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Abstract

Purely affective interaction allows the welfare of an individual to depend only
the individual’s own action and on the profile of welfare levels of others. Un-
der an assumption on the structure of mutual affection that we interpret as
“non-reinforcing mutual affection,” we show that equilibria of affective inter-
action are Pareto optimal. Moreover, if purely affective interaction induces
a standard game, then an equilibrium profile of actions is a Nash equilibrium
of the induced game, and this Nash equilibrium and Pareto optimal profile
of strategies is locally dominant.

Key words: purely affective interactions, Pareto optimality.
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1 Introduction

Purely affective interaction allows the welfare of an individual to depend
only on the individual’s own action and on the profile of welfare levels of
others. Importantly, actions of others do not affect directly the welfare of an
individual. Affection can be positive or negative.

At an affective equilibrium, each individual chooses her action taking the
welfare levels of other individuals as given, and these welfare levels are re-
alized. Our main result is that, if the matrix of mutual affection satisfies a
condition introduced by Gale and Nikaido (1965) that, in our setting, corre-
sponds to non-reinforcing mutual affection (NRMA), then affective equilibria
are Pareto efficient.

NRMA does not guarantee the existence of an induced game, in which
utilities only depend on the profile of actions. Nevertheless, if an induced
standard game exists, an equilibrium profile of actions of the affective in-
teraction is a Nash equilibrium of the game, and, moreover, at this Nash
equilibrium each player chooses a locally dominant strategy. This is an ex-
tension, under different assumptions, of the striking result of Ray and Vohra
(2020) that Nash equilibria of games induced by purely affective interaction
(that they call ’games of love and hate’) are Pareto efficient.

In the last section of the paper we discuss economies with affective in-
teraction. Indeed, Arrow (1981) in a gift-giving interaction with more than
two individuals and Pearce (2008) in intergenerational cake-eating games,
had concluded that affective interactions, even of pure love, are in general
not conducive to optimality. We resolve this conundrum by arguing that
when inefficiency arises, dependence of individual welfare on actions of other
individuals lurks in the background either via the game form, as in Arrow’s
gift giving game' or via aggregate feasibility constraints as in Pearce (2008).

In an extension of the present work to the sequential setting, Heifetz
(2023) defined backward induction much more simply and directly than in
Pearce (2008), and he showed that backward induction paths of actions
and utility levels are Pareto optimal, again under the assumptions of non-
reinforcing purely affective interaction.”

!Bourles, Brammoullé, and Perez-Richet (2017)

2Optimality results indicate that games induced by purely affective interaction form a
non-generic class within the class of games: Nash equilibria of generic games are subopti-
mal in Dubey (1986), and, likewise, backward-induction paths of generic sequential games
are suboptimal in Heifetz, Minelli, and Polemarchakis (2021).



2 Purely affective interaction

Individuals are 1 € I = {1, ...,n}, profiles of action are
r=(T1,..,2,) € X = HXi’
i=1

and profiles of utility levels are
u=(uy,...,u,) € R™.

Utility functions are

and we also write

Ve (u) =V (z,u).

In a purely affective interaction, an individual controls her action and is
aware of the direct effect of her choice on her well-being. Other individuals’
choices do not affect her directly, but she cares about the well-being of others,
and her perception of others’ well-being may affect her preferences over her
actions.

A profile of actions and utility levels (z,u) is consistent if, for every
individual, u; corresponds to the utility level at (z;,u_;) or

Vi (u) = u.

An affective equilibrium is profile of actions and utility levels, (z*,u*)
such that
i) every individual maximizes V; taking u*; as given: *

Ve (u*) < Ve (u*), and

ii) actions and utility levels are consistent:

Ve (u*) = u”.

3We employ the standard notation u < @ for u; < @;, 4 = 1,..,n and u < u for u; < i,
i =1,..,n with at least one strict inequality.




This definition captures the idea that, in a situation of purely affective
interaction, an individual need not have a detailed knowledge of the others’
network of affections, nor a complete understanding of the repercussions of
her choice through the whole social network. Each individual takes an action
based on her perception of the levels of well-being of the individuals she cares
about, and, at equilibrium, these perceptions are confirmed. In other words,
consistency between actions and utility levels is imposed only at equilibrium.

We make two assumptions on the structure of affective interaction.

Assumption 1. For every individual, X; is an open subset of Euclidean
space, and the utility function Vj(-,-) is continuously differentiable.

The Jacobian of V,, at u is J, (u) .

A square matrix is a P-matriz if all its principal minors are positive.

Assumption 2. For every x € X and u € R", the matrix (I — J, (u)) is a
P-matrix.

This is an assumption of non-reinforcing mutual affection (NRMA). We
first illustrate in a simple example and then we discuss it for the general case.

Example 1. Consider the two person purely affective interaction where

Vi (x,u9) = f (2) + aus,
Va (y,u1) = g (y) + buy,

For each (x,y) the Jacobian of the map V,,) : R* — R? is

0 a

The matrix (I — J;,)) has a unitary diagonal and determinant det(/ —
Jy)) =1 —ab. It is a P-matrix if and only if det(I — J(,))) > 0 or ab < 1.

The two individuals can have positive or negative feelings towards each
other, and these feelings may even be strong, but, if feelings go in the same
direction, they both love or they both hate each other, they cannot be too
strong — Figure 1.

4A principal minor is obtained by the elimination of rows and corresponding columns,
but, importantly, without transpositions of rows or columns prior to elimination.
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To interpret Assumption 2 in the general case, we recall a useful charac-
terization.

Gale-Nikaido Lemma [Gale and Nikaido (1965), Theorem 2] A matriz
A is a P-matriz if and only if, for any non-zero y € R™, there exists i €
{1,2,...n}, such that y;(Ay); > 0.

In words, P-matrices do not fully reverse the sign of any non-zero vector.

The Gale-Nikaido characterization allows us to write Assumption 2 as
follows:
For every x and u and all Au # 0, either there exists an 4, such that

Au; >0 and Awu; > Z MAW
i

or

Au; <0 and Ay < ZMA

i
Uy
e
This says that, if we start from a consistent pair (Z,u),
u—Vi(u) =0,

then, for any exogenous change in the perceptions of utility levels, Au =
u — u # 0, there is one individual 7, for whom

u; >y,  and  Vi(Z,u) < uy

4



or
w; < 4; and  Vi(Z,u) > u;.

That is, starting from a consistent pair of actions and utility levels, for any
exogenous change in the perceptions of utility levels, there is always one
individual whose realized utility does not reinforce the change in perceptions.
Assumption 2 allows for a wide array of positive and negative individual
feelings about changes in the well-being of (any subset) of other individuals,
but it prevents mutually reinforcing loops of perceptions and realizations of
well-being.

A benevolent and knowledgeable planner able to ‘see through’ the whole
network of affective interactions may induce simultaneous changes in individ-
ual actions. Can this power and knowledge allow for the implementation of
a consistent profile of actions and utility levels making everybody better-off
with respect to the affective equilibrium?

A profile of actions and utility levels, (Z,a) is a Pareto improvement over
a profile (z,u) if

u > u.

A consistent profile of actions and utility levels, (x,u) is Pareto optimal

if it does not permit a consistent Pareto improvement.

Theorem 1. Under Assumptions 1 and 2, if (z*,u*) is an affective equilib-
rium, then it 1s Pareto optimal.

Proof. Suppose, by way of contradiction, that (Z,%) Pareto improves on
(x*,u*) or
Vi (a) =u>u". (2)
Let F': R™ — R" be defined by
Fu)=u—Vz(u).
Since (x*,u*) is an affective equilibrium,
Fu)=u"—Vz(u") >0,

and, since (Z, ) is a consistent profile of actions and utility levels,

Fu)=u—-Vz(u)=0< F(u"). (3)

By Assumptions 1 and 2, the matrix (I — Jz (u)), the Jacobian of F, is a
P-matrix and, by Theorem 3 of Gale and Nikaido (1965), the inequalities (2)
and (3) cannot obtain simultaneously for @ # u*. O

b}



We end this section with a brief discussion of the issue of existence of
an affective equilibrium. Our goal is not to prove a general theorem but
rather to discuss one set of sufficient conditions for existence and illustrate
in a simple example how they relate to the condition that we identified for
efficency, NMRA.

Assume X; is compact (rather than open) Vi € I. For every v € R" and
every ¢ € I choose a maximizer

Ti(u—;) € arg I%(@_XV; (-, u—)
which exists by Assumption 1 and the compactness of X;. Define the function
H:R" — R" by
H(u) = Vi) (u)
where Z(u) = (Z;(u—;));e;-”
Assume that for some integer k£ > 1 the function

HY . R" - R"

is a contraction. Then H has a unique fixed point u* (see e.g. Pata (2019),
Corollary 1.3), and (#(u*),u*) is an affective equilibrium, because (i) it is
consistent,

u' = H(u") = Vi) (u)
and (ii) each individual ¢ is best responding to u* ;.

For instance, consider again Example 1 above. Due to separability, we
have

&1 (up) € argmaxf()

A

Ty (uy) € argmaxg(-)
Xo

and we can choose these maximizers Z1, Z» to be independent of uy, us. Then
for kK = 2 we have

H} (u) = V2 (&1, Val@2,u1)) = [ (&1) + alg (22) + bui]
H3 (u) = Vi (&2, Vi(Z1,u2)) = g (22) + bLf (1) + aus]

5We note that the definition of H is independent of the choice of the particular max-
imizers &;(u_;) of i € I : If there are several such maximizers for individual ¢ then they
all yield ¢ the same utility level, and others care only about i’s utility level, not about i’s
particular choice.



The Jacobian of H?(u) is therefore

DH2(u):<a0b £b>

so H? is a contraction if |ab] < 1, a stronger condition than NMRA (our
assumption 2), which is ab < 1 in this example.

3 Induced games

The literature on interdependent preferences, that we discuss in Appendix 1,
has identified conditions for consistency to hold at every profile of actions
and utility levels, so that an induced game U : X — R™ exists’:

Our main interest lies in affective interactions as described by (1), in-
dependently of whether an induced standard game exists or not. A simple
example illustrates why, even when it is well defined, the induced game may
not be the most natural representation of a purely affective interaction.®.

Example 2. Consider the situation of affective interaction described by:

Vi (w,u) = f(21) + aus,
Va (w2, u) = g (x2) + buy
Vs (z3,u) = h(x3) + cuy.

Individuals 1 and 3 are linked by mutual affection, while individual 2 cares
about individual’s 1 welfare but may not even be aware of the existence of
individual 3.

5To prove equilibrium existence, Ray and Vohra (2020) relied on a boundedness condi-
tion implying in this example both |a| < 1 and |b| < 1 (see footnote 11 below) — a condition
which is therefore even stronger than the assumption |ab| < 1 on which we rely here.

"This literature studies mostly the case of altruism. That is, positive affective interac-
tion.

8A similar example was used by Pearce (2008) to argue that, in a sequential setting,
the subgame perfect equilibria of the induced game are the wrong tool to analyze affective
interactions.



In this example, an induced game is well defined and is easily seen to be:

[ (1) + ah (w3)

Ul (xb X2, .Tg) =

1 —ac
Uz (21, 2, 73) = gle2) 1= CLC)l—i-_b];C(:cl) + abh ()
Us (21, 2, 73) = h(x?’i J_F ZJ; (1)

In the induced game, individual 2 is represented as ‘seeing through’ the utility
and network of friendship of individual 1 and calculating the indirect effect
of a change in the action of individual 3 on her own utility, even if, in the
original affective interaction she may not even be aware of individual 3’s
existence. O

With the above caveat, we note that by our Assumption 2, Theorem 4 of
Gale and Nikaido (1965) implies that for every x € X there is at most one
solution to the system of equations:

Fo(w) = u — V(u) = 0 (4)

That is, there is at most one profile of utility levels U(z) = w, consistent
with the choice profile x. Pearce (2008), Bergstrom (1999) and Hori (2001)
(propositions 3 and 4) proposed stronger assumptions that guarantee the
existence of such a solution to (4) for every x € X. Under such stronger
assumptions’; the solutions U(z) = w, of (4) for # € X therefore define a
utility function U; : X — R for every individual 7, that is a standard game
induced by the fundamental affective interaction.

Example 3 below shows that without such stronger assumptions, a solu-
tion to (4) might not exist for some = € X, so the induced game may be
defined only on some subset of X.

Example 3. Consider the choice sets X; = Xy = (—1,1) and the separable
affective interaction on X = X; x Xy

Vi (a1, ) = I uy >0

VIR a2 fup+2—€2 uy <0
2 —u

B —x5+up e up >0

Vz(m’ul)—{—x%+ul+2—e“1 Uy < 0

9See Appendix 1



Then Vi, V5 are continuously differentiable, with

%_ 1l—e W u; >0
3uj_ 1 — e Uj<0

and in particular for every u; € R

o<

<1
_8Uj

so in this example not only I — J is a P-matrix, but it also has a dominant
diagonal, and the Jacobian J has spectral radius smaller than 1 (see the Ap-
pendix for a discussion of these stronger requirements); and both individuals
are altruistic.

For every (z1,72) € X except for (zi,22) = (0,0) there is a unique
solution to the system of equations

u —2 4 ug €72 uy > 0
YT et ug 2 - uy <0
. —r34u +e ™ u >0
2T xRt u+2—em uy<0

For example, for 1 = 0.9, x5 = 0.5, the solution is at the intersection of the
two curves in Figure 2:




However, for z1 = x5 = 0 the “solution” is u; = uy = 00, and there is no
intersection:

b =
Lad

OJ

In any affective interaction, we may then consider a subset of action
profiles, X = x;c;X; C X such that for every profile of actions z € X a
unique solution u, to (4) exists, and define, for any z € X, U(z) = u,. We
call this game, U : X — R”, an induced game of the affective interaction,
and ask what is the relationship between affective equilibria of the purely
affective interaction and Nash equilibria of this induced game.

In this Section we explore this question (Theorems 2 and 3) and we com-
pare our setting to the one discussed by Ray and Vohra (2020) (Theorem
4). We also prove an interesting property of Nash equilibria of the induced
game, which highlights their special structure (Theorem 5).

Theorem 2. Under Assumptions 1 and 2, if (x*,u*) is an affective equi-
librium, and x* € X, then x* is a Nash equilibrium of the induced game
U: X —R"

Proof. Suppose, by way of contradiction, that z* is not a Nash equilibrium
of the induced game U : X — R". Then, for some individual i, there exists
an alternative choice ; € X; for which the induced game is defined at

xr = (:Z"i, x* ) ,

—1

10



and
; =U; (z) > U; (") = u

)

Let
i="U(x) = (V] (2j,1-5))}_ »
and let F': R" — R" be defined by
F(u)=u—V,(u).

By the definition of 1,

*

Also, for j # i, since x; = 7,
F; (u*) =0.
At the same time, since (z*,u*) is an affective equilibrium and x; # 7,
F; (u*) > 0.
Altogether,
(up — ay) (Fg (u*) — Fy (1)) <0, k=1,..n.

However, since by Assumption 2 the Jacobian [ —J, (u) of F' (u) is a P-matrix
for every u € R™, by theorem 20.5 in Nikaido (1968), this set of inequalities
cannot obtain for 4 # u*.

]

A converse is also true:

Theorem 3. Under Assumptions 1 and 2, if x* € X is a Nash equilibrium of
the induced game U : X — R, then (z*,U(x*) it is an affective equilibrium
of the affective interaction where choice sets are restricted to X; for allv € I.

Proof. Denote u* = U (2*) and suppose, by way of contradiction, that
(x*,u*) is not an affective equilibrium. Then, for some individual i, there
exists an alternative choice z; € X with

~ A * * * *
u; =V (mi,u_i) >V (mi,u_i) =u,.

By assumption, the induced game is defined at

r = (2;,2%;).

11



Let
i="U(z) = (Vj(x;,1-5));_,
and let F': R — R" be defined by
Fu)=u—V,(u).
By the definition of ,
F(u)=0.
For j # i, since z; = x7,
At the same time, since z* is a Nash equilibrium, and z; # z7,
F; (u*) > 0.
Altogether,
(up — ) (F); (u) = Fi (@) <0, k=1,..,n.

However, since by Assumption 2 the Jacobian I —J, (u) of F' (u) is a P-matrix
for every u € R", by theorem 20.5 in Nikaido (1968) this set of inequalities
cannot obtain for 4 # u*. O

Of course the interest of Theorems 2 and 3 depends on the relationship
between X and X. If X = z*, they are true but trivial. More interestingly,
from Theorem 3, we obtain:

Theorem 4. Suppose an induced game U is uniquely defined everywhere on
X (i.e. X = X). Under Assumptions 1 and 2, if x* is a Nash equilibrium of
the induced game U, then it is Pareto optimal.

Comparison with Ray and Vohra (2020)

Ray and Vohra (2020), in the paper that motivated our research, gave a
different proof of Theorem 4. They restrict attention to ‘coherent’ purely
affective interactions that satisfy the following two assumptions:

Assumption RV1 For every z € X, the map V(z,-) : R® — R™ has a
unique fixed point.

Assumption RV2 For every x € X, there exists B(x) < oo such that,
if || w |[> B(z) then || Vy(u) [|<|[ u ||

12



Under these two assumptions'’ they prove the analog of Theorem 4 (their
main Theorem: Nash equilibria of games induced by coherent purely affective
interactions are Pareto efficient). In our proof of Theorem 4, we do make
the assumption that the induced game is uniquely defined everywhere, i.e.
Assumption RV1, but, differently from Ray and Vohra, we assume differen-
tiability of V' (z,u) and we replace Assumption RV2 with Assumption 2 . In
the smooth differentiable situations that we study, Assumption 2 does not
imply Ray and Vohra’s Assumption RV2. To see this, let us go back to the
two person linearly separable affective interaction described in Example 1.
In that example, Assumption 2 amounts to ab < 1, while Ray and Vohra'’s
boundedness condition RV2 implies the stronger restrictions that | a |< 1
and | b |< 1.M

In our main result (Theorem 1), we show that a meaningful condition
on mutual affection (Assumption 2, NMRA), is sufficient for the Pareto effi-
ciency of affective equilibrium, independently of whether an induced game is
defined everywhere or not.

Equilibria of induced games and local dominance

Our differentiable framework also allows for an interesting new result on the
nature of Nash equilibria in games induced by purely affective interactions:
at a Nash equilibrium of such a game, every player is choosing a strategy
that is locally dominant, that is marginal changes in the other individuals’
strategies do not induce any change in an individual’s equilibrium choice.

10The assumptions are imposed also on every affective sub-interaction,with the payoff
of a subset of players held fixed. See their paper for details.

HTf |a| > 1 Ray and Vohra (2020) boundedness condition is not satisfied: for every (z,y)
and every function B (z,y) < oo, whenever |uz| > B (z,y) + | f (x)| we have

lua| = |f ()| > B (2,y)
and since
luz| < la| [uz| = [aus| = |(f (z) + auz) — f (z)| < [f (2) + auz| + | f (2)|

implies
|f () + aug| > |ug| — |f ()]

with the sup norm ||-||
IV (0 9) G o)) = sup (1 (&) + sl g (3 4+ b)) = 1 (&) + ao] >

luz| = [f (2)] > B (z,y)

13



This property shed light on the very special nature of games induced by
purely affective interactions.

Consider the function F,(u) = u — V(x,u) defined in equation 4. By
Assumption 2, at every (z,u,) such that F,(u,) = 0, it is the case that
det(I — J.(u,)) # 0, and we can apply the implicit function theorem at
(x,u,) to obtain the existence of smooth real-valued utility functions U, (-) =

(Ui (+))i=...n defined on some rectangular neighborhood O, = [[;c; X; of z
with
U, (z) = uy.
This defines an induced game U : X — R" with X = O,, and
OU; (x) _ OVj (2, (ua)—) 1
= I — J, (u, 5)
o s (1 - ), )

Proposition 1. At a Nash equilibrium, x* of the induced game U, the utility
function of every individual is locally flat.

Proof. From theorem 3, (z*,u,+) is an affective equilibrium of the original
affective interaction, and therefore, for all j € I,

ov; (3, (we) )

= 0. 6
" 6)
Substituting (6) into (5) yields
85(7]'
[

Theorem 5. At a Nash equilibrium x* of the induced game U, each individ-
ual’s strategy s locally dominant.

Proof. By Theorem 3, if z* is a Nash equilibrium of an induced game,
(x*,u* = U(z*)) is an affective equilibrium, and, for each individual,

aV; (mf, u*_i)

and therefore, by Proposition 1, the induced utility function U; is flat as a

14



function of x; at x*. Moreover, for j # i, it follows, again from (5), that

oU; (x*)
Ox;0r;
()25
Oz, - O -
oVi(z;ur,) 0((I=Twe (w)™) ) | 0Vi(a}ur,) w1
Ox; O + Ox;0x; ((I = Jar (U )) )u =0,

where the last equality is due to the first order condition (7) coupled with

the fact that
oV; (m:‘, uii) 0

@l’ialL‘j

since V; does not depend on x;. O

Examples in Appendix 2 illustrate the results of this section.

4 Linearly separable affection

In linearly separable purely affective interactions, like those introduced in the
Examples 1 and 2 above, the individuals’ utility functions have the form

J#1
At every x = (x1,...,x,) the Jacobian J of V with respect to u =
(w1, ..., u,) has a zero diagonal J; = 0 and off-diagonal entries J;; = a;;.
Consistency in this special case takes the form

u= f(x)+ Ju. (9)

Under Assumption 2, we have that, in particular, det (I — J) # 0, so we can
uniquely solve the system of equations (9) at every z, thus obtaining the
induced game:

U(z) = (I - J)"'f(z) = Bf(z). (10)
The utility functions U = (Uy, ..., U,) in the induced game are linear com-
binations of the ‘base utilities’ f = (f1,...fn). The matrix B = (I — J)!
summarizes the effect of changes in the base utilities f(z) on the final well-
being of individuals, taking into account the network of affective interactions

15



between them. The simplicity of the structure of U in the case of linearly sep-
arable affective interaction allows us to i) illustrate the logic for the argument
for Pareto efficiency of affective equilibria and ii) prove a useful further prop-
erty of affective equilibria, again implied by Assumption 2 (see Proposition
2 below).

Indeed, in the case of linearly separable affection, a Pareto improvement
generates a Af such that AU = BAf > 0. If z* is an affective equilibrium
and y = Af a Pareto improvement on it, we have that By > 0. But then,
by the Gale-Nikaido Lemma quoted above, there must exist 4 such that 3" =
AfP > 0, a contradiction with z* being an affective equilibrium.

To gain further understanding of the efficiency properties of affective equi-
libria, let us consider, for any given A € R \ {0}, the welfare function

Wi(z) = AU (z).

Given that AU(z) = ABf(x), a social planner maximizing W) (x) chooses
a profile of actions x to maximize a linear combination of the ’base utilities’
filz;) with social weights AB reflecting the network of interactions. The
maximization of each f;(x;) at an affective equilibrium assures that the first
order conditions for the maximization of Wj(z) are satisfied. To discuss
second order conditions, let us assume concavity of base utilities.

Assumption 3. For every 7, the action set X; is convex and the function f;
is concave in x;.

Even under Assumption 3, W) need not be concave in x, because As-
sumption 2 does not imply that the elements of B outside the diagonal are
non-negative. Still, using Farkas’s Lemma, Gale and Nikaido (1965) (Corol-
lary 2) prove that

Bis a P-matrix == JAXecR}, , st AB>>0.

Therefore, under Assumptions 2 and 3, there exist welfare weights A such
that, for those weights, W is a sum of concave functions and therefore con-
cave, leading to an alternative proof of Pareto optimality of affective equilib-
ria:

Proposition 2. Under Assumptions 1, 2 and 3, in a situation of linearly
separable affection, if x* is an affective equilibrium, there exists X € RY
such that * is a global mazximum of Wj.

16



5 Affection and Wealth

Pure affection is a particular kind of externality: When individuals choose
they do not take into account how a change in their choice, which would
change their own utility, would also influence the wellbeing of others who
care about that utility. Nevertheless, as we saw in Theorem 1, under the
NRMA condition the affective equilibrium choice profile is efficient despite
the presence of this externality.

An analogous phenomenon occurs in competitive exchange economies.
When individuals choose they do not take into account how their own de-
mand limits the feasible demand by others, and thus limits others’ wellbeing.
Nevertheless, by the first welfare theorem, the competitive equilibrium choice
profile is efficient.

What happens when these two special externalities operate simultane-
ously? That is, what happens when each individual’s choice influences both
what the others can choose via an aggregate feasibility constraint, and also
influences the others’ wellbeing via their affection towards the individual’s
own wellbeing?

The following simple family of examples shows that in the presence of
these two externalities together, both efficiency and inefficiency may be ro-
bust phenomena.

Example 4. Consider an economy with two individuals, ¢ = 1,2. There is a
unique consumption good of total quantity 1, and no possibility of trade. Let
x; € (0,1) be the share of individual 4, where x1 + x5 = 1. The individuals’
utility functions are

Vi(z1,u2) = logzy + ajpus

Vo (z2,u1) = logxs + anu

with ajsag; < 1 (i.e., Assumption 2 holds).

We note that unlike in the setting of Theorem 1, the aggregate feasibility
constraint imposes a joint constraint on individual action sets. Under this
aggregate feasibility constraint, can a social planner find an alternative divi-
sion (2}, ) such that 2} + 24 = 1 and which would make both individuals
happier?

Substituting u; = Vi (21, us), ug = Va3 (29, u1) and then solving yields

. IOg x; + Qi —; lOg (]. — $z)

1=1,2
1 — appa9

Y

Each individual : = 1,2 would have been happy to marginally increase her
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consumption at the expense of the other if
du 1 1 i,—i

u — - — a’— > O’
d.fCi 1— 120921 ZT; 1-— ZT;

1-— €T; xTr_;

that is, if

i, < ZT; N 1-— T_;
and would be happy to marginally reduce her consumption in favor of the
other if the reverse inequality holds.

A social planner can therefore find a Pareto improving allocation (7, z5)
adhering to the aggregate feasibility constraint x| + 2, = 1 when the param-
eters of the economy are in the open set

1
{(.Z'l,alg,a21> c (0, 1) X RZ QA1 > , Q12091 < 1}

T 1— T
or

1—1‘1

, Qo1 >

, , € (0,1 x R? : <
{($1 Q12 a21) ( ) Q12 o 1— 2,

,argag; < 1 }

In contrast, such a Pareto improvement does not exist when

1—%1 T
Q21 <
T 1—x

{(xl,alg,azl) € (O, 1) X RQ tay < , Q12091 < ]_} (11)

Both efficiency and inefficiency are robust phenomena in this family of

examples, each obtaining for an open set of economies verifying Assumption
2. OJ

More generally, consider the case of competitive economies with linearly
separable affection. As in section 4, we assume that the utility functions have
the form

Vi(wi,u) = fiw:) + Z%‘Uj- (12)
J#i
where now x; € Rﬁ is the consumption bundle of individual <.

If the ’base utilities’ f;(z;) are concave in consumption, Assumption 3,
and e; € Rf; is the initial endowment of individual 7, an affective competitive
equilibrium is a triple (z*, u*, p*) satisfying:
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i) the first order conditions for utility maximization at prices p*, for all
and all ¢
af;

— ot
8{1:1[( ) iDi

where o] is the marginal utility of revenue of individual 7 at equilibrium.

ii) feasibility

Zmz‘ SZei
; ;

iii) consistency
Ve (u*) = f(2) + Ju™ = u”.

As in section 4, under Assumption 2, det (I — J) # 0, so we can define
the induced utilities :

Ulz) = (I —J) ' f(z) = Bf (). (13)

The planner problem, is then, for any given A € R% \ {0}, to choose a
consumption allocation x to maximize the welfare function

Wa(z) = \U(z) = AB(x)

under the feasibility constraint that, for all I
Z Ty < Z €il

If we let v; be the Lagrange multiplier of the [-th feasibility constraint,
the first order conditions for the planner problem are, using (13), that, for
all k£ and all [:

9 NUi(x of
02 Alilz) _ Z,\ bir) axl’; (14)

8xkl
We can then prove:

Proposition 3. Under Assumptions 1, 2 and 3, in an economy with linearly
separable affection, if i) x* is an affective equilibrium, i) o* the equilibrium
vector of marginal utilities of revenue, and, iii) for all i:

*

Zaﬁ% <1 (15)

i J

then x* is Pareto efficient.

19



Proof. At the equilibrium allocation x*, for all k£ and I:

O fk

%(ZEZ) = agp;

Using ( 14), if, for all k:
1
> Aibjk = — (16)
j Y

and, for all [:
Y =D
the equilibrium allocation z* satisfies the first order conditions of the planner

problem.
Write the equations in (16) in matrix form as:

AB = [o*]™!

where [o*]7! is a row vector with elements (1/af), k& = 1,...n. Under
Assumption 2, the matrix B is invertible and this system of equations has a
unique solution:

N=[]'B7 =[] - ] (17)

If, for all 4, we have A\ > 0, then the welfare function W) is concave, as
a sum of concave function (Assumption 3), and the second order conditions
of the planner problem are also satisfied.

Thus, using (17), a sufficient condition condition for an affective equilib-
rium to be Pareto efficient is that, for all i:

1 1
M= =Y au— >0 18
7 O{* a] Of* ( )

T

which holds by (15). O

Condition (15) generalizes condition (11) of Example 4 above. Indeed,
with a unique consumption good, logarithmic utilities for both individuals
and ajpa9; < 1, the marginal utility of revenue of individual ¢ = 1,2 is

1 1

* —_— —_—
ZT; 1-— T_;

so that equation (15), when applied to the example, is

1 1
X1 1—x1

21— <1, as 1 <1
1—x1 1
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that is, condition (11).

With many goods, many individuals, and general consumption utilities,
equation (15) is satisfied if, at equilibrium, the monetary value of the aggre-
gate indirect effect, on all j # i, of a marginal increase in ¢’s utility is less
than the direct effect. Under this condition, the competitive equilbrium is
Pareto efficient and it maximizes a welfare function Wy« where the implicit
welfare weight of individual 7 is defined in (18).
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Appendix 1: Stronger conditions

In this Appendix we discuss how Assumption 2 relates to the literature on
interdependent preferences.

Towards this end, we start by recalling two conditions on the matrix
(I — J. (u)) that have been used (jointly with other assumptions) to prove
the existence and uniqueness of the induced game for the case of altruism.
We show that each of them implies our Assumption 2.

Spectral radius less than one

If the induced game U is defined at z, i.e. if (x,U (z)) is consistent, then,
by definition, U () = V, (U (z)), and therefore also U (z) = V(U (x)) for
every k > 1'2. Moreover, given Assumption 2, the first equality holds only for
U (x): by Gale and Nikaido (1965)Theorem 4, if u # U (z) then V,, (u) # u.

Now, if u is some small perturbation of U (z), representing a slight mis-
assessment of the players regarding each other’s utility levels with the action
profile , would the repeated re-assessments V, (u), V, (V, (u)), ..., V¥ (u), ...
converge back towards U (z)? This is a plausible requirement, because
otherwise U (z) is an wunstable rest-point of V,, and the definition of the
induced game U is not robust to slight misperceptions.

The required convergence
V() — Ul)

k—o0

is guaranteed in some small enough neighborhood of U (z). That is, U (x
an asymptotically stable fixed point of V, if the spectral radius of .J, (U
(the largest of the absolute values of its eigenvalues), denoted p (J, (U (z
satisfies™

) is
())
)

p(Ja (U (2)) <1,
whereas if, in contrast, p (J, (U (z))) > 1 and no eigenvalue of J, (U (z)) has

absolute value equal to 1, then V,, is not asymptotically stable, and diverges
away from arbitrarily small perturbations of U ().

In fact, the above re-assessments may take place among any subset Iy C [
of the individuals, for fixed utility levels u = (ﬂj)je o of the remaining

12y/k is defined inductively by
Vo (w) = Vi (u), Vi (u)=Ve (V7 (u)

for k > 1.
13Galor (2007), Theorem 4.8
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individuals. The purely affective interaction V' defines a purely affective sub-
interaction V* among the individuals in Iy,

Vﬁ (ZE,U) = (V; (a:,u,ﬁ),)

i€y ?

where z = (2;);c;, and u = (u;);c;. The set of purely affective sub-
interactions of V' is thus defined by ranging over all the non-empty subsets of
individuals Iy C I and utility levels u = (aj)j e\ of the other individuals.

Assumption 4. For every x € X and u € R",

p (e (u) <1,

and the same holds for all the sub-interactions of V.
This assumption implies our Assumption 2.

Proposition 4. Under Assumption 4, for every x € X and u € R",
(I — J, (u)) is a P-matriz.

Proof. p(J, (u)) < 1 implies that all the eigenvalues Ay, ..., A, of J, (u) are
within the open unit disk around the origin of the complex plane, and there-
fore that so are —\y,...,—\,, which are the eigenvalues of —J, (u). Hence
1 — Ay, ..., 1 =\, which are the eigenvalues of I — J, (u), all have positive
real parts. These eigenvalues are the roots of the characteristic polynomial
of I — J, (u). This characteristic polynomial has positive coefficients, and
therefore its roots are all either real, and therefore positive by the above,
and /or come in conjugate pairs of the form ¢+ di and ¢ — di whose product
¢ + d? is also positive. Hence the determinant of I — J, (u), which is the
product of its eigenvalues, is positive.

All the above is true also for every sub-interaction involving only the
subset Iy of individuals, implying the positivity of the determinant of the
principal submatrix of I — J, (u) with rows and columns in [y, i.e. the
positivity of the principal minor with rows and columns in I,. We thus
conclude that I — J, (u) is a P-matrix. O

Remark. The conclusion of Proposition 4, i.e. Assumption 2, is weaker
than its premise, Assumption 4. For example, in the case of two individuals,

denoting
nww =5 )
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(I — J, (U (x))) being a P-matrix means ab < 1, whereas p (J, (U (z))) < 1
means the more stringent requirement |ab| < 1.

If ab < —1 then Assumption 2 holds, but Assumption 4 does not. In this
case the eigenvalues of J, (U (z))) are ++/ab, whose absolute values are both

larger than 1, and therefore V, diverges away from U (z) from arbitrarily
small neighborhoods of U (z).

Dominant Diagonal

Another property of the matrix (I — J,(u) that was considered in the lit-
erature, for example, Bergstrom (1999), is that the matrix has a dominant
diagonal:

Assumption 5. For every = and u, the matrix (I — J,(u)) is dominant
diagonal: there exists h(u) € R, such that, for any i = 1,...n,

OV i
haw) > S hy(u) | -G
— auj
JFi
That is, there is a way to rescale utilities at u, such that marginal changes
in u;, for j # ¢, have a total effect on V, ; less than 1.

Proposition 5. Under Assumption 5, for every x € X and u € R",
(I — J.(u)) is a P-matriz"".

Remark. The conclusion of proposition 5, i.e. Assumption 2, is weaker
than its premise, Assumption 5. For example, in the case of two individuals,

denoting
nww =5 )

(I — J, (U (x))) being a P-matrix means ab < 1, whereas dominant diagonal,
Assumption 5, means the more stringent requirement |a| < 1 & |b] < 1.

The literature on Interdependent Preferences. As we mentioned
in section 2, various authors have identified conditions for consistency to
hold at every profile of actions, so that an induced game can be defined
everywhere. For altruism, where the functions V, are linear and separable in
the others’ utility levels, Pearce (2008) pointed out as sufficient the Hawkins-
Simon condition on the matrix of cross derivatives of V., and Bergstrom
(1999) pointed out the dominant diagonal condition as sufficient.

14Moylan (1977)
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For altruism without linear separability, Hori (2001) (proposition 3)
showed it is sufficient that the Hawkins-Simon condition hold uniformly or
even non-uniformly if the functions V, themselves are bounded (his proposi-
tion 4). Our example in section 4 shows in particular that in the absence of
both requirements for V,., indeed an induced game might not exist for x.

For the general case of altruism and/or spite, Ray and Vohra (2020)
pointed out as a sufficient condition that V, is a contraction, or alterna-
tively that for each action profile, the associated directed network of payoff
interdependencies is acyclic and the functions V, are bounded.

Appendix 2: Two examples

In this Appendix we discuss two examples of non-separable purely affective
interaction. The first illustrates the result in Theorem 5 (equilibrium strate-
gies are locally dominant). The second one shows how non-separability allows
for affective interactions in which the players attitudes towards one another
may shift as they move in the action space.

Example 5 (locally dominant equilibrium strategies)
Let

Vi(z,us) = 2 (1 —x) — 2xuy,

1
‘/2 (y)ul) =Y (1 - y) + éyuh

where z,y € (0,1). In this example, individual 1 is rather spiteful towards
individual 2, and individual 2 is mildly sympathetic towards individual 1.
For each z,y € (0, 1) the Jacobian of V' is

0 —2z
J(””’y):(%y 0 )

and det[] — Jiz,0) = (1+ 2,/Zy) > 0, so that Assumption 2 is satisfied.
The induced game is defined everywhere:

8z ((1—xz) —2y(1—y))

yB1—y)+x(l—=x)
U2 (xay): ( 8+2[L‘y( )
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with the best reply functions

24/2y — 292 +y+4—4
Bi(y) = v ,
Yy
V—=2x3 + 222 + 162 + 64 — 8
BQ(x): o 5

whose intersection is the Nash equilibrium

x =0.24620, y=0.50379.

The reaction curves are locally flat (see Figure 4), an illustration of Theorem

D.

Figure 4
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X

Also, at a Nash equilibrium utility functions are flat, an illustration of
Proposition 1. For the spiteful individual 1, the Nash equilibrium is at a
saddle point of his utility function (see Figure 5).

Figure 5

27



For the sympathetic individual 2, the Nash equilibrium is at a hilltop of
her utility function (see Figure 6).

Figure 6

Example 6 (shifting attitudes)

Next,
2 oy, 1
Vi(z,u) =2 (1 —2%) + U2,
1
Vol(y,w)=y*(1-9°) + SYu,

for z,y € (—1,1), so that each individual is sympathetic/spiteful with posi-
tive/negative actions respectively. The Jacobian of V' at (x,y) is

0 iz
J(:ay) = ( %y 20 ) )

so that det[] — Ji )] = (1 — tzy) > 0, and Assumption 2 is satisfied.
The induced game is defined everywhere:

4% (1 — 2%) + 229> (1 — 3?)

U1($7y): 4—1'?/ )
4% (1 — y?) + 2yx? (1 — 22
o - WO =)

The graphs of U; and U, are in Figure 7 and Figure 8.
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Figure 7

The unique Nash equilibrium is
r=1y=0.75197.

Both individuals are sympathetic and the Nash equilibrium is at the peak
of their utility functions. The Nash equilibrium is Pareto optimal, and it
maximizes the average of their utilities.

If, instead, the individuals were confined to negative actions
x,y € (—1,0), the unique Nash equilibrium would be

r =1y = —0.68266

that is at a saddle point of U; and of U,, and maximizes the individuals’
average utility in that quadrant but not globally.
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Similarly, if individual 1 were confined to positive actions (and thus sym-
pathy) while individual 2 to negative actions (spite), there would be a unique
Nash equilibrium within that quadrant

r=0.72471, y = —0.66576

with individual 1 at a hilltop and individual 2 at a saddle point, maximizing
the average utility within that quadrant, but not globally. O
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