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Abstract:

Quantum randomness evidently transcends the classical framework of ran-
dom variables defined on a single comprehensive Kolmogorov probability
space. One prominent example is the quantum double-slit experiment due
to Feynman (1951, 1966). A related non-quantum example, inspired by
Boole (1862) and Vorob’ev (1962), has three two-valued random variables
X, Y and Z, where the pairs X,Y and X, Z are perfectly correlated, yet
Y, Z are perfectly anti-correlated. Such examples can be accommodated
using a “multi-measurable” space with several different o-algebras of mea-
surable events. This concept due to Vorob’ev (1962) allows construction of:
1) a measurable metaspace whose elements combine a point in the original
sample space with a variable “contextual” Boolean algebra; 2) a parametric
family of probability metaspaces, each of which is a Kolmogorov probabil-
ity space that represents a two-stage stochastic process where a random
choice from the original sample space is preceded by the random choice of
a contextual Boolean algebra in the multi-measurable space. Subsequent
work will explore how quantum experimental results can be described using
a quantum measurement tree with one or more preparation nodes where
an experimental configuration is determined that governs the probability
distribution of relevant quantum observables. [197 words]

Keywords: Quantum measurement tree, quantum challenge, double-slit
experiment, quantum contexts, multi-measurable space, measurable metas-
pace, multi-probability space, probability metaspace.



1 Introduction and Outline

1.1 Quantum Measurement Trees

Zermelo (1913) introduced a mathematical model of two-person zero-sum
games like chess in which players choose a sequences of alternating moves.
Von Neumann (1928) extended this model to general n-person games in ex-
tensive form, including those with incomplete information and even imper-
fect recall. Raiffa (1968) then considered decision trees, which are one-person
games with complete information and perfect recall. His trees allowed, in
addition to decision nodes, chance nodes with what Anscombe and Aumann
(1963) described as “roulette lotteries” having specified “objective” or hy-
pothetical probabilities.

The work on the normative decision theory set out in Hammond (1988,
2022) considers finite decision trees that have, in addition to decision and
chance nodes, what Anscombe and Aumann (1963) described as “horse lot-
teries” where, as in Ramsey (1926), de Finetti (1937) and Savage (1954), any
probabilities attached to different outcomes would have to be “subjective”
or personal. Also, decision trees could end in consequences belonging to a
general domain rather than the “pecuniary” consequences or payoffs that
Raiffa (1968) considered.

This is the first paper describing a project devoted to quantum measure-
ment trees. These have the same mathematical structure as decision trees.
The difference is in how one interprets different nodes of the tree. Indeed,
the early part of the project will consider trees with a special structure where
each path through the tree has a series of three successive nodes: (i) first, an
initial preparation node where an experimental configuration or context is
determined; (ii) second, a measurement node where a roulette lottery, with
specified classical probabilities that depend on the context, determines the
random outcome of an experiment; (iii) third, a terminal node where what-
ever measurement emerges from the previous roulette lottery is determined,
which can be observed provided that a suitable detector is set up.

In the quantum measurement trees that this project considers, all likeli-
hoods correspond to probabilities in the classical sense due to Kolmogorov
(1933), This is true whether, using again the terminology due to Anscombe
and Aumann (1963), the likelihoods apply to roulette lotteries with objec-
tive probabilities, or to horse lotteries with subjective probabilities. Then
question that this project addresses concerns the extent to which the mathe-
matical structure of a quantum measurement tree can succeed in describing
the distribution of possible results from actual laboratory experiments that



can be observed, provided a suitable detector is made available.

1.2 The Quantum Challenge

There is, of course, a significant quantum challenge to this research pro-
gramme. Indeed, it seems that a consensus view among both physicists and
philosophers is that many quantum phenomena are so weird that they some-
how transcend the usual laws of logic and probability which are embodied
in Kolmogorov’s (1933) standard definition of a probability space. Indeed,
Birkhoff and von Neumann (1936) helped create a discipline of quantum
logic that departs from the classical logic developed by Boole (1854) and
various successors. In particular, the works by Suppes (1961, 1966, 1976),
Jauch and Piron (1969), Suppes and Zanotti (1974, 1997), and many others,
discuss how, even when the probabilities P(E) and P(E’) of the two events
E and E’ are both well defined, the probability P(E U E’) of their union
may not be.

As for quantum probability, it may not satisfy the usual additivity con-
dition because, even when the two events E and E’ are disjoint, and the
three probabilities P(E), P(E’), and P(EUE’) are all well defined, they may
not satisfy P(EUE") = P(E)+P(FE’). It is in this sense that Feynman (1951,
p. 533) is correct in writing:

...far more fundamental was the discovery that in nature the
laws of combining probabilities were not those of the classical
probability theory ...you may be delighted to learn that Nature
with her infinite imagination has found another set of principles
for determining probabilities; a set ...which nevertheless does
not lead to logical inconsistencies.

What is changed, and changed radically, is the method of calcu-
lating probabilities.

Indeed, it turns out that the right method of calculating quantum probabili-
ties typically requires using matrix algebra, if not infinite-dimensional linear
operators.

An associated difficulty in relating quantum probabilities to classical
probabilities concerns Heisenberg’s “uncertainty principle”, which Feynman
(1951, p. 538, footnote 1) relates to the double-slit experiment that is the
main subject of his paper. In rather crude form, the uncertainty principle
states that it is impossible to measure both the position and momentum of
a single particle at the same time. Indeed, whereas it may be possible to
model both position and momentum as random variables, each with its own



well-defined distribution, the joint distribution of this or any other pair of
quantum random variables or measurements may well not be meaningful.

1.3 The Mystery of Feynman’s Double-Slit Experiment

In 1801 Thomas Young had used a celebrated double-slit experiment to
demonstrate the wave nature of light.! Feynman (1951) wrote at length
about a quantum version of this experiment. Later, in their famous series
of published lectures, Feynman et al. (1964, pp. 1-2) justified this choice
with the claim:

We choose to examine a phenomenon which is impossible, abso-
lutely impossible, to explain in any classical way, and which has
in it the heart of quantum mechanics. In reality, it contains the
only mystery.

Like Young, the experiment involves a beam emanating from a point
source. The beam impacts first a front plane surface which contains two
pinholes or slits, here labelled L for left and R for right. Behind the first
surface is a second parallel back plane surface which detects any part of
the beam that was not stopped by the first surface. Let frr(z,y) denote
the intensity of the part of the beam which is detected at the point with
co-ordinates (z,y) on this second surface. Young observed that frr(z,y)
can be represented as the result of an interference pattern between the two
waves that pass through L and R.

Whereas Young worked with what appeared to be a constant and con-
tinuous light beam, the quantum version hypothesized by Feynman (1951)
involves a beam of discrete electrons, though it could also be other subatomic
particles. With both slits open, the arrival of individual particles detected
at the second screen can be described as arising from a probability distribu-
tion whose density function is essentially the same function frr(x,y) as in
Young’s experiment. There are also the two corresponding density functions
fr(z,y) and fr(x,y) that arise when only one slit remains open, which is
known to be either L or R. Alternatively, the experiment may be modified
by adding a detector whose effect is to reveal which slit the particle has
passed through.

In a classical world, when both slits are open, suppose there are condi-
tional probabilities 7y, and 7w that a particle will be detected at the back
screen given that it has passed through slits L and R of the front screen

!See Young (1802) for his own account of the experiment.



respectively. Then the expected density function for particles reaching the
back screen would be 7p fr.(z,y) + Trfr(z,y), a convex combination of the
two density functions fr.(z,y) and fr(zx,y).

Indeed, suppose that the equation

7L fL(z,y) + rfR(T,y) = fLr(2,Y) (1)

were observed to hold. Then the probabilities 77, and mr could be inferred.
But (?7?) is manifestly contradicted by, amongst other things, the empirical
observation that there exists an open set of values of positions (x,y) on the
back screen at which frr(z,y) > max{fr(x,y), fr(z,y)}.? The inference
generally drawn is that this observed interference effect contradicts the laws
of probability. Indeed, the conditional probabilities 7;, and mr seem to be
not even defined.

1.4 An Approach to Meeting the Quantum Challenge

This paper is the first of a series resulting from a project intended to set out
in detail the argument that these and several other significant quantum chal-
lenges can be met without going beyond the Kolmogorov’s (1933) classical
laws of probability. The key idea is to recognize the relevance of ideas that,
following the contributions of Khrennikov (2003, 2004), Spekkens (2005),
and others, might be called “contextuality”. Indeed, when restricted to
data arising from particular important quantum experiments, the construc-
tion bears considerable resemblance to that used by Khrennikov (2014, 2015)
and earlier by Avis et al. (2009), who write as follows in their introduction:3

We recall that the use of a single probability space for statisti-
cal data collected with respect to a few different experimental
contexts is not a custom of probability theory.

If one wants to apply the classical probabilistic model, a single
Kolmogorov probability space, then random experiments . . . should
be unified in a single random experiment in an intelligent way.

2See, for example, Tavabi et al. (2019) for descriptions of some recent implementations
of Feynman’s thought experiment.

3We also mention subsequent work by Dzhafarov and Kujala (2016) which recognizes
the importance of contextual measurability when considering quantum random variables,
but is less constructive than the preceding work by Khrennikov and his associates. For
further discussion see also the interchange between Dzhafarov and Kon (2016, 2019) and
Khrennikov (2019).



In an attempt to meet this aim as far as poosible, this project on quantum
measurement trees adopts a “qualified” Kolmogorovian approach which is
based on a principle of “contextuality”, or even “contextuality by default”.*
Specifically, we recognize that

any two random variables recorded under mutually exclusive con-
ditions are stochastically unrelated, defined on different sample
spaces (Dzhafarov and Kujala, 2016, p. 202)

Indeed, the view taken in this work is that such unrelated random variables
are defined on different o-algebras, which determine different measurable
spaces, even though they may be defined on the same sample space. This
opens the door for the approach used here based on quantum measurement
trees, which allow one to construct a special extended kind of classical prob-
ability space that we call a probability “metaspace”.’

This metaspace reflects the structure of an underlying quantum measure-
ment tree. It has an expanded sample space whose members each include
not just the usual random state of the world, but also a random context,
in the form of a Boolean algebra, or more generally a o-algebra, of mea-
surable events which is determined at the initial preparation node of the
tree. Indeed, my argument will be that the quantum challenge only arises
because of insufficient recognition that in order for classical probabilities
to describe quantum phenomena, they can only apply in the context of a
specific Boolean algebra — or in an infinite-dimensional space, a specific
o-algebra. This context, moreover, typically depends on key details of the
quantum experiment whose random results are being described. For ex-
ample, in the case of Heisenberg’s uncertainty principle, an experimental
configuration that allows the position of a particle at any time ¢ to be mea-
sured is inconsistent with a configuration that allows momentum to be mea-
sured. In particular, there is no experimental configuration associated with
just one o-algebra that makes both position and momentum simultaneously
measurable functions of the relevant quantum state. Equivalently, there is
no physically feasible quantum measurement tree with a measurement node
at which both position and momentum get measured simultaneously.

4See also Dzhafarov and Kujala (2014a).
®Note that both Khrennikov (2014) and Dzhafarov and Kujala (2014b) have used the
term “Kolmogorovization”, though for a somewhat different construction.



1.5 Outline of Paper

After this introductory section, Section 7?7 introduces a key example based
on one introduced by Vorob'ev (1962, p. 147) that was motivated by his work
on what correlated strategies may be available in a coalition game with 3 or
more players. The example has three dichotomous random variables X,Y, Z,
of which the two pairs X,Y and X, Z are both perfectly correlated, yet the
third pair Y, Z is perfectly anti-correlated. Evidently these weird correla-
tions are logically impossible in case all three random variables are defined
on whatever single probability space is used in a vain attempt to describe
the outcomes of all three random variables simultaneously. Nevertheless
the weird correlations can be modelled in a measurement tree with paths
that are selected from a probability “metaspace”. This metaspace includes
each of the three different pairs of random variables, along with an asso-
ciated Boolean algebra, as a random context that is selected at the initial
“preparation node” of the tree.

Next, Section ?? revisits the example of Feynman’s quantum double-slit
experiment which was briefly introduced in Section 7?. It turns out that the
results of this particular experiment can be described by using an especially
simple measurement tree. The associated probability metaspace is built up
to include three different contextual o-algebras, each corresponding to a
different non-empty subset of open slits.

The final Section ?? offers a brief concluding summary and disclaimer.

2 A Simple Example of Weird Correlations

2.1 Vorob'ev’s Example

Given an arbitrary three-element set S, Boole (1854, 1862) gives inequalities
that must be satisfied in order that probabilities defined on singleton and
pair subsets of S allow consistency with a single probability distribution
defined on all the eight subsets of S — see also Pitowsky (1994). This raises
the possibility that examples could violate these inequalities.

The example we are about to present, which has the same mathematical
structure as that in the opening section of Vorob’ev (1962), is somewhat
more extreme than such violations of the Boolean inequalities. We give
a homely version of this example involving three siblings Xavier, Yvonne,
and Zoé, indicated by X, Y and Z. All three are keen supporters of the
same local sports team. An unfortunate shortage of season tickets, however,
leaves them unable to buy more than two for adjacent seats. This makes



it impossible for all three to watch any home game sitting together. So the
three of them take it in turn at any home game either for one of them to sit
far away from the other two, or to miss the game altogether.

Whichever two siblings sit together are observed to wear clearly iden-
tifiable colours that are either Red (R) or Blue (B). Yvonne and Zoé are
identical twins. If Xavier sits with one of his sisters, he will wear whatever
colour that sister has chosen that day. But if the twins sit together, they
will wear different colours that allow them to be told apart.b

2.2 Stochastic Representation

Observations (x,y, z) of the three sibling’s choices of red or blue clothing
can all be accommodated within a single sample space which, using obvious
notation, can be expressed as the triple Cartesian product

Q= {Rx,Bx} X {Ry,By} X {Rz,Bz} (2)

Not all components of 2 can be observed simultaneously, however. In-
deed, we cannot observe what colour the excluded sibling would have chosen
if it had been possible to attend a particular match and sit next to the other
two. So, to represent what can be observed, define

C:={XY,XZ,YZ} (3)

as the set of all possible contexts, each of which takes the form of a pair
of siblings selected from {X,Y,Z}. Then, for each context ¢ € C, the
observable part of the sample space is given by the relevant contextual sub-
product space 2. in the collection

Qxy ={Rx,Bx} x {Ry,By}
Qxz ={Rx,Bx} x{Rz,Bz} (4)
Qvz ={Ry,By} x{Rz,Bz}

Suppose that when the context is ¢ € C, the probability of the observed
pair of colours in the relevant space €2, specified by (??) is given by a contex-
tual probability mass function m.. Then the correlations reported at the end
of Section ?? occur if and only if there exist three constants «, 3, € [0, 1]
such that, for each ¢ € C, the relevant contextual probability mass function
Q¢ > we — me(we) € [0,1] is as specified in Table ?7.

5This is not necessarily realistic because it is often said that identical twins enjoy
wearing matching clothing intended to make it hard to tell them apart.



Note that the two pairs of random variables specified by the two contex-
tual mappings wyxy — (z(wxy),y(wxy)) and wxz — (x(wxz),y(wxz)) are
both perfectly correlated. If there were a single probability mass function
Txyz on the space € of triples (z,y, z) defined by (?7?), these two perfect
correlations would imply that the pair (y, z) is also perfectly correlated. Yet
this would contradict the specification of myz in the third part of Table ?7.
This contradiction highlights the need for an enriched probability model if
one is to describe the entire pattern of observations specified in Table 77.

mxy | Ry By 7xz | Rz Bz vz | Rz By
Rx o 0 Rx 15} 0 Ry 0 v
BX 0 1—« BX 0 1-— 5 By 1-— Y 0

Table 1: Table of three contextual joint probability mass functions

2.3 Classical Probability

Recall that, following Kolmogorov (1933), a probability measure on the sam-
ple space  is a function A 5 E — P(FE) € [0, 1] for which:

e the domain of definition is a o-algebra A on ), which is a family of
subsets of Q having the three properties: (i) Q € A; (ii) if E € A, then
Q\ E € A; (iii) the union of any countable indexed family {E; | i € I}
of sets in A satisfies U;c/ F; € A.

e the function A 5 E — P(FE) € [0,1] satisfies: (i) P(Q2) = 1; and
(ii) the countable additivity condition stating that, for every countable
indexed family of sets {F; | i € I} in A that is pairwise disjoint, one
has P (UiEIEi) = Zie[ IP)(EZ)

Also, if A is a o-algebra on 2, then the pair (9,.4) is a measurable space.
And if A > E — P(E) € [0,1] is a probability measure on the measurable
space (€2, .A), then the triple (€2, A, P) is a probability space.

The following well known result is invoked later:

Lemma 2.1. If A is a o0-algebra on ), then the intersection of any countable
family {E; | i € I} of sets in A satisfies Nicr E; € A.

Proof. Suppose that E; € A for each i € I. By definition of o-algebra, it
follows that Q\ E; € A for each ¢ € I, and then that U;c;(Q2\ E;) € A. But de
Morgan’s Law implies that Q\ N F; = Uier(Q\ E;), and so Q\Ner E; € A.



Finally, because Nier E; = Q\ (2\N;er E;), the definition of o-algebra implies
that N;er E; € A. OJ

2.4 Contextual o-Algebras in a Multi-Measurable Space

Kolmogorov’s classical definitions set out in Section 77 were extended by
Vorob’ev (1962, p. 154) to allow a generalized measurable space in which the
unique o-algebra A is replaced by “some system X of o-algebras”. Motivated
by the discussion of Section 7?7, we introduce the following definition:

Definition 2.2. Given the sample space £ and the arbitrary set C' of con-
texts:

1. the collection (2, (Ac)cec) s a multi-measurable space just in case, for
each context ¢ € C, the family A. of events is a contextual o-algebra
on €.

2. the collection (2, (A¢, Pe)cec) is a multi-probability space just in case,
for each context c € C, the triple (2, A.,P.) is a contextual probability
space.

In the formulation of Vorob’ev’s example set out in Section ??, the set C
consists of three possible contexts described by (?7?7). We will now specify
explicitly the three associated contextual o-algebras A, on which the joint
probabilities set out in Table ?? are defined. Then we will also give obvious
specifications of the three contextual probability measures P..

Consider first the case when the context ¢ is the pair XY. Note that
the Cartesian product set Qxy defined in (??) has 4 members. Now we
postulate that each non-empty set in the o-algebra Axy takes the form
Exy x {Rz,Bz}, where Exy is any one of the 9 non-empty subsets of
Qxy. In particular, note that for all pairs (z,y) € Qxy and all events or
measurable sets F € Axy, one has

(ﬂi',y,RZ) SRS (:E7y7BZ) €EFE

This is because observing the colour choices of only Xavier and Yvonne
allows nothing to be inferred about what Zoé’s choice would have been if
she had also been able to attend the game. As for the probability measure
Pxy on Axy, given any non-empty subset Exy of the Cartesian product
set (2xy, we specify that

Pxy(Exy x {Rz,Bz}) = mxy(Exy)



where mxy (FExy) is calculated in the obvious way from the leftmost part of
Table 77.

Similarly, in the case when the context c is the pair X Z, each non-empty
set in the o-algebra Axy takes the form Exyz x {Ry, By}, where Exy is
any non-empty subset of the set Qxz defined in (?7). The probability of
this set is then given by

Pxz(Exz x {Ry,By}) =7mxz(Exz)

where mxz(FExz) is calculated in the obvious way from the middle part of
Table ?77.

Finally, when ¢ = Y Z, each non-empty set in the o-algebra Ay z takes
the form FEyz x {Rx, Bx}, where Eyz is any non-empty subset of the set
Qy 7 defined in (??). The probability of this set is then given by

Pyz(Eyz x {Rx,Bx}) =nyz(Eyz)

where myz(Eyz) is calculated in the obvious way from the rightmost part
of Table 77.

2.5 From Multi-Probability Space to Measurement Tree

The main claim to be examined in this research project is that some prob-
abilistic phenomena, such as those that occur in mathematical models of
quantum experiments can be accommodated after all within a classical prob-
ability model, even though that space may have to include within it multi-
ple contextual probability spaces. So far, we have only established that the
multi-probability space (€2, (A, Pc)cec) may offer an adequate probabilis-
tic description of Vorob’ev’s example. It remains to show how the family
of different contextual probability spaces (€2, A, P.) in the multi-probability
space model can all be assembled into one classical probability space of paths
through a “measurement tree”. The resulting space will be called a “proba-
bility metaspace”, denoted by (QM, AM PM). Or rather, we will construct
a parametric family (QM, AM ,IP’(]ZW ) of probability metaspaces, where the
parameter ¢ indicates a probability distribution over set {A.}.cc of three
contextual o-algebras.

The construction leads to the measurement tree illustrated in Figure ?7.
Each path through this tree results from a two-stage stochastic process.
The first stage involves a preparation node where a chance move determines
which of the three possible contexts ¢ € C' occurs with the specified prob-
ability g.. Then, at each subsequent measurement node, depending on the

10



Figure 1: The process implied by the multi-probability space

context ¢ that emerged randomly at the initial preparation node, a second
stage lottery determines randomly one pair of colours according to the prob-
ability mass function w.. The overall result is described by the probability
metaspace (QM, AM }P’éw ) consisting of:

1. the augmented sample space defined by
OM = Q x {A}ece (5)

whose typical member (z,y, z,.4) combines a triple of colours (z,y, z) €
Q2 with one contextual o-algebra A chosen from the collection {A.}ccc;

2. the augmented o-algebra AM on QM defined by

AM = {UceC(EC X {A}) | (Ee)eec € HceC AC} (6)

whose typical member takes the form of the union J . (Ee x {Ac})
of three possibly empty sets E. x {A.} that, for each context ¢ € C,
is the Cartesian product of an A.-measurable set E. C € with the
singleton set {.A.} whose only member is the contextual o-algebra A,;

3. for each probability distribution ¢ € A(C) over the set C of three
possible contexts, or equivalently, over the corresponding collection
{A¢}cec of three possible contextual o-algebras, the probability mea-
sure ]P’éw on the measurable space (2, AM) that is defined for each

set Upeo(Ee x {Ac}) € AM, as specified in (?7), by
Péw (Ucec(Ee x {Ac})) = Zcec ge me(Ee) (7)
Note that the lottery given by (??) is the result of compounding the

lottery q over contexts with, for each fixed context ¢ € C, the contextual
lottery 7. over the measurable space (£, .4.).

11



2.6 A Consistent Multi-Probability Space

Following Vorob’ev (1962, p. 154), say that the multi-probability space
(Q, (A, Pe)cec) defined in Section ?7 is consistent just in case, for every
pair ¢, of contexts in C, one has

EcANAy = 7.(E) =7y (F) (8)
In this case there is a single function
UeecAe D E — (E) € [0,1] (9)

such that
EcA. = 7.(F)=n(E) (10)

In general, however, the function 7 specified in (??) is not a probability
measure. This is because only in case the two disjoint sets E, E' C Q are
both members of the same o-algebra A. does the definition of consistent
multi-probability space guarantee that 7(E U E') = n(E) + n(E’).

Consider the three contextual probability measures 7. (¢ € C') specified
in Table ?? of Section ??. For these, given any pair ¢, € C, the consistency
conditions (?7?) have force only for the those “marginal” subsets of the three-
dimensional sample space ) which are measurable w.r.t. both contextual o-
algebras A, and A.. Of these, the first two marginal subsets, which belong
to both Axy and Axz, are

Mx(Rx) = {RX} X {Ry,By} X {Rz,Bz}
Mx(Bx) = {B)(} X {Ry,By} X {Rz,Bz}

For these two particular marginal sets and the joint probabilities specified
in Table 77, the consistency conditions (??7) imply that

mxy(Mx(Rx)) = a =nxz(Mx(Rx)) =
—1-

mxy(Mx(Bx)) =1—-a=nxz(Mx(Bx)) B

Obviously these two equations are satisfied if and only if a = .
The corresponding equalities for the two other corresponding pairs of
marginal subsets are

mxy(My(Ry)) = a = myz(My(Ry)) =~
mxy(My(By)) =1—a=nyz(My(By))=1—7

Txz(Mz(Rz)) = B =myz(Mz(Rz)) =1—7
mxz(Mz(Bz)) =1~ =nyz(Mz(Bz)) =~



The first four of these six equalities reduce to o = 8 = v and the last
two reduceto S =1—~. Hencea=5=v= % So consistency implies that
the probabilities in Table 7?7 become those in Table ??, as in the example
on the first page of Vorob’ev (1962).

mxy | Ry By mxz | Rz Bz myz | Rz By
Rx | 3 0 Rx | £ 0 Ry | 0 3
Bx | 0 1 Bx | 0 3 By | 5 O

Table 2: Three consistent contextual joint probability measures over pairs

2.7 Meta-random Variables

Consider the probability meta-space (QM,AM,IP’SJ) defined by (?7?), (?7),
and (?7). Given the domain Q™ which is the augmented sample space of
this probability meta-space, consider the function

QM = x {AC}CGC > (x73/7Z7-A) = g(xaya Za A) =Tc {RX7BX} (11)

whose value indicates Xavier’s chosen colour . When this colour is Rx, for
example, the pre-image set satisfies

¢ {Rx}) = Ex(Rx) x {Acteec = Ucec(Ex(Rx)) x {Ac}) (12)

where
E)((Rx) = {Rx} X {Ry,By} X {Rz,Bz} (13)

Now, the o-algebra Ay z was defined in Section ?7? so that each of its non-
empty member sets takes the form of the Cartesian product { Rx, Bx } x Eyy
for some non-empty set Ey, of {Ry, By} x {Rz, Bz}. But then (??) evi-
dently implies that Ex(Rx) € Ayz. From this it follows that ¢ ({Rx}) &
AM . The function (z,vy, Z, A) — &(x,y, Z, A) specified in (??) is therefore
not measurable. It follows that Xavier’s chosen colour does not determine a
properly defined meta-random variable on the probability meta-space.

To arrive at a more tractable model of the measurement process in which
the colour choices are random variables, given any sibling s € {X,Y, Z}, let
us extend the set {Rs, Bs} of possible colours to include the extra outcome
Us, which signifies that the sibling s’s chosen colour is unobserved or even
irrelevant. In the case of Xavier, for example, when s = X, this allows
consideration of a modified function

QM =0 x {AC}CEC > (35,3/»27«4) = §M(:U,y,z,A) € {RX,B)(,UX} (14)
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An obvious definition of this function is

EM(x,y,Z,A) _ g(xvyazw’él) lfA:AXY OI'A:AXZ (15)
Ux if A=Ay,
For Yvonne and Zoé, the corresponding modified functions
M
OM 3 (2,9, 2, A) - nM(x’y’Z’A) € {By, By, Uy} (16)
C (x7y7Z7A) € {R27327UZ}
are defined by
UM(x,y,Z,.A) _ n(xayvzaA) lfA:-AXY OI'A:AYZ (17)
Uy HA=Axz
CM(x,y,Z,A) _ C(mayvsz) lfA:AXZ OI'A:AYZ (18)
Uy HA=Axy

Define the Cartesian product co-domain

Q.= Hse{X,Y,Z}{RS’ By, Uy} (19)

Then the three functions defined by (??), (?7), and (??) determine one
consolidated function

OM 3 (2,y,2,A) = (9™, M) (2,y,2,A) € Q (20)

Proposition 2.3. Given the the o-algebra AM of the probability metaspace
QM. AM ]P’éw) and the power set 2 that consists of all subsets of the finite

co-domain Q, the function defined by (??) that maps the measurable space
QM AM) to the measurable space (Q,2%) is measurable.

Proof. For Xavier, instead of (?7), and with Ex(Rx) defined by (?7), the
relevant pre-image set becomes

(EM)TT{Rx}) = Ueexy.xzy (Ex(Rx) x {A) U0 x {Ayz})
= FEx(Rx) x {Axvy,Axz} (21)
= {Rx} X {Ry,By} X {Rz,Bz} X {.A)(y,.sz}

This preimage set is AM-measurable, as is

(EM)'({Bx}) = Ex(Bx) x {Axy, Axz} (22)
={Bx} x{Ry,By} x{Rz,Bz} x {Axy, Axz}
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and also
EMN T {UxY) = Ueepxvixn (0 x {AD U (Q x {Ayz} = Q x {Ayz} (23)

It follows that the function (x,y,z, A) — M (z,y,2,A) € {Rx,Bx,Ux}
from the measurable space (M, AM) to the measurable space ({,2%) is
measurable. Similar arguments apply to the two functions

(xvwa’A) = 77M(337y727-/4) c {RY,BY,UY}
(xvwa’A) = CM(.Z‘,y,Z,A) € {RZ,BZ,UZ}

Now, for each point w of the Cartesian product co-domain O specified
by (??), define the pre-image set

MM, M ({w)
= {(z,y,2,4) € O [(M M (M) (@, 2, A) =0} (24)

Note that any point w € ) can be expressed as w = (z,9, %) where
T € {Rx,Bx,Ux}, RS {Ry,By,Uy}, zZe {Rz,Bz,Uz} (25)
But then (??) and (?7) together imply that

€™ T {wp) = DTN N @) T D N (¢ THHEY  (26)

Because the three functions €M, ™ and ¢M are all measurable, the right-
hand side of (??) is the intersection of three measurable sets. By Lemma 77,
this intersection is itself measurable. Since € is a finite set, this establishes
that the function defined by (?7?) is measurable. O

An obvious but important implication of Proposition 77 is that the three
random variables ¢, n™ and ¢M specified by (??), (??), and (??) have a
well defined joint probability distribution over the Cartesian product co-
domain € defined by (??7). This distribution is easily calculated by multi-
plying the probabilities specified in Table 7?7, or in the consistent case, in
Table 77, by the appropriate probabilities ¢. for ¢ € C. Provided the first-
stage probabilities satisfy g. > 0 for all ¢ € C, this construction accounts
for the weird correlations between all three different observed pairs of ran-
dom variables determined by the colours chosen by the two siblings who are
observed at the match.
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3 The Double-Slit Experiment Revisited

3.1 Three Contextual Probability Spaces

The double-slit experiment that was briefly described in Section 77 involves
the sample space 2 = S x D where:

1. S ={L, R} is the set of two slits in the front screen through either of
which, if it is open, any particle could pass;

2. a bounded rectangular subset D C R? is the domain of possible points
of observed impact on the back screen.

An obvious way to try to make this a probability space (2, A, P), according
to the classical definition in Section 7?7 would be to define the o-algebra A
as the family of subsets of 2° x D whose members take the form

({L} x Dr)U ({R} x Dr)U ({L, R} x DrR)

where Dy, Dg, and Dy i are three Borel subsets of D.” But then in Section
7?7 it was shown that no single probability mass function P on (€2,.4) can
account for all the observations in the different contexts where either or both
slits are open.

The remedy proposed here involves a quantum measurement tree. This
starts with an initial which is a preparation node. There a first-stage process
selects one of the three different experimental contexts ¢ € C' which belong
to the set C':= {L, R, LR} whose members correspond in an obvious way to
the non-empty set O. C {L, R} of one or two open slits. At the end of this
first-stage process is a measurement node where a second-stage process de-
termines at what point (x,y) € D of the back screen the particle is observed
to make an impact. Together, the context ¢ € C' and observed impact point
(x,y) € D determine a path through the tree given by the point (¢, z,y) in
the sample space @ = C x D. Then, as in Section 77, the relevant multi-
probability space of possible paths takes the form (£, (A¢, P.)cec), where €2
is the common sample space, which here is C' x D, and each of the three
triples (2, A, P.)cec is a probability space in its own right.

Before giving details of the construction, for each context ¢ € C| let

DB(.I',y)’—}fc(.%',y) €R+ (27)

denote the continuous probability density function on D that is relevant in
the context c.

"Recall that the Borel o-algebra of any topological space such as D is defined as the
smallest o-algebra that includes all open subsets.
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e In the context where ¢ = LR, so both slits are open, and therefore
nothing is known a priori about which slit the particle could have
passed through, the probability space (C' x D, Arr,Prr) has:

1. the o-algebra Apr on C' x D whose only non-empty sets take the
form Dpg x {L, R} for some Borel set Drr C D;

2. the probability measure Py i that, for each Borel set Dygr C D
and so for each D x {L, R} € App, satisfies

PLa(Dig x {L,R}) = /D for(ey)dzxdy)  (28)

e In either of the two contexts where ¢ = L or ¢ = R, so only one known
slit is open, the probability space (C x D, A.,P.) has:

1. the o-algebra A, on C' x D whose only non-empty sets take the
form D, x {c} for some Borel set D, C D;

2. the probability measure P, that, for each D. C D and so for each
D, x {c} € A, satisfies

Po(De x {c}) = /D folw,y)(dz x dy) (29)

3.2 Constructing a Probability Metaspace

As in Section 7?7, the construction of an overall probability metaspace over
paths through the two-stage tree requires a randomization which determines
the context ¢ € C := {L, R, LR}. Specifically, for each ¢ € C, let ¢. € [0, 1]
denote the probability that context is ¢. Then the metaspace construction
requires us to assemble the three probability spaces (S x D, A., P;).cc into
the one probability metaspace (QM, AM ]P’éw ), defined as the triple where:

1. The sample meta-space QM is the Cartesian product
C x D x Ueec{Ac} (30)

of the basic sample space C' x D with the range of possible contextual
o-algebras. Its typical member takes the form (¢, z,y,.A) in which one
of the three non-empty subsets of open slits is combined with both a
point (z,y) € D in the plane of the second screen and a o-algebra A
that belongs to the family {A.}.cc = { AL, Ar, ALr} of three possible
contextual o-algebras.
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2. The o-algebra AM on QM is the family of all sets which, for some
triple (Br, Br, Brr) of arbitrary Borel subsets of D, take the form

EM(BL,BR,BLR) = ({L} X BL X {AL}) U ({R} X BR X {AR})
U ({L,R} X BLR X {ALR}) (31)
It is straightforward to verify that this definition makes AM the small-

est o-algebra which contains all the basic Cartesian product sets that,
for some Borel set B C D, take one of the three forms

(L} x Bx {AL}, {R}x Bx{Ag}, {L,R}xBx{Ag} (32)

3. For each non-empty set O C S of open slits and each Borel set B C D,
the conditional probability, given O, that the observed impact on the
back screen occurs within the set B is

Bo(B) = /B folz,y)(dx x dy) (33)

Using (?7), the probability of each set EM (By, Br, BLr) € AM spec-
ified by equation (??) is then given by

P} (EM (B, Br. BLr))
= qrBL(BL) + qrPrR(BR) + qLrBLr(BLr) (34)

Because the set O of open slits in the double-slit experiment is assumed
to be observed, the probability metaspace (QM L AM IP’éW ) can evidently be
simplified by omitting the unique contextual o-algebra Ao that corresponds
to each known non-empty set O € C of open slits. The result is the proba-
bility space (Q,fl, I@)q) with:

1. sample space 2 := C' x D whose members (¢, z,y) include the context
¢ € C that corresponds to the non-empty set O, C {{L},{R},{L,R}}
of open slits;

2. the o-algebra A on C x D whose non-empty members take the form
E(Br, Br, Brr) = ({L} x Br) U({R} x Br) U ({L, R} x BLR) (35)
where By, Bgr, and Bpg are arbitrary Borel sets of D;

3. probability measure ]IADq whose value, for each set given by (77), is

A~

Py(E(Bp, Br,BLr)) = qrB(BL) + arBr(Br) + a.rBrr(Brr) (36)
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4 Concluding Remarks

4.1 Representing Quantum Contexts as o-Algebras

At least some part of the apparent weirdness of the experimental results
which arise in quantum mechanics can be attributed to the fact that the
probability distribution of those experimental observations typically depends
on a variable context. Moreover, this context typically depends in turn on
what experimental configuration was used to generate those observations.
In particular, it is generally impossible to describe properly the random
measurements in different contexts without resorting to a family of different
contextual probability spaces. This need for different contextual probability
spaces is what underlies the common assertion that the random observations
in different quantum contexts cannot be described within a single classical
probability space.

This paper begins a series concerned with a project intended to contest
this common assertion by constructing quantum measurement trees whose
only randomness can be described using classical probability spaces. Any
such tree is typically associated with one member of a parametric family of
probability “meta-spaces”. Each meta-space may have a different sample
space whose members are different possible paths through the tree. Each
such path corresponds to one possible combination of a context which de-
pends on the experimental configuration, followed by an observed outcome
that results randomly from a contextual measurement process. Following
the important contribution of Vorob’ev (1962), the key idea of this project
is to identify each possible context with a distinctive o-algebra of events in
a fixed sample space of possible measurement outcomes.®

This initial paper has illustrated this construction with two simple ex-
amples. One of these is the noted two-slit experiment that Feynman (1951)
famously used as a canonical example to illustrate quantum weirdness. The
second is a homely example inspired by Vorob’ev (1962) but based on Boole
(1862). It involves three random dichotomous variables X, Y, Z in which
the two pairs (X,Y) and (X, Z) are perfectly correlated, yet the pair (Y, Z)
is perfectly anti-correlated.

8The importance of context in quantum theory has been widely recognized, notably
in the work on “contextuality”. See especially the “theme issue” published by the Royal
Society whose preface appears as Dzhafarov (2019). As far as I am aware, however, there
is no previous work, either in quantum theory or more generally, which explicitly identifies
each context with a unique corresponding o-algebra of measurable events.
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4.2 Disclaimer

Let me emphasize that all parts of this research project are entirely about
abstract mathematical concepts developed from Vorob’ev’s (1962) key ex-
tension of classical Kolmogorov probability theory to allow multiple proba-
bility measures over different o-algebras. I am not a physicist, and I make
no attempt to offer any physical interpretation or explanation of quantum
weirdness. Instead, my only aim is show how the abstract device of a proba-
bility metaspace derived from a quantum measurement tree can encompass
multiple contexts, especially multiple quantum contexts. This construc-
tion allows an alternative mathematical representation of quantum weird-
ness which some may find easier to understand, especially anybody who is
already familiar with the classical concepts due to Kolmogorov (1933) of
o-algebra and probability measure.
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