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Abstract:

Given a quantum state in the finite-dimensional Hilbert space C", the range
of possible values of a quantum observable is usually identified with the dis-
crete spectrum of eigenvalues of a corresponding Hermitian matrix. Here
any such observable is identified with: (i) an “ortho-measurable” function
defined on the Boolean “ortho-algebra” generated by the eigenspaces that
form an orthogonal decomposition of C"; (ii) a “numerically identified” or-
thogonal decomposition of C". The latter means that each subspace of the
orthogonal decomposition can be uniquely identified by its own attached
real number, just as each eigenspace of a Hermitian matrix can be uniquely
identified by the corresponding eigenvalue. Furthermore, any density ma-
trix on C" is identified with a Bayesian prior “ortho-probability” measure
defined on the linear subspaces that make up the Boolean ortho-algebra in-
duced by its eigenspaces. Then any pure quantum state is identified with a
degenerate density matrix, and any mixed state with a probability measure
on a set of orthogonal pure states. Finally, given any quantum observable,
the relevant Bayesian posterior probabilities of measured outcomes can be
found by the usual trace formula that extends Born’s rule. [193 words]

Keywords: Quantum measurement trees, quantum contexts, numerically
identified orthogonal decompositions, ortho-measurable functions, density
matrices, ortho-probability measures.



1 Introduction and Outline

1.1 Quantum Measurement Trees

Following Hammond (2025), this is the second paper related to a research
project on quantum measurement trees. These are similar to the decision
trees considered by Raiffa (1968), which are one-player versions of the games
in extensive form considered by von Neumann (1928). Following Hammond
(1988, 2022), apart from decision nodes. as well as terminal nodes to which
consequences are assigned, decision trees can include: (i) chance nodes,
where what Anscombe and Aumann (1963) call a roulette lottery, with risk
described by “objective” or hypothetical probabilities, is resolved; (ii) event
nodes, where an uncertain event with “subjective” or personal probabilities
occurs, depending on the outcome of what Anscombe and Aumann (1963)
call a “horse lottery” of the kind considered by Savage (1954).

In fact, a quantum measurement tree is like a decision tree in which,
in addition to chance and event nodes: (i) any decision node has become
a preparation node at which relevant details of a quantum experiment are
determined; (ii) at any terminal node, a possible real measurement of some
quantum observable is determined. This project addresses the question of
how far quantum measurement trees, with classical probabilities applying
at each chance or event node, are able to describe processes that occur in
an appropriate Hilbert space of solutions to Schrédinger’s wave equation.!

The first paper presented two examples that can be described without
using any Hilbert space. Here we consider a simple form of quantum mea-
surement tree, where there is only one measurement node on each branch
of the tree. The tree starts with a preparation node where an experimental
configuration is selected. This configuration has usually been modelled as
the combination of: (i) a quantum observable in the form of a Hermitian or
self-adjoint matrix; (ii) a quantum state in the form of a density matrix. In
combination with the quantum state, that Hermitian matrix determines at
the immediately succeeding measurement chance node the specified hypo-
thetical or objective probabilities in a roulette lottery that determines which
eigenspace in its spectral decomposition occurs randomly.

!As is well known, these solutions in the complex Hilbert space C" typically involve
unitary matrices. The relevant mathematics of real eigenvalues and orthogonal eigenvec-
tors for Hermitian matrices which represent observables and density matrices in C™ turns
out to be very similar to that for symmetric matrices which, at least in principle if not in
physical reality, could represent observables and density matrices whose domain is limited
to the real Euclidean space R™.



1.2 Characterizing Observables and Probability Densities

The contribution of this paper is to describe, for the n-dimensional complex
Hilbert space C", some relevant natural bijections:

1. first, between each pair of the three spaces of:

e Hermitian or self-adjoint n x n matrices A, each with a spectrum
s™ C R of eigenvalues;

e numerically identified orthogonal decompositions of C", as de-
scribed below in Definition 4.7 of Section 4.3;2

e suitably defined functions C" > x + fA(x) € R U {*} whose
co-domain is a suitable one-point extension of the real line, and
which are “ortho-measurable” in the sense of being measurable
with respect to the Boolean “ortho-algebra” generated by the
linear subspaces that form the spectral orthogonal decomposition
@D,c.a Ly of C", with the property that (f4)~1(\) = Ly \ {0}
for all X € s4;

2. second, between appropriate subspaces of the three spaces specified
above that correspond to:

e n X n density matrices p;

e orthogonal decompositions of C™ that are numerically identified
by probability, as described below in Definition 6.7 of Section 6.2;

e suitably defined “ortho-probability” measures which are defined
on one of the “ortho-measurable” spaces defined above.

1.3 The Quantum Challenge

As discussed in Hammond (2025), it has been widely recognized that the
essence of the “quantum challenge” can be seen as the impossibility of ac-
commodating more than a small set of observable quantum phenomena
within a single contextual probability space in the sense of Kolmogorov.
The main significance of the results concerning bijections in this paper is
that the relevant concepts of measurable set and probability measure can
remain entirely classical. To make this possible, however, requires using an
appropriate version of Vorob’ev’s (1962) notion of a family of probability

2The term “numerically identified” seems preferable to “numbered” or “enumerated”,
since those suggest counting using members of the set N of natural numbers rather than
being identified by a real number.



measures defined on a “multi-measurable space”. Each of the Boolean or
o-algebras involved can be regarded as its own quantum context. Then
staying within just one context is apparently an instance of what Griffiths
(2002) calls the “single framework rule”.®> Which context or framework is
ultimately relevant depends, of course, on what quantum observable (or set
of quantum observables) is selected when an experimental configuration is

being created.

1.4 Outline of Paper

Section 2 recapitulates relevant results concerning Hermitian or self-adjoint
matrices. In particular, it introduces the notion of an “eigenpair” com-
bining an eigenvalue with its associated eigenspace of eigenvectors. It also
emphasizes the orthogonal decomposition of the space C" into eigenspaces
associated with different eigenvalues.

The following Section 3 considers orthogonal projection matrices, along
with ortho-partitions, and ortho-algebras, especially those induced by the
spectral decomposition of a Hermitian matrix. This leads to the concept of
an ortho-measurable function.

After these essential preliminaries, Section 4 is devoted to the first bi-
jections between the three sets of: (i) Hermitian matrices; (ii) numerically
identified orthogonal decompositions; and (iii) ortho-measurable functions.

Next, Section 5 moves on to probabilities, starting with how they relate
to wave functions — or rather wave vectors, when time is ignored. Specif-
ically, a normalized wave vector which be regarded as a “pre-probability”
latent variable in C™ that subsequently determines actual probabilities. The
latter are given by Born’s rule or, in the special case of an ortho-algebra
based on the canonical orthonormal basis of C", by the squared modulus
rule.

Density matrices are the subject of Section 6, which also constructs
the second family of bijections between: (i) density matrices; (ii) orthog-
onal decompositions identified numerically by probability; and (iii) ortho-
probability measures restricted to a measurable space which constitutes an
ortho-algebra. Then any pure quantum state is identified with a degenerate
density matrix, and any mixed state that can be represented by a general
density matrix with a probability mixture of orthogonal pure states.*

3See also Hohenberg (2010) as well as Friedberg and Hohenberg (2014).
4This departs from what seems to be some physicists’ concept of a mixed state, which
does not require orthogonality of the pure states that have positive probability.



The concluding Section 7 begins by summarizing the key features of the
quantum measurement tree that this paper has shown how to construct.
These include details of how to construct the measurable and probability
metaspaces of the kind that were used to describe the randomness that
occurs in the two examples presented in Hammond (2025). Finally, it also
briefly touches on some key issues that deserve answers in future work.

2 Eigenpairs of Hermitian Matrices in C”

Most of the definitions and results in this section and the next are standard.

2.1 Hilbert Space and Adjoint Matrices

The n-dimensional linear space C" over the algebraic field C has as its typical
member the column n-vector x = (x;)]"; whose n components are complex
numbers x; € C. Given any complex number ¢ = a+1ib € C, where a,b € R
and i = —1, its complex conjugate is ¢ = a —ib € C.

Definition 2.1. The adjoint A* of any m x n matrix A = (aij)mxn is the
n X m transposed conjugate matriz A* = (a}‘j)nxm whose ij element satisfies
aj; = aji, tmplying that A™ is the transpose AT of the matriz A whose ij
element is the complex conjugate a;; of the element a;; of matriz A.

An important property of adjoint matrices is that, for all pairs A, B of
n X n matrices, one has (AB)* = B*A*.

The space C" becomes a Hilbert space when equipped with the complex-
valued inner product which is defined for all pairs x = (x;)l"; and y =
(yi)y of column n-vectors by < x,y > := Y " | Z;y;. This Hilbert space
has a real-valued norm ||x|| > 0 whose square is defined for all n-vectors
x = (w;)j, by

2. _\N" .\ 12
[ := <x,x > = Zi:l Tz = Zizl ||

Remark 2.2. Our notation allows the inner product < x,y > = > " | Ziy;
of any pair of column n-vectors x = (x;)1'_, and'y = (y;)i'_, to be rewritten
more concisely as the 1 X 1 “matriz” product x*y of the 1 X n adjoint row
matriz X* = ((:Ei)?zl)T =% with the n x 1 column matriz y = (y;),.

The two vectors x,y € C" are orthogonal just in case x*y = 0.
The unit sphere of C™ is the set

S:i={xeC"||x[P=1}={xeC"[x'x=1}



2.2 Hermitian Matrices and Their Eigenpairs: A Review

The following two definitions extend to C™ the respective definitions of sym-
metric and orthogonal matrices in R”.

Definition 2.3. e Thenxn matriz A is Hermitian or self-adjoint just
in case its adjoint satisfies A* = A.

e Then x n matriz U is unitary just in case its adjoint satisfies U* =

UL

The next two definitions are of eigenvalues, eigenvectors, eigenpairs, and
then the spectrum of a Hermitian matrix.

Definition 2.4. e The pair (A\,x) € C x (C™\ {0}) is an eigenpair
of A just in case Ax = Ax, so X is an eigenvalue and x # 0 is a
corresponding eigenvector.

e The spectrum of a matriz A is the finite set s of its eigenvalues.

The following two results are well known properties of the eigenvalues
and eigenvectors of a Hermitian matrix.

Proposition 2.5. Suppose that A is any Hermitian matriz on C™ and that
(A, x) with x # 0 is any eigenpair. Then A € R.

Proof. Because Ax = Ax and so x*A* = \x*, it follows from A = A* that
(A —N)x*x = x*(Ax) — (Ax")x = x*(Ax) — (x*"A*)x =x"(A - A*)x =0

But x # 0 implies that x*x > 0. It follows that A = ), so the eigenvalue \
is real. O

Proposition 2.6. If (A, x) are (u,y) are any two eigenpairs with A\, p € R
and X\ # u, then x*y = 0.

Proof. Because Ax = Ax, Ay = py, and A = A*, one has
(A= p)xy = (Ax")y —x*(ny) = (Ax)"y —x"(Ay) =x"Ay —x"Ay =0

But if A # p then A — p # 0, so x*y = 0. O



2.3 Orthogonal Decompositions in C”

Definition 2.7. e A linear subspace L C C" is a subset that is alge-
braically closed under linear combinations — i.e., if X,y € L and
a,B €C, then ax + By € L.

o Given any set S C C" of vectors, the set span S is the smallest linear
subspace L C C™ such that S C L.

o Tuwo linear subspaces L and L of C™ are orthogonal just in case one
has x*y =0 for allx € L andy € L.

o Given any e € C" \ {0}, let
le] :==span({e}) :={x e C"|Jcec C:x=ce}

denote the one-dimensional linear subspace of C™ that is spanned by
the non-zero vector e.

Definition 2.8. The labelled finite family LP = {Ly}qcp of linear subspaces
Ld 18:

e mutually orthogonal just in case, whenever d,d" € D with d # d', the
two spaces Ly and Ly are orthogonal;

e an orthogonal decomposition of C" just in case the spaces are mutually
orthogonal and the direct or vector sum

@deD Ly := {X+ eC”

of all the subspaces Lg in LP — or equivalently, the linear space
span L spanned by {Lq}aep — is equal to the whole of C™.

vdeDiFxg€ Lyixt =) xd}

Definition 2.9. For each natural number m € N, let N,,, C N denote the
set {1,2,...m}.

Example 2.10. Let {b*}ien, be any orthonormal basis of C", and let
{M,}ren,, be any partition of Ny, into m pairwise disjoint non-empty sets.
For each r € Ny, define L, as the linear space of dimension #M, spanned
by the set {b* | k € M,} of basis vectors. Then @ L, is an orthogonal
decomposition into m subspaces.

Ezcept in the special case when #M, =1 for all r € N,,, this is entirely
different from the orthogonal decomposition Py Liyw) of C™ into the col-
lection of n one-dimensional subspaces that are each spanned by one of the
basis vectors.

r€Np,



3 Orthogonal Projections in C"

3.1 Orthogonal Projection Matrices

Definition 3.1. The orthogonal projection Xi‘ of any x € C" onto any
linear subspace L of C™ is the unique closest point of L to x — i.e., it

satisfies {x} := argmingcy (x —y)"(x —y).

The following is a standard result on orthogonal projection matrices,
whose proof is omitted.

Proposition 3.2. Let L be any linear subspace of C™.

1. For any x € C", its orthogonal projection XJL- onto L is the unique
point of L that satisfies (x —x1)*(xg —y) =0 for ally € L.

2. The mapping C" > x — Xi‘ € L is linear, so there exists a projection
matrix II; such that II;x = xi for all x € C".

3. The projection matriz TIj, satisfies I3 = T, = IT; .

4. If L is any linear subspace of C™ that is orthogonal to L, then Iy +
Hp =1l e;.

5. If {bF}m | is any orthonormal basis of L, then II;, = S_j°, I
where each [b¥] denotes the one-dimensional subspace spanned by the
basis vector b¥.

6. For all x € C", one has x*TMx = x*TI5 T x = ||TI x| > 0.

3.2 One-Dimensional Orthogonal Projections

The following proposition characterizes orthogonal projections onto one-
dimensional linear subspaces of C”.

Proposition 3.3. Given any n-vector e in the unit sphere S of C*, the nxn
matriz P := ee” 1s Hermitian and represents the orthogonal projection Il
of C™ onto the one-dimensional subspace [e] = span({e}).

Proof. For each e € S, the n x n matrix P := e e* satisfies:

1. P* = (ee*)" = (e*)*e* = ee* = P, so P is Hermitian;



2. Because matrix multiplication satisfies the associative law, and also
e*e = 1, one has

P2 = (ee*)(ee’) = e(e*e)e* =ee* =P
This implies that P is an orthogonal projection.

3. For all x € C", because matrix multiplication satisfies the associative
law, and ¢ := e*x is a scalar in C, one has

Px=(ee")x=e(e'x) =ec=ce € [¢]

It follows that P is the orthogonal projection Ilj¢) of C" onto [e]. [

3.3 Ortho-Partitions and Ortho-Measurability in C"
Proposition 3.4. Given any orthogonal decomposition @ cp Lq of C":

1. any two different subsets Lg \ {0} and Ly \ {0} in the finite family
Ugep {Laq \ {0}} are disjoint;

2. any family of vectors {X4}aep with x4 € Lg \ {0} for each d € D 1is
linearly independent, and #D < n.

Proof. First, suppose that x € Ly N Ly where d # d'. Because Ly and Ly
are orthogonal, one has x*x = 0, and so x = 0. It follows that L;\ {0} and
Ly \ {0} are disjoint.

Second, suppose that 0 = ), agxg where ag € C and x4 € Lg \ {0}
for all d € D. Then, because orthogonality implies that x};x; = 0 whenever
d # d', one has

*
0:(5 ax)(E ax)zg Qgog) XX
dep 47 dep 4 deD(dd)dd
2%
:g ag|?xix
deD‘d| d™d

But xjx4 > 0 for all d € D, so ag = 0 for all d € D. According to
the standard definition, therefore, the family {x4}4ep of vectors is linearly
independent. Then, because the dimension n is the maximum size of any
linearly independent subset of C", one must have #D < n. O

Definition 3.5. Let @ . La be any orthogonal decomposition of C".

1. The residual set RP of all vectors that are omitted from all the sets
Udep {La \ {0}} in the orthogonal decomposition is defined by RP :=
C"\ Uaen(La \ {0}).



2. The ortho-partition of C" induced by @ cp La is the partition
B := {R"} U (Ugep{La\ {0}}) (1)
3. The ortho-algebra X7 is the o-algebra o (BP) of subsets of C" gener-
ated by the cells in the ortho-partition BP.
Because #D < n and so D is finite, evidently £ equals the power set

P(pP) = 2% of the set of all cells in the ortho-partition B” of C".

3.4 The Spectral Decomposition of a Hermitian Matrix

Definition 3.6. Given any n x n Hermitian matriz A and any of its eigen-
values A € s™, let:

1. Ey :={x € C"\ {0} | Ax = Ax} be the corresponding non-empty set
of its eigenvectors;

2. Ly := E)U{0} be the corresponding (linear) eigenspace.

Evidently Definition 3.6 implies that Ey = Ly \ {0} for all X € s.
Our next result, which we give without proof, is a version of the standard
spectral theorem that applies in the finite-dimensional space C™.

Proposition 3.7. Any n x n Hermitian matriz A:

1. induces a numerically identified orthogonal decomposition @ yc a L
of C" into linear subspaces Ly = Ey U {0} that correspond to the
eigenspaces Ex of A, one for each \ € s® in the spectrum of A;

2. has a spectral decomposition into the eigenvalue-weighted linear com-
bination

A= ZAGSA M, (2)

of orthogonal projections Il onto the corresponding mutually orthog-

onal eigenspaces L.

4 Quantum Observables as Measurable Functions

4.1 From a Hermitian Matrix to Its Eigen-Pairing

Our construction of an ortho-measurable function that corresponds to a
quantum observable in the form of a Hermitian matrix A will involve an



extension of the real line R that adds an extra element *. Following termi-
nology which is common in computer science, the extra element * could be
read as “not a number”, often denoted by “NaN”. The element x* is used in
defining an eigenpairing as a mapping C" 3 x — f4(x) whose value is only
a well-defined real number in case x is an eigenvector of A.

Definition 4.1. Given any n x n Hermitian matrix A with spectral decom-
position A =3 . .a AL, as in (2), define:

1. for each eigenvalue A € s and unique associated linear eigenspace

Ly, the set Ey := Ly \ {0} of corresponding eigenvectors, as well as
the indicator function C" 3 x — 1, (x) € {0,1} which is defined so
that 1g, (x) =1 <= x € E);

2. the residual set RA := C"\ Uyc,a B\ of n-vectors (including 0) that
are not eigenvectors of A, for any of its eigenvalues;

3. the one-point extension R U {x} of the real line, where * ¢ R;

J. the eigen-pairing of A as the map C" > x — fA(x) € RU {x} defined
by
fA(X) = { Z)\GSA A 1g, (X) ifxeC" \ RA; (3)

* if x € R,

By Proposition 2.6, the eigenspaces E\ = L)\ {0} of any n xn Hermitian
matrix A are orthogonal, and so disjoint, for different values of A. Hence
(3) implies that

fAX)= A<= x€c E, <= x#0and Ax = \x (4)

It follows that the mapping x — fA(x) pairs each x € C" with the extra
point * in case x belongs to the residual set R, but with the eigenvalue A
in case x € C" \ RA is an eigenvector in the eigenspace Ey. In particular,
the following result holds.

Lemma 4.2. The range f2(C") of the map defined by (3) equals the finite
set s&4 U {x} C RU {x}.

Remark 4.3. An alternative definition of the function x — fA(x) would
exclude from its domain the residual set R® specified in part 2 of Definition
4.1. It seems more in the spirit of probability theory, however, to define
C" > x — fA(x) on all of C", but then to attach probability zero to the
residual set.

10



4.2 Making the Eigen-Pairing Measurable
We begin with a preliminary lemma.

Lemma 4.4. Consider the smallest o-algebra o(BU{*}) on the co-domain
RU{x} that includes the singleton set {x} in addition to all sets in the Borel
o-algebra B on R. Then o(B U {x}) is the union

Y:=BUB" (5)
of the Borel o-algebra B on R with the family B* == {BU {x} | B € B}.

Proof. First, any o-algebra that includes all the Borel sets B € B as well
as the singleton set {*} must obviously include every set in the family %
defined by (5). It remains only to prove that X is itself a o-algebra.

Evidently the family ¥ includes the whole co-domain R U {x} as well as,
for each Borel set B € B, the respective complements of the two sets B and
B U {x} in RU {*}, which are

(RU{x})\ B
and  (RU{})\ (BU{*})

SIS "

Because (R\ B) U {x} € B* and (RU {x}) \ (BU{x*}) € B, it follows that
the complement of any set in ¥ also belongs to X.

Finally, consider the union of any countable family F of sets in 3. This
union is: either (i), in case no set in F has * as a member, a union Uge g By
of a countable family { By }rcx of sets in B; or (ii), in case at least one set in
F has % as a member, a union (Ugex By) U{*}. In either case, the countable
union Upc rF' belongs either to B or to B*, and so to X.

This completes the confirmation that 3 defined by (5) is a o-algebra on
R U {x}. O

Theorem 4.5. Let ¥4 denote the ortho-algebra on C" which results from
applying part 3 of Definition 3.5 to the orthogonal decomposition @y .a L.
Then the eigen-pairing C" > x — fA(x) € RU {*} defined by (3) yields a
measurable function from the measurable space (C*, %) to the measurable
space (RU{*},0(BU{x}) = (RU{x},X).

Proof. Given any Borel set B C R, it follows from (4) that (f4)~1(B) =
Unepnsa Ex and also that (fA)~1(B U {x}) is the union (f4)~1(B)U R of
(f2)~YB) with the residual set R*. Then both the sets (f*)~'(B) and
(f2)~1(B) U RA are obviously YA-measurable, as unions of finitely many
Y A-measurable subsets of C™. O

11



4.3 Hermitian Matrices as Ortho-Measurable Functions

This section is devoted to the first main theorem of the paper. It involves
functions meeting the following definition:

Definition 4.6. A function C" 5 x +— f(x) € RU {*} is ortho-measurable
just in case there erists an orthogonal decomposition @, cp La of C* for

which:

1. for all X € RN f(C"™), there exists a unique d € D and so a unique
space Ly of the decomposition such that f~*({\}) = Lq \ {0};

2. f~Y({*}) is the residual set R = C" \ Ugep(Lq \ {0}).

The proof of this first main theorem will make use of numerically iden-
tified orthogonal decompositions, which are defined as follows:

Definition 4.7. The orthogonal decomposition @ . La of C" is numeri-
cally identified just in case there exist a finite subset A C R and a bijection
D>d<+— M €A.

With this additional definition, the theorem can be stated as follows:
Theorem 4.8. There exist bijections between each pair of the three sets of:
1. quantum observables in the form of n x n Hermitian matrices A ;

2. numerically identified orthogonal decompositions @y, Ly of C";

3. ortho-measurable functions C" > x — f(x) € R U {x} satisfying
FY{\}) = E\ for all X € A.

Proof. First, given any n x n Hermitian matrix A, the spectral theorem
3.7 implies the existence of the unique numerically identified orthogonal
decomposition @, Ly of C", where A is the finite spectrum sA of A.

Second, let C" 3 x — f(x) € RU{x*} be any ortho-measurable function.
Now relabel the sets Lq in the orthogonal decomposition @, p Lg of C”
of Definition 4.6 according to the function values A in the real part A =
RN f(C™) of the range of f, which is a finite set. For different values of A, the
corresponding spaces L) are orthogonal. So the resulting labelled orthogonal
decomposition @, Ly is numerically identified. Then the decomposition
@,ca Ly serves as a parameter of the function f defined by

A ifx e Ey;
Ly; = 7
! <@>\€A A X) { x if x € C™ \ Upep E. @

12



Next, consider the intersection of the graph of this function, which is
a subset of the Cartesian product C™ x (R U {x}), with the product set
(C™\ {0}) x R. This intersection is the restricted graph made up of the
finite union of pairwise disjoint sets given by

r (@/\e/\ LA) = U/\EA (Ex x{A}) (8)

Finally, recalling the spectral decomposition (2) and putting A = s*, we
have the following chain of bijections

A= ZAGSA AL, @)\EA Lye—=T (EBAEA LA) (9)

This chain makes the result evident. O

4.4 A Contextual Multi-Measurable Space

Let D denote the family of all orthogonal decompositions of C"™. Then, for
each orthogonal decomposition D € D and associated ortho-algebra %7,
the pair (C", »P) is a measurable space that depends on the orthogonal
decomposition D, regarded as a contezt. So, according to the definitions in
Hammond (2025), the pair (C", (XP)pep) with the complete family of all
ortho-algebras is a multi-measurable space.

5 Wave Vectors as Pre-Probabilities

5.1 Preliminary Definitions

In quantum theory with the quantum state space C", a “normalized wave
function”, according to the usual terminology, is a mapping 7' > t — (t) €
S from a time interval T' C R to the unit sphere S. Since the current focus
is on events at one fixed time, we use the following definition.

Definition 5.1. A wave vector is an element of the Hilbert space C". The
wave vector ¥ € C™ is normalized just in case it is an element of the unit
sphere S in C".

Definition 5.2. Let B = (bj)?:1 be any orthonormal basis of C™.
1. Given any j € N,, and any corresponding b’ € B, let:

o L; = [b/] denote the one-dimensional linear space spanned by
the basis vector bl ;

13



e 11, denote the n xn Hermitian matriz b’ (b?)* which, by Propo-
sition 3.3, represents the orthogonal projection mapping onto L;.

2. Let DB := @?:1 L; denote the associated basic orthogonal decompo-
sition of C™.

3. Let BB denote the associated basic ortho-partition whose cells are, as
in Definition 3.5, the n sets L; \ {0}, together with the residual set
RE —Cr\ U (L; \ {0}).

4. Let ¥8 = o(BP) denote the associated basic ortho-algebra generated
by the cells which constitute the basic ortho-partition 5.

5.2 Wave Vectors as Pre-Probabilities: Special Case

Consider the special case of a basic ortho-algebra ©8 associated with an
orthonormal basis B = (b’)]_; of C". Any normalized wave vector 9 € S
can be used to construct a probability measure }P’ﬁ on the measurable space
(C",£B), according to Born’s rule, treating v as a parameter. This rule
requires that, for each j € N,, and L; = [b], the probability Pﬁ(Lj \ {0})
of the basic set L; \ {0} € X5 is given by ’l[)*HLj'l,b.5 But Iy, = b’ (b?)* in
this special case, so

P5(L; \ {0}) = 4B (b)) *p = |p*b/|? (10)

In the even more special case of the canonical orthonormal basis B, which
consists of the n columns of the n x n identity matrix, one has ¥*b’ = ;.
Then Born’s rule formula (10) evidently reduces to Pg(Lj \ {0}) = |2,
which is the squared modulus rule for the probability of each basic set L;\{0}
in the orthogonal decomposition P’_;(L; \ {0}). Because normalization
implies that the components of the wave vector satisfy Z;‘:l lpi? = 1,
these probabilities do sum to one.

5.3 Wave Vectors as Pre-Probabilities: General Case

Let @ cp Lq be any orthogonal decomposition of C", with associated ortho-
partition B and ortho-algebra . Born’s rule requires the probability of
each non-residual cell Ly \ {0} in the ortho-partition B to satisfy

Py (La\ {0}) = 4TI, % (11)

5Note that when the vector 1) is not normalized, this formula is replaced by the Rayleigh
quotient Y Tl P/ |2
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where, unlike in (10), the orthogonal projection represented by the matrix
II;,, may be onto a space Lg whose dimension exceeds one.

Note that for an orthogonal decomposition, the sum ) ;. Iz, of all the
orthogonal projections onto the component subspaces Ly equals the identity
matrix I. It follows that

ZdeD Ld \ {0} ZdeD d}
v (3, HLd) Y=y Ty =yp=1 (12)

Also Pi(RD) = 0 for the residual set R” = C"\ Ugep(Lq \ {0}).

5.4 The CDF of an Observable for a Given Wave Vector

Consider any normalized wave vector ¥ € S, along with any quantum
observable in the form of a Hermitian matrix A whose spectral decom-
position is the eigenvalue-weighted sum A = >y . a A II LA of the family

{HLﬁ\ | A e SA} of projection matrices. Then the pair (¢, A) induces a

random variable C* > x + fA(x) € RU {*} on the ortho-measurable
space (C", L) with a cumulative distribution function (or CDF) R 3 r —
F;Z‘(r) € [0, 1] which, as usual, specifies for each r € R the probability that

the random variable satisfies f4(x) < r. This CDF takes the form
Fy(r) =Py (P (oor]) = D0 LN $ Ty (13)
Because P, a L = C", it follows from (13) and then (12) that
Fy(+o0) =Py (P R) =D ' Tap =1 (14)

This, of course, implies that the CDF gives probability zero to the residual
event that f4(x) = *.
Because of the spectral decomposition A = )\ .a )\HLIA; of A and

linearity, the expectation of the induced random variable f4 is
waA = Z/\ESA )"‘#*HL?/I:b = ¢*A’1/J

5.5 A Multi-Probability Space for a Given Wave Vector

Given any fixed normalized wave vector ¢ € S, we can now use the family
(Pg )pep of probability measures we have just defined in order to extend:
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e the previous multi-measurable space (C", () pep) defined in Section
4.4, with a complete family of ortho-algebras 7, one for each orthog-
onal decomposition D € D;

e into a multi-probability space (C", (X7, sz)pep), with a complete fam-
ily of contextual probability spaces (C", 2P, PP, one for each orthog-
P
onal decomposition D € D.

6 Density Matrices and the Trace Formula

6.1 Key Properties of the Trace of a Matrix

Recall that the trace tr A of any n X n matrix A is the sum 2;21 a;; of the
elements on its principal diagonal. In case A is Hermitian, these diagonal
elements are all real, and so therefore is the trace.

Lemma 6.1. Let A = (aij)nxn and B = (bji)nxn be complex nxn matrices.
Then: (i) tr(AB) = tr(BA); (i) if B~! exists, then tr(B"1AB) = tr A.

Proof. For part (i), one has

tI‘(AB) = Zj:l 2:21 aijbji = Zj:l Zj:l bjiaij = tI‘(BA)

For part (i), put U = B~! and V = AB. Because part (i) implies that
tr(UV) = tr(VU), one has tr(B~"'AB) = tr(ABB™!) = tr A. O

Proposition 6.2. Suppose that A is an n x n Hermitian matriz whose
spectral decomposition of A, as in (2), is A = Y \c,a Ag,. For each
X € s, let my denote the dimension of the linear space Ly. Then

trA:Z)\ESA)\m)\ (15)

Proof. A well-known property of any Hermitian matrix A is that it can be
diagonalized, meaning that there exist an n x n unitary matrix U and an
n x n diagonal matrix D such that UAU™! = D, and so U™'DU = A.
Moreover, the diagonal entries of D are the eigenvalues of A. To allow for
repeated eigenvalues, note that for each A € s®, the dimension my of Ly
equals the number of times that A appears on the diagonal of D. So it
follows from part (ii) of Lemma 6.1 that

trA=t(U'DU)=trD=>_ Am, O

AEsA
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The right-hand side of (15) can be described as the dimensionally or
multiplicity weighted sum of the eigenvalues.

Proposition 6.3. Let L be any linear subspace of C"™ whose dimension is
my,. Then the trace tr I of the orthogonal projection Il onto L is my,.

Proof. Consider any diagonalization D = UII;U~! of IIy, where U is a
unitary matrix. It is easy to see that if x # 0 and IIpx = Ax, then:
either (i) A = 1 and IIyx = x, implying that x € L; or (ii) A = 0 and
II;x = 0, implying that x € L+, the orthogonal complement of L that
satisfies L @ L+ = C". Tt follows that D has m diagonal elements equal
to 1, with the remaining n — my, diagonal elements all equal to 0. But then
Lemma 6.1 implies that trIT;, = tr(U~'DU) = trD = my,. O

6.2 Density Matrices and Their Spectrum
The following is yet another standard definition.
Definition 6.4. An n x n Hermitian matrix p is:
1. positive semi-definite just in case Y*pap > 0 for all 1p € C*;5
2. a density matrix just in case it is positive semi-definite and trp = 1.

Definition 6.5. Given any n x n density matriz p and eigenvalue A € sP,
let my € N denote the dimension of the corresponding eigenspace L.

The following result gives a well known characterization.

Proposition 6.6. The n x n Hermitian matriz p is a density matrix if
and only if: (i) all its eigenvalues N\ € sP satisfy A > 0; (ii) together the
etgenvalues also satisfy the unit trace equation

ersp maA =1 (16)

Proof. Given the n x n Hermitian matrix p, let D = UpU~! be any diago-
nalization.

1. It is well-known that the quadratic form ¥* p 1 is positive semi-definite
if and only if all the diagonal elements of D are non-negative. Since
the diagonal elements of D are the eigenvalues of p, it follows that the
matrix p is positive semi-definite if and only if A > 0 for all \ € s”.

5Most physicists and some mathematicians say that such a matrix p is positive.
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2. By Proposition 6.2 applied to p rather than to A, as well as part
(ii) of Lemma 6.1, it follows that trp =1 andso 1 =trp =trD =
Y xea MaA if and only if (16) is satisfied.

The proposition follows immediately. O

6.3 Quantum States as Ortho-Probability Measures

This section shows how any quantum state, in the form of a density ma-
trix p on C", can be identified with an “ortho-probability” measure over
the components of an appropriate orthogonal decomposition of C" into the
different eigenspaces of p. The following two definitions appear to be novel.

Definition 6.7. Say that the orthogonal decomposition @,.p Ly of C" is
numerically identified by probability just in case the finite set A of numerical
identifiers are all non-negative and, together with the dimensions my of each
subspace Ly, satisfy the unit trace equation (16).

Definition 6.8. Consider any probability space (C™, £P PP) with XL as the
ortho-algebra on C" generated by the orthogonal decomposition @ ,cp La,
as specified in Definition 3.5, and with PP as a probability measure on NP
The triple (C", P, PP) is an ortho-probability space with ortho-probability
measure PP just in case, given the dimension mg := dim Ly € N for each
d € D, there ezists a bijection D > d <— A\g € A C [0,1] such that:

1. for all d € D, one has PP (Lg\ {0}) = mq \g;

Note that the requirement that the mapping d <— Ay is a bijection
ensures that the orthogonal decomposition @ ,.p Lq is numerically iden-
tified by its probability, with each set Ly \ {0} as the unique eigenspace
corresponding to the eigenvalue Ay.

Here is the second main result of the paper.

Theorem 6.9. There are natural bijections between the sets of:
1. n X n density matrices p;

2. orthogonal decompositions @ycp Ly of C" that are numerically iden-
tified by probability;

3. ortho-probability spaces (B ep(La \ {0}), 2P, PP) in C.
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Proof. Given the spectrum A = sP of any Hermitian matrix p, we rewrite
the bijections in (9) as

P= Z,\esp ALz, = @)\EA Iye—= T (EB)\EA L’\> (17)

Here these are bijections between the three spaces of: (i) spectrally decom-
posed Hermitian matrices; (ii) numerically identified orthogonal probabili-
ties; and (iii) ortho-measurable functions.

By Proposition 6.6, the Hermitian matrix p is a density matrix if and
only if all its eigenvalues A: (i) are non-negative; (ii) and together satisfy
the unit trace equation (16). But this double condition exactly matches
both: (i) the same double condition on the spectrum A = s as that used in
Definition 6.7 of an orthogonal decomposition @y, Lx which is numerically
identified by probability; (ii) the double condition used in Definition 6.8 of
an ortho-probability space. ]

6.4 Mixed versus Pure Quantum States

We have just shown how a general quantum state, as represented by a density
matrix p, can be identified with an ortho-probability measure PP defined on
the ortho-algebra ¥ generated by the orthogonal decomposition ¢, E
of C™ into the eigenspaces of p. In general, one may regard PP as describing a
mized quantum state. The special case of a pure quantum state occurs when
the spectrum of p satisfies s = {0, 1} and there exists a unique normalized
wave vector ¢ € S such that the spectral decomposition p = 3 ., AT,
of p reduces to the single non-zero term p = Iy = ¢ " involving the
projection ITjg onto the one-dimensional subspace [¢] spanned by ¢.

Consider a general measurable space (£2,.4) in which, for each w € €2, one
has {w} € A. Then there is evidently a convex set of possible probability
measures P on (£2,.4) whose extreme points are the degenerate probability
measures &, on (£2,.4) which, for each w € €, satisfy §,({w}) = 1.

By contrast, consider the multi-measurable space (€2, (3”)pep) where
each o-algebra ¥ may be a based on a different orthogonal decomposition
@Dicp La of C*. Consider the mixture p = >}, aypy of the set {p;}7"
of m different pure states pj, = Il j, where ag >0 for £k =1,2,...,m and
> iy ar = 1. For p to be a mixed state in the sense of a density matrix,
and so an ortho-probability measure, there must exist one single common
orthogonal decomposition &, , Lq of C" which includes all the spaces [¢,].
This implies mutual orthogonality of all the normalized wave vectors ¢y,
as well as of the corresponding projections IIjg j onto the one-dimensional
subspaces that they span.
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6.5 Consistent Multi-Probability Spaces

The following definition applies to probability measures the consistency no-
tion that Vorob’ev (1962) applied to measures more generally.

Definition 6.10. Given the family D of orthogonal decompositions of C",
the multi-probability space (C",(XP,PP)pep) is consistent just in case,
whenever Dy and Do both belong to D, and the linear space L has the prop-
erty that L\{0} belongs to both o-algebras Pt and ©P2, then the two contea-
tual probability measures PP and PP? satisfy PP (L \ {0}) = PP2(L\ {0}).

6.6 Quantum Probability Distributions over Projections

Let P :={Il; | L € L} denote the domain of all orthogonal projections onto
linear subspaces L of C™.

Definition 6.11. A quantum probability distribution is a mapping P >
IT — p(II) € [0, 1] with the property that, if {1l }rex is a family of mutually
orthogonal projection matrices, then (3 jcp k) = D per #(Mx).”

6.7 Characterizing Consistent Multi-Probability Spaces

Proposition 6.12. The multi-probability space (C*, (2P, PP)pep) is con-
sistent if and only if there exists a quantum probability distribution P >
I +— p(I) € [0,1] such that, whenever L € X, then PP(L) = p(Ily),
independent of the contextual orthogonal decomposition D.

Proof. The result is an immediate implication of the two Definitions 6.10
and 6.11. O

Suppose the dimension n of C" satisfies n > 3. Then a corollary of Glea-
son’s (1957) theorem due to Parthasarathy (1992, Theorem 9.18) implies
that there is a density matrix p satisfying p(II) = tr(pII) for all projections
IT € P. This implies the trace rule stating that, for all L € £ and all D € D,
one has PP (L) = u(1l;) = tr(pIly).

7 Conclusion

7.1 A Quantum Measurement Tree

Shafer and Vovk (2001, pp. 189-191) present a convenient and concise math-
ematical description of a typical simple quantum experiment based on a

"This is a finite-dimensional version of the definition on p. 31 of Parthasarathy (1992).
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finite-dimensional Hilbert space C™ where observables can be represented
by Hermitian matrices rather than self-adjoint operators. Where time is not
explicitly involved, this paper has laid out an alternative and possibly more
informative description in the form of a very simple quantum measurement
tree. This takes the form of a tree graph in which each path through the
tree has three nodes, as follows.

1. First there is an initial preparation mode ng where an experimental
configuration or context ¢ in a finite domain C' is determined.® Each
context ¢ € C' combines:

e a quantum observable in the form of a Hermitian matrix A whose
eigenvectors and eigenvalues determine a numerically identified
orthogonal decomposition of C", with an associated ortho-algebra
of ortho-measurable events, and whose spectral decomposition
corresponds to an ortho-measurable function C* 3 1 — f(¢) €
R that associates each eigenvalue A € s® with its eigenspace
E) = f~1()\) of corresponding eigenvectors;

e a quantum density matriz p in the form of an orthogonal decom-
position of C™ identified by probability.

2. Second, the immediate successors of the initial node ng consist, for each
contextual pair (A, p), a unique measurement node na , in the form of
a chance node where there is a roulette lottery, with a probability mass
function PA defined on the finite set {Ey | A € sA} of eigenspaces
of A by the trace rule requiring that PA?(E)) = tr(pIlg,) for each
cigenvalue \ € sA.

3. Third, the immediate successors of each measurement node na , con-
sist, for each potential value A € s of the observable A, of a unique
terminal observable node na , of the tree that is identified with the
potential observation A € s®.

7.2 Reduction to a Probability Metaspace

In Hammond (2025) two particular multi-probability spaces were each re-
duced to a single probability metaspace whose sample space included a vari-

8We insist on the domain C of contexts being finite only to ensure that the measurement
tree is finite, in the sense of having a finite set of nodes. Extensions allowing C' to be infinite
only present difficulties if, for instance, we want to introduce a general measurable random
process which determines the experimental configuration ¢ € C.
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able o-algebra. Each reduction involved a finite domain C' of possible con-
texts, together with a probability mass function C' 35 ¢ — ¢. € [0,1] in the
set A(C') of those mappings that satisfy »° .~ ¢q. = 1. Applying a similar
reduction to the quantum measurement tree described in Section 7.1 results
in a probability metaspace (QM, M IP’(JZW ) where:

1. The sample space QM is the Cartesian product set C" x {Z4¢ | ¢ € C}
of pairs (1, X) that combine a wave vector 1) with a contextual ortho-
algebra ¥ on C” selected from the finite set {SA¢ | c € C}.

2. Let M be the partition of QM into the finite collection

Uecec (UEGEAC {E x {ZAC}) (18)

of cells which, for each context ¢ € C and then for every ortho-
measurable set E € YA¢, take the form of the Cartesian product set
E x {¥A<}. Then the o-algebra ¥ is the power set o(PM) = 2B
of the set of cells in the partition .

3. For each probability mass function ¢ € A(C), the probability measure
IP{IVI on the finite o-algebra M is the unique probability mass function
which, for each context ¢ € C' and measurable set E x {$A<} € ©M
and given each residual set R4 in C", satisfies

0 if £ = RAc

wirlplly) if B exAc\ (ray U

PY(E x {£4}) = {

7.3 Concluding Remarks and Future Research

Consider any quantum observable represented by the n x n Hermitian ma-
trix A. Note that each eigenvalue A in the spectrum s of A is only a
potential observation. Even if the eigenspace FE) is the realized result of the
roulette lottery at the measurement node np , of the quantum measurement
tree described in Section 7.1, whether the eigenvalue A is actually observed
depends on whether the experimental configuration includes some device for
making that observation.

Note too that in this paper the roulette lotteries with probabilities speci-
fied by the trace rule have been limited to those with a finite set of outcomes
in the real line, whose corresponding measurement operators are Hermitian
matrices. In future work it is planned to consider both: (i) more general
real-valued observables with an infinite range of possible values, possibly
unbounded; (ii) vector-valued observables with a range of multidimensional
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simultaneously observed measurements, whose different components are de-
scribed by commuting Hermitian matrices.

Finally, one reason to consider quantum measurement trees is that, in
principle, they should be able to describe the effects of a sequence of quantum
measurements. Then, of course, it is important to model how any quantum
measurement affects the unitary evolution of a quantum state. This is es-
pecially true when, on the basis of Theorem 6.9, we regard any quantum
state as an ortho-probability measure on the components of the appropriate
orthogonal decomposition of C™ into the eigenspaces of the usual Hermitian
density matrix.
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