzed in the appendix). A mixed

strategy equilibrium in the star has the following feature:

Lemma 3: In a mized strateqy equilibrium in a star with two positively (negatively) biased

experts, each expert always truthfully reveals his signal 1 (signal 0).

To understand this result, suppose that a positively biased expert randomizes given his
signal 1, and suppose that in this case he either sends m or m’. As one of the messages results
in a higher posterior of the decision maker, assume E(0|m,m_;) < E(0|m’,m_;) where m_;
denotes a realization of the mixed strategy of the other expert. For any message m_; € M from
the other expert, the expert’s posterior is larger than the decision maker’s posterior after she
receives the message profile (m, m_;). But then the expert always prefers to send m’ instead
of m and therefore a mixed strategy that violates Lemma 3 is not incentive-compatible.

To see how allowing for mixed strategies can make the star optimal for the decision maker
[ focus on the simplest case with |M| = 2. In words, the players have two messages at their
disposal, and given Lemma 3, if the experts are positively (negatively) biased then each expert
uses both messages when his signal realization is 0 (is 1) and a single message if his signal
realization is 1 (is 0). Thus, the mixed strategy profile for positively biased experts goes as
follows:'6 for each i = 1,2, expert 7 with signal s; = 0 sends m; = 0 with probability p; € [0, 1],
and m; = 1 otherwise. Moreover, he sends m; = 1 if s; = 1. For this strategy profile, we obtain

the following result:

Proposition 7: A star dominates an arbitrarily ordered line with two positively biased experts

if the biases satisfy

by = f(p1,p2) and by = g(p1, p2)

such that'”

16The case of negatively biased experts is symmetric.
(4(14—5p1)p1—39)p5+2(p1 (55p1 —159)+114)p2 —3(p1 (61p1 —180)+132)pa+24(3—2p1 )

17 : _
The exact functions are f(p1,p2) = 01 -3)(2p>=3) (01 (253 =3) —35276) (01 (392 —1)—dps 16)
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18p1 (9p1 —23)—/3/4p1 (p1 (p1 (11p1 —102)+312) —387)+675+261 and

1. pa > A(p1(32p1 —81)+51) )

2. either by > % or by > %.

Although the result is somewhat technical, the intuition is straightforward. First, condition
1 in the above proposition indicates that both probabilities p; and p, have to be sufficiently
high to ensure information transmission to the decision maker is not too noisy. This is because
for each ¢ = 1,2 a higher p; corresponds to a higher likelihood that expert ¢ will truthfully
reveal his signal 0. Moreover, the consequence of condition 2 is that only one bias can exceed
1

5. It implies that the other bias has to be sufficiently small to ensure a sufficiently high

informativeness of communication.

Figure 5: Illustration of Proposition 7

The corresponding values of biases as a function of (p;, ps) are illustrated in Figure 5. The
dark (blue) area shows the range for b;, and the lighter (pale brown) area shows the range
for by depending on (p;,p2) in the region where the star dominates the line. In the figure,
by < é < by indicates that one of the experts is required to have a relatively small bias. This
finding highlights a trade-off where a coarser communication by one of the experts (expert 1)
has to be compensated by a finer information transmission by another expert (expert 2) in
order for the decision maker to prefer the star over any mixed strategy profile in the line.

Finally, given the calculations in the appendix it is straightforward to show that for sym-
metric mixed strategies with two experts the star never outperforms the line if both biases

strictly exceed % which can be interpreted as the robustness check of the introductory example.

_ p3(4(14—5p2)p2—39)+2p3 (p2(55p2 —159)+114) —3p; (p2 (61p2 —180)+132)+24(3—2p,)>
and g(p1, p2) = = S(p1—3) (202 —3) (201 —3)p2—3p176) (31 —Dpz—1p1 +6)
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6 Further results

6.1 Biases of opposing signs

Suppose that a decision maker consults four experts two of which have the same positive
bias, by = by = bt > 0, and the other two have the same negative bias, b3 = by = b~ < 0.
Suppose that the decision maker can only split the experts into two lines, each one including
two experts. The available networks (up to relabelling of the experts) are depicted in Figure 6.
What is the optimal assignment of the experts into both lines? Although the question is more
restrictive than before, it offers additional insights into optimal networks when the experts
have biases of opposite signs. I show that it is optimal to put experts with the same biases into
a single line and therefore to separate them from the experts with biases of the opposite sign.
The reason for this is twofold. First, having the same biases within each group prevents an
incentive conflict so that signals are shared. Second, within each line the experts distort their
reports in the direction opposite to the distortion of reports in the other line. As the decision
maker wants to minimize the residual variance, she benefits from having two reports biased in
opposite directions.

Specifically, assume maz{|b~|, [b"|} > & as otherwise Proposition 2 states that all experts

communicate their signals truthfully in any network.

Figure 6: Possible group arrangements
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In case A (Figure 6A) the experts are partitioned into two lines according to the sign of
their biases. In cases B, C and D (Figure 6B, 6C, 6D) the experts have mixed signs within
the lines and differ by the signs of the experts communicating to the decision maker.

Think of the following message strategies in case A: experts 2 and 4 communicate their
signals truthfully to experts 1 and 3. If the sum of the signals observed by expert 1 is 0, he sends
p1. Otherwise he sends p}. If the sum of the signals which expert 3 observes is either 0 or 1, he
sends p3. Otherwise he sends pj. As a result, the decision maker receives messages according
to the partition {{0},{1,2}} x {{0,1},{2}}. Notice that expert 1’s communication strategy

pools together the two of the largest sums of signals whereas expert 3’s message strategy pools
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together the two of the lowest sums of signals. Thus, the experts within each group bias their

communication strategy in a direction opposite to the other group. The decision maker chooses

2 1 7

y(p1,ps) = 9 y(p1,p5) = y(pi,ps) = 3 y(p1, ph) = 9

The expected payoff of the decision maker is EUpy; >~ —0.037. This strategy profile is an
equilibrium for b* < 0.13 and b~ > —0.13. As I show in the appendix, for b* € (0.1,0.13] and
b~ € [-0.13,—0.1) the network depicted in Figure 6A dominates all other networks.'®

6.2 Beyond tree networks

How limiting is the focus on trees compared to alternative communication networks with only
one round of communication? I show how a network with multiple outgoing links can outper-

form an optimal (tree) hierarchy.

Figure 7: Expert 2 has two outgoing links
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3

Example: Consider three positively biased experts organized in the network depicted in Figure
7, and the following strategy profile: expert 3 truthfully reveals his signal to expert 2. Expert 2
sends the same message to the decision maker and to expert 1: if both expert 3’s message and
his private signal are 0 he sends py, otherwise he sends p,,. Expert 1 communicates as follows:
if he receives po, he sends p; irrespective of his private signal. If he receives pj, he sends p)
if his private signal is 0 and p} if his private signal is 1. Thus, if the decision maker receives
po from expert 2, she disregards expert 1’s message. Otherwise she can distinguish between
different types of expert 1. As a result, in % of cases (which is the case if ps is sent) the decision
maker receives coarse information only from experts 2 and 3, and in % of cases (which is the

case if pl, is sent) the decision maker receives additional information about expert 1’s signal.

For maz{|b~|,|b*|} < ;5 any of the networks is optimal and involves any of the three experts revealing
their signals perfectly to the decision maker.
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The expected utility of the decision maker is -0.044. It turns out that for 0.125 < by, b3 < 0.14
and 0.115 < by < 0.13, the network depicted in Figure 8 dominates any tree network.
Intuitively, only some (but not all) types of expert 1 want to reveal themselves to the
decision maker. The additional communication channel from expert 2 informs the decision
maker if a type of expert 1 has an incentive to truthfully reveal itself. If the network were a
line, the decision maker would not be able to distinguish whether expert 1’s type is within a
“truthful" subset or not, since all types of expert 1 would want to appear to be in this subset.
The above message strategy is therefore incentive compatible in the network in Figure 7 but

not incentive compatible in the line.

7 Conclusions

This paper studies the optimal design of intra-organizational communication where private
information is a strategic asset due to a conflict of interest within an organization and the lack
of full commitment on the side of the management.

I show how an intermediation force in the optimal hierarchy leads to aggregation and
incentive-compatible pooling of signals in the instances where no information transmission
would be possible were the experts assigned to smaller groups. Moreover, an uncertainty force
familiar from the mechanism design setting separates the experts into groups and relaxes their
communication incentives. An optimally designed hierarchy can always generate the same
outcomes as simultaneous communication. More importantly, if the positively (negatively)
biased experts assign sufficiently high weight to higher (lower) states, any optimally ordered
hierarchy outperforms the star. Since an optimal hierarchy partitions the experts into groups
where the experts exchange and coarsen their signals, the equilibrium communication resonates
with communication structures discussed in Cyert et al. (1963), Crozier (2009) and Dalton
(2017).

In real-life organizations communication patterns can be very complex. A hierarchy is a
useful first step. For future research it will be important to look at other communication
structures such as networks accommodating for cycles, communication to multiple audiences
and communication links of varying “strength”.

Moreover, communication is a dynamic activity typically featuring multiple rounds of in-
formational exchange. Literature on strategic communication shows that even adding a second
round of communication between an informed sender and an uninformed receiver can enlarge
the set of equilibrium outcomes compared to a single round communication (Krishna and Mor-
gan, 2004). It is interesting to see how the equilibria in optimal hierarchies are affected by

communicating dynamics.
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8 Appendix

Calculations for the leading example:

For n and k successes, the posterior on 0 is f(0|k,n) = ks?:_ll);),ﬁk(l — )" *. The corre-
sponding expected value is E(0|k,n) = %

1. Equilibrium in the star with one truthful expert.

If an expert ¢ € {1,2} reveals his signal truthfully, the decision maker’s choices are
1 2
y(0) = Epm(0]0,1) = 3 y(1) =Epm(0|1,1) = 3
Expert ¢ does not deviate from the truthful revelation of his signal 0 if:

! ]' 2 ! 2 2
—/0 (5 — 0~ b f(610, 1)d6 > —/0 (5 — 0= b F(810, 1)

where f(0|0,1) = 2(1 — ). Further, he does not deviate from the truthful revelation of
his signal 1 if

_ /1(2 — 0 —b)*f(0]1,1)d0 > — /1(§ — 0 —by)2f(0]1,1)d6,
0 0

3
where f(6]1,1) = 20. The above inequalities hold for [b;| < 3.
Decision maker’s utility is
L /1(1 0)22(1 — 0)d6 — /1(2 0)220d0 — —
2 /o '3 2 /o '3 18

2. Equilibrium in the star with two truthful experts.

The decision maker receives messages according to the partition {{0}, {1},{2}}, where

the sum of successes k € {0,1,2} is the summary statistic. Her optimal choices are

Suppose, an expert ¢ € {0, 1} receives a signal s; = k’. Then, he assigns probability % to

the other expert having the same signal k’, and probability % to the other expert having
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signal 1 — &'

Thus, an expert ¢ does not deviate from the truthful revelation of his signal 0 if:

2 11 2 L e
=5 | G0 -wrren2m -5 [ G—o—bpren2im>

3 4 3

2 /1(1 0 b2 (8]0, 2)d6 — 1/1@ O b)2F(B]1,2)d
3 0 2 1 ) 3 0 4 1 9 7
where f(6]0,2) = 3(0)% and f(0]1,2) = 66(1 — 6). Similarly, an expert i does not deviate

from the truthful revelation of his signal 1 if:

1 [t ) 2 (13 )
—5 | G-o—wrren a3 [ G -o-nprep.w>

1 (11 > 2 (11 >
5 | Go-wrren2m -3 [ G —o—nprem.

where f(0]2,2) = 30%. Both incentive constraints hold for [b;| < %.
To calculate the expected utility of the decision maker notice that the summary statistic
k € {0,1,2} is uniformly distributed:
k 2—k 1
6%(1 —0)>""do = 3

! L9l
Prob(kln =2 :/Prkje,n:QdQ:/—
tn=2)= [ Prtipn =2 = [ 2

Therefore, the expected utility of the decision maker is

—éfo (i — 0)23(1 — 0)2d0 — %/0 (% — 0)260(1 — 6)do—

1 /'3 1
—= = —0)%30%d0 = ——.
3 /0 (4 ) 24
. Equilibrium in the line with two truthful experts perfectly revealing their entire informa-

tion.

Think of the following strategy profile: expert 1 truthfully reveals his signal to expert
2, who, in turn, truthfully reveals both his signal and the message of expert 1 to the
decision maker. The decision maker receives information according to the partition

{{0},{1},{2}}, where the sum of successes k € {0, 1,2} is the summary statistic. Her
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optimal choices are the same as in the case of two truthful experts in the star:

The incentive constraints for expert 2 depend on his signal and the message from expert
1. Expert 2’s information sets can be represented by the summary statistic {0, 1,2} which
reflects the sum of successes of his private signal and the message of expert 1. Without
loss of generality, assume that his message set is {0, 1,2} such that in equilibrium his
message truthfully reveals his summary statistic. If his summary statistic is 0, he has no
incentives to deviate to the next highest message 1 (and therefore not to deviate to an

even higher message 2) if
'l '
= [ G0 wrel0. a0 = ~ [ (G0 b2 s610. 210,
o 4 0o 2
If his summary statistic is 1, he has no incentives to deviate upwards to the message 2 if

| 9 '3 2
_/0 (5= 0= 01)*f(O11,2)d0 > —/O (7 =0 =) f(6]1,2)d0

and no incentives to deviate downwards to the message 0 if

1 1 ) 1 1 )
—/0 (30~ WPFOIL2)d8 = — [ (5~ 0~ b 6], 2)d.

0

Finally, if his summary statistic is 2, he has no incentives to deviate to a lower message

1 (and, thus, no incentives to deviate to an even lower message 0) if

13 9 ! 2
- [(Goo-brroR.2a = — [ (G-0-briER.2w0.

0

Combining all incentive constraints for expert 1 we obtain:

|bo| <

co| =

Finally, the incentive constraints for expert 1 are the same as in the star with two truthful
experts: in both cases he has the same expectation over the decision maker’s summary

statistic. This implies |b;] < £.

The expected utility of the decision maker is the same as in the star with both experts
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truthfully revealing their signals, which is —2—14.

. Equilibrium in the star in which expert 2 strategically coarsens his information.

In this equilibrium the decision maker receives her information according to the partition
{{0},{1,2}} where the sum of successes k € {0, 1,2} is the summary statistic of experts’
signals. If the decision maker is informed that the signals are contained within the cell
p := {1, 2}, his posterior of 6 is formed by Bayes rule:

Pr(p|0) Zkep Pr(k)f(k|0,n)

0|k ,N) = —3 = — )
félk €p.n) JTPrplo)ds [ S, Prik)f(k]0, n)do

where f(k[0,n) = gm;0°(1 — 0)"~". Using the fact that [y 6"(1 — 0)"* = £E2EE e

obtain:
3
FOlk € p.n=2) = 202 6).

and therefore

'3, 5
E(0|k € p,n) = 59 (2 —0)do = 3
0

Thus, decision maker’s choices contingent on the received messages are y(0) = 7 an

y(1,2) = g.

Given truthful communication from expert 1 to expert 2, the latter knows the sum of

1
4

successes of both signals. I denote expert 2’s first message by 0, and his second message
by (1,2). Suppose, first, that expert 2 believes that the sum of successes is 0. He has no

incentives to deviate from the truthful message 0 to the other message (1,2) if

1 9 L5 2
- / (50— bi)2(610,2)d0 = — / (5 — 0 — b1 F(610,2)dp.

If his summary statistic is 1, truthful communication requires that he sends a message

(1,2). He has no incentives to deviate to the lower message 0 if

1

' ) 2 ! 2
—/0 (2~ 0~ b0, 2)d6 > —/0 (3~ 0= b (611, 2)a0.

Finally, if his summary statistic is 2, truthful communication requires that he sends
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message (1,2). He has no incentives to deviate to the lower message 0 if

1

' ) 2 ' 2
—/0 (2~ 0~ b)2f(012,2)d6 > —/O (3 — 0= b (612,2)a0.

The above incentive constraints hold for

Finally, assuming that expert 2 communicates according to the partition {{0},{1,2}}
(which is part of the equilibrium strategy profile which we fixed above), expert 1 has no

incentives to deviate from truthfully communicating his signal 0 if

2 (11 1 (15
3 | G-o-nrrep2w -3 [ @ -o-bnpreni>
2 (15 1[5
-5 | G0 —wrron.2a 3 [ -o—wrrei 2.

Finally, expert 1 has no incentives to deviate from truthfully communicating his signal 1
if

_{gé(g_e_@ffwm2m0+%A(E—G—MVﬂﬂZ%W}Z

/1(§ —0—b)%f(0)2,2)d6}.

2 15 1
-{gl(g—e—mfﬂMme+— 2

3

The above incentive constraints hold for

The expected utility of the decision maker is

1 [t ) 2.5 3 5
— | (- 1—0)2d0 — (= —0)*20(2 — =——.
3/0 (3= 0)°3(1 = 0)%0 — 2 (2 = 0)*50(2 = 0)df = —

Remaining definitions from the model section:

Denote by N the set of all players, N := N¢U DM. 1 study directed graphs with the

following properties:
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1. for each i € N¢, there is j € N, j # ¢ with e;; = 1, and there is no other ;' € N, j' # j

with e, = 1. This means that every expert has a single outgoing link.

2. Take any ¢ € N°. There is no path H;;(Q)), j € N with j # 4, such that e;; = 1. This

means that there are no cycles.

3. Z]ENE ejpm > 1 and ZjeNe epmj = 0 which means that the decision maker has at least

one incoming link but no outgoing links.
For a given n, the probability of k£ € {0,..,n} is:

(a+B8-1!
(a—DI(B-1!

P?"(k) = /0 Pr(k\&)f(Q)d@ = k!(+ik)!9k+al(1 N 9)n7k+ﬂ71

n! (a+k-DI(B—-k+n—-1) (a+p—-1)!
Kl(n — k)! (a+B+n—1)! (a—=1DI(B—1)!

Finally, when a partition P is adopted, the expected value of 6 for a communicated p € P
is
Pr(pl0)Pr(0)
[ Pr(p|0)P(0)do

Pr(flp,n) =

where Pr(pl0) = »_,, Pr(k|0)Pr(k|p) where Pr(k|p) reflects the fact that the elements of

{0,1}" with the same sum of the signals can be featured in different cells of a partition. Thus:

ey momgy? (1 = 0" Pr(klp) iy (1 — 6)
Pr(0lp,n) — kep Kl(n—k)! I( )F(B))

ot n! n— o o B
Jo Shep im0 (1 — )+ Pr(klp) 55001 (1 - 0)b~1d6

Proof of Proposition 1: Fix any (a, #). Denote a star network by Q*. Fix a strategy profile
Pi(Q®) x .. X Py(Q?) in which n’ < n experts communicate their signals truthfully such that
Pi(Q?®) = {{0},{1}} for each i € {1,..,n'}. We derive conditions on experts’ biases for the
above strategy profile to be an equilibrium.

Given the above strategy profile, the decision maker receives her information according
to the partition of the summary statistics (the sum of the signals) {{0},{1},..,{n'}}. For

k € {0,..,n'}, the sequentially rational decision maker chooses

a+k

y(k) = E(0k,n) = R
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Denote by t_; the vector of types of all truthful experts rather than i, expressed in terms of
their summary statistic, t_; € {0,..,n" — 1}. Let y(p—_;, p;) be the action profile of the decision
maker if she receives message p; € {0, 1} from expert i and the messages of all other experts,

p_; =t_;. If t; =0, expert ¢ truthfully reveals his signal 0 if

—@%@4:0m:4D/%MQm—9—@?ﬂﬂk=&nﬂ9+m

+Pr(t_;=n"—1|t; = 0) /l(y(n' —1,0) =0 —b)*f(Olk =n' — 1,n’)d9) >
0
—(Pr(t_i =0|t; = 0) /1(y(0, 1) —60—b)*f(0)k =0,n")df + ...
0

1
+PMLf:W—1M:4D/(Mﬂ—&J)—G—@Vﬂﬂkzn“—LﬂM@.
0
Using decision maker’s optimal choices, the above inequality can be written as

«

1

a4 (n' —1)

Pr(t_;=n"—1lt; =0 —0—b)2f0lk =n'—1,n)dh) >
#Prt == 1= 0) [ T ROk = o = 100) >

—(P(tfﬂm~%n/%—gii——0—bfﬂMk—O do +
r(t_; = 0|t; = o i =0,n

1 /
a+n
Pr(t_;=n'—1|t; =0 b Ok = —1, ’d@)
#Prt == 1= 0) [ (= 0= b0l = o = 1))
which can be rewritten as
n'—1
1 a+k at+k+1 o+ k
Prt_; =klt; =0 — —2b;) > 0.
kz:; r( | )a+5+n’ (a+ﬁ+n’+oz+ﬁ+n’ a+B+n' )

The above inequality holds for

b, < 1
T2+ B4

Similarly, if ¢; = 1, expert ¢ communicates his signal truthfully if

—(P (t -0|t-1)/1(a—+1—9—b-)2f(9]k1 ")db +
rit_; = ;= ; a—i—ﬁ—i—n’ i =1,n

a+n'

1
+mw4:W—1m:1/-————
( | ) O(a—i-ﬁ—i-n’

—G—QFﬂMk:ﬂJﬂw>z

36



! «

1 1
a+(n—1)

+Pr(t_; = ’—1ti:1/ —
r( n' —1 )0(a+6+m

which can be rewritten as:

9= b f(Olk =, n’)cw),

vl 1 )< a+k a+k+1 a+k+1

Pr(t_; = klt; = 1)( - —9b,) > 0.
; r( | ) a+pB+n/) a+p+n a+p+n a+pf+n )20

The above inequality holds for

1

b > ————.
— 2(a+pB+n)

Summing up, there is an equilibrium with n’ < n truthful experts iff

1
bi| < 57—
20+ B +n')

for each i € {1,..,n'}.

The expected payoff of the decision maker is

n' , 1 a+k 2 F((X+ﬁ+n/> i N )
_kgopr(k’n)/o (m—@) F(Oé+k)F(ﬁ+n_k)9+ (1_9)+ Lyg —

af
(a+B)1+a+B)(a+pB+n)

Q.E.D.

Proof of Proposition 2: Fix any (a, #) and a bias profile b(n) = (b, .., b,) such that there
exists at least one equilibrium in the star in which at least one of the experts is not babbling. Fix
any of the non-babbling equilibria and denote the set of truthful experts by N’ with |N'| = n'.
From Proposition 1 we know that it implies |b;| < m for each i € N'.

Fix any tree network () € Q that is not a star with the set N’ of experts such that the
experts are ordered monotonically according to the absolute value of their biases: if expert ¢
reports to expert j, then |b;| > |b;|. If we show that () generates the same outcome as the
star, so does any Q' € Q with n experts which is not a star and where the experts are ordered
optimally. This is because the babbling experts at the “bottom” of the hierarchy can always
be ignored.

In the following I show that @) has the same equilibrium outcomes as the star with n’ truthful
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experts. Think of a strategy profile in () in which each expert perfectly reveals his type to his
successor in the network. It means, for any ¢; € T;(Q), i € N', P,(Q) = T;(Q). Upon observing

experts’ messages, the decision maker chooses y(k,n’) = af;f:n,, where k € {0,..,n'} is the
decision maker’s summary statistic.

Take any expert 7 € N’. Using the notation n = |NJ(Q)|, the type space of j can be
represented as T3(Q) = {0,1,..,n}." Expert j does not observe the signals of n — 1 experts.
The type set of those experts, denoted by 7_;(()), can be expressed in terms of the summary
statistic as T_;(Q) = {0, ..,n — n}.

The incentive constraint which ensures that a type t; = k' € {0,..,n + 1} sends a truthful

message p; = k' instead of deviating (upward) to the next highest message k&' + 1 is
> Pr(t =ty = K)(yk + 1+ L) = y(k + L)
1=0

(my+1+unq+my+anq—mmmy+un9—mw)zo

Using the decision maker’s best response we have

a+[+n a+B+n  a+B8+n"

/ 2 / 1 1
K 41 nd) — gl 4 L) = CER L2 ak Kl

and

a+k +1+2 a+k +1+1 a+k +1+1
K14+, )y (K 4+, n') —2E (0K +1,n') = - -
yR AL m)py (R m) =Bl ) = = a+pB+n

1
a+p+n"

Since E(-) > 0, the incentive constraint implies

o< L
T2+ B+w)

Similarly, the incentive constraint which ensures that a type t; = k' € {0,..,n'} sends

truthful message p; = k' instead of deviating (downward) to the next lower message k' — 1 is

> Pr(t =t = K)(yk = 1+ L) = y(k + L))
=0

19Remember that N;(Q) is defined as the set of all non-babbling experts on all paths in Q leading to 7,
including j himself.
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<y<k/ -1+ l7n/) + y<kl + la n/) - 2E<9|k/ + l7n/) o 2b])> >0
Since

a+k+1 a+k+I1+1 1
a+B+n a+B8+n  a+B+n

y(k/ -1+ lun/) - y(k/ + lvnl) =

and

at+k+1 a+k+I1+1 a+k+1+1

E—1+1n E+1,n)—2E0|K +1,n) = -
y( +’n)+y( +7n> (| +7n) a+5+n’+ Oé+ﬂ+nl a+6+n’
B 1
a+p+n"
we derive
1
by > ——n- .
7T 2+ B+n)

which proves the Proposition.
Q.E.D.

Proof of Proposition 3: Denote the expert connected to the decision maker by 2, and

fix the following strategy profile: expert 1 reveals his signal to expert 2, and expert 2 sends

one of the two messages in equilibrium - either he informs the decision maker that the sum of

both signals is 0 (message ps), or that the sum of the signals is either 1 or 2 (message p5).

After receiving po the decision maker’s posterior is

[a+ B +2)

10610.2) = 5 F 57 9)

671 (1 — )+,

and therefore she chooses the optimal action

(07

o) = E00.2) = [ 05(00.20d0 = .

After receiving pl, the decision maker’s posterior distribution is

/ Zk \ gk(l _ 8)2 k F a+5 ‘ga 1(1 _ 6))
f(0|p27 ) 2k a—l—ﬁ 1)‘ 1 B-1 -
fo > ket et (1 —0) joe (L —0)7ldo

(a—1)I(B

621 - 0P 12— 0O (a+ B+ 2)
(26 +a+ D'(a+ 1HI(B)
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so that she chooses the action

(a+28+2)(a+1)
(a+28+ 1) (a+ 5+ 2)

y(psy) = E(0ps, 2) =/0 0f(0]ph,2)do =

each expert conditions upward deviation on the same event that both signals are 0. The

incentive constraint of an expert ¢ € {1,2} is therefore:

[ (vt -0 00,2100 > [ (s~ 0~ ) 100200

which implies:

l+a+p
2+a+8)(1+a+28)

b < 5 (o) + y(rh) — 25(610,2)) =

In a similar way we obtain the downward deviation constraint: for both experts the down-
ward deviation has to be conditioned on the sum of the signals ¥ = 1. Thus, an expert i € {1, 2}

does not deviate downward for

- /01 (viwh) — 0 - bi)Qf(9|172)d9 > —/01 (y(pa) — 0 - bi>2f(9|172)d9

which yields:

b; > — b
T Qta+p)(l+a+28)
To calculate the expected payoff of the decision maker notice that Pr(k = 0) = %

Therefore, the expected payoff is:

(ot g;?o:tl; +1) /0 (y(p2) = 0)° f(6lp2,2)d6—

/B(ﬁ_l_ 1) ' / 2 / —
(1 (a+B)(a+B+ 1)) /0 (y(p) — 0)"f(0]p, 2)df =

af(4+a® + B(5+28) + a(5 + 3p))
(a+B)(1+a+B)2+a+8)2(1+a+26)

Given Proposition 1 we know that without any signals, the expected payoff of the decision

malker is:

af
(a+B)2(1+a+pB)
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Since

af(d+a®+B(5B+28)+a5+36) (_ af ) _
(a+B)(1+a+B)2+a+pB)2(1+a+2p) (a+B)2(1+a+p)

daf(1+ B)
(a+B)22+a+p)*(1+ a+26)

the decision maker always benefits from receiving information according to the coarse par-

> 0,

tition above compared to no information.
Finally, notice that the above message profile can support larger biases compared to the

largest bias for any non-babbling equilibrium in a star since

l+a+p - 1
2+a+0)(1+a+23) " 201+a+p)

which holds for

(V1I+B(6+5)—1-5).

a >

N —

For the negative biases, the equilibrium strategy profile is as follows: expert 1 reveals his
signal to expert 2, and expert 2 sends one of the two messages in equilibrium - either he informs
the decision maker that the sum of the signals is 2 (message py) or that the sum of the signals
is either 0 or 1 (message p).

After receiving p, the decision maker’s posterior is:

1 ! —k (a+B) pa— _
> ko im0t (1 — 0 552001 (1 — )7~

f(e‘ﬁ272) = 1 ' s _
Jo Zio w1 — )i 00 1 (1 — 6)5-1d6

(a+B)(1+a+B)1+60)01(1—0)°T(a+p)
B(1+2a+ B)(a)I(B)

and the expected value is

a(3+2a+ )
24+ a4+ B)(1+2a+ p)

1
/ 0 F (8], 2)d6 —
0

a+2
a+pB+2°

The corresponding upward deviation by the experts is conditioned on the event in which

Conditional on pj, the decision maker’s expected value is
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the sum of both signals is 1. The corresponding deviation constraint is:

1

_/01<y( 1) —6— ) £(0]1,2)do > — /0<y(ﬁ2)_0_bi>2f(8|1:2)d6

which implies

(6%
2+ a4+ B)(1+2a+ p)

bia <

The downward deviation for both experts is conditioned on the event in which both signals
are 1 (k= 2):

[ (o~ 00 12200 >~ [ (ot~ 0 -5.) 102200

which implies

l+a+p
2+a+B)1+2a+p)

bio > —

It turns out that

B l+a+p - 1
2+ a+B)(1+2a+ p) 20+ f+1)

for
1
g > 5(\/1—#04(6—1—04) —1—a).
To calculate the expected payoff notice that Pr(2) = %, and therefore the ex-

pected value for the decision maker is:
ala+1)
(a+B)(a+B+1

ala+1) 1 ) ) -
(1 S P 1))/0 (y(p2) — 0)2f(0]pa, 2)dO =

. af(d+ B+ a5 +2a) + B(5 + 30))
(a+B)1+a+B)2+a+B)2(1+2a+p)

| / (y(ph) — 0)21(015), 2)d6

Q.E.D.

Proof of Proposition 4: Denote the expert connected to the decision maker by 1, and

fix the following strategy profile: two experts connected to expert 1 reveal their signals, and
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expert 1 sends one of the two messages in equilibrium - either he informs the decision maker
that the sum of both signals is 0 (message p;), or that the sum of the signals is either 1, 2 or
3 (message p}).

After receiving p; the decision maker’s posterior is:

[+ 6 +3)
I'(a)T(B+ 3)

and so the decision maker chooses the action

f(e‘plv 3) = 905_1(1 - 0)ﬁ+27

«

1
y<p1) = EDM(0|])172) = /0 9f(9|p1,77/ = 37a75)d9 = m

After receiving pf, the decision maker’s posterior distribution is

Zi - 3! 'Hk(l . 9)3—1: I'(a+8) 9a—1(1 _ 9)5—1

09, 3) = =1 K(E—k)! T(a)T(5) _
’ 13 3! "5 D(@tB) pa_ -
fO Zk‘:l m@k(l - 0)3 kF(a)F(IB)H 1(]. — 0)5 1d0

(63 W Gl

1
( ) L(8+3)
a+ﬁ I'(a+p+3)

so that she chooses the action

y(py) = E(0lp1,3) /ef 0|, 3)do =

(I+a)(@®+3(1+B)2+8) + a5+ 36)
B+a+p6)2+a+3a(l+3)+33(2+7)

For an upward deviation, the binding constraint (for any of the three communicating ex-

perts) has to be conditioned on the sum of three signals £ = 0. An expert i € {1,2,3} does

not deviate if

- /01 (y(pl) — 60— b,-)Qf(9|o, 3)df > — /01 <y(p’1) — 60— bi>2f(9|07 3)df

which implies:

_ 3(1+a+pB)2+a+p)
CT2B4+a+B)(2+ a2+ 3a(l +B)+33(2+8))

Notice that this bound is strictly higher than the upper bound for the biases in case of a
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single truthfuly revealed signal. For o > 1 it is easy to show that

31+a+pB)2+a+p) N 1+a+0
2B+a+B)2+a2+3a(1+6)+382+8)  Q2+a+p)(1+a+26)

In terms of the downward deviation, the binding constraint is conditioned on the case in

which the sum of the signals is k = 1. An expert i € {1,2,3} does not deviate downwards if

- [ (v -0 -0) o310 >~ [ (ston) -0~ ) s0n. 8y

which implies that

2+ a(3+a)—33(1+p)
23+ a+B)(2+a2+3a(l+6)+382+5))

b, >

1+a+p
2+a+p)(1+a+26) "

To calculate the expected payoff of the decision maker notice that Pr(k = 0) = ar ﬁ? ((5 iéiff;{izz 572)

so that the expected payoff for the decision maker for the above equilibrium is

which is strictly smaller than i

BB+ 1)(B+2) L )
e e | )~ 026l )i

B(B+1)(B+2) L ) ,
< a (a+ﬁ)(a+ﬁ+1>(a+6+2))/o (y(ph) — 0)"f(Olpy, 3)d0 =

af(31 4+ a® + a?(9 +48) + B(29 + 33(9 + 283)))
(a+B)(1+a+B)B+a+p22+a’+3a(l+8)+382+8)

This equilibrium yields a strictly higher payoff to the decision maker compared to a babbling

equilibrium in a star since

af(31 4+ a3 + a?(9+48) + B(29 + 33(9 + 283)))

(a+B)1+a+B)B+a+8)22+a®+3a(l+8)+382+p))

af
<_(a+6)2(1+a+6)):

9aB(2+ 38 + 5?)
(a+B8)2B+a+ )22+ a?+ 66+ 382+ 3a(l+3))

The case for the negative biases is calculated analogously for an equilibrium in which expert

> 0.

1 receives truthful information from the other two experts and sends one of the two messages
in equilibrium: he either informs the decision maker that the sum of the signals is within the

set {0, 1,2} or that the sum of the signals is k = 3.
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Q.E.D.

Proof of Corollary 1: Given Proposition 2, every optimally designed hierarchy is able to gen-
erate same equilibria as a star. If ) is not a star, there exists ¢ € N¢ with e;py = 1 such that
there is j € N¢, j # ¢ with ej;; = 1. Therefore, given that either o > %(\/m— 1—-75)
or > 3(y/1+ a(a+6) —1—a) is true, there exists a range of biases for which an equilibrium

from Proposition 3 can be implemented in () and therefore () strictly dominates the star.
Q.E.D.

Proof of Proposition 5: Consider positively biased experts and a network () with only one
expert j € N° communicating directly to the decision maker, e;p = 1, while all other experts
have directed links to expert j. Think of a strategy profile in ) where each i # j, i € N€,
reveals his signal and so expert j observes all n signals. Suppose that j sends one of two
messages - either he reveals that the sum of all signals is 0 (m), or that the sum of all signals

is not 0 (m'). The decision maker’s optimal actions are

n

1 , 1 E+1 34n
ymw_n+2’wm)_ﬁggn+2_4+2ﬁ

The incentive constraint of the experts who condition their deviation on all signals being 0 is

1 34+n 1

-2 —2b;=0,1=1,..,
n+2+4—|—2n n+2 ! "

which results in

b, < 14+n ’
~ 4(2+n)
3

which is increasing in n and has a minimal value for n = 2 which is ;5. On the other hand,

the downward deviation implies

1 3 2
+n 9

— —2b;=0,i=1,..,
n+2+4+2n n—+2 ! "

which results in

b‘>n——3
T 424+ n)

Next, I show that for any number n of signals, among all partitions of {0, 1}", the partition
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{{0},{1,..,n}} is supported by the largest biases.

First, I show that the largest biases are supported by a partition of {0, 1}" that consists of
two cells. Suppose not, and consider a partition of {0, 1}" of the form P’ = {py, po, .., pr} with
k > 3 where p;, i = 1,.., k, denotes a cell of the partition P’. Suppose that this partition is
implementable in some network @ with Ppy(Q) = P’ and take some i € N¢ participating in
non-babbling communication. Fix a type of this expert i, t;, such that there exist two different
cells p,p’ € P with p € supp(A(P')|t;) and E(f|p) < E(0|p'). Denote the largest bias that
prevents t;’s deviation from p to p’ by b. We can construct a (possibly) different partition
P £ P’ that: (a) contains a cell p with the property that £ = 0 € p, (b) has another cell
denoted by p’ where maxy € p' := k' < n and (c¢) there is an element of A(p) such that if an
expert had beliefs corresponding to this probability distribution, then the upper bias preventing
deviation from p to p' is exactly b. But since mazy, € p' := k' < n, we can always include signal
realizations k& > k' into the cell p’' (if ' < n) such that the deviation of expert i from p to p
for a fixed A(p) results in an upper bound for the bias 5; > b;. Thus, we conclude that the
largest upper bias among all partitions of {0, 1}" is generated by a partition with two cells.

Next, I show that this partition has the form {{0}, {1,..,n}}. Take any partition of {0, 1}"
which consists of two cells and is denoted by P = {p1, po}. Denote the highest sum of the signals
in the first cell by k£ and denote the lowest sum of the signals in the second cell by k,. It has to
be the case that k1 > ko (otherwise P is not a partition of {0,1}"). First, assume k; > ky. Fix
any conditional belief of any expert i on p;, denoted by #;, with supp(A(P)|t;) N supp(p:) # 0.
Now, take another partition with the difference to the previous partition such that all £ €
[k1, k2] are now elements of the first cell. For this new partition, use the notation P= {p1,p2}

Since

y(p1) < y(p1) and y(p2) < y(P2),

for the given conditional belief #; the resulting upward deviation in P results in a higher upper
bound for the biases compared to a corresponding deviation in P. Per construction, Pis a
partition of the sum of n signals.

For the next step notice, first, that multiple types of an expert can send messages which
result in the decision maker being informed that the relevant cell is p;. The binding constraint
for an upward deviation uses a type of an expert with the highest posterior over § among all
types which result in the decision maker being informed that the relevant cell is p;. Notice
that the posterior of this type cannot be lower than Epys(0|p1). I show next that for a two-cell
partition of the type P = {f1,p,} (to remind, this is a partition of the sum of the signals), the
highest possible bias is attained if the posterior of the expert is exactly p;. The upper bound

46



for the expert’s bias is determined by
y(P1) +y(p2) — 2E(0[t;) — 2b; = 0

for some type t; of expert ¢. But since the posterior of expert’s type cannot be lower than
y(p1), for any given y(p;) and y(p2) the largest possible bias is generated if when the experts’
posterior is exactly at the lower bound, it means if F(0|t;) = y(p;). Which y(p;) and y(p2)
generate the largest possible bias given that E(0|t;) = y(p1)? To remind, k; denotes the highest

sum of the signals included into p;. Sequential rationality of the decision maker dictates that

ki g ki 4
y(ﬁl) . nil Zlio nil2 - 2 + k and y(ﬁ2) o nil ZZ;O n—:12 . 3 + kl +n
- b1+l - - n—k B ’
Ly 44 2n e 44 2n

and so the upper bound for the bias, b, is determined by

3+ki+n 24k _2<2+k:1> 95— 0
44 2n 44 2n 4+ 2n ’

which is independent of k;! Thus, the only relevant constraint for a two-cell partition of

the sum of the signals is that the expert’s type that determines the binding upward deviation

constraint, denoted by ., is such that E(0|t;) = E(A|y(p1)). Since the partition in question

consists of two cells, the decision maker has to receive information only from a single expert.

But then, E(0|t)) = E(0|y(p1)) is only possible if y(p;) = 0. Thus, the partition that results in

the largest possible experts’ bias given n signals is of the form

{{0},{1,..,n}}.

Now, for n — 1 signals, the partition of {0,1}"~! that supports the largest possible bias for
each expert is {{0}, {1,..,n — 1}} resulting in the bias range

n—4 n
[4(n+1)’4(n+1) '

Clearly, any partition of {0,1}" with n’ < n — 1 cannot be supported by biases larger

than I Thus, a network characterized in the proposition can implement information

nz-l) :
transmission according to the partition {{0},{1,..,n}} for the biases in the range

<4(n7:- 1)’ 4(7711—:-12)] '
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Moreover, no information transmission is possible for biases strictly above (”+1 The proof

for negative biases is symmetric.

Q.E.D.

Proof of Corollary 2: According to Proposition 1, whenever the absolute values of all ex-

1

perts’ biases are strictly above ¢, there is no informative equilibrium without informational

pooling. According to the proof construction in Proposition 2 and the statement of Propo-
sition 3, the equilibrium with the largest pooling features either an equilibrium partition

P ={{0},{1,.,n}} or P ={{0,1,..,n — 1},{n}}. Suppose there are m > 2 experts ji, .., jm

with the biases strictly above %. Then, P is implementable whenever for each i € {1,..,m},

b; 4&—112). Suppose there are m’ > 2 experts with the biases strictly below %. Then, P’ is
implementable whenever for each j € {1,..,m'}, b; 7;;12)
Q.E.D.

Proof of Proposition 6: Consider, first, the partition P, = {{0},{1},..,{n—2},{n—1,n}}.

The corresponding expected utility of the decision maker is

1 n_1,2 (n+(n+1)% n’*+3n+5
_§+(n+1)(n+2)2<i212 + 2 >__6(n—|—1)(n—|—2)2

where I use the fact that y(n—1,n) = %Zi; The implementation of the partition Ppy = P;
requires a strategy profile where a single expert ¢ aggregates all signals and communicates
directly to the decision maker. First, it is easy to show that the corresponding optimal network
requires that all experts communicate with the expert ¢ directly. This is because in any other
network that can potentially implement the above partition, their incentive constraints will
be tighter. The bias constraints of every other expert 7 = 1,.,,n, j # i, in such a network

featuring a single intermediary satisfy the inequality
n—3

z%n+1 Z))@:; ni2>(zi;_ni2_2bj>+

1 (Z‘§)<2n+1 n—1><2n+1 n—1
2

= - —2;) >
n+1(")\2(n+2) n+2/\2(n+2) n+2 i) =0

where I use the fact that y(n — 1,n) = 22(21;) This inequality implies

‘ 3+n(n+1)
T 2n(24 3n +n2)’
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Next, I show that the above partition maximizes the decision maker’s expected payoff and is
incentive compatible given the bias requirements stated in the proposition. For this, notice that
the partition according to which the decision maker receives her information can — depending on

network — be a product of multiple partitions. Suppose that she receives information according

to
By ={{0}, ., {n =3}, {n —2,n = 1}} x {{0}, {1}}
To calculate the expected payoff notice that y({n —2,n — 1} x {0}) = 3‘?313), and y({n —
2,n—1} x{1}) = Sné% Thus, the expected utility is
11 = () kv R () h+2y2
37 1[ n( 2)+ n( 2>+
n+ k=0 (k) n+ k=0 (k+1) n+

3 <3n—2>2+ 2n — 1 ( 2n? )2}_ 2n3 +3n? +4n — 4
n(n+1)\3(n + 2) nin+1)\(n+2)2n+1)/ 1 6n(n+2)22n—1)
The difference in the expected payoffs between P, and P, is

n>+3n+5 ( 2n3+3n2+4n—4>_ 5n — 4

TG DmL2? \ Gnmt22@n—1)) " enmt 22 @R tn_1) "

Now, consider the case in which the decision maker receives information according to a
product of partitions where one of the subpartitions has n — ¢ signals, ¢ > 1. Then, when-
ever there is a smallest coarsening with n — ¢ signals compatible with positive biases, and all
other signals are truthfully communicated to the decision maker, the decision maker receives

information according to the partition

Po={{0}, . {n—t—2}{n—t—1,n—t}} x {{0}, {1}, ... {t}}, t > 2.

We can rewrite P, as

{0}, ., {n—-2},{n—t—-1,n—t},..{n—2,n—1},{n—1,n}}.

However, P, is dominated by a partition

P ={{0},. . {n—-2}{n—t—1,n—t},...,{n—2},{n—1,n}}

where the only difference of P/ to P, is that P, assigns the sum of the n — 1 signals to the

last cell.
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To see why, denote by z the fraction of elements of {0, 1}" with the sum of the signals n — 1
which are inside the cell {n —2,n — 1} in P,. Then,

1 n—-1 z n n+nz—1
yln—2n—1) = + =
l+zn+2 14zn+2 (n+2)(1+2)
1—2 n 1 n+1 ni2—-z)+1
yn—1,n) = + = ( )
2—2n+2 2—-2z2n+2 (n+2)(2-2)

Then, the expected payoff from {n —2,n — 1},{n — 1,n} is proportional to

n+nz—1 \2 n(2—z)+1\2 2 9 1
(1+2)((n+2)(1+z)) +<2_Z)((n+2)(2—z)> BRI EA sl

which is maximized either for z = 0 or z = 1. Thus, partition P, is dominated by P/. It is
easy to see that P/ is dominated by P;. Notice that any further coarsening of P; results in even

lower expected payoff for the decision maker. Therefore, whenever an expert ¢ communicates

according to P, and has b; < m, and every other expert j #£ i, j = 1,..,n, satisfies
3+ n(n+1)

2(n+2) <%= 2n(2 + 3n +n?)

the partition P, dominates any other partition which involves coarsening of information,
it is incentive compatible and is implemented by a network which features ¢ communicating
directly to the decision maker according to P;, and all other experts communicating their
signals truthfully and directly to the expert .

Finally, the best partition for n — 1 signals is {{0},..,{n — 1}} and yields the expected

payoff for the decision maker —m. The difference
n?+3n+5 ( 1 ) n—1 S 0§ o1
_ (= = or n .
6(n+1)(n+2)2 6(n+1) 6(n+1)(n+2)?

Q.E.D.

Proof of Lemma 1: Let P_;; ;(Q) denote the strategy profile of all experts apart from the
experts ¢ and j, which is defined as P_(; jy = jenP(Q), I # 1,1 # j.

Since we assume that in () expert ¢ is informed about expert j’s type, we can express the
type space of i as T;(Q) = Pi(Q) x P;(Q), where P;(Q) captures the private signal of i and
potentially some further information depending on the connections in @ (the exact information
which ¢ receives beyond his own private signal and p; is inessential). The incentive constraints

of t; € T;(Q) can be expressed in terms of his expectation over the types of expert ¢, and
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therefore in terms of i’s strategy given t; € p; and t; € p;:

o Z Pr(ﬁi’tj) Z Pr(p’pl<pzap] P (z] ZPT k‘t / ( ) ])Qf(9|k:,n)d0 >

PiE€P(Q) PEPDM(Q) kep

= > Pr(pilty) > Pr(plpi(pi p)), Pay (@)D Pr( klt/ y(p)—0—b;)2 f(0|k,n)do

PiEPI(Q) pEPpM(Q) kep

where p’; # p;, and p is the next highest message to p; such that by deviation j expects a
change in decision maker’s policy (otherwise the deviaion leaves j’s payoffs unaffected). The

upper bias threshold of j which supports P;(Q) is denoted by &) and solves the following
problem.

b - arglr)nel%{ - Z Pr(ﬁz‘tj) Z Pr(p‘pz(pzapj z]) ZPT k’t

PiE€P;(Q) PEPpM(Q)

kep
1
/ (y(p) — 0 — b;)*f(0]k,n)do =
0
= > Pr(pilty) > Pr(plpi(pip)), Poa (@) Y Prk|t:)
PEPI(Q) PEPp M (Q) kep
1
/ (y(p) — 0 — b;)* f(8]k,n)db [for all t; € Ty(Q),t; € pj, ti € Ti(Q), i € pi}- (8.1)
0

The upper bias threshold of ¢ which supports P;(Q) is denoted by b and solves the following
problem for a given p;:

b = argglel]%{ > Prelp(ipy), Py (@) 3 Priklt:)

pEPpM(Q) kep

/0 (y(p) — 0 — b;)? f(O]k,n)do =
S° Pr(plpl P (@) S Pr(klt)

pePp M (Q) kep

[ 00— 02k a6 | 1 € Q) 1 € ), 52

where p) € P;(Q) is the next highest message to p;(p;) such that by deviation i expects a

change in decision maker’s policy (otherwise the deviaion leaves j’s payoffs unaffected). Before
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comparing b; and b notice that

1. In equilibria with strategic coarsening of information by at least one of the experts, and
an equilibrium partition Ppy(Q) = {p1, .., i} with v > 3, the difference (y(py+1) —y(pv)),

v € {l,..,l — 1}, is in general different for every distinct v.

2. Expert j is uncertain about the exact realization of p;. Different realizations of p; can

result in different y(p,) on path.

As a result, it has to be true that b < b;» since i conditions his deviation on a particular tuple
', where
by (b7) is the lower bias threshold for expert i (j) which makes the strategy P(Q) (P;(Q))
incentive compatible.

Q.E.D.

(pi, p;) whereas expert j only observers ¢t; = p;. By a symmetric argument, b > b

Proof of Lemma 2: Fix an equilibrium strategy profile in a network @ € Q, P(Q), which
involves strategic coarsening of information such that there is an expert i € N¢ who receives
full information from some other expert j € H;;(Q). If ej; = 1, then the Lemma is satisfied.

If |H;i(Q)| > 2, there is at least one other expert on the path H;;(Q), strictly between j
and 7. Denote the set of those experts by N. The communication strategy of every j' € N can
be written as P;/(Q) = P;(Q) x {Py(Q) \ P;(Q)}. This is because by assumption j" truthfully
communicates the message sent by expert j, p;.

Fix any j’ € N and suppose that Pj(Q) is supported by the biases within an interval
b/, by] CR.

Next, take a link in () going out from j, delete it, and create a new directed link from 5 to
i, ej; = 1. Denote the new network by )’ (clearly @) = @)’ if j is directly connected to ¢ in @),
and assume the following strategy profile: for every i € {N°\ N}, P,(Q') = Py(Q), and expert
J' uses the strategy Py(Q') = Py(Q) \ P;j(Q). In words, experts on the path H;;(Q) which
were strictly between ¢ and j in (), communicate the same information in the new network @’
compared to ), only without the message of expert j. Moreover, all the other experts have
the same communication strategies as before. Clearly, the incentive constraints of the experts
outside of N remain the same.

However, the experts in N face more relaxed incentive constraints in Q' compared to @,
since in the former case they do not observe the message of expert j. To see why, notice that
the upper bias of j" in (', denoted by 0, is determined by the following minimization program.
For t; € py and pyr,pjy € Py(Q'), pjr # Py, where pl, is the next highest message to pj ( such

that by deviation j" expects a change in decision maker’s policy), the bias threshold b;, is such
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that

by = arggg{g{ > Pr(plpy(ty), P(Q), Poup(@) Y Priklt:)
pEPpM(Q) kep

/0 (y(p) — 6 — by))* f(0|k,n)do =

S Pr(olp, Py (@)D Priklt)

pEPpM(Q") kep

1
| 6~ 6= 8,161k )8 ffor all to € (@)t €y} (53)
0

For p; € P;(Q) and p; € Py(Q) the upper bias threshold supporting the strategy Pj/(Q),
denoted by I_yj,, is such that

by = afgmin{ > Pr(plpy (i py), Py (@) D Pr(klt:)

b;ER
PEPpM(Q’) kep

/0 (y(p) — 0 — b)) f(O]k,n)dO =
S el Py (@)D Priklt)

PEPpM(Q) kEp

1
/0 (u(p) — 0 by )2 F(Olk ) [for all ty € Ty (@), 1y € py }. (8.4)

where ]33., € Py(Q) is the next highest message to p;» such that by deviation j’ expects a
change in decision maker’s policy (otherwise the deviaion leaves the payoff of j" unaffected).

Notice that in equilibria with strategic coarsening of information by at least one of the
experts, and an equilibrium partition Ppy(Q) = {p1, .., pi} with v > 3, the difference (y(py41)—
y(py)), v € {1,..,0 — 1}, is in general different for every distinct v. Since an ) expert j' is
uncertain about the message of j, and in Q' expert 7’ observes the exact message of j, comparing
(8) and (9) we see that by < V.

Q.E.D.
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9 Appendix B: mixed strategies

9.1 Equilibrium definition
9.1.1 Equilibrium in the star

Define a collection of beliefs of expert i, §;, by a probability distribution on the (Borel-
measurable) subsets of {0,1} x [0,1] as a collection of conditional probability distributions
Bi(s;) for s; € {0,1}. A collection of beliefs of the decision maker, Spyy, is defined by a proba-
bility distribution on the (Borel-measurable) subsets of {0,1}2 x [0,1] x M? as a collection of
conditional probability distributions Spys(my, mso) for all m; € M, i =1, 2.

A strategy of expert 7 is

m;: {0,1} — A(M)

where m; € M and m;(m;|s;) denotes the conditional probability that expert ¢ chooses m;

given his signal s;. A strategy of the decision maker is
y: M xM — R.

A strategy profile (m;, my,y) and a belief system (1, B2, Bpa) constitute a perfect Bayesian

equilibrium if the following conditions are satisfied:

1. The decision maker chooses an optimal action given her beliefs

1
y e argzlﬁlgﬂgfz Z Pr(si, salma, mz)/o (y(ma,ma) — 0)f(0]s1, 52)d0

S1 52

2. Each expert chooses optimal actions given his beliefs:

1
m; € arg%lg])\;;Pr(s_ﬂsi) mz_: Pr(m_i|s_i)/0 (y(my, my) —0—0;)2 f(0]s1, 52)dO Vi = 1,2.

3. The beliefs are consistent with the actions meaning that for each i = 1,2, §; is a proba-
bility distribution on {0,1} x [0, 1] generated by the prior distribution and the mapping
from the signals to the state. The decision maker’s belief Spys is a conditional proba-
bility distribution over distributions on {0,1}? x [0, 1] x M? generated by the prior, the
mapping from the state to the signals and the strategies of both experts. Moreover, the

beliefs have to be consistent between the players.
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9.1.2 Equilibrium in the line

Denote by 1 the bottom expert and by 2 the intermediary. Define a belief of expert 1, 3, by
a probability distribution on the (Borel-measurable) subsets of {0,1} x [0,1] as a collection
of conditional probability distributions (;(s1) for s; € {0,1}. Define a belief of expert 2, (s,
by a probability distribution on the (Borel-measurable) subsets of {0,1} x [0,1] x M as a
collection of conditional probability distributions fa(s2,mq) for s € {0,1} and all my € M.
A collection of beliefs of the decision maker, Spyy, is defined by a probability distribution on
the (Borel-measurable) subsets of {0,1}? x [0, 1] x M? as a collection of conditional probability
distributions fSpas(my, ms) for all m; € M, i =1,2.

The strategies are
m; : {071} — A(M)7
my: {0,1} x M — A(M).
A strategy of the decision maker is

y: M — R.

A strategy profile (my, my,y) and a belief system (81, 52, Bpar) constitutes a perfect Bayesian

equilibrium if the following conditions are satisfied:

1. The decision maker chooses an optimal action given her beliefs

1
v € argmax 3 Prs.slms) [ (ulma) — 0710l s2)d0

s1 82

2. Each expert chooses optimal actions given his beliefs:

my € arg max Pr(sq|s1) ZPT(m2|32)/ (y(ma) — 0 — b))% f(0]s1, 52)d0,

1
mieM
1 so 0

1
my € arg max ZPT(51|32,m1)/ (y(ma) — 0 — bo)2f(0]s1, 59)dO Vi = 1,2.
m’QEM 51 0

3. The beliefs are consistent with the actions meaning that (3, is a probability distribution on
{0,1} x [0, 1] generated by the prior distribution and the mapping from the signals to the
state, B is a conditional probability distribution on the distributions over {0, 1} x [0, 1] x

M and fpyy is a conditional probability distribution over distributions of {0,1}2 x [0, 1] x
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M generated by the prior, the mapping from the state to the signals and the strategies

of both experts. Moreover, the beliefs have to be consistent between the players.

Proof of Lemma 3: Take two positively biased experts and denote the (mixed) strategy
of expert ¢ by m;, i = 1,2. Denote by M’ C M the support of expert 1’s mixed strategy
conditional on s; = 1, it means: Ym € M', m € supp(m;(s; = 1,+)). If for any m’ € M’ it is
not true that m’ € supp(m;(s; =0, -)), then given m’ the decision maker knows that s; = 1; so
suppose that there are some messages within M’ that are also used by expert 1 when playing a
mixed strategy conditional on s; = 0. But then, given that each message profile of the experts
results in a different posterior of the decision maker (otherwise the same message profiles can
be pooled without changing the equilibrium allocations), for each ms € M there is m € M’
such that Epy(0)m, ma) > Eppy (0|, mg) for any m’ € M’ and m' # 1. Moreover, if expert
1 with s; = 1 would observe mg, his posterior would be E; (6|1, mg) > Ey(6]m/, my) for any

mo € M. But then it must be true that

> Pr(malsi = DE\(0]m,ma) > Y Pr(malsy = 1) Ey (6], my)

moEM mo €M
and therefore given s; = 1, a positively biased expert 1 wants to deviate to m. Thus, his
mixed strategy is degenerate for s; = 1. Given the symmetry between the experts, the same
is true whenever expert 2 is positively biased. Given the payoff symmetry, if both experts are

negatively biased, none of them randomizes for s;, =0, i = 1, 2.

Q.E.D.

Proof of Proposition 7: Consider two positively biased experts in the star, denoted by )°,
and the following mixed strategy for each expert i = 1,2. If s; = 0, an expert ¢ sends a message
m; = 0 with probability p; and m; = 1 with probability 1 — p;. If s; = 1, expert ¢ sends the
message m; = 1. Denote the message profile received by the decision maker by (mq,ms). We
start with the decision maker’s posterior’s and expected values of # depending on the received

messages :

1. Suppose that the decision maker receives a message (0,0). Since a type of an expert
with signal 1 never sends message 0, the decision maker’s posterior distribution over 6 is
simply 3(1 — 0)® with the expected value [ 63(1 — 0)%df = 1.

2. Suppose, next, that the decision maker receives a message profile (0,1). Then, her poste-
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rior of 0 is

and so the expected value is

1 J— J— J——
0 2p2 - 3 6 - 4:p2

3. Next, suppose that the decision maker receives the message (1,0). Given the previous

result, the posterior, expected value and the ex ante probability of this message profile is

60— (@ —1)+1)
2p1 -3

Pr((my,mz) = (1,0)) = M‘

2—m
6—4])1’

f01(1,0)) = , B(0[(1,0)) =

4. Finally, suppose that the decision maker receives the message profile (1,1). Her posterior

in this case is

f(9|m1 = 1,m2 = ]_) =

(1 =p1)(1 =p2)f(s1 =52 =0[0) +[2 = p1 — 2] f(51 = 0,52 = 1]0) + f(s1 = 52 = 1|0)
I8 {(1 —p1)(1 = pa)f(s1 =52 =0[0) + [2 = py — pal i f(s1 = 0,55 = 1]0) + f(s1 = s = 1\9)] dé

where the above formulation uses the fact that f(6|s; = 0,50 =1) = f(0]s1 = 1,52 = 0).

Using the prior distributions for the signals, we can rewrite the above expression as

(1= p)(1—p2)(1 —0)2+[2 — p1 — p2]O(1 — 0) + 6? _
Jo [(1=p)(1 = p2)(1 = 0)2 + [2 = p1 — p2J0(1 — 0) + 62] df

6(p1(0 — 1)+ 1)(p2(6 — 1) +1)
p1(2p2 —3) — 3p2 + 6 ‘

Decision maker’s payoff in the star
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Applying the same method as throughout the paper, we obtain

2 2
s Pi((141 — 52py)ps — 96) + 3p1(pa(47py — 134) + 96) — 24(3 — 2py)
EU , . D2), , =
pm(Q°, my(pr, p2), ma(p1, p2)) 48(2p1 — 3)(2ps — 3) (11 (2p2 — 3) — 3ps + 6)

Expert’s biases in the star

2 L1 2 2 L2 —py 2
- ——0-b 1—6)2d0 — =(1 — —0—b 1 —6)2do—
p ) 3002 - S0 —p) [ (F1E—0=0) 31 -0)

3 1
1 ! 2—]92 2

- 06— 1 —

3/0 (6_4p2 0 b1> 60(1 — )dd,

whereas if he sends m; = 1, his expected payoft is

2 2-m 2 2 2 Yopi(pa—2) —2p2 +6 2 )
— —0— 1-0)2df—= (1— o L 0\2dh—
3p2/0 <6 — 4y ’ bl) 3(1-6)"df 3( pQ)/o (4101292 — 6p; — 6pa + 12 0 bl) 3(1-0)°d0

1 (Y7 pilpe—2) —2po +6 2
- —0—b,) 60(1—0)do
3/0 <4p1p2—6p1—6p2+12 1) ( )do,

and so the incentive constraint guaranteeing indifference of expert 1 can be written as:

2 1 2—p 1><2—p1 11
z o) (2= ——2——2b)
3p2<6—4p1 J\6—ap, Ta )7

(Pl(Pz—Q)—2p2+6 2—p2><p1(p2—2)—2p2+6 2 —po 21 Qb>+
- e T 1
4p1ps — 6p1 — 6py + 12 6 — 4dpy/ \dp1py — 6p; —6py + 12 6 —4dpy 4

1(p1(p2—2)—2p2+6 2—p2)(p1(p2—2)—2p2+6 +2—p2 o1 2b)—0
- _ —2-_2b) =0.
3\4pips — 6p1 —6pa + 12 6 —4py/ \4dpips — 6p; — 6p2 + 12~ 6 — 4ps 2

This results in the bias:

%(1—192)

(4(14 = 5p1)p1 — 39)p3 + 2(p1(55p1 — 159) + 114)p3 — 3(p1(61p1 — 180) + 132)py + 24(3 — 2p1)°
8(2p1 — 3)(2p2 — 3)(p1(2p2 — 3) — 3p2 + 6)(p1(3p2 — 4) — 4p2 + 6) '

by =

And therefore:

P3(4(14 — 5pa)pa — 39) + 2pF(pa(55ps — 159) + 114) — 3pi (pa(61ps — 180) + 132) + 24(3 — 2p,)*

b= 8(2p1 - 3)(2]72 - 3)((2191 - 3)172 —3p1 + 6)((3191 - 4)]72 —4p; + 6)

Next, consider the line where the bottom expert is denoted by 1 and the intermediary by 2.
First, notice that the above equilibrium outcome in the star can in principle be implemented
in the line. However, the incentive constraints for the intermediary are tighter compared to
the corresponding constraints in the star as in the line the intermediary observes the exact
message of the bottom expert. Thus, for the same strategy profile the line cannot dominate

the star. However, the line allows for pooling of signals received by the intermediary. Consider
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the profile where expert 1 reveals his signal. From the previous discussion we know that if

expert 2 communicates according to the partition (of the sum of signals) {{0}, {1,2}}, the

biases supporting this strategy profile are within [—1/8,3/16] and the expected payoff of the
5

decision maker is —gz. In the following we show that any randomization involving pooling
5

cannot result in the payoff strictly higher than —g.

First, if the intermediary randomizes given the signals 00, and sends the same message
whenever his signals are 01,10 and 11, the expected payoff of the decision maker is strictly
below —% due to more noise in communication.

Second, suppose that the intermediary randomizes if his summary statistic is 1. In particu-
lar, consider the strategy profile where the bottom expert reveals his signal the the intermediary
sends my = m if both signals are 0, my = m’ if both signals are 11, and if the sum of both
signals is 1, he sends my = m with probability m and mo, = m’ otherwise. The decision maker’s
posteriors and expected values of 6 depending on expert 2’s message are

(1—-60)*+720(1 —0) 30—1)((2r—1)0+1)

fBlm) = [ = 6)2 + 720(1 — 6)]do - m+1

resulting in the expected value 41(IL+2:). Further,

30(—2m(0 — 1)+ 6 — 2)

Olm’) =
F(6lm) —
resulting in the expected value 4‘?2__2;). The decision maker’s expected payoft is

_1+7r/1 ( 1+27 _9>2<_ 3(0 — 1)((2m — 1)6+1))d9_

3 Jo \4(1+m7) T+ 1
2—7r/1 ( 5—2m _9>239(—2w(9—1)+0—2)d9_ _ 5+4n(l—mn)
3 Jo \4(2—m) T—2 (1 +m)2—m)
Since
5+4n(l—m)

argmalzcio,1] — 48(]_ + 7T)<2 - ﬂ-)

yields m = 0 or m = 1. Thus, for b < 13—6 the decision maker does not benefit from randomization

in the line, and therefore the best partition is simply {{0},{1,2}} resulting in the payoff —2.

Comparison of the star and the line
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Suppose p; = 1. Then:

3p3 — 20p2 + 39py — 24
8(]92 - 3)(292 - 2)(2172 - 3)

bilpa=1) =

where b; monotonically decreases in p, and reaches its minimum at ps = 1. Take any € > 0

that is sufficiently small. For ps = 1 — ¢, the bias b; is slightly higher than %. Further, for

p1 = 1 the critical bias by is

Sp% — 10py + 9
—16p3 + 104p3 — 216py + 144

that is monotonically increasing in p, and reaches its maximum % at po = 1. Therefore, for
p1 = 1 and py = 1 —e€ the critical bias bs is slightly lower than %. However, because the expected
value difference between perfect truthtelling with 2 experts and a line with {{0}, {1,2}} is
strictly positive, for sufficiently small e, the mixed strategy equilibrium dominates the line

with pooling using pure strategies.

10 Biases of different signs

Assume b; > 0 and by < 0. Think about the following strategy profile: expert 1 randomizes
for s; = 0: he sends m; = 0 with probability p; and m; = 1 otherwise. Moreover, he perfectly
reveals his signal 1. Expert 2 randomizes for s, = 1: he sends ms = 1 with probability p; and

my = 0 otherwise. Moreover, he perfectly reveals his signal 0.

10.1 Posteriors and expected values

Suppose the decision maker receives the message profile (0,0). Then her posterior of 6 is

£(6](0,0)) = (1= 0)* +pi(1 = pa)0(1 —0) _ 6(1 — 0)(1 — pob)
(1= 0)2 + pa(1 — p2)0(1 — 0)d6 3—p2

and so the expected value is

3 —p2 2(3 — p2)

1
6
B00.0) = [ o™
0
and the ex ante probability of the message profile (0,0) is

3 — D2

Pr((my,mq) = (0,0)) = /0 p1(1—0)% 4+ pi(1 — py)0(1 — 0)do = p,
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Suppose, next, that the decision maker receives the message profile (0,1). Since the decision
maker knows m; = 0 (my = 1) only comes from expert 1 (expert 2) with the signal s; = 0

(s2 = 1), the posterior is

p1p29(1 — 9)

£01(0,1)) = T pipad(1— 0)dd

—60(1—0),

and the expected value is fol 60(1 —0) = %, and the ex ante probability of the message
profile (0,1) is [} pipof(1 — 0)df = 222,
Suppose, next, that the decision maker receives the message profile (1,0). The decision
maker’s posterior over 6 is
(1—p)1 =02+ (1 —p1)(1=p2)0(1—0)+0(1—0)+ (1 —py)6?

f(01(1,0)) = — =
Jo(L=p)(1=0)2 4+ (1 —p1)(1 = p2)0(1 — 0) +O(1 — 0) + (1 — p2)0>db

60— 1)+ 10— 1)
pi(p2 —3) — 3p2 + 6

and so the expected value is

Y

/19< C6(pi(0—1) +1)(p2b — U)d@ =

p1(p2 —3) — 3p2 + 6

p1(p2 —2) —4ps +6
2(p1(p2 —3) — 3p2 +6)’

and the ex ante probability of the message profile (1,0) is

/01 [(1 —p)(1=0)*+ (1 —p)(1 —p2)0(1 —0) +0(1 —0) + (1 — po)0°d|0 =

1(]01(]92 —3) — 3p2 + 6).

6
Finally, suppose that the decision maker receives the message profile (1,1). Her expectation

of 9 is

(1 = p)p20(1 = 0) + pob? _ 6(60 — Op1 (1 —0)
(1 — p1)paf(1 — ) + pa62d0 3—m
0

f01(1,1)) =

b

and so the expected value is

E(0](1,1)) = /0 G _;fﬁ —) gy — —2(43__1;)
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and the ex ante probability of receiving the message profile (1,1) is

1
1
/ (1 = p1)p20(1 — 0) + pu6*dh = 6p2(3 —p1).
0

As a result, the expected payoff for the decision maker is

— L, 9 26(1 — 0)(1 — pyb
6 Jo \2(3—p2) 3 —p2

mpe [* (

1 2
- —0) 60(1 —6)do—
[ (o)

2

1 Yopi(py —2) —4ps +6 2/ 6(pi(0—1)+1)(pef —1)
6<p1(p2_3)_3p2+6)/0 (2(p1(p2—3)—3p2+6)_9> <_ p1(p2 —3) —3p2+6 )dG—

1 Lo d—p 2600 —6py(1—6)
- | (g ) e
PE((21 — 4dpa)ps — 24) + 3p1(p2(Tp2 — 34) +36) — 12(py — 3)(2ps — 3)

24(p1 — 3)(p2 — 3)(p1(p2 — 3) — 3p2 + 6) '

The bias of expert 1 with s; = 0 solves the following problem (making the player indifferent

between sending a message m; = 0 and m; = 1.

2/ pi(p2—2) —4py +6 2—po p1(p2 —2) —4ps + 6 2 — Do 1
_<2 N )(2 + )*

3\2(pi(p2 —3) = 3p2 +6)  2(3—p2) (p1(p2 —3) —3p2 +6)  2(3 — p2) 2 201

1 pi(p2a —2) —4pa +6 2—po p1(p2 —2) —4py + 6 2 — Py
_(1_p2><2 )(2

3 B (p1(p2 —3) —3p2+6)  2(3—p2) _1_2b1)+

(p1(p2 —3) —3p2+6)  2(3—p2)

ol —— = ——— ——1—2b):O
3p2<2(3—p1) 2) 3@ =) T2 !
Finally, the bias of expert 2 with sy = 1 solves the following problem (making the player

indifferent between sending a message ms = 0 and my = 1):

2( pip2—2)—4p+6  4—p )( pi(pa —2) —4dpy +6 4—pi 6 >+
2 2

3\2(p1(p2 —3) = 3p2+6)  2(3—p1) (p1(p2 —3) —3p2+6)  2(3—p) 4 202

La—pm)

p1(p2 —2) —4p2 + 6 4 —p p1(p2 —2) —4p2 + 6 4—p
3 (2 )(2 +

(Pr(pz = 3) = 3p2 + 6)_2(3 —p1) (p1(p2 —3) —3p2 +6)  2(3 —Pl)_1_2b2>+

“poz - P2 ) (= ——1—2b):o
3p2<2 26-p)/ 2723 =) 2
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Now, suppose that p, = 1. Then, the critical biases are:

3p? — 10p; + 9

by = ,
" 16p + 104p2 — 216p; + 144

—8pi1)’ + 49pf — 87py + 48
8(]91 - 3)(2271 - 3)(3]91 - 4)

and the decision maker’s expected payoff is

by =

—Tp? + 27p; — 24
48(3 — 2p1)(p1 — 3)

To show that a star can dominate a line with the partition {{0}, {1,2}}, notice that at
p1 = 1 the critical bias is by = % and by, = —%. Moreover, both continuously decrease in p;.
Further, the expected payoff for p; = 1 is —2—14, and the corresponding best payoff the line is
it —%‘ Take a small enough € > 0 and take pj; = 1 —e. Then b; is slightly below % and by is
slightly below —%. Thus, the line cannot implement a perfectly revealing equilibrium, and the

24
result, the proposed mixed strategy equilibrium in the star strictly dominates the line.

mixed strategy equilibrium in the star is arbitrary close to —5; (and strictly above —2). As a
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