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Abstract

We extendMachings (1982 preference functional to abstract Wiener space. This hastlivantage
of extending utility functions to: infinite dimensional sgees; providing estimates féfachings (1982
nonlinear utility functional; and establishing a nexuswestn microfoundations of local utility, sub-
jective probability, prospect theory, and elements of quendecision theory without complex valued
Hilbert spaces. For example, the class of Markowitz nonermutility functions (for which prospect
theory’s value function is a special case) are vector vafuedtions in abstract Wiener space. Instead of
preferences over probability distributions, the problsrmansformed into one of preferences over states.
Under Arzela-Ascoli Theorem, Wiener measure is the limd anique conjugate prior in Wiener space.
By a change of measure local subjective (posterior) prdibalsi a Wiener integral. So, binary choice is
stochastic. This poses a challenge for the transitivitgebecause intransitive preferences will occur in
that space almost surelgavagés (1972 SEU fails in the space because probability is state depdgnde
Decision weights for Rank Dependent Expected Utility argitace only if their sum grows like the law

of iterated logarithn©p ((20,$Iog Iogaﬁ)fl/z) whereo? is the sample variance of decision weights.
Keywords: decision theory, local utility, nonlinear sutijee probability, abstract Wiener spaces

JEL Classification: C02, D81

1 Introduction

Machina(1982 introduced a utility functional and exploited its Freclaetrivative to establish a
local utility representation in @e factoBanach space. In this paper we show higvechings

(1982 seminal model of local expected utility extends to abstkaener space. In that setup,
local utility is an abstract Fourrier coefficient, and logabbability is a stochastic integral so it
is highly nonlinear. Furthermore, Born rule type resultsrionlinear probabilities are obtained

without appeal to complex valued Hilbert spaces (@farles-Cadogg2019." We also present a

*1 have no competing interest or conflicts of interest to declathank Hui-Hsiung Kuo and Peter Hammond for their eneour
agement on this topic, and Leonard Gross for bringing myétie to application of abstract Wiener space in matherabfiicance.
Any errors which may remain are my own.
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IThere is a growing literature on quantum decision theory TR®hich makes use of quantum logic and quantum mechanics
concepts to explain decision making in the presence of fiski¢ et al, 2018. The relationship between statistical decision theory
and quantum principles is known for a while. See éiglevo (1973 2011 and references therein. QDT is often presented as a
theory of decision making that resolves seemingly irratidsehaviour that classic expected utility theory (EUT)J &ehavioural
decision making theories like prospect theory (PT) and dative prospect theories (CPT#hneman and Tversk$979 Tversky
and Kahnemanl992 are unable to explain. Refer tthrennikov(2009; Khrennikov and Have2009; Asano et al(2012 and
Jerome Busemeyer and his co-workers, é3gsemeyer and Townser(@993; Busemeyer et a2006 2011, 2014). However,
much of that work takes place in complex valued Hilbert si{aee e.gBasieva et a).2019.
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new result that additive decision weights in rank dependglity (RDU) require a normalizer that
follows the law of the iterated logarithm. This result haplimations for large sample economic

experiments that assume additivity of decision weightdeut normalization.

2 The Model

In this section we introduce the basic element&limchina(1982 choice set and show how they

extend to abstract Wiener space. The main resulbeorem 2.3 Applications follow inSection 3

2.1 Extension of Machina Choice Space to Abstract Wiener Sga

Machina(1982 pg. 293) introduced a preference functiodéF ) on a choice set
D[O,M] ={F|F :[0,M] — [0,1], F(x)=Pr{X <x}, xe€[0,M] (2.1)

where the domain df is the space of Lebesgue integrable functibjisM] andF is a distribution
function onX.. The introduction of a norm syjg| on L[0,M] induces a Banach spatg[0,M] =
(L[O,M],sug|-]]). In particular, sincé € L[0,M], we have the choice sB{0,M] C Lg[0,M]. We
assume that (F) is not of bounded variatiof.

For convenience, we normalize the rari@gvl] so thatD[0, M] is now on the unit interval
D[0,1]. Instead of distribution functions defined on the Lebesgue integrable spaige1], we
consider ssmaller classof distribution functiond defined on the subspace of square integrable
functionsD[0, 1] NL2[0,1] c L[0,1]. The complex valued functions defined bf([0, 1], u) with
respect to a measuye, and inner produck f,g >y= [ fgu(dx) is a Hilbert spaceKeed and
Simon 1984 p. 40). Without loss of generality, in this paper all fucts are real valued. Further-
more, Hahn-Banach extension theorere¢d and Simaril98Q pg. 75) allows us to extend linear
functionals onL?[0,1] to L[0,1]. For notational convenience we lef[0,1] = (L?[0,1],<,>n)

be the Hilbert space induced by the inner product-y on L?[0,1], andL3 [0, 1] be the extended

2Technically, ifV (F) is of bounded variation, then the Banach space is not sdpafatiams 1936 p. 421). Carmona and
Tehranchi(2006 pp. 76-77) address issues arising from measure on noaddpapaces. Besides, a separable Banach space can be
embedded in a space of continuoBg¢saga and PetczynskB75 p. 50, Banach-Mazur Thm) but nowhere differentiable fiomnst
(Wiener, 1923 Rodriguez-Piazzd 995—-the subject matter of this paper.



Hilbert space ovek|[0,1]. So in principle Machina’s preference functions are defioedhis ex-

tended space. Let

1 :L34[0,1] < Lg[0,1] (2.2)
be an inclusion map such thla(fﬁ 0, 1]) is dense irLg[0,1]. Then

(1, L4[0,1], Lg[0,1]) (2.3)

is an abstract Wiener spat¢@nd the projection df2[0,1] onR is a Gaussian measufe See e.g.
(Cameron and Martinl944 Lemma 3., and eq (6.5), pg. 393);10ss 1967, Cor. 1, p. 38), and
(Nualart 2006 pp. 225-226). More formally:

Definition 2.1 (Abstract Wiener space)Cameron and Marti(1944); Gross(1967).

Let Q be a separable Banach spakgpe a probability measure di, and.# be theo-field of
Borel measurable subsets@f There exist a separable Hilbert spagehat is continuously and
densely embedded @ with inclusion map : $ — Q and such that

/ g<xy> P.(dx) = e—%HYH% (2.4)
Q
for anyy € Q* C H* whereQ* and$* are dual spaces 6f ands) respectively. The tripléQ, $, P, )

is called an abstract Wiener space. O

Theorem 2.1(Abstract Wiener space over Banach spa¢g)io, 1975 Thm 4.4, p. 79) Le®B be
a real separable Banach space. Then there exist a separaltlertspace$ densely embedded in
B such thatB-norm is measurable ovey, i.e. (1,5),B) is an abstract Wiener space, wharés
the inclusion map frons into 5. 0J

Based on the foregoingjjachinas (1982 (normalized) preference functional satisfies the

following application ofTheorem 2.1

Theorem 2.2(Machinds (1982 preference functional on abstract Wiener spaté)china(1982)
preference functional ) defined on the choice sef@1] extends to the abstract Wiener space

(1, L4[0,1], Lg[0,1]).

It is known that the class of Hermite polynomidld,(x) }p—g form an orthonormal basis

3SeeTheorem 2.linfra. Without the normk, >n, (1, L2[0,1], L[O, 1]) is not an abstract Wiener spac¢é, 1975 p. 86).
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for the Hilbert spac&ﬁ (see e.gAkheizer and Glazmgri96], pg. 25) where

4N o dN e X

(2.5)

Figure 1: State functions distributions
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Figure 1shows the normalized “Gauss-Hermite’?(density obtained2i@ evenly spaced points
in the interval[—2, 2] with a bandwith=0.001. The plots imply a monotonic incraggiank order
for risk for 11,513, 515, respectively. Since we are working with the positive hatige[0, 2], the
half density must be multiplied by 2 to preserve the totahaneder the curve being 1.

Without loss of generality, the intervé), M] c R. So the projection of? onIR can be restricted
to [0, M] in the sequel fox € [0, M]. Moreover, linear functionals df; can be represented by the
orthogonal basis functiorts,(x). SeeCameron and Marti(1947). In particular,© is a subspace

of [E, so it inherits this basis. Thus, we write the (orthogonagidatate functions

2

S1n(X) = AgHn(X)e 2 (2.6)
which upon normalization (see e \gliener(1933 p. 57),Boyd (2018 Appendix A)) gives

/ 0:0|sl7n(x)|2dx: % / Z H2e Pdx=1, A= (2"l v2m) L 2.7)



Here sy n(X)|? is a state dependent “Gauss-Hermite” probability densitycfion onR.* A plot
of the densities for those functions are showirigure 1 The density functions are characterized
by high kurtosis and symmetry around 0. A risk averse decisiaker (DM) will have state

preferences;; > S13 - S15. We letSbe the set of states in the sequel.

2.1.1 \Vector valued utility as abstract Fourier coefficiens in Hilbert space

Let U (x) be a utility function defined oX taking values inR, andx € X i.e. U : X — IR. The
abstract Fourier coefficientigasg 2010 p. 89) is given by

<U, s> / SL
uj(x,s) = L)~ _ JxeX (2.8)

<Sj, S1,j > / \8171(Z)|2d2
xeX

whereuj(x,s) is a coordinate of the vector valued functigied and Simgril98QG p. 40)U (x)
relative to the “axis’s, j andu(s) = (ui(s),Uz(s),...) is an infinite dimensional vector. Tte ;s
constitutes a non-unique behavioral [orthogonal] basili,itS, for our separable Hilbert space
EE'. In other wordsu(s) is the orthogonal projection &f onS. In quantum mechaniasbjects like
s1,j are called wave functions, and they are typically complduee solutions to Sclidinger's
equation. In particularg, j is a state and a utility functional is a superposition of the set of all
possible states in a given [bounded] domain. That is, thgyutinction traverses the state space
and intersects all possible states such that it is the loct®dcut points”, andij(x,s) is the local
utility element of the infinite dimensional vector valuesityt function.

For the purpose of exposition we used the Gaussian projectiabstract Wiener space to
gualify the Wiener measute,, and circumvent complex valued basis functions. While oadeh
has aspects afuantum mechaniagsdiffers on the wavefunction representation. Consedygthie

probability thats; n(x) lies in a regionA € B(IR) (up to a normalizing constant) is given by

P(A) = Pr{stn(X) € A} = /X i SO 2.9)

4SeeKreyszig (1978 p. 181) where Gram-Schmidt orthogonalization was apptietie product of a Gaussian densxify‘z/2
and Hermite polynomiaHn(X) to derive an orthogonal basis Iil{elj}‘j’;l. Even though there are other orthogonal bases, for our
purposes the “Gauss-Hermite” conveniently facilitatempotation of a posterior probability in the conjugate fgniil Section 3



This is a nonlinear state dependent probability that resesnBorn’s rule (Vang et al, 2013
Charles-Cadoggr2018 and nonlinear source dependent probability weightingupsoized by
prospect theoryAbdellaoui et al, 2017). For

[oe]

Uxu)=$ ujsyj(x) (2.10)
2
uj is local utility, and it is thej-th coordinate ol (x; u) such that

U (x; u)|?dx= uZ/ Is1j(¥)]Pdx=§ Uf < (2.11)
/. S [ s 3

according to Riesz-Fisher Theoremi¢sz and Sz-Nagy955 p. 70). Thus,

0 -1 .0
(j;ujz) /oo|U(x; u)l?=1 (2.12)

Normalizeu; so that fou = (ug, Uy, ..., Un,...), Uj= HUT]H and write

U(x;U) = iajS]_’j(X) wheret = (U, Uy, U, ...,Un,...) (2.13)
=
whered; is a normalized coordinate. In that we,,|U (x; G)[2dx= 1> The foregoing analysis
shows thatJ (x; u) is in the class of-riedman and Savad&949; Markowitz (1952 utility func-
tions if we seu; = O for even Hermite polynomials (by virtue of the behaviorasis functions, ;
relationship in 2.6)) because odd Hermite polynomials pass through the origthcald powers

admit the sinusoidal pattern iarkowitzs (1952 sketch.
Assumption 1. uxj =0, j=1,2,... for even Hermite polynomials.

Thus, the behavioural probability that the utility p&atiix; u) is in a given seA € *B(IR) is
given by
P(A) = Pr{U (x; u) € A} = Pr{U (x; 0) € A} = / U (x; ) [2dx (2.14)
xeU-1(A)

But this probability is functionally equivalent to the joiprobability associated with an infinite

5SeeAnscombe and Auman(i963 p. 201) for normalization of utility functions.



dimensional cylindrical set

P(A)=Pr{u; e Aj,up € Ap,...,Un EA,,... } (2.15)

:PI’{(U]_,Uz,...,Un,...) erxAlx...A,p«..} (2.16)

Furthermore, by construction local utility (s) is state dependent for states Sin (2.8). Accord-
ing to Kolmogorov's representation theorefi{hman and Skorokhqd 969 pp. 107-108), there
exist a probability spacfQ, F,P) and a functiorg(u(s), w) such that the two objects constitute a
representation of(16). Theorem 2.3ives meaning to those objects M(F) Lﬁ [0,1] where

we have the following

Main Result

Theorem 2.3(Infinite dimensional state dependentchinapreference functional)Let S be the
set of states, s S, (V(F) € L3[0, 1] and the projection of3 [0, 1] on [0, 1] be the Wiener measure
P.. Then

~ UJ()

ZUJ )Vi(s,P)  Uj(s) = Tus)’ u(s) = (Uo(s),U1(s),Ux(S), . - -, Un(S),...) (2.17)

is a state dependent representation ofFY on the abstract Wiener spar(d_[o, 1], L3410, 1],P*>

where y(s) is state dependent local utility; (s, P,) = / s1,j(X)dP.(x) is a local state dependent
Xe

probability measure drawn from the censored probabllltysiB/ZJ/(O |s1j]|?) for states g j(x),
and E[v (s,P.)] = [Is1j(X)||? and normal distribution4", Gj(s)vj(s,P,) is state dependent local
expected utility, and F is a distribution function ovéfs). Moreover, \(s,F) is also a Wiener
functional. O

Remark2.1 If y;v;j(P) = 1, thenV(F) coincides withVon Neuman and Morgenste(d953

expected utility functional. Note thay is distributed as 2/ (0, ||s1j||?) to censor negative proba-
bilities that may arise from Wiener integral.

Corollary 1 (Wiener integral) Local probability v (s, P.) = / s1,j(X)dP.(x) is a Wiener integral.
X

1
1
Corollary 2 (Estimates foW (F)). ||V (F) ,ﬁ(suq/% dx) for some constanti O



Proof.
V)= Jiajvms,a) C< (Jz uj)sunv, P2 < (% ) sup | 09/dP.9” < (2.18)
) N

Kn (sup/ ﬁ‘j(x).dx> < o0 Wherezlﬁjzzl, Kn=Y 0°>1, Kyl landdR(x)[*=dx (2.19)
;X “ pa

O
3 Applications and Numerical Experiment

3.1 Subjective expected utility
3.1.1 SEU

This example is motivated byarni (2017 who argued that state dependent utility functions are
supported bysavages (1972 postulates. In the context 6favage(1972 Subjective Expected
Utility Theory (SEU) there exist a set of ads (by abuse of notation this is different from the
distribution functionF), a set of stateS, and a probability distribution ovét such thatf € F and
se S andf(s) = xis constant. Acts map states into a space of outcomes (@dlegbquences)
X. SoF = XS. DMs have (unique) subjective probabilitifs) overF, for which they evaluate the
expected utilityy r(s)u(f(s)). We assume the usual binary relatiento mean “strictly prefer”
and~ to mean “indifferent to” and- to mean “weakly preferred to”. So that fery € X we have
X>=Yy= f(s) > g(s) wheref(s) =xandg(s) =y for f,ge F. In our set up inTheorem 2.3
u(f(s)) is replaced by local utilityuj(s). 7i(s) is replaced withv;(s,P.) which behaves like a
posterior probability in the sense tMa{(x) is the canonical prior in abstract Wiener spagg(x)
is a “Gauss-Hermite” function, and Wiener measure is pegdit on the Gaussian distribution
which is a canonical conjugate priop¢Groo; 1970 89.5). So,vj(s,P.) is a posterior Wiener
functional in the conjugate class of Gaussian probabiligasures. However, in SEU theamys)
is independent of states (se&acell, 2020 and references therein) while ovj(s, P.) is not by
construction.

To see this, we use the kernel function techniqueanfa and Schlaife(1961, p. 47) and
define a kernel functior (s| P,) and a functiorN(s) such thaiN(s)k (s|P.) = s1jP.. By virtue of

s1j andP, being members of the conjugate family of exponential fure Raiffa and Schlaifer



(1961, Thm, eq(3.3)) posit that the posterior distribution is loé same form up to a constant of
variation. Thusy;j(s,P.) is a posterior density with prid?,. Becausevj(s,P,) is state dependent,
it does not satisfysavagées (1972 requirement of independencErgps 1988 pp. 34-35) nor
Abdellaoui and Wakke(2020 more recent generalized SEU theory. Thus, we provide ampbea
of a decision space whefeavagés (1972 SEU does not apply. If we substituig(P,) with P,
then SEU applies in the senselofirni (2017 sinceP; is independent of state dependent local

utility in Theorem 2.3

3.1.2 Cumulative Prospect Theory

One of the linchpins of versky and Kahnemaf1992 Cumulative Prospect Theory (CPT) is the
use ofQuiggins (1982 Rank Dependent Utility (RDU) transformation of nonlingaobability
into linear decision weights. The additive linearized weggproduced by RDUW{akker, 2010
Chapters 7-8) fail in abstract Wiener space for the follaieason. Letwo v;)(P.) be a com-
posite probability weighting function for some probalyilteighting functionw(.). Sincev; is a
Wiener integral i.e. a Wiener functional, the compositection is also a Wiener functional. RDU
linearization of a Wiener process produces independergmments that are also Wiener processes
(Gikhman and Skorokhqdl969 p. 21). The RDU linearization scheme for decision weights
1 (P.), for a probability distributiorv1(Ps), v2(P.), ..., vn(P:) and weighting functiomw(.) with

P, suppressed, are as follows:

m =w(V1), ™® = W(V1+ Vo) —W(V1) (3.1)
G =WWVi+Vo+---+Vj) —WV1+Vo+---+Vj_1),..., Th=1-W(Vi+Vo+---+Vp1)
(3.2)

where(0) = 0. Eachry is itself a Wiener functional ob(P,). Let the sum of the linearized
probabilities be given bn(P.) = y|_; 1(P.) = 1. There,P(S(P.) = 1) = 0 almost surely and

linearization fails.



Rank Dependent Utility decision weights and the law of the grated logarithm

As shown above, without more, additivity of RDU linearizeectsion weights fails almost surely
in Wiener space. However, if additive decision weights eaagformed in the context of the law of
the iterated logarithi(LIL) in Banach spaces, then linearization holds. To se® the begin with
Kuo (1975 Thm 5.3) which states thét,C’[0, 1, ¢[0, 1]), whereC|0, 1] is the space of continuous
functions on [0,1] andC’[0, 1] is the space of first derivative of functions definedCii®, 1], is an
abstract Wiener space. In particular, if we endgi{0, 1] with the inner product norm, we have, for
some derivative operat® and probability weighting functional(), that< Dw,dP, >= [ DwdR.

is a stochastic integral—in this case a Wiener integral.CHm@nical norm il€[0, 1] is the sup-norm

| f]|=Suy<t<1|f(t)|. Fori : C'[0,1] — C[O, 1] we have from the Cauchy-Schwarz inequality

o] o] <o o

is measurable oveZ’[0,1]. The inclusion map embed€’[0,1], <,>) in

< sup sup = supw|= |||

(3.3)

|< Dw,dP. > |= ‘/DWdFl

This implies that
(C[0,1],

«||). Furthermore, for givemr1, v, andD a Frechet derivative, we have

B(P.) = (v, v2; Po) = wW(v1+ va; Po) —w(vy; Po) = voDw(ve; P.) +o(||v2|]) (3.4)

Here, 7 is a Banach valued random variableGf{0,1]. It is also an increment of the Wiener

functionalw(.) so it is independent. Furthermore,
E[m(P.)] = E[vaDw(v1) +0(||v2])] =0,  E[7B(P.) = E[(v2Dw(v1) +o(||v2l]))*] < 0 (3.5)

sinceE[v] = 0. By induction, the relation ir3(4) extends to all decision weights, 7o, ..., . The

inclusion map embeds;, V| in the Banach spad€|0, 1],

) which is separable by hypothesis.

The foregoing analyses i (@) and 3.5 support the following

Proposition 1 (RDU decisions weights and LIL)
Let m, 0, ... be an independent and identically distributed set of Barsmdce valued decision

6The interested reader is directedbow and Teiche(1988 §10.2) for details on construction of the LIL.
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weights such that: f1 = 0 and E[||1]|%] < . Then

{IlmsupHS1|| 1} =1
an

n—oo

where § =78+ B+ ...+ T, 05 = 3_,[|7||? and & = \/20%logloga?
Proof. SeeKuelbs(1977, Thm 4.2(1)) O

3.2 Local expected utility

Machina(1982 pp. 294-295) proffere¥ (-) as a nonlinear functional, and posited
V(F*)=V(F) = /U (x; F)(dF*(x) —dF(x)) +o(||F*—F]|) (3.6)

as a first order expansion of a Frechet derivativé&*#- F, thenV (F*) —V(F) > 0. In our case,

Theorem 2.3ells us that
V(F*)=V(F) = Z)(ij uj)vj(s,P.) (3.7)
]:

is a Wiener functional wher@, U; andv; depend onthe stagg j (). So, if y i (U] —Uj)vj(s,P.) >
0, then probabilistically, our DM weakly prefers the loctlities U} ay, in the coordinate vectar for
V(F*), tot;j in the coordinate vectarforV (F), i.e. i = Uj implies P{Uj > Uj } > 0 almost surely.
This invokes the weak stochastic transitivity axiom (WSBA) versky(1969. Unlike Machina’s
local utility in (3.6), the aggregated local utility irB(7) is subject to Condorcet’s paradox which
holds that aggregation on individual transitive choice esult in intransitive preferences for the
aggregatee Condorcet et gl2014). So abstract Wiener space poses a challenge to decision
theory and the best we can hope for on that space is a decisikernm equipoise. In the sequel
we drop thes from v;(s, P,) for notational convenience.

Another way to see this is to |€;(x) be a probability measure that is absolutely continu-
ous with respect t®,. According to Radon-Nykodym Theorerikhman and Skorokhqgd 969
p. 78),dQ;/dP. = s1;. So that/dQ; = Q; = vj(P.) = [s1j(X)dP.(X). Thusv;(P.) is equivalent
to a change of measuf@; which inherits its nonlinearity fronvj. Substitution inTheorem 2.3

gives usV (F*) —V(F) = 3 7., (U] — Uj)Qj whereuj, Uj are local utility elements of the infinite

11



Figure 2: Simulate@-meas for Figure 3: NonlineaQ-measure drawn for
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Figure 2depicts an experiment with 1000 draws fraw(0, ||s; 1]|?) for Q; > 0. S0,Q; ~ 2x
(0, |Is1.11?) * X{o.>0y Wherex,, is a characteristic functiont-igure 3portrays the nonlinear
nature of the change of meas@e= v, (P,) theorized inProposition 2

dimensional vector valued utility functional§ F*) andV (F ), respectively. Sinc®; > 0 we have
F* > F if we setQ; = 0 by censoring Wheﬁj* —Uj <0 (cf. Figure 9. SinceQ; is drawn from

a symmetric distribution, on average half of t@(;eswould be less than 0. So, our DM is in a
WSTA world of equipoise. Rank dependent utilit@{iggin, 1982 1993, cumulative prospect
theory (T'versky and Kahnemai 992, quantum decision theor(isemeyer et gl2006 andAl-
lais (1953 provide different specifications for nonlinear probéigk compared tQ;. Thus, we

proved

Proposition 2 (Nonlinear probability representation)et .4"(-) be the normal density function.
Qj is a change of probability measure with respect to WienersueaR, with probability density
functiongg, (x) = 2.47(0, ||s1,j 1%) * X(q; >0y Wherex(,, is a characteristic function and||sy j 1% is

the variance of Q O

Figures 2and3 depict a simple experiment with simulated distributiortecatated inProposi-
tion 2. There, we see that after around the 400 probability rankadvitities are quite nonlinear.

In other words, larger probabilities jump more than loweryabilities.
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Figure 4: State functions Figure 5: Approximate recovery &f (x;u)
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Figure 4depicts state preference rankisg (X) = s15(x) > S1.3(x) for x € [0,2]. Figure 5plots
the CRRA utility functionU (x;a) = x~"/(1—r), r = 0.4, and its approximation is given by

U (X;u) = U1 S1,1(X) + Uz s1.3(X) + Us S.5(X) where local utilityly ~ 8.65, Uz ~ 22695 anduz ~
—409579 forx € [0,2]. The local utility rankinguz > u; > us seems to be independent of the state
ranking (arni, 2017). Let x5 be an indicator function foa. The plotted values di were con-
structed with the following affine transformati@iix) * X a(x) -0y * (max(U (X) Xix<1}/ maxﬁ(x)) .

Similar to Machinas (1982 DM’s local utility U (x;F) in (3.6), our DM in (3.7) behaves
like a local expected utility maximizer with respect to tloedl expected utility functional;Q);
on abstract Wiener space. AccordingGorollary 1, vj(x) is a Wiener integral so it is highly
nonlinear, and/(F) inherits the nonlinearity and Wiener integral feature. tRrermore V (F) is

also infinite dimensional by virtue of being a Wiener intégfznilov, 1963.

3.3 Estimation

Figure 4depicts an experiment with the Gauss-Hermite state fumstio; (x); s1,3(X); S1.5(X)
according to 2.6) for Hy(x) = 2x, H3(x) = —12xx+ 8% x3 andHs(x) = 12— 48 x? + 16+ x*
defined on0, 1]. We estimated the equati(bJN(x; a) ~ U1S1,1(X) 4 U3S1,3(X) + UsSy 5(X) for CRRA
utility with risk aversion coefficient calibrated at= 0.4 in accord withArrow (1977, p. 98) and
the experimental literatureiplt and Laury 2002. We used numerical integration to estimate

local utility Uy = fOZU (X)s1,j(x)dx/ fozﬁj (x)dx, j =1,3,5 by virtue of .8). Identifying
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restrictions orJ require that even values, = 0,k = 1,.... Also, for our purposes the Hermite
polynomialsHs(x) and above did not contribute much on our intervals of inteMe note in
passing that undetorollary 2, the estimate

IV(F)||< Kz% \/suq J5$ (x).dx= Kz% \/sup[fozgl(x).dx 5% 5(2).dx}

=227.11,/sup{6.73x 10-2,1.70x 103 ~ 15.22 on the interval0, 2]. This is a very

conservative estimate since it is much higher than 2, arielnigrder states are not included.

4 Conclusion

Utility representation on abstract Wiener space providewith several sharp results concerning
local utility and nonlinear probabilities. In particuldmcal utility is an abstract Fourier
coefficient, i.e. an orthogonal projection of a utility fuima on basis functions that represent
states. It is also a coordinate element of the infinite dinoerad vector valued utility function. We
introduce a new representation for local nonlinear prdiglais a Wiener integral for which
Wiener measure is @ factoconjugate prior. Furthermore, we find thizdvagés (1972 SEU

does not hold on abstract Wiener space because local atildythe local nonlinear probability
are both state dependent, and SEU requires independen@s®fend that decision weights
under rank and sign dependent utility (RDEU) are randomatdes in Wiener space. So,
expected (and nonexpected) utility functionals are stsiitiaDecision weights are additive if

~Y2) whered? is the

they obey the law of iterated logarithm and grow I®g((20Zloglogoy)
sample variance of decision weights. This result has impbas for the use of RDU in economic
experiments with large samples. For, if decision weightsrandom variables, then they may not
sum to one and an appropriate normalizing transformatigheofveights will be needed. To the
best of our knowledge this issue has not been addressedlitetia¢ure until now.

Among other things, decision making in abstract Wiener s@d®o poses a challenge to the
transitivity axiom. For, under Borel-Cantelli lemma (ohet zero-one laws of probability) it
implies that intransitive preferences will eventually ocalmost surely in that space. In fact, the

weak transitivity axiom implies that the best we can hopadalecision maker equipoise in the

abstract Wiener subspace of Machina’s Banach space. ltMauinteresting to see what
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restrictions must be imposed on the topology for the travigitaxiom to hold almost surely.

Our model extends naturally to path dependent utility,utdity function of Wiener process
on a probability spacéQ, .7, P) with the Ito integral representatio@ksendgl|1997 p. 1.9)
V(W) =E[V] —|—/¢(t,w) dW(t, w) whereg (t, w) € LZ. For the functional of several Wiener
processe¥ (Wi (t, w),...,Wn(t, w)) the utility representation falls in the Clark-Ocone-Haunas
integral representation and under certain conditipfisw) = E [DiV|.%]] whereDV is a
Malliavin derivative ofV and outside the scope of this paper (¢fialari 2006 p. 46);
(Mataramvura2012.
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