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Abstract

Monte Carlo simulation is used in Hammond and Sun (2008) to characterize a standard
stochastic framework involving a continuum of random variables that are conditionally in-
dependent given macro shocks. This paper presents some general properties of such Monte
Carlo sampling processes, including their one-way Fubini extension and regular conditional
independence. In addition to the almost sure convergence of Monte Carlo simulation con-
sidered in Hammond and Sun (2008), here we also consider norm convergence when the
random variables are square integrable. This leads to a necessary and sufficient condition
for the classical law of large numbers to hold in a general Hilbert space. Applying this
analysis to large economies with asymmetric information shows that the conflict between
incentive compatibility and Pareto efficiency is resolved asymptotically for almost all sam-
pling economies, corresponding to some results in McLean and Postlewaite (2002) and Sun
and Yannelis (2007).
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1 Introduction

Following the early writings by Lucas and Prescott (1974) and Bewley (1986), macroeconomists
have made widespread use of a model of an economy with many agents who face individual
random shocks. These shocks are typically modelled as a continuum of random variables that
are conditionally independent given common macro level shocks. Proposition 4 in Hammond
and Sun (2008), however, shows that in this framework, the joint measurability condition
that is usually imposed on a stochastic process can be satisfied only if there is essentially no
idiosyncratic risk at all. The approach of Monte Carlo simulation, initiated in Hammond and
Sun (2003) for the symmetric case and extended in Hammond and Sun (2008) for the general
case, can be used to characterize when, even in the absence of the usual joint measurability
assumption, the standard stochastic framework for many heterogeneous agents facing individual
uncertainty may still be valid. This paper provides a systematic study of the underlying Monte
Carlo sampling processes. We also present an application involving allocations in large exchange
economies with many asymmetrically informed consumers. In particular, we show how Monte
Carlo sampling helps resolve the conflict between incentive compatibility and Pareto efficiency;,
which vanishes in the limit as the number of agents tends to infinity.
Let
I'xQ3(w)—gi(w) eX

be a process with a continuum of random variables, indexed by members ¢ of an atomless
probability space (I,Z,\), all defined on the same sample probability space (2, F, P), and
taking values in a Polish space X. Let I*° and X*° denote the Cartesian product of infinitely
many copies of the sets I and X respectively, with typical members i® = ()72, and 2™ =

(k)72 ;. Then the Monte Carlo sampling process G based on g is a mapping
I x Q3 (i w) = GlE™,w) = (g(ig,w))re, € X (1)

When the process g has a stochastic macro structure, as defined in Section 2.3, Theorem 1
shows that so does the Monte Carlo sampling process GG. In this case, the process G also has
the property of admitting a “one-way Fubini extension” that makes G jointly measurable with
respect to an extension of the usual product o-algebra.

The Monte Carlo simulation approach in Hammond and Sun (2008) uses the almost sure
convergence of the sample averages. For a square-integrable process, we also consider here the
case of norm convergence. Based on the iterative extension of an infinite product measure
introduced in Hammond and Sun (2006b), we formulate a “sharp” law of large numbers, re-
quiring norm convergence of sample averages only for all sequences outside an iteratively null

set, rather than a smaller classical null set. We prove that a process with square-integrable



random variables satisfies this sharp law if and only if it is both Gel’fand-integrable and norm
integrably bounded in the Hilbert space of square integrable random variables. In other words,
this result characterizes those processes with square-integrable random variables whose av-
erage conditional expectation, given the macro states, can be estimated using Monte Carlo
simulation.

For allocations in a finite-agent asymmetric information economy, it is well known that
there is a conflict between incentive compatibility and Pareto efficiency (see, for example, Ex-
ample 0.1 on p. vi of Glycopantis and Yannelis (2005)). The papers by McLean and Postlewaite
(2002) and Sun and Yannelis (2007) show the (approximate) consistency of incentive compat-
ibility and efficiency by working with, respectively: (i) a large but finite set of agents; (ii) a
continuum of agents.! In this paper, given a sequence of economies that result from Monte
Carlo sampling, we show that the conflict between incentive compatibility and Pareto efficiency
is resolved asymptotically for almost all infinite sequences of economies. This corresponds to
the asymptotic result for replica economies in McLean and Postlewaite (2002), and the exact
result in Sun and Yannelis (2007) when, as in Sun (2006), private signals are generated by a
process that is jointly measurable in a two-way Fubini extension.

The rest of the paper is organized as follows. Section 2 includes some basic definitions.
Some general properties of the Monte Carlo sampling processes are presented in Section 3. Then
Section 4 provides a necessary and sufficient condition for the classical law of large numbers
to hold in a general Hilbert space. As an illustrative application, the last Section 5 shows
that in a Monte Carlo sampled sequence of economies with asymmetric information, incentive
compatibility and Pareto efficiency are asymptotically consistent. Additional definitions and

all the proofs are given in the Appendix.

2 Basic formulation
2.1 Monte Carlo sampling processes

We model a continuum (g;);c; of random variables indexed by ¢ € I as a process g : [ x Q@ — X

where:
1. (I,Z,)\) is an atomless probability space, often the Lebesgue unit interval, whose typical
member is an index ¢ that identifies one particular economic agent;

2. (Q, F, P) is a probability space that represents the overall risk in the process;?

'The compatibility of strategyproofness and efficiency had been investigated in Hammond (1979), though
only in a framework like that in Aumann (1964, 1966) and Hildenbrand (1974) where, given the continuum of
agents, the distribution of their characteristics can be described by a deterministic probabilistic measure.

2We follow the convention that a probability space is assumed to be countably additive, as well as complete
in the sense that the o-algebra F includes all subsets of every P-null set.



3. (X, B) is a Polish space with its Borel o-algebra;

4. each indexed function g; : 2 — X is measurable, so a random variable;

A (Monte Carlo) sample of the indices i € I is a countable collection > = (iy)7°,
drawn from the iteratively completed infinite product probability space (1°°,Z°°, A°>°) defined
in Section 6.1. This space was introduced in Hammond and Sun (2006b) as the usual infinite
product probability space (I°°,Z°°, \>°) extended so that the o-algebra Z> includes iteratively
null sets.

Corresponding to each (Monte Carlo) sample i = (i;)?2, of indices is a countable
sequence (g;, )5>; of random variables. This constitutes a (Monte Carlo) sample from the
continuum of random variables Q > w +— g;(w) € X as ¢ varies over I. This sample, with

i% € I* fixed, can be regarded as part of one meta (or Monte Carlo) sampling process G
defined by (1).

2.2 One-way Fubini property
The following definition was introduced in Hammond and Sun (2006a).

Definition 1 A probability space (I x Q,W,Q) extends the usual product probability space
(I xQZ®F,A® P) provided that W DI ® F, with Q(E) = (A® P)(E) foral E€T® F.
The extended space (I x Q, W, Q) is a one-way Fubini extension of the product probability
space (I x Q, T ® F,\ ® P) provided that, given any Q-integrable function I x Q > (i,w) —
fli,w) e R:
(i) for A-almost all i € I, the random variable w — f;(w) is integrable on (0, F, P);
(i) the function i — [q, f; dP is integrable on (I,Z,\), with [, o fdQ = [, (fQ fi dP) dA.
A process g 1 I x Q — X is said to satisfy the one-way Fubini property if there is a
one-way Fubini extension (I x Q,W, Q) such that g is W-measurable.

2.3 Regular conditional independence

A o-algebra C on  is said to be countably generated if there exists a countable family { C,, }2° ;
of subsets of €2 that generates C. Given a complete probability space (2, F, P), a sub-o-algebra
C of F is said to be countably generated if it is the strong completion of a countably generated

o-algebra C’, in the sense that
C={AeF|3A el :PALNA)=0}
Definition 2 Let g be a process from I x Q to the Polish space X with its Borel o-algebra B.

Let C be a countably generated sub-o-algebra of F in the complete probability space (2, F, P).
Let M(X) denote the space of probability measures on the space (X, B).



1. Two random wvariables ¢ and v that map (2, F,P) to X are said to be conditionally
independent given C if, for any Borel sets By, By € B, the conditional probabilities satisfy

P(¢~(B1) Ny~ (Bs)[C) = P(¢~ " (B1)|C) P(¢p~"(By)[C) (2)

2. The process g is said to be essentially pairwise conditionally independent given C if, for
A-a.e. i1 € I, the random variables g;;, and g;, are conditionally independent given C for

A-a.e. i9 € 1.

3. An Z ® C-measurable mapping p from I x Q to M(X) is said to be an essentially regular
conditional distribution process of g given C if, for A-a.e. ¢ € I, the C-measurable mapping

W > i 18 a reqular conditional distribution P(g; '|C) of the random variable g;.

4. The process g is said to be regularly conditionally independent given C if g is essentially
pairwise conditionally independent given C, and also g admits an essentially regular con-
ditional distribution process u given C. In this case, we also say that g admits a stochastic

macro structure (C, ).

3 Properties of Monte Carlo sampling processes

Let g be a process from I x 2 to X and C a countably generated sub-o-algebra of F in (Q2, F, P).
Suppose that g admits a stochastic macro structure (C, u). By Theorem 1 in Hammond and
Sun (2019) (stated as Lemma 1 in Section 6.1 below), there exists a one-way Fubini extension
(I x Q,W, Q) such that the process g is W-measurable.

The following theorem shows that the Monte Carlo sampling process G defined by (1) has
the one-way Fubini property. It also shows that G satisfies regular conditional independence
given C, and identifies its regular conditional distribution process.

Let M(X°) denote the set of probability measures on the infinite product measurable
space (X, B>).

Theorem 1 Let G : I xQ — X be a Monte Carlo sampling process based on g. Then there
exists a one-way Fubini extension (I x QW, Q) of (I® x Q,I1° ® F,A\®° ® P) such that G
is W-measurable. In addition, G is essentially pairwise conditionally independent given C. It

also admits the essentially reqular conditional distribution process fi defined by

I® x Q3 (I w) ¥ iy = @Fr; fif w € M(X™) (3)



4 Characterizing a sharp law of large numbers

Let g be a process from I x {2 to X as in Section 3, and let h : I x X — R be an Z® B-measurable
function with [, [ [o, h?(gi(w)) dP] dA < oo. Then Lemma 11 in Hammond and Sun (2008) says

that for A>®-a.e. i® € I*°, one has
I~,,. . ,
- Z h(ig, g(ig,w)) — / [/ h(i,x) d,uiw] d\ for P-almost all w €
—1 1 l/x

Under the framework of one-way Fubini extension, we have the following corollary.

Corollary 1 Let G : I*® x Q — X be a Monte Carlo sampling process based on g. Suppose
that (I x W, Q) is a one-way Fubini extension of (I x Q,Z%° @ F,\*° @ P) such that G

is W-measurable. Then for Q-almost all (1%°,w) € I*® x Q, one has

iéh(ik,g(ik,m) %/I[/Xh(i’x)d““’} “

Let L?(P) be the space of real-valued square integrable functions on (2, F, P), made into
a Hilbert space by defining, for any pair ¢,v € L?(P), the standard inner product {(y,) :=
Jo ¢(W)Y(w) dP. For each fixed i € I, define the random variable f(i)(-) so that

Qswe fi)(w) =h(,gli,w) € R (4)

The assumption that [, [[q h?(gi(w)) dP] dA < oo implies that for A-almost all i € I, the
random variable f(i) is an element in the Hilbert space L?(P). Corollary 1 indicates that the
sample average = >"1_| f(iy)(w) converges Q-almost surely to J; [fx h(i,2) duis] dX. Since the
function I 3 i — f(i) takes values in the Hilbert space L?(P), a natural question is whether
one can obtain a similar result for convergence in the norm of L?(P). This is answered in the

following proposition.

Proposition 1 For X®-almost all i € I, one has

igmk)— / [ /. h(z‘m)duw] ax

where the random variable w — [} [ [y h(i, %) dpiw] dX isin L*(P), and |||| denotes the standard
norm on the Hilbert space L?(P).

—0

This result can be viewed as the classical law of large numbers for a sequence of random
variables taking values in the Hilbert space L?(P). One may wonder whether such a result can

be extended to other Hilbert spaces, or to Banach spaces more generally.



Let B be a Banach space, with norm || - || and norm dual B’. Given any b € B and &’ € B/,
let (b,0’) denote the real value of the continuous linear mapping b’ evaluated at b. In the case
when B is a Hilbert space, we shall denote it by H. Then, of course, (b,b') can be regarded as
the inner product.

Henceforth we use the respective abbreviations LLN and SLLN for the law of large

numbers, and the sharp law of large numbers.
Definition 3 Let f be a function from (I,Z,)\) to a Banach space B.

1. The function f is said to satisfy LLN (resp., SLLN) if there exists a € B such that
la— 2570 flig)|| = 0 AX>®-a.s. (resp., A>°-a.s.). Let LLN(B) (resp., SLLN(B) denote
the (linear) space of all functions from I to B that satisfy LLN (resp., SLLN).

2. The function f is said to be Gel’ fand integrable if there exists a vector b € B called the
Gel'fand integral of f such that, for all V' € B, the real-valued function i — (f(-),V')
on I is A-integrable, with [;(f(i),V')d\ = (b,V).?

3. A function f*: I — Ry norm dominates f: I — B if || f()| < f*(i) for A-a.e. i € 1.
The function f is said to be norm integrably bounded if there exists a A-integrable

function f*: I — Ry that norm dominates f.

From now on, let £(\,B) denote the (linear) space of all functions f from (I,Z,\) to B
that are both Gel’fand integrable and norm integrably bounded. The following Proposition is
well known in the literature on random variables with values in a Banach space. For Part (1),

see for example Theorem 2.4 of Hoffmann-Jgrgensen (1985). Part (2) is taken from Theorem
3.1 of Dobric (1987).

Proposition 2 (1) LLN(B) C £L(\,B) for any Banach space B.
(2) Suppose that I is a Polish space, that T is its Borel o-algebra, and that X\ is an

atomless probability measure. There is a Hilbert space H such that L(A\,H) is not equal to
LLN(H).

Part (1) of Proposition 2 says that a necessary condition for f to satisfy the usual LLN
is that f must be both Gel’fand integrable and norm integrably bounded. On the other hand,
Part (2) of Proposition 2 shows that these two conditions are not sufficient for the LLN to
hold, even for the special case of a Hilbert space. It means that LLN(B) is in general a proper
subset of L(\,B).

3This follows the terminology of Dobric (1987) and Hoffmann-Jgrgensen (1985). When the Gel 'fand integral
of 1sf is defined for every S € Z, this is often called the Pettis integral — see, for example, Aliprantis and
Border (1999) as well as Diestel and Uhl (1977, p. 53). Note that 1g is the indicator function of the set S.



Since a A>°-null set is automatically A>°-null, any function in LLN(B) must be in SLLN(B).
Given that the set SLLN(B) is bigger than the set LLN(B), two natural questions arise. The
first is whether the inclusion relationship in Part (1) of Proposition 2 still holds. The second
is when such an inclusion can be strengthened to an equality.

The following theorem shows that when the product measure A*° is extended to its
iterated completion A>°, not only does the strengthened inclusion SLLN(B) C £(\,B) hold for
a general Banach space B, but it becomes an equality in the Hilbert space case. This equality
provides a very general characterization of the functions from (I,Z,)\) to a general Hilbert
space H that satisfy our sharp law of large numbers in the iterated completion of the product
probability space. Moreover, an obvious corollary of our results is that LLN(B) is in general a

proper subset of SLLN(B), even when B is a Hilbert space.

Theorem 2 (Sharp law of large numbers) If f is any function mapping (I,Z,\) to a Ba-
nach space B for which SLLN is satisfied, then f € L(A\,B); that is, SLLN(B) C L(\,B).
More importantly, if B is a Hilbert space H, then f satisfies SLLN if and only if f is Gel’fand
integrable and norm integrably bounded. That is, SLLN(H) = L£(A, H).

Consider the function f from (I,Z, \) to the Hilbert space L?(P) which is defined by (4).

1
The function f is obviously norm integrably bounded because || f(¢)|| = ([, h?(gi(w)) dP)? and
[7 [Jo h2(9i(w)) dP] d\ < co. The following claim, which says that such a function f is also

Gel’fand integrable, indicates why Proposition 1 is a special case of Theorem 2.

Claim 1 Let f be the function from (I,Z,\) to L?>(P) defined as in equation (4) by f(i)(w) =
h(i,g(i,w)). Then f is Gel’ fand integrable.

5 Allocations in large economies with asymmetric information
5.1 The information structure

We use the same information structure as that set out in Sun and Yannelis (2007, 2008).
Suppose that the fixed atomless probability space (I,Z,\) represents the space of economic
agents. Let S = {s1,s2,...,5K} denote the finite set of true states of nature (with power set
denoted by S). We assume that these are not known by any agent. Let 7° = {q1,¢q2,...,q1}
denote the space of all possible signals (or types) for each individual agent. We consider the
measurable space (T, 7) of private signal or type profiles for all the agents i € I. Thus, T is

a subset of (T°), the space of all functions from I to 7°.* For each agent i € I, the function

4The standard literature usually assumes that different agents have different sets of possible signals, all of
which occur with positive probability. For notational simplicity, we choose to work instead with a common set
T° of possible signals, but allow some of these to have zero probability for some agents. There is no loss of
generality in this latter approach.



value (i) (also denoted by t;) is agent ¢’s private signal, whereas t_; is the restriction of the
signal profile ¢ to the set I\ {i} of agents different from 4; let 7_; denote the set of all such
t_;. For simplicity, we assume that (7),7) has a rich enough product structure so that 7" is a
product of T_; and T°, whereas 7 is the product o-algebra of the power set 7° on T° with a
o-algebra T_; on T_;. Given any ¢t € T and t; € T, we shall adopt the usual notation (¢_;,t;)
to denote the signal profile whose value is ¢ for agent ¢, but the same as t; for all other agents
j e {iy.

To represent all the uncertainty about the true states as well as the agents’ signals,
we consider the probability space (2, F, P) where (£2,F) is the product measurable space
(SxT,8S®T). Let P° and P be the marginal probability measures of P on (S,S) and (7,7
respectively. For each i € I, let 5 and ¢; denote the projection mappings from Q to S and to T°
respectively, with #;(s,t) = t;.° After excluding any P-null state, we assume without loss of
generality that each true state s € S is non-null in the sense that 74 := P¥({s}) > 0; let P! be
the conditional probability measure on (7,7) given that the random variable 5 takes value s.
Thus, for each B € T, one has P (B) = P({s} x B)/m,. It is obvious that PT =" _om PI.
Note that in the literature the conditional probability measure P! is often denoted as P(-|s).

For each fixed t € T, define also the conditional probability measure P(:|t) on S so that
for each fixed s € S, the mapping T > t + P({s}|t) is T-measurable, with P({s} x B) =
[ P ({s}|t) dPT for each B € T. Let T > t + ps(t) € Ry be the density function of P} with
respect to PT; it is easy to see that P¥({s}|t) = s ps(t) for PT-almost all ¢t € T.

For each i € I, let 7; denote the marginal signal distribution of agent i on the space T°;
it is defined so that for all ¢ € T°, the probability P(f; = q) equals 7;({q}). Let P¥*T=i(.|t;)
denote the conditional probability measure on the product measurable space (S xT_;, S®7T_;)
given that agent i’s signal is t; € T°. For any t; € T" with marginal probability 7;({t;}) > 0, it
is clear that for any E € S ® T_;, one has P**T-i(E|t;) = P(E x {t;})/7:({t;}). Denote by C
the completed sub-o-algebra of F = S® T on =S5 x T that is generated by the union of the
finite family {{s} x T : s € S} with the set of all P-null subsets of S x T.

Let f denote the private signal process from I x Q to the finite type space T° defined
so that f(i,w) = t;(w). Typically, for each w € Q the mapping i — f(i,w) will not be Z-
measurable. Assume that f is essentially pairwise conditionally independent given C, and also
admits an essentially regular conditional distribution process p given C. By definition of the
latter, we know that for A-almost all i € I, the marginal process Q € w + u;(w) € A(T?) is a
regular conditional distribution of Q € w + f;(w) € T given C.

Let oo := |, ; 1idA be the mean conditional signal distribution over all agents. Then the

5Because Q = S x T, the mapping #; can also be viewed as a projection from T to T°.



Fubini property implies that ji is a C-measurable mapping from Q to A(7°). We assume that
the process f is non-trivial in the sense that C is the same as the completed sub-o-algebra of F
generated by p together with the P-null subsets of €). This means that the mean conditional
signal distribution carries the same information as the true state.

Let {As}ses be the C-measurable partition of © such that §(w) = s for any w € As.
Then C is generated by the finite family {As}ses. Since i is C-measurable, there exists a
corresponding finite collection of measures {y}ses in A(T) such that fi(w) = > cq1la, (W)s
for P-almost all w € 2. It is clear that s is the agents’ average signal distribution conditional

on the true state being s. The non-triviality assumption above implies that
Vs, s €8, s# 8 = s # g (5)

5.2 A state contingent large economy

First, we define a complete information economy £¢. The common consumption set of each
agent ¢ € I is the positive orthant R’!'. Suppose that for any given i € I and true state s € S,
the mapping R" > = — u;(z; s) is agent ¢’s utility function when the state is s. For any given
i €I and s € S, assume that R' >  — w;(x;s) € R is continuous and strictly monotonic

in x € R in the sense that
T2z and T # x = u;(Z;s) > ui(x;s)

Assume too that for any fixed z € R and s € S, the mapping I > i — u;(x; s) is Z-measurable
iniel®

In this section, let ||z|| denote the Euclidean norm of any vector z € R™. Assume also
that, in addition to continuity of each individual’s utility function R > x +— wu;(x;s), the
entire family of utility functions R > = ~— w;(x;s) as (i,s) varies over I x S is uniformly
equicontinuous in the sense that, for any € > 0, there exists § > 0 such that |z — Z| < §
implies |u(i,z,s) —u(i,Z,s)| < eforallie I, all z,Z € R, and all s € S.

Let I 54+ e(i) € R} be the M-integrable endowment function specifying each agent
i’s initial endowment. Assume that the mean endowment vector € := f] e(i) dX satisfies € > 0,
meaning that the mean endowment of each good is positive. Let A,, denote the unit simplex
in R

For each s € S, the collection £¢ = {(I,Z, ), ul, e’}, consisting of an atomless probability
space of agents with their respective utility functions x +— wu;(x; s) and endowment vectors e;,

together constitutes a large deterministic exchange economy. A complete information economy

5In the sequel, we shall often use subscripts to denote some argument of a function that is viewed as a
parameter in a particular context.



is a collection £¢ = {&¢ : s € S} specifying the deterministic economy E¢ for each s € S. The

following provides the definition of the basic concept of a Walrasian allocation.
Definition 4 1. An allocation for £° is a function
IxS53(i,s) —ag(i) € RY (6)
such that for any fized s € S, the mapping i — x5(i) is A-integrable.

2. An allocation (i,s) — x5(i) is feasible in E° if, for each s € S, one has [; x5(i) d\ =

[re(i)dX (i.e., x5 is feasible in ES).

3. A feasible allocation (i,s) — x(i) is a« Walrasian (or competitive equilibrium) alloca-
tion in £¢ if for each s € S, there is a price system p; € A, which, together with the
feasible allocation x¢, makes (z¢,ps) a competitive or Walrasian equilibrium in the large
deterministic economy ES, in the sense that for A-a.e. i € I, given i’s Walrasian budget

set
Bi(ps) ={x € R : ps-x < ps - e(i)} (7)
one has

5(0) € argma{ui(ass) @ € Bi(p.)} ®

5.3 Monte Carlo sampling economies

We shall now apply Monte Carlo sampling to economies with a continuum of agents who
have asymmetric information. Each agent i € I is informed about her private signal t; € T°,
but not the true state s € S. Fix any i® € [°° drawn from the iteratively completed infinite
product probability space (1°°,Z°°, \*°). In the asymmetric information Monto Carlo sampling
economy £, there is a countable set of sampled agents i® € I,

For any z € RT and t € T, let Uj(z|t) = 3 cgui(z;s)PY({s}|t) denote agent i’s
conditional expected utility of consumption bundle x given the type t.

A function z from (7,7) to R is said to be a consumption plan in E™ if for any pair
t,t' € T of type profiles that coincide on i, one has z(t) = 2(¢). That is, a consumption plan

only depends on reported types of agents in the set I(i°) defined by

1(6%) i= UpZ {ie } (9)

Let CP(i®) be the space of consumption plans in £ . For any agent i € I(i*) and a
consumption plan z € CP(i®), let

Ui(2) ::/Qui(z(t);s) dP:Zws/Tui(z(t);s) dpr (10)

ses

10



be the overall expected utility of agent i for the consumption plan ¢ +— z(t).
An allocation in £ is a function I 3 i + 2!~ € CP(i®). For any allocation 2™,

any agent i € I(i®), and any pair of private signals t;,t; € T, let
R I N . @ oy SXxT_; .
UF @l ) = [ il (e, 9)dPST )
SXT,Z‘

denote agent i’s conditional expected utility when she receives the private signal ¢; but mis-

: /
reports it as t;.

5.4 Asymptotically feasible and constrained Pareto efficient allocations

To discuss incentive compatibility, we invoke the revelation principle due to Dasgupta et al.
(1979) and Myerson (1982), but extended in an obvious way to a continuum of consumers. That
is, we consider a direct revelation mechanism in which reporting one’s type truthfully is
a Bayesian equilibrium for every agent in the corresponding game of incomplete information.
Specifically, let g denote the agents’ joint reporting process I x T' 3 (i,t) + g(i,t) € T° with
g(i,t) = £(i) for all (i,t) € I xT. Let G : I® x T — (T)*® be the Monte Carlo sampling
process based on g. The following claim, which will be proved in Section 6.4, shows that g also

has a stochastic macro structure.

Claim 2 There is a countably generated sub-sigma-algebra C' of T such that g is reqularly

conditionally independent given C'.

By Theorem 1, this implies that the space (I x T,Z° ® T, *° ® PT) has a one-way
Fubini extension (I*° x T W, Q) such that G is W-measurable.

Definition 5 1. An allocation mechanism is a mapping

I®x I xT>(i%d,t)—a" (i,t) e R

2. The allocation mechanism (i, i,t) — x* (i,t) is asymptotically feasible if, for Q-almost

all (i%°,t) € I*® x T, one has

% D@ (g t) = = Y elin)

k=1 k=1

—0asn— o0

SRS

3. The allocation mechanism (i*,i,t) — 2" (i,t) is incentive compatible if, for Q-almost
all (i%°,t) € I*® x T, the incentive constraint U;™ (2" ,t[t) > U™ (2™, ¢'|t) holds for
any i € 1(i®) and any t' € T°.

11



4. The allocation mechanism (i,4,t) — x* (i,t) is ex post individually rational if, for

Q-almost all (i®,t) € I*® x T, one has U™ (2i7ft) = U™ (es]t).

5. The allocation mechanism (i,i,t) + 2 (i,t) is asymptotically Pareto efficient if, for
Q-almost all (1%°,t) € I® x T, the following holds: for any € > 0, there is no sequence
y : N = RT such that: (i) asn — oo, so |2 30 yk— 230 e(ix)|| — 0; (ii) for any
i € 1(i°), one has U™ (yilt) > U™ (287 |t) + €.

Now we are ready to state the following result for economies generated by Monto Carlo

sampling.

Theorem 3 There exists an allocation mechanism (i, i,t) — 2" (i,t) which is asymptotically

feasible, incentive compatible, ex post individually rational, and asymptotically Pareto efficient.

Theorems 1 and 2 in Sun and Yannelis (2007) demonstrate the consistency of exact
incentive compatibility and exact efficiency for a continuum of agents, where private signals
are generated by a process that is jointly measurable in a two-way Fubini extension, as in Sun
(2006).” This paper only works in the framework of a one-way Fubini extension. Approximate
versions of such a consistency result are considered in McLean and Postlewaite (2002), in
Theorem 3 in Sun and Yannelis (2007), and in Theorem 3 above. Exact incentive compatibility
and approximate efficiency for a special sequence of replica economies constructed from a
fixed finite-agent economy with concave utilities are considered in Theorem 2 in McLean and
Postlewaite (2002). Theorem 3 in Sun and Yannelis (2007) considers approximate incentive
compatibility and approximate efficiency for a general sequence of large, but finite economies
with possibly non-concave utilities. In the setting of a sequence of economies that result from
Monte Carlo sampling, this paper shows the consistency of exact incentive compatibility and
approximate efficiency for almost all infinite sequences of economies with utilities that are

allowed to be non-concave.®

6 Appendix
6.1 Some technical background

In this subsection, we first define iteratively complete products as in Hammond and Sun
(2006b). Then, for the convenience of the reader, we state as lemmas two results from Ham-

mond and Sun (2019) that are used in this paper.

"Proposition 5.6 of Sun (2006) shows the existence of rich Fubini extensions; see also Sun and Zhang (2009)
and Podczeck (2010) for other constructions of rich Fubini extensions.

8He and Yannelis (2016) consider large economies with discontinuous preferences. It remains to be seen how
the results presented here as well as in Sun and Yannelis (2007) can be generalized to such a setting.
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Let (Ix,Zr, \i)(k € N) be a sequence of probability spaces. We use the same notation
whether or not the spaces Py = (Ix, Zi, \x) are identical copies of a fixed space (I,Z, ). Let

HPk— (I",I",\") : <H I, ®” T, (X)::1 )\k>

k=1

denote the respective n-fold product, and let

: HPk_ (I®, 1%, \%) = (Hlk ®k T, ®k X )

k=1
denote the infinite product counterpart.

The following definition is taken from Hammond and Sun (2006b).

Definition 6 A subset E of the n-fold Cartesian product set I™ is said to be iteratively null
in P™ if for every permutation m on {1,...,n}, the n-fold iterated integral

/ T / 1E(i17 12,y ) d>\7r(n)( Tr(n)) d)‘ﬂ'(l)(zw(l)) (11)
SN ETEH) (n)€lr(n)

of the indicator function I > i"™ — 1g(i") € {0,1} for the set E is well-defined and has
value zero; in other words, for Az1)-a.e. iry € Ir(1), Ar(2)--€ ix@2) € Ir@), s Axn)-a-e.

Zﬂ.(n) S Iﬂ.(n), one has (il, 12, ... ,in) ¢ E.

The following two propositions from Hammond and Sun (2006b) show that one can
extend both the finite product probability space P™ and the infinite product probability space

P by including all iteratively null sets, then forming the iterated completion.

Proposition 3 Given any n € N, let &, denote the family of all iteratively null sets in the
n-fold product (I",Z™,\"). Then there exists a complete and countably additive probability

Pri= (I, 1", \") = <I” ® T, @k 1&)

that satisfies the Fubini property, with:

space

1. I" as the o-algebra o(I™ U E,), which is equal to the collection

I"NE,:={DAE:De1I" Ecé&,};
2. A" as the unique measure that satisfies \"(DAE) := \"(D) whenever D € " and E € &,.

Proposition 4 There exists a countably additive probability space

P = (I, I, 1) := (Ioov @Z;Z’“ ®Zol/\k>

in which
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1. I is the o-algebra generated by the union G := UG, of the families G, of cylinder
sets taking the form Gn = A x [, .1 I for some A € A

2. X\*® is the unique countably additive extension to I of the set function p : G — [0,1]
defined so that (A x TTpe, 1 Ix) := A"(A) for all A € I™.

Moreover, for any D € I, there exist D € I and E € I° such that D = DAE and
A®(E) = 0.

Unlike the finite product P”, the infinite product measure space P> in Proposition 4
may not be complete in the usual sense. One can always complete it by the usual procedure
— see, for example, Dudley (1989, pp. 78-79). We still use the same notation to denote this
completion, which also retains the property stated in the last sentence of Proposition 4.

The completed probability space P> will be called the iterated completion of P>, as
well as the iteratively complete product of the spaces Py (k € N). Let i = (i1,12,...,0n,...)
denote a general element of 1°°.

Next, let C be a countably generated sub-o-algebra of F in (2, F, P), and g a process from
I x Q to X that is regular conditionally independent given C. The following two lemmas state

(part of) the results in Theorem 1 and Proposition 2 of Hammond and Sun (2019) respectively.
Lemma 1 The process g satisfies the one-way Fubini property.

Lemma 2 Let h be any measurable function mapping the product space (I x Q,7Z® F,\® P)
to a Polish space Y. Then, for A-almost all © € I, the two random variables g; and h; are

conditionally independent given C.

6.2 Proof of Theorem 1

First, let
D> = {i*® = (ix) 5= € I : (gi),)heq is mutually conditionally independent given C} (12)

denote the set of all infinite sequences > € I°° such that the associated sequence of random
variables g;, (kK € N) are mutually conditionally independent given C.

Next, for any n € N, let
D" .= {i" = {ix}}p—1 € I" : {9i, } =1 is mutually conditionally independent given C}  (13)

denote the projection of the set D> C I onto the finite subproduct set I™ of all sequences

of length n. Since g is essentially pairwise conditionally independent given C, and also admits
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an essentially regular conditional distribution process p given C, Theorem 1 in Hammond and
Sun (2006b) implies that D™ € I and A"(D") =1 for any n € N .
For each n € N, let

E™ = {(i%,5°) € I® x I : (i1, ... ,in, j1, - - - jn) € D*"}
It is easy to see that A>®° ® A>°(E") = A\?"(D?*") = 1. Let E = N2>, E™. It is clear that
A®° @A®(E) =1 (14)

Also, for any i® € I, let G(i*™°) := {gi, : k¥ € N} denote the associated countable sets of
random variables. Then for any (i*,;j*°) € E we know that the random variables in the set
G(i*°) U G(3°°) are mutually conditionally independent given C. It follows from (14) that,
for A®-a.e. i® € I*, the random variables in G(i®) U G(5°°) are mutually conditionally
independent given C for \>®-a.e. j>° € I,

Note that the infinite product o-algebra B is generated by the family of all infinite
cylinder sets which, for some n € N and some collection By, ... B, € B of n Borel sets, take the
form ]}, B; x X*°. To prove that fi is an essentially regular conditional distribution process
given C, it is enough to consider the m-system consisting of these cylinder sets.

Fix any i = (iy);2, € D, where D* was defined in (12). For any By,...B, € B,
mutual conditional independence given C of all the random variables in the sequence (g;, )32,

implies that for P-a.e. w € ) one has
P ((G(i@@))—1 (By X -+ x By x X%) \(3) (w)

= P((Qip'"agin)il(BlX“'XBn)‘C> (w)
= P(g;,'(B1)[C) (w)--- P (g;, (Bn)[C) (w)
= fiw(B1) figw(Bn)

But definition (3) implies that
tirsw(B1) - -+ finw(Bn) = fiieow, (Br X -+ X By x X*)

So this proves that I°° x 3 (i°°,w) — [ij, is an essentially regular conditional distribution
process of G given C. Therefore, Lemma 1 implies that there exists a one-way Fubini extension
(I x W, Q) of (I® x 2,7 ® F,A\® ® P) such that G is WW-measurable.
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6.3 Proofs of the results in Section 4

Proof of Proposition 1:

Take as given the real-valued functions h and f specified at the start of Section 4, as
well as the regular conditional process I x Q 2 (i,w) — i, € M(X) defined in Section 3. For
any 1 € I and w € Q, let

o(i,w) := /Xh,(x) dui, and Y(i,w) = f(i,w) — @(i,w) (15)

We first prove that the random variable

Qaww/ (i,w) d\ = /[/ dﬂw} A (16)

belongs to L?(P). The property of essentially regular conditional distribution processes implies
that
for A-almost all i € I, one has ¢(i,w) = E[f(7)|C](w) P-a.s. (17)

Thus, by the Fubini property and Jensen’s inequality, one has

Jo Ly li.w)dx]” dp = Jo L ELF()[C)(w) dA]* dP
< o[ EBlF@ICI@)? N aP = [, [fQ (E[f()IC)(w))? dP] d
< i UQEIP@)ICHw)dP dN = [;[[q [?(i,w)dP]dA

Because of our assumption that [} [ [o hZ(gi(w)) dP] dX\ = [, [ [o f2(w) dP] dX is finite, the last
integral is finite. This proves that the function w — [} ¢(i,w) dX also belongs to L2(P). Also ¢
can be viewed as essentially a function from (I,Z,\) to L?(C, P), the space of real-valued,
C-measurable and square integrable functions on (2, F, P).

Since C is countably generated, we know that L?(C, P) is separable, which implies that ¢
is A-essentially separably valued.” It is easy to see that ¢ is also weakly A-measurable.!® Then
Theorem 2 in Diestel and Uhl (1977, p. 42) implies that the function i — ¢(7) is A-measurable.
Hence, there exists a sequence of simple functions i — ¥ (i) with limg_,o [|¢* — ¢|| = 0 for
A-a.e. i € I. From (17) note that [, [|¢(i)[|?d\ = [; UQ [£(4)|C](w))* dP| d\. Thus, Jensen’s
inequality implies that

/I\hp(z’)WdAS/I/QE[fQ(z‘)\C] de/\:/I/Qf(i)Qde/\<oo

But then the Cauchy—Schwarz inequality implies that

L@wmws<ﬂmm%0m<m

9See page 42 in Diestel and Uhl (1977) for formal definitions.
10Gee page 41 in Diestel and Uhl (1977) for formal definitions.
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By Theorem 2 in Diestel and Uhl (1977, p. 45), we know that ¢ viewed as a function from
(I,Z,)) to L?(P) is Bochner integrable. Next, the classical law of large numbers for Bochner
integrable functions, as shown in Beck (1963) and Mourier (1953) (see also Dobric (1987) and
Hoffmann-Jgrgensen (1985)), says that for A>-a.e. i € I°°, one has

Zwk | [ mito duian

The proof of Lemma 11 in Hammond and Sun (2008) shows that there exists D* € Z°
with A>°(D*) = 1 such that for any i® € D*, the random variables (¢;,)%>, defined by (15)

|7 =0 18)

are mutually orthogonal. This implies that for any ¢ € D*, we have

1 .

n Z w(zk)
k=1

Since [ [[¢(i )||? d\ < oo, the usual strong law of large numbers implies that for A>-a

2 n
= 5 > )P (19)
k=1

> ¢ J°° one has

lme%Qzﬂwm%A (20)

n—oo N

It clearly follows that for A>®-a.e. i® € I, one has

1 o ’

" Z Y(i)
k=1

Combining Equations (18) and (21), while using definition (15) of the function i — (i) € R,

it follows that for A>®-a.e. i € I*°, one has

lim
n—oo

=0 (21)

71151010 Zf’lk // dl’LZUJ d)\
~ lim n;wmn; i) // ) dpizy () dA

This completes the proof. =
The following lemma is a special case of a result in Hammond and Sun (2008), which
generalizes part of Lemma 2.1 in Hoffmann-Jgrgensen (1985, p. 304) to the setting of iteratively

complete product spaces.

Lemma 3 For each n € N, let S, be a subset of I whose A-outer measure is one. Then the

A -outer measure of [[77 | Sy is also one.

The next lemma is also taken from Hammond and Sun (2008). It generalizes to iteratively
complete products one part of Theorem 2.4 in Hoffmann-Jgrgensen (1985, p. 310), which is due
to Talagrand.
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Lemma 4 Let g be a real-valued function on (I,Z,\). Suppose there is a real constant ¢ such

that ' .
Lo 90+ glin)

n—o0 n

Then g is A-integrable, with [; g(i) dX\ = c.

=c for X®-a.e. i% € [*® (22)

The proof of the following lemma adapts some of the ideas used in the proofs of Lemma
2.1 and Theorem 2.4 in Hoffmann-Jgrgensen (1985), and of Lemma 1.4 in Hoffmann-Jgrgensen
(1977).

Lemma 5 If a function f from I to a Banach space B satisfies SLLN, then it is norm integrably
bounded.

Proof: Let f € SLLN(B), with |la — 2 >}, f(ix)|| — 0 for A>®-a.e. i € I°. Let D be the

set of all i € I*® such that || f(i,,)|| — 0 as n — co. Because of the decomposition

1 & n—1 1= 1
flin) = = a—n;m) +— a—n_lgfm) +a
it follows that
n n—1
st <fa- 2 S + 2t o o2 s + 5l 2
k=1 k=1

Now each term on the right-hand side of (23) converges A*-a.s. to 0, so A>(D) = 1.

Let i — g(i) be an upper A-envelope of i — || f(7)]|, in the sense that g : I — R U{oco}
is an Z-measurable function satisfying: (i) g(i) > || f(¢)|| for all ¢ € I; (ii) for any Z-measurable
function h from I to Ry U {oo}, the A-inner measure of the set {i € I : || f()| < h(i) < g(i) }
is zero (see p. 302 of Hoffmann-Jgrgensen (1985)). For each n € N, define

Sp={i € L:g(@) <2 f@)] or [f(@) = n}

Define the function h,, := min{n, %g} on I, which is evidently Z-measurable. Also, it is clear
that || f(7)|] < hn(i) < g(7) for all i € I'\ S,, (even when g(i) = 0o). By definition of the upper
A-envelope, therefore, the set I\ S,, must have A-inner measure zero, implying that its A-outer
measure of S, is one. Lemma 3 says that then the set [[>2; S, also has A*°_outer measure one,
and so therefore does D N[[ 2 Sy.

Fix any i® € DN[]2, Sy. Since |1 f(in)|| = 0 as n — oo, one must have || f(i,)|| < n
for sufficiently large n, and then i,, € S,, implies that 0 < g(in) < 2||f(in)|. Hence, 2g(i,) — 0.

But g is Z-measurable by definition, so % g(in) — 0 for all i*° in some Z°°-measurable superset
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E of DNI[22; S,. Since the A®-outer measure of DN | S, is one, it follows that A>°(E) =
AX(E) = 1.

Given any i € I, let ¢(i®) := sup,cy +g(in). Then ¢(i>) is finite for all i € E.
Because g is Z-measurable, the function ¢ : I — R4 U {oo} must be Z*°-measurable. So there

exists a positive integer K such that
A ({i®el®: (™)< K})>1 (24)

For each n € N, let a,, := A({i € I : g(i) > nK}). Because A*° is a product measure, it is
evident that

o0

XX ({i®eI®: ¢ (i) < K})=[[(1 - an) (25)

n=1

Obviously (24) and (25) imply that [[°° (1 — a,,) > 3. But In(1 — o) < —aup, s0

iang—iln(l—an)<—1n(1/2):1n2<oo (26)
n=1 n=1

This implies that lim, o, = 0, and so A ({t € I : g(i) = c0}) = 0.

Given any fixed ¢ € I with g(i) < oo, let m be the smallest integer such that g(i) < mK.
Then g(i) € [nK,o00) for n € {1,...,m =1}, and so > 07| lj,k,00)(9()) = m — 1. Tt follows
that

9(1) < K+ K Y ko) (9(i) (27)

n=1
for all ¢+ € I with g(i) < oo. Because A ({i € I : g(i) = o0}) = 0, the definition of «,, implies
that [} 1k,00)(9(7)) dA = . Tt follows from (26) and (27), therefore, that

/gdA§K+KZan<K(1+ln2)<oo

I n=1

Finally, let f* be the function from I to R, such that f*(i) = g(i) when ¢(i) < co and
f*(i) = 0 when g(i) = co. Clearly f* is a norm dominant A-integrable function for || f||, so f is

norm integrably bounded. =

Two functions f and f from (I,Z,\) to a Banach space B are said to be scalarly
equivalent if, for any b € B’ the corresponding real-valued functions i — (f(i),b’) and

i— (f(i),b') are equal for A\-a.e. i € I.

Lemma 6 Let H be a Hilbert space and f a function in L(X\,H) that is scalarly equivalent to

the zero function. Then

le =0 for \*-a.e. i® € [® (28)

%Z k)
k=1
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Proof: Given f € L(A\H), let ¢ : I — Ry be a Aintegrable function that norm dom-
inates f. For each k € N, let X; be the random variable defined on (I°°,Z°°, A\*°) by
X, (i) := [g(i)]?. Since EX11/2 < oo and the variables X}, are i.i.d., the Marcinkiewicz—
Zygmund Theorem on p. 125 of Chow and Teicher (1997) for the case p = 1/2 and ¢ = 0
implies that n=2 > 1_; X (i) — 0 for A>-a.e. i® € I°°. Because the definition of g implies
that || f(i)|| < g(i) for all i € I, we have ||f(ix)|*> < [g(ir)]? = X (i) for all k € N. Tt follows
that n=2>"1_, ||f(ix)||* = 0 for X>®-a.e. i> € I°°.

Next, we follow the idea behind some of the computations in the proof of Theorem 1.3

on p. 277 of Dobric (1987). For any i*° € I*°, we have

I~

n Z oy
k=1

Because f is scalarly equivalent to zero, for any h € H one has (f(i),h) = 0 for M-a.e. i € I.

2 n
= S MG+ 5 S (), F) (29)
k=1

1<j<k<n

In particular, for any i' € I, one has (f(i), f(i)) = 0 for M-a.e. i € I. Hence there exists a
Z%-measurable set D C I x I such that A2(D) =1 and (f(4), f(i')) = 0 for all (i,') € D. For
each pair j,k € N, let D, denote the set of all sequences i> € I* such that (ij,i;) € D,
and define D* := N2, M2, Djg. Then for all i* € D* one has (f(i;), f(ix)) = 0 for all
J. k € N with j < k. Obviously Dj;, € Z*° and A*(D,) = 1 for each j,k € N, so D* € Z* and
A®(D*) = 1 also.

Combining the results in the last two paragraphs shows that (29) implies (28). =

Proof of Theorem 2:

Let h be a function from I to the Banach space B such that, for some a € B, one has lim,,_, ||ja—
LS h(i)|| = 0 for X®-a.e. i € I*®°. Take any fixed b € B/, and let I > i — g(i) € R
be defined so that g(i) := (h(i),b’) for all i € I. A routine calculation shows that, for A*>°-a.e.
1> € I*°, one has

lim (g(in) + - + g(in)] = (a, )

n—oo N

Then Lemma 4 implies that g is A-integrable, with [, g(i)dA = (a,’). Hence, h is Gel’fand
integrable and has a as its Gel’fand integral. Lemma 5 implies that A is also norm integrably
bounded.

Now suppose that B is a Hilbert space H. Let f be any function in £(\,H). Since
f is Gel’fand integrable, it follows from Theorem 11.51 of Aliprantis and Border (1999) or
p. 52 of Diestel and Uhl (1977) that for each S € Z, the function i — (1g f)(i) = 1g(¢) f(7)
is Gel’fand integrable, where i — 1g(i) € {0,1} is the indicator function of the measurable
set S. Let v(S) denote its Gel’fand integral over I, which is an element of H. It follows
that [|[v(S))? = (v(9),v(S)) = [{(1sf)(i),v(S))d\. By the hypothesis of norm integrable
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boundedness, there exists a A-integrable function f* : I — R4 such that ||f(:)| < f*(i) for
Mae. i € I, and so ((1sf)(i),v(S)) < (1sf*)()[v(S)[|. Hence [v(S)|* < [;(1sf*)(@)l|v(S)]ldA.

So even when v(S) = 0, one has
S < [ 1o (30)

Let S1,59,... € T be any countable collection of pairwise disjoint measurable subsets

of T. Obviously v (U}_;Sk) = > p_, ¥(Sk) for n =1,2,.... Furthermore, (30) implies that

S <Y [ @< [ i< o ()
Ry [ s

It follows that the sequence defined by s, := v (U}_;Sk) = > ;_; ¥(Sk) is a Cauchy sequence,
and so convergent in the complete normed space H. Hence v (U, Sk) = Y _poq v(Sk). It follows
from (31) that v is an H-valued o-additive measure of bounded variation. Moreover, (30) also
implies that the vector measure v is absolutely continuous w.r.t. A.

Next, we shall show that f is scalarly equivalent to a Bochner integrable function ¢ from
(I,Z,)) to H. Because the Hilbert space H is a particular kind of reflexive Banach space, it has
the Radon—Nikodym property (see p. 82 of Diestel and Uhl, 1977). So there exists a Bochner
integrable function ¢ from (I,Z, \) to H such that v(S) equals the Bochner integral [ ¢(i) dX
for each S € Z. Now the Bochner integral, when it exists, must equal the Gel fand mtegral —

see, for example Aliprantis and Border (1999, p. 423). So given any h € H, it follows that

((S), ) = /S (6(i), hydA = /S (£(3), h)dA

Because the choice of S € T was arbitrary, one has (f(i),h) = (¢(i), h) for \-a.e. i € I. That
is, f is scalarly equivalent to ¢.!!

Define ¢ := f — ¢. Because ¢ is Bochner integrable, it follows from Diestel and Uhl
(1977, p. 45), for example, that ||¢|| is integrable. Clearly, then, ¢ is norm integrably bounded,
Gel’fand integrable, and scalarly equivalent to zero. So Lemma 6 implies that ¢ € LLN(H).
Then the classical law of large numbers for Bochner integrable functions, as shown in Beck
(1963) and Mourier (1953) (see also Dobric (1987) and Hoffmann-Jgrgensen (1985)), says that
¢ is in LLN(H), and so in SLLN(H) as well. Therefore f = ¢ + ¢ € SLLN(H). =

Proof of Claim 1: Let ¢ be any square integrable random variable on (2, F, P). By the

property of regular conditional distribution process u and the Fubini property, one has

/QM/Xh(z‘,x)duiwdA] w)dP = // (i, w)|Clp(w) dPA

HThe argument used in this paragraph is essentially the same as the simple argument of Diestel and Uhl (1977,
p. 89), where the case of norm bounded functions is considered. See also Khan and Sun (1999) for discussion
and for many additional references concerning this scalar equivalence result.
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Lemma 2 implies that for A-almost all ¢ € I, the random variables w — f;(w) and w — p(w)

are conditionally independent given C. Therefore, we have

/Q [ /1 /X h(z‘,x)duiwd)\] w)dP = / / w)|C] dPdA
/ / (i, w)p(w) dPdA

This implies that f is Gel’fand integrable.

6.4 Proof of Theorem 3

By the usual existence result on Walrasian allocations in Aumann (1966) and Hildenbrand
(1974), we know that there exists a Walrasian equilibrium (z¢, p) for the economy £¢. Because
we assumed that the utility function R* >  — wu;(z; s) of each agent ¢ € I is strictly monotonic,
we know that for any s € S, the Walrasian equilibrium price vector py is strictly positive.

Note that, by assumption, the private signal process I x Q > (i,w) + f(i,w) € T" that
was introduced in Section 5.1 is essentially pairwise conditionally independent given C and
admits an essentially regular conditional distribution process u given C. Then Proposition 5 in
Hammond and Sun (2008) implies that for A>-a.e. i € I, there exists F' € F with P(F) =1
such that for any w € F and any ¢ € Tp, one has

lim 521 (it ) = [A(w)) (@) (32)

The usual strong law of large numbers implies that for A*°-a.e. i* € I*° one has

1
Tim nkz::e(ik) - /I e(i) dx (33)
1 n
and ILm - Zx?(zk) = /x?(z) dX for all s € S (34)

Let D be the set of i* € I* such that the three Equations (32), (33) and (34) all hold.
It is clear that A®°(D) = 1.

First, for any i ¢ D and i € I(i®), construct %" (i,t) := e(i) for all t € T. Also, for
any 1> ¢ D and i € 1(i*), the definition of Walrasian equilibrium implies that the inequality
Ufoo (mﬁw,mti) > Ufo (mﬁw,tﬂti) holds for any t;,t; € T°.

Alternatively, consider any fixed i* € D. For any n € N, t € T and ¢ € Ty, let
Yt q) = 23000, Lg1(ti, ). This defines a mapping T' > t A (t) € A(TO). For any t € T,

given the counting measure 4 on the finite set 70, let

70 = (35)

oo {limn_>OO A () if the limit exists

~ otherwise
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Next, define the sets

L7 ={teT:y7(t)=ps} forall s€ S, and Lj =T\ | J LI (36)
seS
Because (32) holds P-a.s., it follows that PI'(L1") =1
Also, the non-triviality assumption implies that for any s, s’ € S with s # s’, one has
LY N LY = 0. Thus, the collection {L)*}U{L%™ : s € S} forms a measurable partition of T'.
The definition (35) of 4*™ obviously implies that for any i € I(i®) one has v~ (t_;, ;) =
(g, th) for all t_; € T—; and all ¢;,¢, € TY. Hence, for any i € I(i*),t € T, t. € TY, and

s € S, one has
te Ly =" (t) = ps <=7 (tith) = ps <= (t-5, 1) € L (37)

Since L& equals T\ Uses L™, we also know that t € L) <= (t_;,t}) € L. Hence, for any
i € I(i®) we have 2% (i,t) = 2" (i, (t_;,t})) for all t € T and ¢; € T°. This trivially implies
that for any i € I(i°) and any t;,t; € T°, the allocation I x T > (4,t) — x*" (i,t) € R"" satisfies

the corresponding incentive constraint

U (217, t50t) > U (217, )t:) (38)

7 %

For each s € S, let d5 denote the Dirac measure on S that gives probability one to the
point s and zero to all the other points of S. Define a function H from T to the space A(S) of
all probability measures on the finite set .S by letting

H(t) = 6s  for the unique s € S such that t € Li™
6s, forte Ly

Then the same proof as in Lemma 3 of Sun and Yannelis (2007) shows that for each ¢t € T', the

measure H (t) is a version of P*(:|t).

Now we are ready to prove Claim 2.
Proof of Claim 2: Fix any i® € D. Let C' be the o-algebra generated by the finite family
{Li" : s € S}. Note that for any s € S, one has

PeLi)=> nsPI(LL) =mPI(L]) =m, (39)
s'eS
and ~ .
_ P(3=s,teLll”) mPIeLl|s=s)
- PT(LZ‘”) - mPIIY)
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Fix any s € S, any ¢,¢' € T%, and any i,j € I such that the random variables f; and f; from
Q to T° are conditionally independent given s. We know that
fi=a.fi=d,te L)
PT(LEY)
_ sP(fi=q,fj=d¢,t€ L\ |5=5)
ms I (L)

.. P
Pl(gi=q,9; =q L) = (

Because PI' (L") = 1, whereas f; and f; are conditionally independent given s, we have

Pgi=q9i=d|LY") = P(fi=q,fj=d 1€ L [5=2s)
= P(fi=qfi=d|5=25)
= P(fi=ql3=3)-P(fj=d[5=>5)
= Pl(gi=4q|L") - PT(g; = ¢|LY)

N 771§P(fi=q,§=5)'P(fjquagzs)

1 ~ ;00 ~ ;0O ~ 00
= P(ell 2 P(fi=q3=slte L) -P(fij=q,5=sltc L)
S
= P(fi=qlte L) -P(fi=dte L)
= PT(g; =q|LT) - PT(g; =¢|L)

This implies that PT(g; = ¢,9; = ¢|LL") = PT(g; = q|LLY") - PT(g; = ¢'|LY”). Hence, g is
essentially pairwise conditionally independent given C’.

Forany i€ I, s € Sandt € L, let v denote Wi(s,t), Where p is the essentially regular
conditional distribution process of f given C. It is clear that v is an essentially regular con-
ditional distribution process of g given C'. Therefore, g is regularly conditionally independent

given C’. This completes the proof of Claim 2.

We now continue the proof of Theorem 3.
Let B be the set of all t € LY such that PT(:|t) = §5. Clearly PT(E”) =1 for any
te Ei™. Let B := UgesEY. Then
PTE™) =Y nyPl(UswesE ) =Y nyPJ(EL )= my=1
s'eS s'eS s'eS
Given the Walrasian equilibrium allocation (i, s) — x$(¢) for the economy £¢, as specified

by (6), define a mapping z*" from I x T to R by letting

oo x$(7) if there is a unique s € S such that ¢t € LY~

e(4) ift € Ly~
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It is clear that ™ only depends on reports from agents i € I(i°). Hence z*" is an allocation
in the economy &£~

Note that for any s € S the feasibility condition in Part 2 of Definition 4 implies that
Jrx(i) dX = [;e(i) dA, and also

I ol . . o0
nll_g)loﬁZx (ig,t) = nh_{rgonkg_le(zk) = /Ie(z) dX\, ift e Ly
1 < ;

nlg]gOEZac (i, t) = nh_)rglOEng(zk) = /ng(z)d)\, ifte L

These last equalities imply that, for any ¢ € T, as n — oo, the allocation defined by (41)

satisfies the asymptotic feasibility condition

%Z (i0,1) — (i)

k=1

R /I @2() — e(i)]dA = 0 (42)

Now fix any s € S and t € EY™. Evidently definition (7) implies that for any i € I one
has e(i) € B;(ps). Since PT(-|t) = 4, it follows from (8) that for any i € I(i®), one has

U™ (2 (6, 1)]t) = wi(25(i); 5) > wile(i); s) = U (e(D)]t). (43)

This proves ex post individual rationality.

Finally, fix any € > 0. By uniform equicontinuity of the family of utility functions
R > & +— wui(x;s) (for i € I and s € S), there exists 6 > 0 such that whenever z,2’ € R}
satisfy ||x — 2/|| <, then |u;(z;s) —ui(a’;s)| < eforalli e I and s € S.

Let ps := minje(1 o m} Psj and & = %]35(5. For any i € I and s € S, let M¢ := p; - e(i)
denote the value of agent i’s endowment at the equilibrium price vector p; that applies in the
economy &f.

Fix any i € I1(i®) and x € B(ps, M! + §'). Let o’ =

i
x. It is clear that o/ €

5/
B(ps, M}). By the definition of ps; and &', we have
o’ o’
x—2| = 2| < _ x
oo/l = gl < —2 ,()H ||

5 =
< <l < i *5 <6
SZ]I]() pS'ZJl] z::j

This implies that u;(z;s) < wi(2';s) + €. For any i € I(i*°) and any = € B(ps, M! + &), it
follows that

U™ (xft) < U™ (a7 [t) +e (44)

Let I1(i*°) 3 i — y; — R be any sequence such that U™ (y;|t) > U™ (z¢|t) + € for

all i € I1(i*°). From (44) it follows that ps - y; > M! + §’ for all i € I(i®), which implies that
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LS 1 ps - [Yi, — €(iy)] does not converge to 0. It is clear then that no sequence (i) 2 i
y; — R™ with the property that U™ (y;|t) > U™ (27 |t) + € for all i € I(i®) can satisfy the
asymptotic feasibility condition (42).

Finally, note that G : I° x T — (T°)* is the Monte Carlo sampling process based on g,
and that (I°°x T, W, Q) is a one-way Fubini extension of (I%°xT,Z®°®7T,A*®PT) such that G
is W-measurable. Within the framework of this one-way Fubini extension, the arguments in this
section establish that the allocation mechanism (i*,4,t) + 2 (i,t) is incentive compatible,

asymptotically feasible, ex post individually rational, and asymptotically Pareto efficient. =
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