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Abstract

We extendMachina’s (1982) preference functional to abstract Wiener space. This has the advantage
of extending utility functions to: infinite dimensional spaces; providing estimates forMachina’s (1982)
nonlinear utility functional; and establishing a nexus between microfoundations of local utility, sub-
jective probability, prospect theory, and elements of quantum decision theory without complex valued
Hilbert spaces. For example, the class of Markowitz nonconvex utility functions (for which prospect
theory’s value function is a special case) are vector valuedfunctions in abstract Wiener space. Instead of
preferences over probability distributions, the problem is transformed into one of preferences over states.
Under Arzela-Ascoli Theorem, Wiener measure is the limit and unique conjugate prior in Wiener space.
By a change of measure local subjective (posterior) probability is a Wiener integral. So, binary choice is
stochastic. This poses a challenge for the transitivity axiom because intransitive preferences will occur in
that space almost surely.Savage’s (1972) SEU fails in the space because probability is state dependent.
Decision weights for Rank Dependent Expected Utility are additive only if their sum grows like the law

of iterated logarithmOp

((
2σ2

n loglogσ2
n

)−1/2
)

whereσ2
n is the sample variance of decision weights.

Keywords: decision theory, local utility, nonlinear subjective probability, abstract Wiener spaces

JEL Classification: C02, D81

1 Introduction

Machina(1982) introduced a utility functional and exploited its Frechetderivative to establish a

local utility representation in ade factoBanach space. In this paper we show howMachina’s

(1982) seminal model of local expected utility extends to abstract Wiener space. In that setup,

local utility is an abstract Fourrier coefficient, and localprobability is a stochastic integral so it

is highly nonlinear. Furthermore, Born rule type results for nonlinear probabilities are obtained

without appeal to complex valued Hilbert spaces (cf.Charles-Cadogan, 2018).1 We also present a

* I have no competing interest or conflicts of interest to declare. I thank Hui-Hsiung Kuo and Peter Hammond for their encour-
agement on this topic, and Leonard Gross for bringing my attention to application of abstract Wiener space in mathematical finance.
Any errors which may remain are my own.

†Division of Finance, School of Business, University of Leicester, Leicester, LE1 7RH, United Kingdom; and Institute for
Innovation and Technology Management (IITM), Ted Rogers School of Management, Ryerson University, 575 Bay, Toronto, ON
M5G 2C5; Tel: +44 (0116) 229 7385; e-mail: :gcc13@le.ac.uk

1There is a growing literature on quantum decision theory (QDT) which makes use of quantum logic and quantum mechanics
concepts to explain decision making in the presence of risk (Aerts et al., 2018). The relationship between statistical decision theory
and quantum principles is known for a while. See e.g.Holevo (1973, 2011) and references therein. QDT is often presented as a
theory of decision making that resolves seemingly irrational behaviour that classic expected utility theory (EUT), and behavioural
decision making theories like prospect theory (PT) and cumulative prospect theories (CPT) (Kahneman and Tversky, 1979; Tversky
and Kahneman, 1992) are unable to explain. Refer toKhrennikov(2009); Khrennikov and Haven(2009); Asano et al.(2012) and
Jerome Busemeyer and his co-workers, e.g.Busemeyer and Townsend(1993); Busemeyer et al.(2006, 2011, 2014). However,
much of that work takes place in complex valued Hilbert space(see e.g.Basieva et al., 2018).
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new result that additive decision weights in rank dependentutility (RDU) require a normalizer that

follows the law of the iterated logarithm. This result has implications for large sample economic

experiments that assume additivity of decision weights without normalization.

2 The Model

In this section we introduce the basic elements inMachina(1982) choice set and show how they

extend to abstract Wiener space. The main result isTheorem 2.3. Applications follow inSection 3.

2.1 Extension of Machina Choice Space to Abstract Wiener Space

Machina(1982, pg. 293) introduced a preference functionalV(F) on a choice set

D[0,M] = {F| F : [0,M]→ [0,1], F(x) = Pr{X ≤ x}, x∈ [0,M] (2.1)

where the domain ofV is the space of Lebesgue integrable functionsL[0,M] andF is a distribution

function onX.. The introduction of a norm sup‖·‖ on L[0,M] induces a Banach spaceLB[0,M] =

(L[0,M],sup‖·‖). In particular, sinceF ∈ L[0,M], we have the choice setD[0,M]⊂ LB[0,M]. We

assume thatV(F) is not of bounded variation.2

For convenience, we normalize the range[0,M] so thatD[0,M] is now on the unit interval

D[0,1]. Instead of distribution functionsF defined on the Lebesgue integrable spaceL[0,1], we

consider asmaller classof distribution functionsF defined on the subspace of square integrable

functionsD[0,1]∩L2[0,1] ⊂ L[0,1]. The complex valued functions defined onL2([0,1],µ) with

respect to a measureµ, and inner product< f ,g >H=
∫

f ḡµ(dx) is a Hilbert space (Reed and

Simon, 1980, p. 40). Without loss of generality, in this paper all functions are real valued. Further-

more, Hahn-Banach extension theorem (Reed and Simon, 1980, pg. 75) allows us to extend linear

functionals onL2[0,1] to L[0,1]. For notational convenience we letL2
H [0,1] =

(
L2[0,1],<,>H

)

be the Hilbert space induced by the inner product<,>H on L2[0,1], andL̃2
H [0,1] be the extended

2Technically, ifV(F) is of bounded variation, then the Banach space is not separable (Adams, 1936, p. 421). Carmona and
Tehranchi(2006, pp. 76-77) address issues arising from measure on nonseparable spaces. Besides, a separable Banach space can be
embedded in a space of continuous (Bessaga and Pełczyński, 1975, p. 50, Banach-Mazur Thm) but nowhere differentiable functions
(Wiener, 1923; Rodrı́guez-Piazza, 1995)–the subject matter of this paper.
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Hilbert space overL[0,1]. So in principle Machina’s preference functions are definedon this ex-

tended space. Let

ι : L̃2
H [0,1] →֒ LB[0,1] (2.2)

be an inclusion map such thatι
(

L̃2
H [0,1]

)
is dense inLB[0,1]. Then

(ι, L̃2
H [0,1], LB[0,1]) (2.3)

is an abstract Wiener space,3 and the projection ofL2[0,1] onR is a Gaussian measureP∗. See e.g.

(Cameron and Martin, 1944, Lemma 3., and eq (6.5), pg. 393), (Gross, 1967, Cor. 1, p. 38), and

(Nualart, 2006, pp. 225-226). More formally:

Definition 2.1 (Abstract Wiener space). Cameron and Martin(1944); Gross(1967).
Let Ω be a separable Banach space,P⋆ be a probability measure onΩ, andF be theσ -field of
Borel measurable subsets ofΩ. There exist a separable Hilbert spaceH that is continuously and
densely embedded inΩ with inclusion mapι : H→ Ω and such that

∫

Ω
ei<x,y>P⋆(dx) = e−

1
2‖y‖2

H (2.4)

for anyy∈Ω⋆⊂H⋆ whereΩ⋆ andH⋆ are dual spaces ofΩ andH respectively. The triple(Ω,H,P⋆)
is called an abstract Wiener space.

Theorem 2.1(Abstract Wiener space over Banach space). (Kuo, 1975, Thm 4.4, p. 79) LetB be
a real separable Banach space. Then there exist a separable Hilbert spaceH densely embedded in
B such thatB-norm is measurable overH, i.e. (ι,H,B) is an abstract Wiener space, whereι is
the inclusion map fromH intoB.

Based on the foregoing,Machina’s (1982) (normalized) preference functional satisfies the

following application ofTheorem 2.1

Theorem 2.2(Machina’s (1982) preference functional on abstract Wiener space). Machina(1982)
preference functional V(F) defined on the choice set D[0,1] extends to the abstract Wiener space
(ι, L̃2

H [0,1], LB[0,1]).

It is known that the class of Hermite polynomials{Hn(x)}n=∞
n=0 form an orthonormal basis

3SeeTheorem 2.1, infra. Without the norm<,>H , (ι , L2[0,1], L[0,1]) is not an abstract Wiener space (Kuo, 1975, p. 86).
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for the Hilbert spacẽL2
H (see e.g.Akheizer and Glazman, 1961, pg. 25) where

Hn(x) = (−1)n ex2 dn e−x2

dxn (2.5)

Figure 1: State functions distributions

Figure 1shows the normalized “Gauss-Hermite” density obtained for200 evenly spaced points
in the interval[−2,2] with a bandwith=0.001. The plots imply a monotonic increasing rank order
for risk for s11,s13,s15, respectively. Since we are working with the positive half range[0,2], the
half density must be multiplied by 2 to preserve the total area under the curve being 1.

Without loss of generality, the interval[0,M]⊂ R. So the projection of̃L2
H on R can be restricted

to [0,M] in the sequel forx∈ [0,M]. Moreover, linear functionals oñL2
H can be represented by the

orthogonal basis functionsHn(x). SeeCameron and Martin(1947). In particular,D is a subspace

of L̃2
H so it inherits this basis. Thus, we write the (orthogonal) basis state functions

s1,n(x) = AnHn(x)e
− x2

2 (2.6)

which upon normalization (see e.g.Wiener(1933, p. 57),Boyd (2018, Appendix A)) gives

∫ ∞

−∞
|s1,n(x)|2dx= A2

n

∫ ∞

−∞
H2

n(x)e
−x2

dx= 1, An = (2nn!
√

2π)−1 (2.7)
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Here |s1,n(x)|2 is a state dependent “Gauss-Hermite” probability density function onR.4 A plot

of the densities for those functions are shown inFigure 1. The density functions are characterized

by high kurtosis and symmetry around 0. A risk averse decision maker (DM) will have state

preferences11 ≻ s13≻ s15. We letSbe the set of states in the sequel.

2.1.1 Vector valued utility as abstract Fourier coefficients in Hilbert space

Let U(x) be a utility function defined onX taking values inR, andx ∈ X i.e. U : X → R. The

abstract Fourier coefficient (Haase, 2010, p. 89) is given by

u j(x,s) =
<U, s1, j >

< s1, j , s1, j >
=

∫

x∈X
U(z)s1, j(z)dz

∫

x∈X
|s1, j(z)|2 dz

(2.8)

whereu j(x,s) is a coordinate of the vector valued function (Reed and Simon, 1980, p. 40)U(x)

relative to the “axis”s1, j andu(s) = (u1(s),u2(s), . . .) is an infinite dimensional vector. Thes′1, js

constitutes a non-unique behavioral [orthogonal] basis, call it S, for our separable Hilbert space

L̃2
H . In other words,u(s) is the orthogonal projection ofU onS. In quantum mechanicsobjects like

s1, j are called wave functions, and they are typically complex valued solutions to Schrödinger‘s

equation. In particular,s1, j is a state, and a utility functional is a superposition of the set of all

possible states in a given [bounded] domain. That is, the utility function traverses the state space

and intersects all possible states such that it is the locus of the “cut points”, andu j(x,s) is the local

utility element of the infinite dimensional vector values utility function.

For the purpose of exposition we used the Gaussian projection of abstract Wiener space to

qualify the Wiener measureP⋆, and circumvent complex valued basis functions. While our model

has aspects ofquantum mechanicsit differs on the wavefunction representation. Consequently, the

probability thats1,n(x) lies in a regionA∈B(R) (up to a normalizing constant) is given by

P(A) = Pr{s1,n(x) ∈ A}=
∫

x∈u−1
1,n(A)

|s1,n(x)|2dx (2.9)

4SeeKreyszig(1978, p. 181) where Gram-Schmidt orthogonalization was appliedto the product of a Gaussian densitye−x2/2

and Hermite polynomialHn(x) to derive an orthogonal basis like{s1 j}∞
j=1. Even though there are other orthogonal bases, for our

purposes the “Gauss-Hermite” conveniently facilitates computation of a posterior probability in the conjugate family in Section 3.

5



This is a nonlinear state dependent probability that resembles Born’s rule (Wang et al., 2013;

Charles-Cadogan, 2018) and nonlinear source dependent probability weighting popularized by

prospect theory (Abdellaoui et al., 2011). For

U(x; u) =
∞

∑
j=0

u js1, j(x) (2.10)

u j is local utility, and it is thej-th coordinate ofU(x; u) such that

∫ ∞

−∞
|U(x; u)|2dx=

∞

∑
j=0

u2
j

∫ ∞

−∞
|s1, j(x)|2dx=

∞

∑
j=0

u2
j < ∞ (2.11)

according to Riesz-Fisher Theorem (Riesz and Sz-Nagy, 1955, p. 70). Thus,

( ∞

∑
j=0

u2
j

)−1∫ ∞

−∞
|U(x; u)|2 = 1 (2.12)

Normalizeu j so that foruuu= (u1,u2, . . . ,un, . . .), û j =
u j

‖uuu‖ and write

U(x; û) =
∞

∑
j=0

û js1, j(x) where ûuu= (û0, û1, û2, . . . , ûn, . . .) (2.13)

whereû j is a normalized coordinate. In that way
∫ ∞
−∞|U(x; û)|2dx= 1.5 The foregoing analysis

shows thatU(x; u) is in the class ofFriedman and Savage(1948); Markowitz (1952) utility func-

tions if we setu j = 0 for even Hermite polynomials (by virtue of the behavioral basis functionss1, j

relationship in (2.6)) because odd Hermite polynomials pass through the origin and odd powers

admit the sinusoidal pattern inMarkowitz’s (1952) sketch.

Assumption 1. u2 j = 0, j = 1,2, . . . for even Hermite polynomials.

Thus, the behavioural probability that the utility pathU(x; u) is in a given setA∈B(R) is

given by

P(A) = Pr{U(x; u) ∈ A}= Pr{U(x; û) ∈ A}=
∫

x∈U−1(A)
|U(x; û)|2dx (2.14)

But this probability is functionally equivalent to the joint probability associated with an infinite

5SeeAnscombe and Aumann(1963, p. 201) for normalization of utility functions.
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dimensional cylindrical set

P(A) = Pr{u1 ∈ A1,u2 ∈ A2, . . . ,un ∈ An, . . .} (2.15)

= Pr{(u1,u2, . . . ,un, . . .) ∈ A0×A1× . . .An× . . .} (2.16)

Furthermore, by construction local utilityu j(s) is state dependent for statess∈ Sin (2.8). Accord-

ing to Kolmogorov’s representation theorem (Gikhman and Skorokhod, 1969, pp. 107-108), there

exist a probability space(Ω,F,P) and a functiong(u(s),ω) such that the two objects constitute a

representation of (2.16). Theorem 2.3gives meaning to those objects forV(F) ∈ L̃2
H [0,1] where

we have the following

Main Result

Theorem 2.3(Infinite dimensional state dependentMachinapreference functional). Let S be the
set of states, s∈ S, (V(F) ∈ L̃2

H [0,1] and the projection of̃L2
H [0,1] on [0,1] be the Wiener measure

P⋆. Then

V(s,F) =
∞

∑
j=1

û j(s)v j(s,P⋆) û j(s) =
u j(s)

‖uuu(s)‖ , ûuu(s) = (û0(s), û1(s), û2(s), . . . , ûn(s), . . .) (2.17)

is a state dependent representation of V(F) on the abstract Wiener space
(

L[0,1], L̃2
H[0,1],P⋆

)

where uj(s) is state dependent local utility, vj(s,P⋆) =
∫

x∈X
s1, j(x)dP⋆(x) is a local state dependent

probability measure drawn from the censored probability density2N (0,‖s1 j‖2) for states s1, j(x),
and E[ν2

j (s,P⋆)] = ‖s1 j(X)‖2 and normal distributionN , û j(s)ν j(s,P⋆) is state dependent local
expected utility, and F is a distribution function overûuu(s). Moreover, V(s,F) is also a Wiener
functional.

Remark2.1. If ∑ j ν j(P⋆) = 1, thenV(F) coincides withVon Neuman and Morgenstern(1953)
expected utility functional. Note thatν j is distributed as 2N (0,‖s1 j‖2) to censor negative proba-
bilities that may arise from Wiener integral.

Corollary 1 (Wiener integral). Local probability vj(s,P⋆) =
∫

X
s1, j(x)dP⋆(x) is a Wiener integral.

Corollary 2 (Estimates forV(F)). ‖V(F)‖≤K
1
2
N

(
supj

∫

X
s2
1, j(x).dx

)1
2

for some constant KN.
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Proof.

‖V(F)‖2 =
∥∥∥

∞

∑
j=1

û jv j(s,P⋆)
∥∥∥

2
≤
(

∞

∑
j=1

û2
j

)
sup

j
‖ν2

j (P⋆)‖2 ≤
(

N

∑
j=1

û2
j

)
sup

j

∫

X
s2
1, j(x)|dP⋆(x)|2 ≤ (2.18)

KN

(
sup

j

∫

X
s2
1, j(x).dx

)
< ∞ where

∞

∑
j=1

û2
j = 1, KN =

N

∑
j=1

û2
j > 1, KN ↓ 1 and|dP⋆(x)|2= dx. (2.19)

3 Applications and Numerical Experiment

3.1 Subjective expected utility

3.1.1 SEU

This example is motivated byKarni (2017) who argued that state dependent utility functions are

supported bySavage’s (1972) postulates. In the context ofSavage(1972) Subjective Expected

Utility Theory (SEU) there exist a set of actsF (by abuse of notation this is different from the

distribution functionF), a set of statesS, and a probability distribution overF such thatf ∈ F and

s∈ S, and f (s) = x is constant. Acts map states into a space of outcomes (calledconsequences)

X. SoF = XS. DMs have (unique) subjective probabilityπ(s) overF , for which they evaluate the

expected utility∑π(s)u( f (s)). We assume the usual binary relation≻ to mean “strictly prefer”

and∼ to mean “indifferent to” and� to mean “weakly preferred to”. So that forx,y∈ X we have

x ≻ y ⇒ f (s) ≻ g(s) where f (s) = x andg(s) = y for f ,g ∈ F. In our set up inTheorem 2.3,

u( f (s)) is replaced by local utilityu j(s). π(s) is replaced withν j(s,P⋆) which behaves like a

posterior probability in the sense thatP⋆(x) is the canonical prior in abstract Wiener space,s1 j(x)

is a “Gauss-Hermite” function, and Wiener measure is predicated on the Gaussian distribution

which is a canonical conjugate prior (DeGroot, 1970, §9.5). So,ν j(s,P⋆) is a posterior Wiener

functional in the conjugate class of Gaussian probability measures. However, in SEU theoryπ(s)

is independent of states (see (Baccelli, 2020) and references therein) while ourν j(s,P⋆) is not by

construction.

To see this, we use the kernel function technique inRaiffa and Schlaifer(1961, p. 47) and

define a kernel functionκ(s|P⋆) and a functionN(s) such thatN(s)κ(s|P⋆) = s1 jP⋆. By virtue of

s1 j andP⋆ being members of the conjugate family of exponential functions,Raiffa and Schlaifer
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(1961, Thm, eq(3.3)) posit that the posterior distribution is of the same form up to a constant of

variation. Thus,ν j(s,P⋆) is a posterior density with priorP⋆. Becauseν j(s,P⋆) is state dependent,

it does not satisfySavage’s (1972) requirement of independence (Kreps, 1988, pp. 34-35) nor

Abdellaoui and Wakker(2020) more recent generalized SEU theory. Thus, we provide an example

of a decision space whereSavage’s (1972) SEU does not apply. If we substituteν j(P⋆) with P⋆,

then SEU applies in the sense ofKarni (2017) sinceP⋆ is independent of state dependent local

utility in Theorem 2.3.

3.1.2 Cumulative Prospect Theory

One of the linchpins ofTversky and Kahneman(1992) Cumulative Prospect Theory (CPT) is the

use ofQuiggin’s (1982) Rank Dependent Utility (RDU) transformation of nonlinearprobability

into linear decision weights. The additive linearized weights produced by RDU (Wakker, 2010,

Chapters 7-8) fail in abstract Wiener space for the following reason. Let(w◦ ν j)(P⋆) be a com-

posite probability weighting function for some probability weighting functionw(•). Sinceν j is a

Wiener integral i.e. a Wiener functional, the composite function is also a Wiener functional. RDU

linearization of a Wiener process produces independent increments that are also Wiener processes

(Gikhman and Skorokhod, 1969, p. 21). The RDU linearization scheme for decision weights

π j(P⋆), for a probability distributionν1(P⋆),ν2(P⋆), . . . ,νn(P⋆) and weighting functionw(•) with

P⋆ suppressed, are as follows:

π1 = w(ν1), π2 = w(ν1+ν2)−w(ν1) (3.1)

...

π j = w(ν1+ν2+ · · ·+ν j)−w(ν1+ν2+ · · ·+ν j−1), . . . , πn = 1−w(ν1+ν2+ · · ·+νn−1)

(3.2)

whereπ(0) = 0. Eachπ j is itself a Wiener functional ofν(P⋆). Let the sum of the linearized

probabilities be given bySn(P⋆) = ∑n
j=1 π j(P⋆) = 1. There,P(Sn(P⋆) = 1) = 0 almost surely and

linearization fails.
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Rank Dependent Utility decision weights and the law of the iterated logarithm

As shown above, without more, additivity of RDU linearized decision weights fails almost surely

in Wiener space. However, if additive decision weights are transformed in the context of the law of

the iterated logarithm6 (LIL) in Banach spaces, then linearization holds. To see this, we begin with

Kuo (1975, Thm 5.3) which states that(ι,C′[0,1,c[0,1]), whereC[0,1] is the space of continuous

functions on [0,1] andC′[0,1] is the space of first derivative of functions defined inC[0,1], is an

abstract Wiener space. In particular, if we endowC′[0,1] with the inner product norm, we have, for

some derivative operatorD and probability weighting functionalw(), that< Dw,dP⋆ >=
∫

DwdP⋆

is a stochastic integral–in this case a Wiener integral. Thecanonical norm inC[0,1] is the sup-norm

‖ f‖= sup0≤t≤1| f (t)|. For ι : C′[0,1] →֒C[0,1] we have from the Cauchy-Schwarz inequality

|< Dw,dP⋆ > |=
∣∣∣∣
∫

DwdP⋆

∣∣∣∣≤
∥∥∥∥
∫

Dw

∥∥∥∥
∥∥∥∥
∫

dP⋆

∥∥∥∥≤ sup

∥∥∥∥
∫

Dw

∥∥∥∥sup

∥∥∥∥
∫

dP⋆

∥∥∥∥= sup|w|= ‖w‖

(3.3)

This implies that‖• ‖ is measurable overC′[0,1]. The inclusion map embeds(C′[0,1],<,>) in

(C[0,1],‖• ‖). Furthermore, for givenν1, ν2 andD a Frechet derivative, we have

π2(P⋆) = π(ν1,ν2; P⋆) = w(ν1+ν2; P⋆)−w(ν1; P⋆) = ν2Dw(ν1;P⋆)+o(‖ν2‖) (3.4)

Here, π2 is a Banach valued random variable inC′[0,1]. It is also an increment of the Wiener

functionalw(•) so it is independent. Furthermore,

E[π2(P⋆)] = E[ν2Dw(ν1)+o(‖ν2‖)] = 0, E[π2
2(P⋆) = E[(ν2Dw(ν1)+o(‖ν2‖))2]< ∞ (3.5)

sinceE[ν] =0. By induction, the relation in (3.4) extends to all decision weightsπ1,π2, . . . ,πn. The

inclusion map embedsπ j , ∀ j in the Banach space(C[0,1],‖• ‖) which is separable by hypothesis.

The foregoing analyses in (3.4) and (3.5) support the following

Proposition 1 (RDU decisions weights and LIL).
Let π1,π2, . . . be an independent and identically distributed set of Banach-space valued decision

6The interested reader is directed toChow and Teicher(1988, §10.2) for details on construction of the LIL.
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weights such that: E[π ] = 0 and E[‖π‖2]< ∞. Then

P

{
limsup

n→∞

‖Sn‖
an

= 1

}
= 1

where Sn = π1+π2+ . . .+πn, σ2
n = ∑n

j=1‖π j‖2 and an =
√

2σ2
n loglogσ2

n

Proof. SeeKuelbs(1977, Thm 4.2(1))

3.2 Local expected utility

Machina(1982, pp. 294-295) profferedV(·) as a nonlinear functional, and posited

V(F⋆)−V(F) =
∫

U(x; F)(dF⋆(x)−dF(x))+o(‖F⋆−F‖) (3.6)

as a first order expansion of a Frechet derivative. IfF⋆ � F , thenV(F⋆)−V(F) ≥ 0. In our case,

Theorem 2.3tells us that

V(F⋆)−V(F) =
∞

∑
j=0

(û⋆j − û j)v j(s,P⋆) (3.7)

is a Wiener functional wherêu⋆j , û j andν j depend on the states1, j(x). So, if∑∞
j=0(û

⋆
j −û j)v j(s,P⋆)>

0, then probabilistically, our DM weakly prefers the local utilities û⋆j , in the coordinate vector̂u⋆ for

V(F⋆), to û j in the coordinate vectoru forV(F), i.e. û⋆j � û j implies Pr{û⋆j ≥ û j}>0 almost surely.

This invokes the weak stochastic transitivity axiom (WSTA)of Tversky(1969). Unlike Machina’s

local utility in (3.6), the aggregated local utility in (3.7) is subject to Condorcet’s paradox which

holds that aggregation on individual transitive choice canresult in intransitive preferences for the

aggregate (De Condorcet et al., 2014). So abstract Wiener space poses a challenge to decision

theory and the best we can hope for on that space is a decision maker in equipoise. In the sequel

we drop thes from ν j(s,P⋆) for notational convenience.

Another way to see this is to letQ j(x) be a probability measure that is absolutely continu-

ous with respect toP⋆. According to Radon-Nykodym Theorem (Gikhman and Skorokhod, 1969,

p. 78),dQj/dP⋆ = s1 j . So that
∫

dQj = Q j = ν j(P⋆) =
∫

s1 j(x)dP⋆(x). Thusν j(P⋆) is equivalent

to a change of measureQ j which inherits its nonlinearity fromν j . Substitution inTheorem 2.3

gives usV(F⋆)−V(F) = ∑∞
j=0(û

⋆
j − û j)Q j whereu⋆j , û j are local utility elements of the infinite

11



Figure 2: SimulatedQ-meas for
2N (0,‖s1,1‖2)⋆χ{Q1≥0}

Figure 3: NonlinearQ-measure drawn for
2N (0,‖s1,1‖2)⋆χ{Q1≥0}

Figure 2depicts an experiment with 1000 draws fromN(0,‖s1,1‖2) for Q1 ≥ 0. So,Q1 ∼ 2∗
N (0,‖s1,1‖2) ∗ χ{Q1≥0} whereχ{•} is a characteristic function.Figure 3portrays the nonlinear
nature of the change of measureQ= ν1(P⋆) theorized inProposition 2.

dimensional vector valued utility functionalsV(F⋆) andV(F), respectively. SinceQ j ≥ 0 we have

F⋆ � F if we setQ j = 0 by censoring when̂u⋆j − û j < 0 (cf. Figure 2). SinceQ j is drawn from

a symmetric distribution, on average half of theQ′
js would be less than 0. So, our DM is in a

WSTA world of equipoise. Rank dependent utility (Quiggin, 1982, 1993), cumulative prospect

theory (Tversky and Kahneman, 1992), quantum decision theory (Busemeyer et al., 2006) andAl-

lais (1953) provide different specifications for nonlinear probabilities compared toQ j . Thus, we

proved

Proposition 2 (Nonlinear probability representation). Let N (·) be the normal density function.

Q j is a change of probability measure with respect to Wiener measure P⋆, with probability density

functionφQ j (x) = 2N (0,‖s1, j‖2)⋆χ{Q j≥0} whereχ{•} is a characteristic function and2‖s1, j‖2 is

the variance of Qj .

Figures 2and3 depict a simple experiment with simulated distributions articulated inProposi-

tion 2. There, we see that after around the 400 probability rank probabilities are quite nonlinear.

In other words, larger probabilities jump more than lower probabilities.

12



Figure 4: State functions Figure 5: Approximate recovery ofU(x;u)

Figure 4depicts state preference rankings1,1(x) � s1,5(x) � s1,3(x) for x∈ [0,2]. Figure 5plots
the CRRA utility functionU(x;a) = x1−r/(1− r), r = 0.4, and its approximation is given by
Ũ(x;u) ≈ ũ1 s1,1(x)+ ũ3 s1,3(x)+ ũ5 s1,5(x) where local utilityũ1 ≈ 8.65, ũ3 ≈ 226.95 andũ3 ≈
−409579 forx∈ [0,2]. The local utility rankingu3 ≻ u1 ≻ u5 seems to be independent of the state
ranking (Karni, 2017). Let χa be an indicator function fora. The plotted values of̃u were con-
structed with the following affine transformatioñu(x)∗χ{ũ(x)>0} ∗

(
maxxU(x)χ{x<1}/maxũ(x)

)
.

Similar toMachina’s (1982) DM’s local utility U(x;F) in (3.6), our DM in (3.7) behaves

like a local expected utility maximizer with respect to the local expected utility functional̂u jQ j

on abstract Wiener space. According toCorollary 1, ν j(x) is a Wiener integral so it is highly

nonlinear, andV(F) inherits the nonlinearity and Wiener integral feature. Furthermore,V(F) is

also infinite dimensional by virtue of being a Wiener integral (Shilov, 1963).

3.3 Estimation

Figure 4depicts an experiment with the Gauss-Hermite state functionss1,1(x);s1,3(x);s1,5(x)

according to (2.6) for H1(x) = 2x, H3(x) =−12∗x+8∗x3 andH5(x) = 12−48∗x2+16∗x4

defined on[0,1]. We estimated the equatioñU(x;a)≈ ũ1s1,1(x)+ ũ3s1,3(x)+ ũ5s1,5(x) for CRRA

utility with risk aversion coefficient calibrated atr = 0.4 in accord withArrow (1971, p. 98) and

the experimental literature (Holt and Laury, 2002). We used numerical integration to estimate

local utility ũ1 =
∫ 2

0 U(x)s1, j(x)dx/
∫ 2

0 s2
1, j(x)dx, j = 1,3,5 by virtue of (2.8). Identifying

13



restrictions onU require that even valuesa2k = 0,k= 1, . . .. Also, for our purposes the Hermite

polynomialsH5(x) and above did not contribute much on our intervals of interest. We note in

passing that underCorollary 2, the estimate

‖V(F)‖≤ K
1
2
2

√
supj

∫ 2
0 s2

1, j(x).dx= K
1
2
2

√
sup{

∫ 2
0 s2

1,1(x).dx,
∫ 2

0 s2
1,3(x).dx}

= 227.11
√

sup{6.73×10−2, 1.70×10−3 ≈ 15.22 on the interval[0,2]. This is a very

conservative estimate since it is much higher than 2, and higher order states are not included.

4 Conclusion

Utility representation on abstract Wiener space provides us with several sharp results concerning

local utility and nonlinear probabilities. In particular,local utility is an abstract Fourier

coefficient, i.e. an orthogonal projection of a utility function on basis functions that represent

states. It is also a coordinate element of the infinite dimensional vector valued utility function. We

introduce a new representation for local nonlinear probability as a Wiener integral for which

Wiener measure is ade factoconjugate prior. Furthermore, we find thatSavage’s (1972) SEU

does not hold on abstract Wiener space because local utilityand the local nonlinear probability

are both state dependent, and SEU requires independence. Wealso find that decision weights

under rank and sign dependent utility (RDEU) are random variables in Wiener space. So,

expected (and nonexpected) utility functionals are stochastic. Decision weights are additive if

they obey the law of iterated logarithm and grow likeOp(
(
2σ2

n log logσ2
n

)−1/2
) whereσ2

n is the

sample variance of decision weights. This result has implications for the use of RDU in economic

experiments with large samples. For, if decision weights are random variables, then they may not

sum to one and an appropriate normalizing transformation ofthe weights will be needed. To the

best of our knowledge this issue has not been addressed in theliterature until now.

Among other things, decision making in abstract Wiener space also poses a challenge to the

transitivity axiom. For, under Borel-Cantelli lemma (or other zero-one laws of probability) it

implies that intransitive preferences will eventually occur almost surely in that space. In fact, the

weak transitivity axiom implies that the best we can hope foris decision maker equipoise in the

abstract Wiener subspace of Machina’s Banach space. It would be interesting to see what
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restrictions must be imposed on the topology for the transitivity axiom to hold almost surely.

Our model extends naturally to path dependent utility, i.e.utility function of Wiener process

on a probability space(Ω,F ,P) with the Ito integral representation (Øksendal, 1997, p. 1.9)

V(Wt) = E[V]+

∫
ϕ(t,ω)dW(t,ω) whereϕ(t,ω) ∈ L̃2

H . For the functional of several Wiener

processesV(W1(t,ω), . . . ,Wn(t,ω)) the utility representation falls in the Clark-Ocone-Haussman

integral representation and under certain conditionsϕ(t,ω) = E [DtV|Ft ]] whereDtV is a

Malliavin derivative ofV and outside the scope of this paper (cf.Nualart, 2006, p. 46);

(Mataramvura, 2012).
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