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Abstract

Political leaders choose advisors by balancing political alignment, competence,
and diversity of views. We study a leader who can consult one or two strategically
communicating experts at a cost. One is more aligned but has less precise or more
redundant information; the other is better informed but less aligned. The leader’s
optimal consultation choice exhibits a reversal. When both are consulted, increasing
the better-informed expert’s ideological distance first causes the leader to dismiss the
other advisor and rely on that expert alone; as the distance grows further, she switches
to the more aligned advisor. The same reversal persists with continuous signals,
and the dismissal of the more aligned consultant can occur even when informative
transmission by both experts remains feasible. When the better-informed expert’s
alignment is uncertain, a greater probability of alignment can induce consultation of
both. We relate these results to advisor turnover across political administrations.
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1 Introduction

Political leaders rely on a variety of advisors, and the quality of this advice often shapes

the success of their decisions. As Niccolo Machiavelli noted in The Prince (Ch. 22):

The first opinion that one forms of a prince, and of his understanding, is by

observing the men he has around him.

Advisor selection involves a fundamental trade-off. The pool of potential appointees
is limited and heterogeneous in political alignment, competence and diversity of Views.ﬂ
Should the leader favor aligned advisors or more competent experts? Should she include

ideologically distant consultants to gain from diverse perspectives?

These dilemmas have long been recognized by political scholars, and pervade all political
appointments, from top executive nominations to the assignment of technical policy experts.

In the context of Presidential appointments for exampl(ﬂ:

The President is interested in staffing his administration with people personally
and politically loyal to him, who will at the same time bring competence and
support to the programs he espouses. (Mann, |1964)

The tension between the White House’s need for loyal and committed appointees
and the country’s requirement for men and women of exceptional ability to
run the executive branch appears to require a trade-off between loyalty and
competence. (Edwards, 2001))

More fundamentally, Max Weber in Economy and Society (Vol. 1, Part I1I) identified

the same tension as a general leadership problem under informational asymmetry:

Since the specialized knowledge of the expert became more and more the foun-
dation for the power of the officeholder, an early concern of the ruler was how
to exploit the special knowledge of experts without having to abdicate in their

favor.

IFor example, |Lewis| (2012) notes that “the pool of loyal and competent persons who are also politically
connected in useful ways is limited.”

2 Among others, (Cohen| (1998)) argues that appointing loyal politicians may result in an “amateur govern-
ment,” as such appointees often lack administrative expertise, while|[Moe, (1985|) emphasizes the importance
of “responsive competence.”



Hence, a natural trade-off between political alignment and competence arises as a sys-

tematic constraint on political selectionEHﬂ

Further, democratic leaders must decide how much ideological diversity to seek among
the experts they consult. Overreliance on like-minded consultants can produce “group-
think” and impair deliberation, while including ideologically distant voices can improve
decision-making but may increase the risk of biased or strategically manipulated advice.
Empirical studies document the strategic inclusion of diverse appointees, and leaders often
consult multiple experts to improve information aggregation and reduce reliance on any
single perspective (Ingraham et al., |1995; Bertelli and Feldmann, [2007; Lewis, 2008)H

These strategic tensions — between loyalty, competence, and ideological diversity — are
present across political systems. Rooted in the Weberian tradition that separates admin-
istration from politics, many European countries and the UK expect senior civil servants
to provide impartial advice (Putnaml 1973)). Yet, the political context in which advice
is given often blurs this boundary. Civil servants may be formally neutral but still per-
ceived as ideologically misaligned, prompting political leaders to question their objectivity.
Simply mandating neutrality may in fact reduce the effectiveness of advice by suppressing

independence rather than ensuring it.

This paper provides a first formal analysis of the trade-offs a leader faces when advisors
differ in political alignment, competence and informational diversity. A leader must decide
under uncertainty and may consult one or two experts, at a cost for each. Each observes a
private binary signal informative about the state of the world and, if consulted, sends an
unverifiable report. One expert is less biased relative to the leader, but either observes a
noisier signal (Section [3) or information correlated with the leader’s (Section [7)); the other

is better informed but more biased.

Section [4| characterizes the pure and mixed strategy equilibria. In a pure strategy, each
consulted advisor either reports his signal truthfully or sends a message unrelated to what
he knows. Truthful reporting requires his bias not to exceed a threshold determined in

equilibrium; randomization is possible only at that threshold. The threshold rises when

3Similar trade-offs are uncovered by Bellodi et al.| (2026) in the context of regulator assignments. They
show that, for the average rule, about 1/3 of potential assignees have relevant prior experience, where the
pool is limited to regulators in the originating bureau who are observed writing rules both before and after
that rule. Restricting assignments to co-partisans would forgo about 33% of maximally available expertise.

4A structurally similar trade-off has been formally analyzed in the context of candidate selection under
list proportional representation. Buisseret and Prato (2022) examine how parties allocate list ranks to
candidates by balancing competence with electability.

5For example, the Bush administration appointed both Colin Powell, who opposed the Iraq War, and
Donald Rumsfeld, who supported it (Saunders| [2018)). President Obama appointed Republican Ray LaHood
as Secretary of Transportation to foster bipartisan collaboration (Newton-Smalll [2008).



the other expert’s message is uninformative or he is not consulted, making truth-telling
less demanding. The leader does not consult an expert whose message she expects to be

uninformative.

The leader’s optimal consultation strategy relates the experts’ biases to consultation
in a subtle way. When both biases are sufficiently small, consulting both maximizes her
welfare, unless consultation costs are too high. As the bias of the better-informed expert
increases, the leader first dismisses his colleague, despite the latter’s closer alignment: both
can no longer be truthful with positive probability, but the more informed expert can
still be truthful when the other sends an uninformative message or is not consulted. The
more aligned consultant therefore contributes no information, and dismissing him saves his
consultation cost.ﬁ As the better-informed expert’s bias grows further, he too can no longer

be truthful, and the leader switches to his less competent but more aligned colleague.

These consultation reversals persist with continuous, uniformly distributed signals (Sec-
tion , where communication is partitional and never fully revealing. The result is stronger
in one respect. In the binary model, the leader turns to the better-informed expert alone
when informative communication by both ceases to be feasible. With continuous signals,
she can make this change while both can still communicate informatively. The reason is
that adding the more aligned consultant changes the better-informed expert’s communica-
tion incentives and can induce him to communicate more coarsely. The resulting loss of
information may exceed the information contributed by the additional consultant himself.
As the better-informed expert’s bias grows further, the leader again switches to the more

aligned one.

For tractability, the continuous-signal analysis focuses on equilibria in which each infor-
mative advisor divides his signal space into two intervals. We restrict the comparison to a
parameter region in which these are the most informative single-advisor equilibria, and ver-
ify numerically that consulting both advisors does not generate richer communication.The
formal characterization and numerical checks are provided in Section [5| and Part C of the

Supplementary Appendix.

We relate these consultation patterns to advisor turnover during leadership transitions.
A new leader whose views break with her predecessors’ is ideologically distant from the
experts appointed before her: appointees who share her views lack the incumbents’ spe-

cialized expertise, and our analysis shows that introducing her own appointees can hinder

6This result would hold unchanged if the advisors could also send public messages without being con-
sulted by the leader, for example, by speaking to the press. In the best equilibrium, the leader does
not consult the more aligned expert, ignores his “free” public advice and bases her decision only on the
better-informed one’s consultation.



her ability to extract reliable information from the experienced experts. If her views are so
divergent that she cannot rely on incumbent experts for trustworthy advice, replacing them
with her own appointees is optimal; if instead ideological distance does not preclude effec-
tive communication and collaboration, she is better off retaining and relying exclusively
on the existing experts. These considerations help explain observed patterns of advisor

turnover following leadership transitions, as discussed in Section [4]

We extend the baseline model by allowing for uncertainty over the political alignment
of the better-informed expert: it is uncertain whether he is more biased than his less
informed colleague, whose preferences are known, or just as closely aligned with the leader.
The motivation is that elected leaders must make their political views manifest to gain
electoral support, whereas unelected consultants often keep their leanings confidential—
withholding them being a crucial aspect of the professional conduct by which an expert

establishes the credibility of his advice.

Many of our earlier findings carry over to this model of “uncertain trade-off,” but the
comparative statics become richer. Increasing the bias of the less informed expert, together
with his better-informed colleague’s bias whenever their views coincide, can now lead to the
latter’s dismissal. This cannot occur in the baseline model, where only the less informed
expert’s preferences change. And although the better-informed consultant becomes more

attractive ex ante, his less informed colleague is consulted more frequently.

Furthermore, the comparative statics are no longer limited to the experts’ biases: in-
creasing the likelihood that the better-informed expert is no more biased than his colleague
can lead the leader to shift from consulting only the former to consulting both. This com-
plements our earlier result that a newly elected leader should rely primarily on pre-existing,
experienced consultants: if she discovers over time that their views are more aligned with
hers than expected, she can improve decision-making by adding loyal, if less experienced,
consultants—developments that, as we detail in Section [6], are not uncommon in govern-

ment appointments.

2 Literature Review

Our work contributes to the political economy literature on advice. Among others,
Battaglini (2002) shows how full information revelation arises with biased, perfectly
informed experts, while |Dewatripont and Tirolel (1999) analyze decision-making with
competing advocates who conceal unfavorable information but cannot fabricate evidence.

Che and Kartik| (2009)) show that disagreement can induce greater effort to acquire verifi-



able information, and |Morris (2001) studies communication by an expert concerned with
appearing impartial. (Ottaviani and Sgrensen (2001)) analyze speech order among experts
signaling competence, and Dewan and Squintani| (2018) model leadership as emerging from
communication among ideologically diverse agents. We add to this literature by examining

the trade-off between advisor alignment and competence[]

Methodologically, we operate within the cheap talk framework pioneered by |Crawtford
and Sobel (1982). Building upon the work of [Hagenbach and Koessler| (2010)) and |Galeotti
et al.| (2013), we formulate a rich yet tractable model for a leader’s choice of advisors. We
introduce several features that have not been analyzed jointly before, along with others
that are entirely novel to the literature. The decision maker may be imperfectly informed
and may consult multiple experts who are also imperfectly informed. We consider players
with heterogeneous information and formalize the notions of informativeness, precision,
and correlation | We also allow for the possibility that the preference of one of the advi-
sors is private information.ﬂ Relatedly, Ambrus and Lu (2014) study communication by
multiple imperfectly informed senders and establish conditions for almost full revelation as
observation noise becomes small. (Goltsman and Pavlov| (2011) instead study one sender

communicating with multiple receivers, comparing public and private communication.

The trade-off between selecting aligned or competent subordinates is not unique to
democracies, though the selection of consultants in autocratic settings differs in important
ways. Our model abstracts from internal power challenges, whereas |Egorov and Sonin
(2011) show that dictators facing threats of treason may favor loyal but less competent
subordinates, since competence can both strengthen regime stability and increase the risk

of rebellion.

3 Baseline Model: Alignment vs. Competence

A leader (player 0, “she”) must make a decision § € R to maximize her utility uo(g,x) =
— (9 — )%, where x is an unknown state, uniformly distributed on [0, 1]. Before making her

decision, the leader has the option to consult one or two advisors (both “he”), indexed by

"More distantly related to our work, [Foerster and Habermacher| (2025)) study a model of competition
between informed agents who differ in preferences and competence that encompasses both advice and
lobbying. Each agent posts a menu of transfers. The leader chooses an agent and an action, and the
corresponding transfer is established.

8Ottaviani and Sgrensen| (2006 and Denisenko et al.| (2026)) analyze single-expert models where signal
precision reflects competence. The former emphasizes concerns for competence; the latter focuses on
strategic disclosure under verifiable communication.

9The literature has focused on the case in which there is a single expert, and only his bias is private
information; see, for example, [Morgan and Stocken| (2003) and |Li and Madarasz (2008)).



i = 1,2, at a cost ¢ > 0 each. Each advisor i observes a private binary signal s; € {0,1}
informative about z, and, if consulted, sends a message m; € {0, 1} to the leader.m We let
A C {1, 2} be the set of consulted advisors. If both advisors are consulted, they send their

messages simultaneously.

Each advisor ¢ has a payoff function depending on the known bias b;, u;(y,x) = —(y —
x — b;)%. Advisor 1 is more closely aligned with the leader than advisor 2, in the sense
that |b1| < |bs] and by # 0. Advisor 2, however, possesses higher-quality information than
advisor 1. We here focus on the case in which s; is less precise than sy. Specifically, there
are two binary signals s} and sy, conditionally independent given z. Each signal equals 1
with probability x and 0 otherwise. But while advisor 2 directly observes signal ss, the
signal s; observed by advisor 1 is a noisy version of §|: with probability p € (1/2,1),
sy = sy, and with probability 1 —p, s; =1 — sﬁlﬂ

A pure strategy of an advisor ¢ € A is a mapping m; : s; — m;. The leader’s decision
strategy y maps the received advisors’ messages m, to an action y € R. Mixed strategies
u; are defined as usual. The players play a possibly mixed perfect Bayesian equilibrium
(A, u,y). By strict concavity of ug(7,x), the leader plays a pure strategy at the decision

stage.

As is standard in the literature on cheap talk games, there may be multiple equilibria.
For any given consultation set A, there always exists a babbling equilibrium (p4,y) in
the ensuing communication subgame. Let £(A) denote the set of such equilibria. We
assume that the maximum below exists and that, whenever more than one communication
equilibrium exists, a most informative one is selected, where “most informative” means the
equilibrium maximizing the leader’s ex-ante payoff:

Va= sy Doluay) = = min, | ElVar (zlso o))
Here sy denotes any private signal observed by the leader and is omitted in sections in which
she has no private signal. We call V4 the leader’s consultation value. With fixed, commonly
known biases, all players rank communication equilibria in the same order because advisor
i’s payoff is the leader’s payoff minus b?. With private bias types, this Pareto-ranking
conclusion need not hold, but we maintain the leader’s ex-ante payoff as the selection

criterion.

10Tn our binary-type framework, by standard arguments it is sufficient to focus on a binary message
space.

Ul ater in Section we consider the case in which s; is less informative to the leader than ss, not
because s; is noisier, but because it is correlated with the leader’s information while s, is conditionally
independent of the leader’s signal given the state. This allows us to account for the value of advisors’
diversity and independence, relative to the leader. We show that the results are qualitatively similar to
the case of noisy s; considered here.



If B C A, every equilibrium following B can be embedded following A by having the
added advisors babble and the leader ignore their reports; hence V4 > V. The leader
chooses A to maximize W, = V4 — c|A|. If consultation sets tie, including when ¢ = 0 and
an added advisor only babbles, we select the set with the fewest advisors. Throughout, Vi
for a labeled communication class & denotes that class’s payoff and need not equal the

unrestricted consultation-set value V4.

4 Results

For clarity of exposition, we begin by characterizing the pure strategy equilibria (A, m,y).
The mixed strategy analysis is at the end of this section. We proceed backwards, by
fixing any arbitrary consultation set A and calculating the equilibria (u4,y) of the ensuing

communication subgame, which we call “communication equilibria”.

Pure strategy communication equilibrium characterization Given any consulta-
tion set A, and consulted advisor messages m, € {0,1}4, it is immediate from the leader’s
objective function that the equilibrium decision rule y is y(1h4) = E|[x|mh,] for any message
profile th4 € {0,1}#. The leader’s decision matches her posterior expectation of the state

x.

Next, consider the communication stage. Up to relabeling the messages m;, each con-
sulted advisor i either plays truthfully in equilibrium, m;(s;) = s; for both s; = 0,1, or
babbles: m;(s; = 0) = m;(s; = 1). Hence, for any non-empty choice of consulted advisors
A, we summarize the equilibrium communication strategies m4 by the set of truthful advi-
sors T' C A. The following result characterizes the pure strategy communication equilibria
with non-empty A. We henceforth say that an advisor’s signal s; is contrary to his bias b;

if either s; =0 and b; >0or s; =1 and b; < 0.

Proposition 1 Fiz any non-empty consultation set A. Any equilibrium (mpu,y) of the
ensuing communication subgame is such that for each truthful advisor ¢ € T, given the

strategy m; of the other advisor j (if consulted), for the signal s; contrary to his bias b;:

b < 01 A (51, 7725)” Pr(iings;)
nT 2ij:0,1 A; (si,15) Pr(riyls;) |

(1)

where A;(s;,m;) = Elz|m; = 1 — s;,my;] — Elz|m; = s;,m;]. Conversely, these condi-
tions are sufficient, as no advisor gains by lying at the signal conforming to his bias.

The leader’s equilibrium decision rule is y(xhy) = Elx|ma] for any message profile iy €

7



20; < A(m;=0,m;): truthful com.
2b; > A(m;=0,m;): no truthful com.

4
<

0 Elz|r; = 0, rij]  Elz|ri = 0, 1ivj]+b;

A(mZ = O,mj) = E[(L‘|mz = 1, ’fhj] — E[l‘hﬁ, = 0, ’fhj]

| Ly |
1 1 1

Figure 1: Heuristic argument for truth-telling.

{0,1}2. Net of the sunk cost c, the leader’s expected equilibrium payoff in the subgame is
Up(my,y) = —Ew, [Var(z|my)], and the expected payoff of each advisor i is U;(my,y) =
_EﬁlA [Var(x|rhA)] — b?B

When A = {i}, the sum in contains one term and the condition reduces to |b;| <

|A;(s;)| /2, with no conditioning variable for another advisor’s message.

For any given consultation set A, omitting the sunk consultation cost ¢, all players
rank the communication equilibria (my4,y) in the same order. The term Fy,, [Var(xz|mhy)]
identifies the residual uncertainty about the state z after observing the advisors’ messages

A~

my.

Consider now the truth-telling condition (/1)) of Proposition , and suppose that both
advisors are consulted and are believed to be truthful. For each advisor i = 1,2, the
term Pr(m;|s;) denotes the probability that the leader receives message m; from the other
advisor j, given that advisor i receives signal s;. Because the equilibrium decision of the
leader is y (hy) = E|x|m;, m,| for every (my,m;), the expression A,(s;, ;) = Elz|m; =
1 — s;,m;| — Elz|m; = s;,m;] identifies by how much advisor ¢ would move the leader’s

decision if lying, i.e., if sending message m; = 1 —s; instead of the truthful message m; = s;.

For further intuition, consider Figure [1| and let b; > 0, so advisor 7 is biased rightward.

Fix any realization of the message 1, sent by the other consulted advisor j. For any signal

12Tn the subgame following A = @, the leader plays y = E[z] and receives expected payoff Eug(y) =
—Var(z), whereas each advisor i’s payoff is Fu;(y) = —Var(x) — b2.

8
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Figure 2: Equilibrium bias thresholds and consultation values as functions of p.

s; = 0,1, advisor ¢« may deviate from equilibrium by sending the false message m; =1 —s;
instead of the truthful message m; = s;. By doing so, he moves the leader’s decision g from
Elx|m; = s;,1m;] to Elz|m; =1 — s;,1,], 1.e., by A;(s;,m;). Advisor ¢ has no reason to lie
when s; = 1, as this can only move ¢ to the left and he is biased rightward. When s; = 0,
he gains by lying if and only if he moves g to the right by not too much: if A;(s;, ;) > 2b;,
the leader’s response to the lie m; = 1 “overshoots” i’s bliss point E[x|s;,m;] + b; so
much that it makes him worse off relative to sending the truthful message m; = s; = 0; if
A;(s;,mj) < 2b;, he is better off deviating and lying.

The truth-telling condition highlights that equilibrium truthful communication be-
comes more demanding when the leader consults multiple advisors. Intuitively, each expert
is only concerned with how the leader’s action compares to his own bliss point. When she
receives more reports, each moves her posterior by less, which reduces the risk of “over-
shooting” one’s ideal point. This makes deviations more attractive and truthful reporting
harder to sustain. This contrasts with environments where consultants compete for reputa-
tion: there, consulting more experts allows the leader to cross-check reports. We conjecture
that this disciplines them and facilitates truthful communication. In our pure cheap talk

setting, the opposite effect arises.

Communication equilibrium existence and consultation value Suppose that both
advisors are consulted, A = {1,2}. There are four possible pure strategy communication
equilibria &7, depending on the set ' C A of truthful advisors. Using Proposition [I}, we

now determine for what parameters p, by and by each exists and its consultation value.

Before proceeding, we recall a useful result from |Galeotti et al. (2013) in a setting
where each signal s; € {0,1} is an ii.d. Bernoulli trial with Pr(s; = 1]jz) = z. They

show that in any communication equilibrium (m,y) in which the leader has access to k



Bernoulli signals that are independent conditional on z, the bias b; of each truthful advisor
must satisfy |b;| < 1/(2(k + 2)), and the leader’s equilibrium value from consultation is
V(m,y) =—-1/(6(k +2)).

Let &5 denote the equilibrium in which both advisors are truthful. In the appendix,

we derive the threshold functions

i an ==
PTG 2-p) Y T a0y 2

such that the equilibrium exists if and only if [b;| < m12.1(p) and |bs| < mi22(p). These

thresholds are displayed in Figure [2] (left). As the precision of signal s; increases (i.e., as
p increases), the threshold 7;21(p) becomes less stringent, whereas 1;2.2(p) becomes more
demanding. As advisor 1 becomes more informed, he would move the leader’s decision
more by lying. In line with Proposition[I], the truth-telling condition of advisor 1 is relaxed.
Conversely, the effect of a lie by advisor 2 on the leader’s decision is reduced, and his truth-
telling condition becomes more demanding. Intuitively, the leader’s consultation value in
this equilibrium, denoted by
1+ 2p — 2p?
CRp+1)2-p)

increases with p, as displayed in Figure [2| (right). As the signal s; becomes more precise,

Viz2(p) =

including advisor 1 in the consultations becomes more valuable[”|

The equilibrium &; is such that only advisor 1 is truthful. It exists if and only if
|b1] < mi(p) = (2p — 1) /6. The threshold function 7, (p), also plotted in Figure [2[ (left), is
increasing in p and always lies above 1121(p). The first feature again reflects the fact that
a more informative signal induces a larger change in the leader’s posterior belief about z.
The second one reflects the fact that, in line with Proposition [T, the truth-telling condition
for advisor 1 is more demanding when advisor 2 is consulted and is truthful. The leader’s
consultation value in this equilibrium, V;(p) = — (1 + 2p — 2p?) /18, increases as his signal

becomes more informative.

In equilibrium &, only advisor 2 is truthful. Because signal s, is a Bernoulli trial
with Pr(se = 1|z) = x, this equilibrium exists if and only if |by] < 7y = 1/6, and the
corresponding consultation value is Vo = —1/18.

Finally, if both advisors’ biases exceed their respective thresholds (i.e., |b;| > n1(p) and
|b2| > 12), neither advisor is truthful. The resulting equilibrium & has consultation value
Vo = —1/12.

13When p = 1, the leader effectively receives two i.i.d. Bernoulli signals from the advisors, which yields
Mao.1 = Moo = 1/8 and Vo (1) = —1/24. Similarly, when p = 1/2, the leader’s only informative signal is
S9, SO that M2.1 = 0, MN2.2 = 1/6, and ‘/12 (1/2) = 71/18

10



Each communication equilibrium &7 exists under the same conditions also in the sub-

game following a consultation set A # {1,2}, as long as T C A.

Optimal choice of advisor Having characterized the communication equilibria of any
subgame given consultation choice A, the characterization of the equilibrium of the whole
game is completed by noting that, because consultation is costly, the leader consults an

advisor only if she expects that he will be truthful in equilibrium.

Figureshows that 912.1(p) < {m2.2(p), m(p)} < ne, implying that there exist bias pairs
(b1, by) such that only the less biased advisor 1 is truthful in equilibrium, as well as bias
pairs for which only the more biased advisor 2 is truthful. Specifically, only advisor 1 is
truthful when |b;] < n1(p) and |ba| > 72, while only advisor 2 is truthful when 7;(p) <
|b1| < |b2| < m2. More generally, when |by| < n1(p) and |be| < 12, but either |by| > 712.1(p)
or |ba| > m22(p) holds, the leader can extract truthful information from one advisor but
not both. This highlights a strategic trade-off that emerges in an equilibrium, even when
the cost of advice is small. When only one advisor can be truthful, the leader optimally
chooses the more informed one, provided that the consultation cost is not too large: since
Vo > Vi(p) for all p < 1, she consults advisor 2.

The following proposition accounts for the leader’s consultation cost, and characterizes

the optimal consultation strategy.

Proposition 2 There exist thresholds ¢12(p), ¢1(p) and ¢, defined in the appendiz, such that
for any signal precision p € (1/2,1) and ¢ < ¢, the leader’s optimal consultation choices

are as follows.

(i) When both advisors’ biases are sufficiently small, |by| < ma1(p) and |ba] < m22(p),

the leader consults both advisors if ¢ < ¢12(p), and only consults advisor 2 if ¢ > ¢12(p).

(i) When |by| > mia1(p) and |ba] < m22(p), or |bs| € (m2.2(p), n2], the leader consults

advisor 2 who is truthful in this region.

(i1i) When only advisor 1 can be truthful, |ba| > 12 and |by| < ni(p), the leader consults

advisor 1 if ¢ < & (p) and otherwise consults none.

If either ¢ > ¢ or |by| > n1(p), |ba| > 12, then no advisor is consulted.

The cost thresholds ¢15(p) and ¢ (p) increase in p, reflecting that higher signal precision
makes consultation more valuable. (Throughout a bar denotes a cost threshold of this

section, a tilde the threshold of &5 against & in Appendix B, and a hat one of Section |§|)

We now present our key comparative statics.
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Proposition 3 Suppose that ¢ < é2(p), |b1] < m21(p), and |bs| < M22(p), so that both
advisors are initially consulted. As the bias by of the more biased advisor increases in
absolute value, so that mao(p) < |ba| < 2, the leader drops advisor 1 but retains advisor
2. If |by| increases further so that |by| > 14, the leader dismisses advisor 2 and hires back

advisor 1.

|ba|

M2

Ni2.2 (p)

maa(p)  m(p) b

Figure 3: Optimal equilibria when consultation cost is not too high (¢ < ¢12(p)).

Consider the case of positive biases. It may seem counterintuitive that increasing the
bias of advisor 2 leads to dropping advisor 1, but the model makes the mechanism clear.
When the consultation cost is not too high, ¢ < ¢;5(p), and the biases are sufficiently low,
b1 < m2.1(p) and by < m122(p), the leader benefits from truthful advice from both advisors
(region &9 of Figure. Once M12.2(p) < by < 12, both advisors can no longer be truthful in
equilibrium; the leader must choose and, advisor 2 being more informative, she retains him
(region &). As by rises beyond 1, advisor 2 ceases to be truthful, and the leader instead

turns to the less-informative but more-aligned advisor 1 (region &)

Proposition [3| speaks directly to the organization of political advice during leadership
transitions. When a newly elected policymaker departs ideologically from previous admin-
istrations, the resulting shift widens the gap between the leader’s preferences and those of

the most experienced experts appointed under prior governments. In our framework, this

14This finding also holds under continuous signals, and when allowing for randomization, as shown in
later sections.
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maps to an increase in the bias by of the more competent expert (advisor 2). The central
question becomes whether the leader should retain these experienced but potentially mis-
aligned appointees or replace them with more ideologically aligned, yet less experienced,

consultants (advisor 1).

The proposition shows that while previous leaders might have benefited from consult-
ing both kinds of advisors, the new leader is better off relying exclusively on experienced
experts, provided that the gap between their preferences is not too large. Were the new
leader to combine advice from both an experienced consultant and a less informed loyalist,
the former’s information provision incentives would be disrupted. Only if the gap in pref-
erences between the new leader and the experienced expert is sufficiently large would the

leader resort to consulting only a loyalist while dismissing the experienced consultant.

This theoretical insight is reflected in how political leaders choose their advisors. Newly
elected policymakers often balance competence and continuity with political alignment. For
example, in December 2008 President-elect Obama announced that he would retain Robert
Gates—Secretary of Defense under President George W. Bush—despite major policy dif-
ferences, particularly over the Iraq War. While Bush had initiated the conflict, Obama
entered office committed to ending it, yet retained Gates to ensure an orderly transition,
valuing his experience and leadership during the Iraq surge and ongoing operations in
Afghanistan. This decision illustrates a preference for cross-administration continuity and
technical expertise (Gates, 2010; |Suri, 2018]).

If the leader is ideologically too distant from the incumbent bureaucracy, she should
instead rely on less experienced but ideologically aligned advisors. This is illustrated by
Jimmy Carter’s presidency, where appointments often prioritized personal loyalty over fed-
eral governance expertise. As a political outsider with no prior national office, Carter
distrusted the Washington establishment, especially in the aftermath of Watergate, and
emphasized loyal confidants (Kaufman and Kaufman| [2006). Many senior staff—informally
known as the “Georgia Mafia”—were longtime associates from his Georgia years, including
Hamilton Jordan, Jody Powell, and Frank Moore, all of whom lacked experience in national
politics (Fallows, [1979; Barrow), 2023)).

Our analysis has so far focused on pure strategy equilibria. We conclude this section by
showing that our main results do not change when we also include mixed strategy equilibria

in the analysis.

Mixed strategy equilibria Throughout this paragraph, we assume that the two biases

have the same sign, b;by > 0. Because |b;| < |by|, simultaneous reflection of the state,

13



signals, messages and actions lets us derive the results under 0 < b; < by; the case by <
b1 < 0 follows from the same reflection. We focus on our main case of interest, presented
in Proposition 3] Hence, we suppose that |b;| < 712.1(p) and ¢ < ¢é12(p). We earlier proved
that, as |be| increases continuously, the leader first consults both advisors, then retains
only advisor 2, and finally switches to consulting only 1. How does this result change when

considering also mixed strategy equilibria?

Consider first the equilibria M;, in which advisor ¢ randomizes and advisor 5 babbles.
Advisor ¢ can mix only when his signal conflicts with his bias. When they align, sending
m; = s; is a strict best response given the equilibrium decision rule and beliefs. We show
in Part B of the Supplementary Appendix that M; is dominated by the equilibrium &;,
in which expert ¢ is truthful. First, M; is less informative than &;. Second, he moves the
leader’s decision less by lying in M;. The value of A; is therefore smaller, making the no-
deviation condition more demanding. This is in line with the discussion after Proposition
. Among the equilibria M, ; in which ¢ is truthful and j mixes, M, o exists, given |b| <
Meo1(p), only where &5 does and is dominated by it; and Mjs, in which both advisors
randomize, is dominated by My for the same reason that M, is dominated by &;. The
only mixed strategy equilibrium that can be optimal is therefore My 1, in which advisor 2
is truthful and 1 mixes. It also exists for parameters such that &5 does not and & is the
most informative pure strategy equilibrium: there, the leader receives some information

from 1 together with 2’s truthful message.

Proposition 4 Suppose biby > 0. There exists a continuous threshold function nyo :
(p, |b1]) = |b2| such that equilibrium My, exists if and only if m21(p)/2 < |bi| < Mma21(p)
and |ba| < mara(p,|b1|). The function nyo is strictly decreasing in |by|, and such that

77M.2(p7 |51D =12 f07" |b1\ = 7712.1(]?)/2 and 77M.2(p, |b1|) = Th2.2 (p) fOT |b1| = 7712.1(19)‘

Figure {| displays the existence region of My 1, bounded by 712.1(p)/2, m21(p) and the
curve 1.2, together with the regions in which &5, & and &; are optimal, for by > b; > 0.
The existence region of My is a strict subset of &’s existence region. The reason is
that & only requires advisor 2 to be truthful, whereas M ; also requires advisor 1 to be
indifferent between reporting m; = 0 and m; = 1 when s; = 0, so that his equilibrium
condition holds as an equality. Hence b; must be small enough that 1 does not strictly
prefer to lie, but also large enough that he does not strictly prefer to report m; = 0, which
yields by > m12.1(p)/2. For any such by, the indifference condition pins down the probability
that 1 is truthful, which we denote by g 5, (s1). It increases in by and approaches one as by
approaches 712.1(p), and with it the upper bound 7,,2(p, b1) on by approaches 1122(p), so

that it remains (generically) strictly below 7.
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Figure 4: Mixed strategy equilibrium existence.

For the leader’s consultation choice, our case of interest is such that |by| € (1m12.2(p), 72
equilibrium &5 does not exist, but & does. If My, does not exist either, the optimal
equilibrium is &, only advisor 2 is hired, and Proposition [3[ holds unchanged. If instead
My exists, it is more informative than &, so that Visa1(p,|b1|) > Va2, and the leader
consults both advisors whenever ¢ < Vi21(p, |b1]) — Va. Because pi15,(s1) and hence Visa
increase in |b;|, there exists a threshold function 11 (p, ¢) , increasing in the consultation
cost ¢, such that advisor 1 is consulted if and only if |b| > a1 (p, ¢). Unexpectedly,

consultation of advisor 1 requires that he is sufficiently biased.

We summarize our findings in the following result.

Proposition 5 Suppose that biby > 0, naq (p,¢) < |b1] < ma21(p) and mas(p) < |be| <
Na2(p, |b1]), then the welfare optimal equilibrium is Mso,. Within the same-sign domain,
no other mized strateqy equilibrium can ever be optimal when |bi| < m12.1(p).

For all p and all ¢, the results of Proposition @ generalize. If (by,by) are such that both
advisors are initially consulted and |by| continuously increases without changing sign, then

the leader first drops advisor 1 and retains 2, and eventually switches from 2 to 1.

5 Continuous Signals

The reversal in the optimal consultation choice that we identified in the binary setting
also persists with continuous signals. In the class of games we study here, where the
state and signals are continuous, equilibrium communication is partitional. Specifically,

each advisor’s signal space is divided into intervals, and each interval is associated with a

distinct message to the leader (Crawford and Sobel, [1982). The advisor types whose signals
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lie at the margins of adjacent intervals are indifferent between the corresponding messages.

Suppose that the leader considers consulting an additional expert. His presence gives
her another source of information, as in the binary case. At the same time, any given
consultant’s report moves the leader’s posterior belief about the state, and so her optimal
decision, by less. For an expert whose signal lies close to the margin between any two
messages, a deviation becomes less costly, making misreporting more attractive. To restore
indifference at the margins, equilibrium communication requires a coarser partition of the
signal space, resulting in less informative communication. In other words, we are facing

the same trade-off as in the binary model.

Continuous signals strengthen the results from the binary model in one respect. In
the latter, the leader turns to a single-advisor consultation whenever an informative two-
advisor equilibrium ceases to exist. In contrast, under our continuous-signal specification,
advisor 2 can be optimally consulted alone even though informative communication with
two experts remains feasible. In such instances, adding advisor 1 worsens the quality of
information provided by the better-informed expert by more than the informational gain

from the additional consultant’s messages.

The environment As before, the state is uniformly distributed on the unit interval,
x ~ U[0,1]. Advisor i € {1,2} observes a noisy private signal s; = x + ¢;, where the noise
terms are mutually independent and jointly independent of =, with &; ~ U[—0;, 0;]. Signals
may therefore lie outside the unit interval, whereas the state remains in [0, 1]. We assume
0 < dy < 81 < 1/2, so that advisor 2 receives the more precise signal. As in the baseline
model, 0 < b; < by, so advisor 1 is more aligned with the leader. The leader and advisor ¢

have quadratic-loss payoffs, —(y — x)? and —(y — z — b;)?, respectively.ﬁ

To keep the analysis tractable, we study equilibria where each advisor uses two intervals
of his signal space, i.e., sends two informative messages in equilibrium. When only advisor
i is consulted, he sends a low message m’ when s; < t; and a high message m’; otherwise,
where ¢; denotes advisor ¢’s cutoff signal. We denote this equilibrium by E;. When both
advisors are consulted, each uses such a two-interval partition, and we denote the resulting
equilibrium by Fi,.

We call the interval [t; — d;,t; + &;] advisor i’s switching region. Outside this region the

state pins down his message, whereas inside it either message may arise depending on the

15The environment combines the uniform—quadratic communication model of Crawford and Sobel (1982)
with imperfectly informed senders, as in |Austen-Smith| (1993)); with perfect signals, the two-advisor game
is related to multiple-expert models such as [Krishna and Morgan| (2001)).
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Figure 5: An illustration of two-interval communication by both advisors. Here, the switch-
ing regions are disjoint since ty + 9y < t; — 4.

realization of the noise. A switching region may extend beyond the state space, and the two

switching regions may or may not overlap. Figure || illustrates one possible configuration.

Consider first the case in which only advisor 7 is consulted. Let 0; = E[z|s; = t;] denote
the posterior mean of the marginal signal, a(6;) = Pr(s; < t;) the probability of the low
message, and y(0;) = E|x|s; > t;] — Elx|s; < t;] the distance between the leader’s induced
actions. Define

W5, (6) = 1/2— 60— [1 - 2a(0)}(6) /2.

The marginal advisor must be indifferent between his low and high messages. The following

result gives the corresponding existence condition.

Proposition 6 Suppose that only advisor i is consulted. An informative two-interval equi-
librium E; ezists if and only if |b;| < 1/4, and is unique within this equilibrium class. Its
threshold is the unique solution to b; = Vs, (0;), where the function Vs, is continuous and

strictly decreasing from 1/4 to —1/4. The leader’s actions and value are

1

Yulb) = 5~ L= alB)1(6),  vh(b) = 3 +a(Br(6), Vi=oaB)1 — a(b)1(6:)

1
12

Consider next the case in which both advisors are consulted. Given thresholds ¢; and
to, define
G;(z) = min{1, max{0, (t; + §; — x)/(26;) } },
the probability that consultant i sends the low message conditional on state x € [0, 1], and

write

Ai—/ol Gi(x) dx, Bi—/olei(a:)da:,
C:/O1 G1(z)Ga(x) dz, D:/leG1($)G2(x)d:Jc.

Proposition 7 Suppose that both advisors are consulted and use thresholds t; and ty. Fol-

lowing each positive-probability message profile, the leader chooses

D _Bi-D _ By—-D 5—Bi—By+D
yLL—C,a yLH—Al_Ca yHL—A2_Ca yHH_l—Al—Az—i—C'
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Her value is

1
Vig = Oy%L + (A1 — C)?J%H + (A2 — C)?J?{L +(1— A1 — Ay + C)Z/?{H T3
with zero-probability terms omitted. The threshold pair (t1,ts) supports an equilibrium FEis
if and only if there are sequentially rational beliefs and actions following off-path profiles
such that, for eachi € {1,2}, every signal below t; weakly prefers L and every signal above t;

weakly prefers H. In particular, each type s; = t; must be indifferent between his messages.

If the two switching regions overlap, all four message profiles occur with positive proba-
bility. If they are disjoint, one of the profiles in which the advisors send different messages
occurs with probability zero. The leader’s action following that profile must nevertheless

be specified, since it may be reached after a unilateral deviation.

Further, marginal indifference is only a necessary condition for the existence of the two-
advisor equilibrium. This is because the effect of advisor i’s report depends on the message
sent by advisor 7, and the probability of receiving each of j’s messages varies with i’s own
signal. Marginal indifference can therefore hold even though some signals away from the

threshold prefer the other messagem

We therefore impose the incentive constraints for every signal of both experts when
identifying the two-advisor equilibria used below. Part C of the Supplementary Appendix

gives these constraints explicitly.

The scope of the analysis Two-interval equilibria need not be the most informative
equilibria of a continuous cheap-talk game. Since the leader’s expected payoff rises with
the informativeness of communication, we restrict attention to parameter values for which

two-interval equilibria are the most informative equilibria available.

To characterize this region, let Eéﬁ)(&) denote the supremum bias at which advisor ¢,
when consulted alone, can sustain an N-interval partition. Proposition @ implies Eg?n((s,;) =
1/4.

We next characterize the corresponding boundary for three-interval communication.

16T see why, consider for example advisor 1 who compares EU(H|s1) — EU(L|sy), averaging over what
advisor 2 will report. As s; rises, two things happen. First, advisor 1’s posterior about x rises, which
pushes him toward H. Second, advisor 2 becomes more likely to report H. And when advisor 2 reports H,
changing advisor 1’s own report from L to H may move the leader’s action much more, creating a larger
risk of overshooting his preferred action.
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Lemma 1 For each §; € (0,1/2),

3a? + 67 o< 3mVE g o 2/
Ba6) =4 e T A
% 5> 33 843 — 126,a; + 36, = 0,

where in the second case a; is the unique root in (1/4,9;).

Under the regularity conditions stated in Part C, the maximal sustainable bias decreases
with the number of intervals. Therefore, b; > B(g?ézj(éi) rules out all finer single-advisor
partitions as well. Part C also searches directly for richer two-advisor partitions. For
configurations with at most four intervals per advisor, our numerical analysis finds that
consulting both advisors does not enable either advisor to communicate more finely than

he could alone, except in near-degenerate cases.

Hence, we conduct the numerical comparison on the restricted parameter region

gen

1 1 _
R = {((51762,b1,b2)30<52<51 < 5, 0<b1 <b2< Z—l, bz >b(3)<(5z), 12172}

When comparing the informational value of the different equilibria, we abstract from
consultation costs. This is conservative for the organizational result: a positive incremen-
tal cost of consulting a second advisor can only make single-advisor consultation more

attractive.

Comparing consultation choices For the equilibria described above, we derive the
posterior actions, equilibrium conditions and the leader’s expected payoffs analytically,
and then compare the leader’s values Viy, V5, and V; numerically over R. When several
two-advisor equilibria exist at the same bias pair, we select the one giving the leader the

highest value.

Figure [6] provides a simple illustration of the consultation reversal. Holding the two
precisions and by fixed, F5 gives the leader the highest value up to by = 0.1089, E5 on
approximately (0.1090,0.1118), and £} thereafter.lﬂ

Figure [7] shows how this pattern varies with both biases. Fixing b; and increasing by

corresponds to moving upward in the figure. Close to the diagonal, where the two experts

1"The change from consulting both experts to consulting only advisor 2 also illustrates why the incentive
conditions must hold for every signal. At by = 0.10903, the two marginal-indifference conditions continue
to have a solution, but the resulting partition is not an equilibrium: some signals of advisor 1 away from
his threshold prefer the opposite message. Thus joint communication can break down even though the
usual indifference conditions at the two partition boundaries continue to hold.
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Figure 6: The leader’s values in Fj, E,, and Ejy as functions of by, for (d1,09,b1) =
(0.20,0.15,0.10).
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Figure 7: The equilibrium yielding the highest leader value as (b, bs) vary over the re-

stricted parameter region, for (d;,d9) = (0.20,0.15). Blue: FEj5. Purple: Es, although an
informative E19 exists. Crimson: Fs, with no retained informative E15. Gold: Ej.
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have similar biases, Fio often gives the leader the highest value. As advisor 2 becomes

more biased, Fs tends first to dominate, and eventually F; does.

The purple region highlights the additional reason for dismissing the more aligned ad-
visor that arises with continuous signals. The leader can obtain informative reports from
both experts, yet she gains more information by relying on advisor 2 alone. An informative

equilibrium E\5 exists here, but its value is lower than that of Ej.

The reason is that adding advisor 1 changes what the better-informed expert is willing
to communicate. Advisor 2 then uses a coarser partition of his signal space, so his report
conveys less information. The additional consultant does contribute information of his
own, but this gain is smaller than the information lost from advisor 2’s report. Consulting
a second expert therefore need not improve the leader’s information. With a positive

additional consultation cost, she strictly prefers to rely on advisor 2 alone.

In the crimson region, the reason for relying on a single expert is different: no infor-
mative two-advisor equilibrium in the retained class is available. The two regions thus
distinguish inability to obtain informative reports from both experts from a preference for
relying on one even when both can communicate informatively. In the purple region, the
leader dismisses the more aligned consultant to preserve the quality of the better-informed

expert’s advice.

How the difference in expertise affects consultation The informational cost of
dismissing advisor 1 depends on how much less precise his signal is than advisor 2’s. Figurelg]
compares the leader’s preferred equilibrium for several pairs of noise parameters (dy, d3).
Each panel fixes these parameters and varies the two biases. A larger §; means that the
more aligned consultant has a noisier signal; a smaller d5 means that the better-informed

expert has a more precise one.

This leads to two conclusions. First, joint communication is more valuable when the
experts’ precisions are similar. When advisor 2 has a large informational advantage, pre-
serving the informativeness of his communication is especially valuable, making Fy more
attractive. As the precision gap narrows, the informational cost of excluding the more

aligned consultant rises and E5 becomes more prevalent.

Second, the continuous model does not imply that the preferred equilibrium changes
monotonically with by for every precision pair. For some parameters, Fi, can cease to
give the highest value and later become preferred again as by rises. The availability and
value of joint communication need not vary monotonically once equilibrium thresholds can

approach the boundaries of the signal space. Thus, for some fixed signal precisions and
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Figure 8: The equilibrium yielding the highest leader value over the restricted parameter
region for different precision pairs. Blue: FEjo; purple: Ejs, although an informative Fjo
exists; crimson: Fs, with no retained informative Ejo; gold: E;. White denotes parameter
values outside the restricted parameter region.

values of by, increasing b, does not simply lead from consulting both experts to consulting
only advisor 2 and then only advisor 1: the leader can return to consulting both along the

way.

6 Uncertain Advisors Trade-Off

We generalize the model of Section [3] by assuming that advisor 2’s bias is private infor-
mation. Specifically, advisor 2 has bias equal to b; > 0 with probability ¢ € (0, 1), and a
higher bias by > b; with probability 1 — ¢. In words, advisor 2 is either equally aligned
with or less aligned than advisor 1, and the leader does not know which. Private biases are

mutually independent and independent of the state, all signals, and all other types. The
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information structure satisfies the posterior-monotonicity condition of Appendix A: raising
any advisor’s signal from zero to one raises the leader’s posterior mean at every realization
of the other information available to her, including after the other advisors’ signals have
been garbled into equilibrium messages. The baseline signal structure satisfies the primi-
tive likelihood-ratio condition given there. The remainder of the model is unchanged. For

brevity, we focus on pure strategy equilibria.

Communication equilibria Two types of communication equilibria arise in this setting.
First, both types of advisor 2 follow the same strategy, yielding equilibria &5, &, &, and
& Second, the two types of advisor 2 behave differently, in which case (as shown in the
appendix) two equilibria arise. In an equilibrium 24 both advisor 1 and the aligned type
of 2 are truthful, while the bo-type of advisor 2 reports the high message ms = 1 whatever
his signal; in the other equilibrium &4 only the b;-type (i.e., the aligned type) of advisor
2 is truthful, the bs-type again always reports mo = 1, and advisor 1 babbles.

The two equilibria exist under the following bias thresholds. &;24 exists if and only if
b1 < moa (p,q) = min{n2a1(p, q), Mm242(p, q) }—the truth-telling bounds for advisor 1 and
for advisor 2’s bi-type—and by > n124.2(p,q). The last condition has no counterpart in
Section [4; as the leader cannot tell the two types apart, her action responds to 15, so the
bo-type must prefer the high message also when s, = 0, which he does exactly when his
bias exceeds the bound up to which the b;-type reports sy = 0 truthfully. Likewise, 4
exists if and only if by < m94(q) < by. We note that 1124.1(p, q) increases in p and decreases
in g, whereas 1m124.2(p, q) decreases in p and increases in ¢: this mirrors the exact logic of
the baseline model illustrated in Figure [2 and 7,4(¢) increases in ¢ (verified in Part D of
the Supplementary Appendix).

We now turn to the ranking of communication equilibria in terms of consultation value.

Lemma 2 For all (p,q) € (1/2,1) x (0,1), the communication equilibrium consultation
value functions are ranked as follows: Vig > {Va,Viga} > {Vaa, Vi}. There exist functions
g1, 92 : q — p such that:

(1) V2 > Viaa(p. q) if and only if p < g2(q);

(i) Vaa(q) > Vi(p) if and only if p < g1(q).

The function g, strictly increases in q with g1(0) = 1/2 and ¢g,(1) = 1, while g, strictly
decreases in q with g2(0) = 1 and g2(1) = 1/2.

Naturally, the fully revealing equilibrium &5 yields the highest consultation value for all

(p, ¢)—this is the maximum amount of information the leader can receive. The equilibria
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Figure 9: Value and existence region comparisons.

&E; and &194 follow—recall that in £, advisor 2 is truthful whereas in €124 advisor 1 and the
aligned type of 2 are truthful. Their relative ranking depends on (p, ¢): if both parameters
are low, & dominates &5 4, since the signal of advisor 1 is not too informative and advisor
2 is unlikely to be aligned. Further, Lemma [2| shows that & and &34 dominate both &4

and &1, as the latter deliver less information in expectation to the leader.

Lemma [2| partitions the (p,q) space into four regions via the functions g; and g, (see
Figure @ ignore g for now). Above g;, equilibrium & dominates 54 because the precision
p of advisor 1’s signal s; is high, making his truthful message more valuable than that of
advisor 2’s aligned type. Right of go, equilibrium &;54 dominates & because the probability
q that advisor 2 is aligned is high. Since advisor 2 reports truthfully in both equilibria
when aligned, receiving a truthful message in the unlikely event that he is misaligned is

less valuable than truthful communication from advisor 1.

We now turn to the existence conditions for the equilibria 14, £1, & and £ 4. The bias
thresholds satisfy ni12.1 < M1241 < M1, M2a2 < Mi22 and Ni242 < N2a < 172, so that niza <
{m,m24,Mma22} < mo; the comparison between 1124 and 727 depends on the parameters:
24 = M24.2 falls below 7121 when p exceeds (\/7 —1)/2 ~ 0.82 and ¢ lies below a bound
increasing in p (0.23 at p = 0.85, 0.83 at p = 0.95), on 21 percent of the square. Hence

some of the existence ranges are ordered in terms of inclusion. &5 requires a smaller value
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of by than &, and, outside that set, a smaller value of b; than £54. The equilibrium &£104
is supported by a smaller range of the bias b; than &4 and &;, and its condition on by fails

only when bl < bg < 1M124.2-

The existence ranges of &4 and &£;, however, are not ordered in terms of inclusion.
We now define a third threshold function g3, based on the equality 17;,(p) = 124(q), that
identifies whether the existence condition of & is tighter or looser in terms of b;, compared

to the existence condition for ;4.

Lemma 3 There ezists a strictly increasing function gs : ¢ — p such that n1(p) > n24(q) if
and only if p > g3(q). Moreover, for low q, we have g1(q) < g3(q) < g2(q). As q increases,

gs crosses go and eventually coincides with g1 at ¢ = 1, with g3(1) = 1.

Consider Figure [J again. Similar to gy, the function g3 partitions the (p,¢) space in
two regions. Above g3, the existence conditions for equilibrium &; are weaker than for & 4,
and vice versa. The reason is connected to why & dominates &4 above ¢g; and vice versa.
When the precision p of advisor 1’s signal s; is higher, a lie by 1 moves the leader’s decision

more. By Proposition [I], this makes his truth-telling condition less demanding.

This result concludes the characterization of communication equilibria. We now deter-
mine the leader’s consultation choice. For clarity, we first consider the case of small cost

¢ > 0. We consider arbitrary consultation cost ¢ > 0 later.

Advisor consultation choice with small cost Suppose that, fixing the other param-
eters in the game, one takes the consultation cost ¢ > 0 to zero. In the limit, every advisor
who is consulted communicates informatively for at least one type in the selected equilib-
rium; otherwise that advisor could be omitted at a strictly lower cost without changing
the leader’s information. Among the remaining equilibria, the leader selects the one with
the highest ex-ante consultation value V4, because W4 — V4 as ¢ | 0. We call this the
leader-preferred communication equilibrium. Lemmas [2] and [3] deliver its ranking. We first
report the findings formally and then explain them with Figures [9] and [10]

Proposition 8 The optimal communication equilibrium E* in the game with uncertain

trade-off is as follows:
(1) If by < m2a(p) and by < Miga(p), then £ = &5, Otherwise, if by > maa(p, q) and
by < mg, then £ = &, and if by < Miaa(p,q) and by > 1o, then £ = E1aa.

(ii) If by < maa(p,q) and by < my, but either by > ma1(p) or by > maa(p), then
E* = Epa if p > g2(q) and by > Mmoas(p,q), and E = & otherwise, the leader being
indifferent between the two when p = g2(q) and by > M24.2(p, q).
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(73) If maa(p,q) < by < max{nea(q),m(p)} and by > ny, then £ = Es4 when either
b1 < min{n24(q),m(p)} and p < g1(q), or m(p) < b1 < malq); and £ = & when either

b1 < min{n2a(q), m(p)} and p > g1(q), or mealq) < by < m(p). If by > max{na(q), m(p)}
and by > 19, no advisor is truthful and £ = &,.

by

T2

MN12.2

T2A4.2

b

Figure 10: Uncertain trade-off: leader-preferred equilibrium at (p,q) = (3/4,1/2). The
thresholds are 7151 = 2/35, 124 = 5952/79135, 1 = 1/12, 1940 = 3509/33915, nos = 1/9,
N2 = 11/70, and 1y = 1/6. At these parameters Vo > Vio4 and Voy > V7.

Figure [10] illustrates the optimal communication equilibrium £*, and hence determines
the leader’s equilibrium consultation choice. In the south-west area marked &5, both
advisors are consulted because neither is highly biased. In the north-west region marked
E124, the leader also consults both advisors; here, advisor 1 and the more aligned type
of advisor 2 are truthful, while his less aligned type always reports the high message. In

contrast, in the south-east region marked &, where b, is sufficiently large, only advisor 2
is hired.

Consider next the “inverse L-shaped” region where by < m194(p,q) and by < 1, but
either by > m12.1(p) or by > M22(p). Here, equilibrium &, exists, and so does £124 except in
the small triangle where 7151(p) < by < by < M124.2(p, q), marked & in the figure, where the
less aligned type of advisor 2 would rather report his signal. Where both exist, the leader
chooses between them based on whether advisor 1 is sufficiently informative or advisor 2

likely enough to be aligned with the leader, i.e., whether (p,q) lies above or below go in
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Figure[9] As a result, within this region of Figure [I0] as ¢ rises, the leader may shift from

hiring only advisor 2 to consulting both advisors.

Finally, consider the north-east region, with n124(p,q) < by < max{n.a(q),m(p)} and
by > mp. When b; < min{nea(q), m(p)}, both & and &4 exist, and the leader’s choice
depends on whether advisor 1 is more informative or advisor 2 more aligned—determined
by the location of (p,q) relative to g; in Figure [0} When min{n4(q),m(p)} < b <
max{n24(q), m(p)} only one of the equilibria &4 and & exists, namely & if (p, q) is above
g3, and &4 otherwise. Therefore, if (p, q) is above g; and below g3, the leader must resort

to hiring only advisor 2 because the equilibrium &; does not exist.

We now turn to comparative statics results. As in the case of a certain trade-off (Propo-
sition , increasing by can lead to the dismissal of advisor 1 where &, is preferred to 124,
or where £54 is unavailable. This is not always the case: in parameter regions where &4
remains available and leader-preferred, both advisors remain consulted as b, increases. We

next highlight the additional comparative statics.

Proposition 9 The main additional comparative statics results for the case of uncertain

trade-off are as follows:

(i) Suppose that by < miaa(p,q) and by > 1y, so that the leader hires both advisor 1 and
advisor 2, and the common aligned bias parameter by increases, raising both advisor 1’s
bias and the bias of advisor 2’s aligned type. If p > g¢1(q), then advisor 2 is dismissed
when by > maa(p,q). If, additionally, p < g3(q)—which happens for intermediate p and
low q—then 2 is hired back, and 1 discharged, when 1,(p) < by < n24(q).

(ii) Suppose that ma1(p) < by < M2a(p,q), m22(p) < by < 19, and p < g2(q), so that
the leader only consults advisor 2. An increase in the probability q that advisor 2 is aligned

leads to hiring advisor 1 as well, when p > g2(q) and by < m24(p,q) at the new value of q.

Unlike in the baseline model where advisor 2’s bias is always by, an increase in the
common aligned bias parameter b; may now lead to the dismissal of advisor 2, rather than
just advisor 1. This comparative static simultaneously raises advisor 1’s bias and the bias
of advisor 2’s aligned type. It occurs in the region above g; in Figure [9] when by > s, as
the increasing by crosses 124 (p, q) (cf. Figure . In this scenario, because by > 15, the
equilibrium & does not exist. When by < 1124(p, q), the optimal equilibrium is &94, so
that both advisors are consulted; advisor 1 and advisor 2’s aligned type report truthfully.
However, as by increases and crosses 1124(p, q), the equilibrium Ej54 ceases to exist. Since
p > g1(q), the optimal equilibrium becomes &, and the leader dismisses advisor 2 to gather

information only from advisor 1. As in the case of a certain trade-off, increasing one
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advisor’s bias may lead to dismissing the other due to their strategic interaction. Here,
however, this occurs not only when advisor 2’s bias increases, but also when the common

aligned bias parameter is raised.

We also examine comparative statics as advisor 2 becomes more likely to be aligned
with the leader, i.e., when ¢ increases. Here, the leader may switch from consulting only
advisor 2 to consulting both advisors. To see why, consider the “inverse-L” shaped region
of Figure , where b; < m124(p, q) and by < 19, but either by > 112.1(p) or by > M2.2(p).
Suppose that (p,q) is located to the left of go in Figure @] As advisor 2 becomes more
likely to be aligned, that is, as ¢ increases, the function gs is crossed from the left and the
equilibrium &34 now dominates &, leading the leader to hire advisor 1 as well, provided
that E194 still exists at the higher ¢ (recall that 71241 decreases in ¢). The leader is willing
to forgo truthful advice from the bo-type of advisor 2 to gain the benefit of hiring advisor 1

and receiving his truthful report.

These findings naturally relate to our results in Proposition [3] There, we characterized
when a newly-elected leader should primarily rely on pre-existing experienced experts,
rather than bringing in her own less competent, politically aligned appointees. Here, we
complement this result by considering the implications of uncovering information about
the views of these appointees over time. The second part of Proposition [J] suggests that
if the leader finds out that the views of experienced consultants are not as different from
hers as expected, she can improve decision-making by consulting them alongside her own

appointees, even if they are less experienced.

These results resonate with historical accounts of political appointments. It is not
uncommon that leaders initially rely on potentially misaligned, yet experienced experts, and
then add more aligned consultants over time. Relatedly, Spenkuch et al.| (2023) document
large partisan cycles in the stock of U.S. political appointees. The partisan composition of
presidential appointees changes gradually after presidential transitions, which they suggest

reflects delays in confirmation.

Experienced advisors are retained when they demonstrate stronger-than-expected align-
ment, and dismissed when alignment falls short of expectations. The second case is illus-
trated by the Nixon administration, which inherited a bureaucracy shaped by Johnson-era
Democrats, viewed it as potentially obstructive, but initially retained experts for their
competence. As Nixon stated after his inauguration, “We will do what we think will best
serve the interest of effective government, and if the individual who has been frozen in can

do the job, we are going to keep him” (Nixon) [1969). Over time, however, officials lacking
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ideological alignment were increasingly sidelinedE The result was a gradual realignment

of the senior civil service, shifting toward greater support for Nixon’s agenda, without overt

partisan purgesH

Advisor consultation choice with any cost In this section, we allow for any positive
consultation cost ¢ > 0 and focus on the most interesting case for comparative statics.
Specifically, we assume that p > g2(q), b1 < m24(p, q), and by > m192(p). These conditions
imply that, without consultation costs, equilibrium €154 exists and dominates &, so both

advisors are consulted.

The relevant payoffs include the outside option Vy = —1/12. Define the best available
one-advisor value by
o {Vm by < 1o,
max{Vi(p), Voa(q)}, b2 > 2,
where V; is selected above g; and Vo4 below g;. Let c¢g = Vigq — Vg and cpg = Vg — V4.

Part D proves that 0 < cg < ¢ps under the maintained assumptions.

Proposition 10 Suppose p > ¢2(q), b1 < Mma2a(p,q), and by > ma22(p). Then the leader
consults both advisors for 0 < ¢ < cg, only the advisor yielding Vs for cs < ¢ < cpg, and

neither for ¢ > cog, with indifference between adjacent choices at the cutoffs.

When ¢ is small, the information gain justifies consulting both advisors even though
advisor 2’s less aligned type babbles. At cg, the leader begins consulting only the expert
who provides her with the higher value. At ¢yg, even that information gain no longer covers

the consultation cost, and she stops consulting either advisor.

The consultation cost ¢ captures the political capital required for advisor appointments.
It rises when leaders are politically weakened (e.g., scandals, low approval) and falls when
mandates are strong. While an immediate result given our previous analysis, Proposition
is useful to shed some light on how leaders navigate high-cost scenarios, showing they
either consolidate around a highly competent expert or retreat to a compliant loyalist,

depending on perceived alignment.

Reagan’s 1987 appointment of Howard Baker as Chief of Staff illustrates the first part
of Proposition [10] Before the Iran-Contra scandal, Reagan balanced competent and more

aligned advisors, including James Baker and Donald Regan (Baker and Glasser, 2020;

18This reflected Nixon’s “administrative presidency” strategy, which prioritized loyalty over expertise
(Aberbach and Rockman) (1976; |Lewis, 2008)).

HCole and Caputo| (1979) find that career executives identifying as Independents became more likely to
support Nixon’s domestic policies.
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Weinraub, 1986)@ After the scandal, Reagan dismissed the “loyalist” Regan and consol-
idated authority under Howard Baker, a bipartisan crisis manager (Gerstenzang, [1987)).
This demonstrates how rising political costs can lead a leader to rely solely on the most

competent expert, even when he may be less politically aligned.

French President Chirac’s 2005 appointment of Dominique de Villepin illustrates the
second part of Proposition [10] Before the failed EU referendum, Chirac had drawn on both
competent figures like Nicolas Sarkozy and loyalists (Buchan, 2025)). As the referendum
raised political costs (Henley, 2005} de Boisgrollier} 2005)), he chose between the experienced
but independent Sarkozy and the more aligned but inexperienced Villepin, opting for the
latter. This shows how high costs may push leaders toward reliable loyalists over more

capable but less aligned alternatives.

7 Advisor Alignment vs. Diversity

This section considers the trade-off between advisors’ political alignment and diversity,
modeled as access to information, or information sources, different from the leader’s. The
leader has nothing to learn from an expert whose information is exactly the same as her
own. We show how the previous results on the trade-off between alignment and competence

carry over.

We modify the model of Section |3| as follows. First, we say that the leader holds a
signal so € {0,1} such that Pr(sy = 1|x) = x. Conditional on z, s¢, s}, and s, are mutually
independent. Second, we stipulate that, with probability p € (0,1) and unbeknownst to
advisor 1, the signal s; observed by advisor 1 coincides with sg; and otherwise s; = s).
Hence, while advisor 2’s signal is conditionally independent of the leader’s signal given the
state, the signal s; of advisor 1 is correlated, and hence less informative to the leader. The
remainder of the model of Section |3|is unmodified. Fix p € (0,1) and the bias vector. We
study the limit as ¢ | 0; equivalently, the stated classification holds for every sufficiently

small positive ¢ at each fixed parameter vector. The statement is not uniform in p.

As in the analysis of the trade-off between alignment and competence, there are four
equilibria in pure strategies: the equilibrium £;5 where both advisors tell the truth, the two
equilibria & and & where only one advisor (either 1 or 2) is truthful, and the babbling
equilibrium.

Consider the equilibrium &5, in which both advisors are truthful and hence consulted.

The thresholds 712.1(p) and 712.2(p) determine the maximum biases under which full revela-

20James Baker had managed George H.W. Bush’s 1980 campaign, highlighting Reagan’s pragmatism.
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Figure 11: Equilibrium bias thresholds and consultation values as functions of p.

tion is sustainable. Figure [11|depicts these thresholds, along with the leader’s equilibrium
payoff Vi2(p).

The threshold 7121(p) lies below 1122(p) for all values of p, and is decreasing in p.
Conversely, m12.2(p) increases in p. That is, as signal s; becomes less correlated with the
leader’s private signal (i.e., p decreases), advisor 1’s bias threshold 7,21 becomes less strin-
gent, while advisor 2’s threshold 7,55 becomes more demanding. The leader’s equilibrium
payoff Vis(p) decreases in p and is convex, reflecting the diminishing value of signal s; as

it becomes more redundant with the leader’s own information.

In the equilibrium &;, where only advisor 1 is consulted, the threshold 7;(p) decreases
in p, reflecting that he must be more aligned with the leader when his signal is highly
correlated with the leader’s private signal. The threshold 7;(p) always lies above 115.1(p),
and crosses 7122(p): truth-telling by advisor 1 requires a less strict alignment when he
is the sole informant (and it may be less stringent than advisor 2’s condition under full

revelation).

The leader’s payoff in this case, Vi(p), also decreases in p and is convex. It is always
strictly lower than Vi5(p) for all p — naturally, consulting both advisors dominates single-

advisor consultation.

In the equilibria & and &, in which only advisor 2 or no advisor is consulted, the
leader holds two Bernoulli signals that are conditionally independent given the state, or
one signal, respectively, so that, by the result of |Galeotti et al.| (2013) recalled in Section ,
advisor 2 alone is truthful if and only if |by| < 79 = 1/8 (the threshold is lower than the 1/6
of Section {4| because the leader now holds a signal of her own), and the payoff levels are the
constants Vo = —1/24 and Vj = —1/18. The properties stated above and the proposition
that follows are proved in Part E of the Supplementary Appendix.
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The optimal equilibrium is characterized in the following proposition.

Proposition 11 Fiz p € (0,1) and the bias vector, and take ¢ | 0. If |by| < mai1(p) and
|ba] < m22(p), then the leader optimally consults both advisors. If either |by| > ma2.1(p) and
|ba] < mi22(p), or maa(p) < |ba| < ng, then she hires only advisor 2, the independently-
informed advisor. If |bs| > ny and |bi| < m(p), then the leader consults only advisor 1,
the less biased advisor. If |by| > mi(p) and |ba| > 19, then the leader does not consult any

advisor.

Simultaneous reflection of signals and actions covers negative biases, which is why the

classification depends on absolute biases.

We observe that this characterization of the optimal consultation choice is identical to
Proposition [2]in the baseline model. The same logic applies despite the different information
structure: whether an advisor’s information is less valuable due to low precision (p) or
high redundancy (p), the leader follows the same threshold-based strategy. Therefore,

qualitatively the same comparative statics hold as in the baseline model.

8 Conclusion

Political leaders face difficult trade-offs when selecting advisors, balancing political align-
ment, informational competence, and the diversity of perspectives offered by the experts
they consult. We analyzed this problem in a model in which consulting one or two experts
entails costs. One expert is more closely aligned with the leader’s preferences but pro-
vides less precise (or more correlated) information, and the other possesses higher-quality

information but is less politically aligned.

Our analysis revealed that the leader’s optimal advisory choices can display subtle
reversals. If both advisors are initially consulted, increasing ideological distance from the
better-informed advisor can make it optimal to dismiss the more aligned one; if that distance
grows too large, trust breaks down and the leader switches to the more loyal advisor. These
reversals are not an artifact of binary signals. With continuous signals, within the retained
numerical class an equilibrium in which only the better-informed advisor communicates may
give the leader a higher gross payoff than a feasible equilibrium in which both communicate.
The same decision rule can also be obtained after consulting both experts by having the
other send an uninformative message. The consultation sets therefore tie at zero cost;

our rule favoring fewer consultants selects the smaller set, and any positive cost makes
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that choice strict. We related these patterns to historical episodes of advisor turnover,

particularly during leadership transitions.

The experts in our model care only about influencing the leader’s decision. In practice,
political consultants also care about their reputation for competence and integrity, which
existing research has analyzed in settings with one expert and one decision maker. Ex-
tending reputational concerns to a leader choosing among multiple experts who differ in
alignment and expertise is a promising direction: repeated interactions could enable the
leader to evaluate past advice, encouraging even misaligned consultants to communicate
truthfully. When multiple experts are consulted simultaneously, comparing their reports

may also strengthen incentives for honest reporting.

Another dimension worth exploring is how a leader’s personal style shapes her choice
of advisors and their influence on her decisions. Leaders more open to conflict and decen-
tralized information flow often cultivate informal, task-oriented structures that encourage
diverse views, whereas those who prioritize control and consensus tend to prefer hierarchi-
cal, loyalty-driven arrangements with tightly managed access and influence (Hermann and
Preston, [1994)). These styles affect not only who is consulted, but also how their input is
processed and weighted. Distinct advisory roles emerge, and complementarities between

“idea persons” and implementation-focused consultants become key to effective leadership.
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Appendix A: General Results

We prove a general result from which Proposition [1| and our subsequent communication equilib-
rium characterizations follow as corollaries. The framework covers the baseline model of Section
as well as the extensions considered in Sections [6] and

Suppose there is a leader, player 0, and a set A of consulted advisors. Each player i’s payoff
is ui(y,x) = —(y — = — B;)?, with By = 0, where the leader chooses y € R and the state z is
uniform on [0,1]. Each player, including the leader, observes a binary signal s; € {0, 1}@ The
consultants simultaneously send binary messages, after which the leader chooses y on the basis of
so and the message profile.

We impose the following restrictions for the general result. Let By = (B;);c 4 denote the vector
of advisors’ private bias types. Its components are mutually independent, and B 4 is independent
of the state and all signals. For each advisor, the support of B; is finite and lies entirely in (0, c0)
or entirely in (—o00,0): the magnitude may be private, but the direction is known. Every relevant
signal profile has positive probability.

The information structure also satisfies posterior monotonicity. For every advisor i, every
profile of possibly mixed communication strategies of the other advisors, and every on-path real-
ization

zi = (80, M\ (3})

for which both values of s; have positive conditional probability,
Elz[s; =1, 2] > Elz]s; = 0, zi]. (2)

Thus raising an advisor’s signal from zero to one raises the leader’s posterior mean at every
realization of the other information available to her. The requirement is stated after the coars-
enings induced by the other advisors’ messages: pointwise monotonicity conditional only on their
complete raw signals need not hold after such pooling.

A primitive sufficient condition for is that, conditional on (z, s¢), the advisors’ signals are
independent and, for every ¢ and sg,

Pr(s; = 1|z, so)
Pr(s; = 0|z, so)

is strictly increasing in x. The other experts’ messages change the prior to which this likelihood
ratio is applied but leave the ratio itself unchanged. This sufficient condition holds in the baseline
model, the private-bias extension, and the correlated-information specification of Section [7}

As we show below, up to relabeling messages, every informative report has the following form.
Each type reports truthfully at the signal conforming to his bias. Let T; be the set of types who
also report truthfully with positive probability at the contrary signal: s; = 0 for a rightward bias
and s; = 1 for a leftward bias. Types outside T; pool on the message conforming to their bias. If
a report is uninformative, we use the outcome-equivalent representation in which all types pool
on that message. Write

Ai(s0,5,m_;) = y(s0, 1 — 55, m_;) — y(s0, 5, ;)

21The leader’s signal is uninformative in the baseline model and informative in Section
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for the change in the leader’s decision caused by a false report. The communication equilibria
(14,y), allowing for mixed strategies, and their values are characterized as follows.

Theorem 1 Fiz a non-empty consultation set A. Fvery communication equilibrium (pa,y) has
the representation above. For each i € A and b; € T;, the truth-telling condition at the signal
contrary to his bias is

Zzi Ai(SO, Si, Iﬁ_i)Z PI"(ZZ'|SZ')
23, Ailso, 55, M) Pr(zls;) ’

with equality if the type mizes. For types outside T;, the inequality is reversed whenever the

|b;| <

3)

report is informative. The leader’s decision rule is y(sg,m4) = E[z|so, thal, and communication

equilibria are ranked by her ex-ante payoff
Uo(pa,y) = —E[Var(z|so, )] . (4)
Proof. The proof is in Part A of the Supplementary Appendix. =
Writing Y = y(sp, h4), an expert’s ex-ante payoff is
Ui(pa,y) = Un(pa,y) — E[BJ] + 2E[Bi(Y — )], (5)

For a fixed, commonly known bias, this reduces to U; = Uy — b?, because E[Y — z] = 0. With a
private bias, the last term need not vanish, so the leader’s ranking need not coincide with each
expert’s.

We continue with derivations that will be useful to calculate the consultation value expression
1’ as well as the terms A; (so,si,rh A\{i}) in condition . For any profile of information
(sp,m4), we let the n-th moment of x be:

1
P, (so,rhA):/ " Pr (s, my|z) dx.
0

Hence, we obtain:

Pl (807ﬁ1A)
Py(so,1hy)’
Py (s0,m; =1 —si, g gy)  Pr(so, i = si, 1 4y)

Ai (s0, 500y = Py (0,7 = 1 — 53,4\ 33) Ry (0,17 = si, g\ (i})

E[x|sp, 4] =

Likewise, expression (4)) will be written as:

<P1 (s0,1014) _x>2

Py (s0,1h4)

Uo(pa,y) = — > By

(so,t4)€{0,1}141+1

S0, rhA] Pr (sg,1h4)

P (s0,1014)*
Py (s0,14)

=— Z v (sp,14), s.t. v(sg,tha) = | Pa(sg,hy) — .

(s0,a)€{0,1}/41F

We also use the equality of Pr (so, Si, rhA\{i}) and Py (50, Sis rhA\{i}) .
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We conclude the section by expanding the above terms P, (so, My, M A\{i}) for the models of
Sections [3| and [6] where the set of advisors is {1,2} and the informativeness of signal s is defined
using the Bernoulli draw s}. The corresponding derivations for Section are in the Supplementary
Appendix.

First, suppose that both advisors are consulted: A = {1,2}, so that, omitting sy which is

uninformative, P, takes the form:
1
P, (my,m2) = / Z Z & Pr (1hy, mals1, s2) Pr (s1]s]) Pr (s, so|z) dz.
0 s1€{0,1} (s,s2)€{0,1}2
Letting 11, t6,,s, and 15, s, be mixed strategies of advisor 1 and of the two types of advisor 2,
the first probability term simplifies:
Pr (1, mhe|s1, s2) = pin,s, (1101) [B, s, (1122) @ 4 pb,.s, (22) (1 — )]

Turning to the second term, by construction Pr(s1|s}) = p if s1 = s} and Pr(si|s]) =1 —p if

s1 # s

For the final term, as s} and s are i.i.d. Bernoulli draws,

Pr (5'1, 52|:c) = xSHSQ(l — :c)QiSIl*SQ.
Hence, we obtain:
Pu(ymg) = > pas, (ma) (16,60 (M2) ¢ + fiby s, () (1= q)]
(s1,82)€4{0,1}2
(n+s1+ s2)1(2 — 51 — s9)! (n+1—514+32)!(14 51— s2)!
: 1-— . 6
[p (n+3)! =) (0 +3)! (6)

Proceeding in the same fashion, we see that in case only advisor 1 or 2 is consulted, A = {1} or

A={2}:

Sy R (n+s1)!(1 = 51)! (n4+1—s1)ls1!
frlim) = 3162{0:,1} fre () [p (n+2)! d-p) (n+2)! ] ’ @)
Pulig) = 3 [t (2) 4 i, 1) (1 — g)) 220 252 0

I
elol) (n+2)!

For brevity, whenever considering an equilibrium where an advisor ¢ plays the pure truth-telling
strategy, m; = s; for s; = 0,1, we will interchange m; with s; in the expressions of P,.

Appendix B: Precision vs. Alignment

Equilibrium &15: both advisors are truthful
Suppose first that b; > 0. Using condition in Theorem together with m; = s; for s; = 0,1
and i = 1, 2, the equilibrium condition for advisor 1 can be written here as follows:

> s,—0,1 A1 (52)* Po(s1 = 0, s2)
2 Zs2:0,1 A1 (s2) Po(s1=0,52)

) Pi(s1=1,s2) Pi(s1
th A = —
M 1(s2) Po(s1 =1,s52) Py(s1

07 82)
b1 < .
1S 7712.1(29) 0 )

y S2

9)
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Using formula @, we have

(n+1—s1+s2)! (1+51—52)'
(n+3)!

(s1 4+ s24+n)(2—s1 — s2)!
(n+3)!

P, (s1,82) =p +(1—p)

We can then immediately calculate Py (s1,s2) and P (s1, s2), for (s1,s2) € {0,1}2:

(2_p)a Pl(()?l) = (3_2]9)
(p+1), P(L,1)=32p+1).

GB\HCM)—‘

(p+1) Pi(0,0) =35, Pp(0,1)
2-p), P(1,0)=15 B(1,1)=

s
—
“O
]
N—
@\Ho:\)—‘
L\’)‘HB‘H

Plugging these expressions into A (s2), for so € {0,1}, and simplifying, we obtain:

1 2p—1 '
=M= neoy ™

Hence, expression @ is simply:

1(A)? 1 1 2p—1

m2a(p) =5 A 381 = ipr)2—p)

We obtain that advisor 1’s truth-telling condition when b; > 01is b1 < 712.1(p). Due to the model’s
ex-ante symmetry for signals s; = 0 and s; = 1, analogous algebra implies that, when b; < 0,
his equilibrium condition is —b; < 712.1(p). Thus, his truth-telling condition for equilibrium &9
is |b1] < ma2a(p)-

Likewise, the truth-telling constraint of advisor 2 in equilibrium &9 is |be| < n12.2(p), with,

again simplifying (1)),

o109 (51)* Py(s ,82 =20 P =1 P —
me2(p) = 201 B2 (1) Folor, o2 — ), with Ay (s1) = (51,52 =1)  Pi(s1,52 = 0)
22:8120,1 AQ (81) PO(Sla S92 = 0)

Po(sl, S9 = 1) Po(Sl, S9 = O) ’
Plugging in Py (s1, s2) and Py (s1, s2) derived above into Ag (s1), for s; € {0,1}, and simplifying,

1 1+2p—2p?
2(p+1)(2-p)

1 1+ 2p—2p?
Ap(0)= 2 LEZP 2 gy =

2+ 1) 2 p) =8

Hence, we obtain:
1 1 142p—2p?

Mma22(p) = ;A2 =~ — .
V=3 1+ne-n
To calculate the equilibrium value Vi2(p), we simplify formula and use the symmetry of

the prior Pr(sy,s2), Pr(s1,s2) = Pr(1 — s1,1 — sg) for all (s1,s2) € {0,1}2, to obtain:

Pl (Oa 52)2

— = =0,1. 10
Py (0, 52) o 7 (10)

V12 =-2 Z 0 82 Where v (0, 82) == P2 (O, 82) -
So = 01

Using the above expressions for Py (0, s2) and P (0, s2) for so = 0,1, together with:
Py(0,0) = g5 (3—p), P(0,1) = & (4—3p),
we obtain, after simplification:

v(0,0) = 135 Hiifp'a v(0,1) = 35572
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Plugging these expressions into and simplifying, we obtain:

1 142p—2p?

el =R T ne )

Equilibrium &;: only advisor 1 is truthful
Condition here is simply:

1 Pi(1) P(0)
< =A1 = here A1 = _
il = B =), where 812 1) o)
Formula (7)) yields here, for iy = s1 € {0,1}:
(s1 +n)l(1 —s7)! (1—s14+n)!sq!
P, (s1) = 1
(1) =p (2+n)! +(1=p) (2+n)!

Plugging P, (s1) for n = 0,1 and s; = 0, 1 into the expression of A;, we obtain:

1 1+ §2-p)\ 1
Further, the equilibrium value is:
P (s1)?
Vilp) = = > v(s1), where v (s1) = Py (s1) - Bo(sy) o s1=01

=0,1
1 1 1+2p72p2

= ——(1+2p—-20)——=(1+2p—2p*)=——"_ "2
56 (L T2p=20) — o (1420 = 2°) 3

Simple algebra shows that n12.1(p) < m2.2(p) < n2 and M12.1(p) < Mm(p) < 12, and that V <
Vi(p) < Vo < Via(p) for all p € (1/2,1).

Proofs of Propositions[2|and 3] First, we compare the value of equilibria &1, £, £12, presuming
they are available, with the babbling equilibrium &y, whose value is Vy = —1/12. Simple algebra

shows:
1 1+2p—2p? 5 1 1—p+p?
W =2 ——————"->V) <& c< =__- -7
12(7) ‘TRerne-p " ¢ < &alp) 24(1+p)(2-p)
1 1
Wl(p):—c—ﬁ(lJr?p—?pQ)Z% = Cﬁél(p)z%@p_l)z,
1 1
WQI—E—CZ‘/O <— CSEE—G.

Here ¢12(p) is the threshold of &9 against &), as distinct from ¢12(p), its threshold against E.
Since ¢ > max{¢i2(p), c1(p)} for p € (1/2,1), we conclude that for ¢ > ¢ = 1/36, the leader hires
no advisor as Vy > max{Wis (p), W1 (p) , Wa}.

For the following, assume ¢ < 1/36. In this range, we have Wy > max{Wi(p), Vo}: equilibrium
&, outperforms & and &.
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(i) Suppose that [b;| < m12. (p) for both i = 1,2. Hence, equilibrium &2 exists, and hiring both
advisors is optimal if
1 142p—2p?

1
W =—-2c—————— — _>Woy=———c.
12(p) ¢ 12(p+1)(2—-p) — 2 18 ¢

Therefore, for each p € (1/2,1) there exists a cost threshold

o @y
2(P) = 350 1y (2 — )

weakly increasing in p, such that for all ¢ < ¢12(p) it is optimal to consult two advisors; and for
all ¢ € (¢12(p), 1/36] it is optimal to consult advisor 2. As p — 1,

1
Vi(p) — Va, le(p)—W2—>E—C~

Thus the leader is indifferent between the consultation choices in this limit only when ¢ = 1/72.
(ii) Next, suppose that |ba| < 12 and, either |bi| > n12.1 (p), or |ba] > mi2.2 (p), or both. Then,
equilibrium &4 is not available, and &, is the optimal equilibrium, since |ba| < 7s.

(iii) Finally, suppose that |ba| > m2 and |b1] < m1 (p), so that neither equilibrium &5 nor &
is available, while & exists. It is optimal to hire only advisor 1 and obtain equilibrium &; if
¢ < ¢1(p); otherwise, it is optimal to consult no one and obtain &.

Proposition 3| follows immediately from the above results, because n12.2 (p) < 12 for all p < 1.
Suppose that by, b, p, ¢ are such that the leader hires both advisors to achieve equilibrium &io.
Equilibrium &5 existence requires that |b1| < n12.1 (p) and |be| < n12.2 (p) and welfare dominance
that ¢ < ¢12. Suppose that |bs| increases continuously. As |be| crosses 1122 (p), equilibrium &£
ceases to exist and the optimal equilibrium is &;: the leader dismisses 1 and retains 2. As |bo]
grows further, it crosses 12 and then the optimal equilibrium is £;: the leader dismisses advisor 2
and rehires 1.

The mixed strategy equilibria—the equilibria M; in which advisor ¢ randomizes and j babbles,
the equilibria M; ; in which one advisor is truthful and the other mixes, and M3 in which both
randomize—are derived in Part B of the Supplementary Appendix, which also contains the proofs
of Propositions [ and

Appendix C: Advisors with Uncertain Trade-off

Equilibrium &34 The equilibrium &j24 in which advisor 1 and type b; of advisor 2 are
truthful, while type be reports o = 1 for both signals, exists if and only if |b1| < m124.1(p, q)
and |b1| < maa2(p,q), ie., [b1i] < m2alp,q) = min{maai(p,q), m2a2(p, @)}, and by > ni2a2(p, q).
The last condition is that type by prefers mo = 1 when so = 0: it is condition for s9 = 0
with the inequality reversed, with the same right-hand side as for type b1, since both types face
the same actions and the same conditional distribution of s;. Simplifying condition (1)), we here
obtain:

Zm2:0,1 Ay (m2)2 Py(0,102)

,q) = — — with A1 (1e) = - — . 11
maa1(p,q) 2> 01 At (1712) Pol0, 1712) 1 (m2) = (11)
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Using (6)), together with the fact that, here, s, s, (s2) = 1 and gy, s, (1) = 1 for s = 0,1, we
calculate P, (s1,ms2) for n =0,1,2, and (s1,72) € {0, 1}

(s1+n)(2—s1)!

N (n+1—81)!(1+81)!
P"(Sl’(’)_q(p mrar DT ) > (12)
B (si+1+n)(1—s1)! (24+mn—s1)ls;!
Falon 1) = q<p (n+3)! =P ) >
(s1+n)!(2—s7)! (I+n—s)(14s)!
s-g (B o el Gl g

Substituting the resulting moments into gives, after simplification (Part D of the Supplemen-
tary Appendix):

1 q 4 (6—69+4°)*
+1)(2—p)® 3—2¢+pq)*(3—q—
Mm2a1(p,q) = 1 (2p—1) (p+1)( p)q ( 6721;22 (3=q—pa)
2—p T 3=2¢+pqg

In the same fashion, we obtain:

1 1
2 + 2
(1 top— 2p2) (p+1)(3quivq) (2*p1)(3f2q+pq) '
3—q—pg T 3—2q+pq

| =

112A.2 (P7 Q) =

Simplifying expression (), Vi2a(p,q) = — 3" v(s1,7m2), where the sum runs over (sq,72) € {0,1}2
and v(s1,m2) equals Py(s1,1m2) minus Py (s1,m9)?/Po(s1,Ms2), so that, substituting the moments
and simplifying (Part D of the Supplementary Appendix), we obtain

1 —dp+2p?—1 1 2p> -3

e L e R (L
1 —20p + 8¢ — 4pq® — 20p?q + 2p?q* + 24pq + 20p* — ¢> — 10
120 q+pg—3
1 —20p + 12q + 16pq — 20p?q + 2p?q® + 20p? — 3¢% — 10
120 3—2q+pq

Equilibrium &4 Only advisor 2 of type by is truthful, while type by reports rs = 1 for both
signals and advisor 1 babbles. Simplifying expression with the moments P, (7h2) of the leader’s
information gives the condition |b1| < m24(q) = 1/(6(2 — q)) for type by and, by the same reversal
as above, ba > 194(q) for type by; gives Voa(q) = —(3 —2¢)/(18(2 — q)). The steps are in
Part D of the Supplementary Appendix.

Proof of Lemma Three comparisons follow from the closed forms. First, Via(p) > Vs
because 3(1 + 2p — 2p?) < 2(p + 1)(2 — p) reduces to (2p — 1)? > 0. Second, Vo > Va4(q) because
(3—2q)/(2—¢q) > 1 for ¢ < 1. Third, Vo > Vi(p) because 1 + 2p — 2p? > 1 for p € (1/2,1).
The remaining comparisons use the fact that the leader’s payoff is minus the expected conditional
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variance of the state, which cannot increase when her information is coarsened: if I’ is a function
of I and of an independent randomization, then E[Var(z|I’)] > E[Var(z|I)] by the law of total
variance, strictly whenever E[z|I] # E[z|I'] with positive probability. In €124 advisor 2’s message
equals sy with probability ¢ and 1 otherwise, so (s1,mg) coarsens (s1, s2) and Viga(p,q) < Via(p)
for ¢ < 1; in &4 and &; the leader observes g or s; alone, so Visa(p,q) > Vaa(q) for p > 1/2
and Vi24(p, q) > Vi(p) for ¢ > 0.

For g1, Vaa(q) > Vi(p) if and only if (3 —2¢)/(2 — q) < 1+ 2p — 2p?, that is, if and only
if 2p(1 —p) > (1 —¢q)/(2 —q). As 2p(1 — p) is strictly decreasing in p on (1/2,1), this holds if
and only if p < g1(q) = (1 +q/(2— q)) /2, a strictly increasing function with ¢1(0) = 1/2 and
qi(1) =1.

For go, let h(p, q) = Vi24(p,q)—Va. Via4 is continuous and strictly increasing in each argument,
because lowering g replaces ms9 by 1 and lowering p flips s1, each with an independent probability
and so a coarsening in the sense above. For fixed ¢ € (0,1), h — Vaa(q)—Va < 0asp | 1/2, where
s1 becomes uninformative, while h(1,q) > 0 because Via4(1,0) = Vi (1) = V2 and Vi24 increases
strictly in ¢; hence h(-,¢) has a unique root g2(q) € (1/2,1) and Vo > Viga(p, q) if and only if
p < g2(q). Monotonicity in ¢ makes go strictly decreasing, continuity of A makes it continuous,
and h(p,0) = Vi(p) — Vo, h(p,1) = Via(p) — V2 give g2(0) = 1 and ¢g2(1) = 1/2. m

Proof of Lemma m(p) > n2a(q) if and only if 2p — 1 > 1/(2 — ¢), that is, if and
only if p > g3(¢q) = (3 — ¢)/(2(2 — q)), strictly increasing with g3(0) = 3/4 and g3(1) = 1. Since
93(¢) —g1(q) = [1/(2 —q)—q/(2— q)} /2 >0, because q(2—q) = 1—(1—q)? < 1, with equality
only at ¢ =1, g1 < g3 on [0,1) and g3(1) = g1(1). As g3(0) < g2(0) =1 and g3(1) > g2(1) = 1/2,
while g3 increases and gs decreases, both continuously, g3 — g2 changes sign exactly once. m

The proof below uses the orderings of the bias thresholds stated in Section [6] verified in Part D.
Proof of Proposition The optimal communication equilibrium is the one with the highest
consultation value among those that exist, ranked by Lemma If by < m2.1(p) and be < n12.2(p),
then &y exists and is top ranked. Otherwise, if by > 7124(p, q) and by < 79, then & exists and
E124 does not, and if by < M124(p, q) and ba > 12, then E194 exists, as by > 12 > N124.2(p, q), and &
does not; in either case the existing one dominates & and &4, which proves (i). If b1 < n124(p, q)
and by < 1, then & exists, E124 exists if and only if by > 7m124.2(p, ¢), both dominate £ and
E24, and when both exist go settles the choice between them, which proves (ii). If by > n124(p, q)
and be > 1, only &1, which exists if and only if by < n1(p), and E34, which exists if and only if
b1 < n24(q), as ba > m2 > m24(q), remain: g¢; settles the choice when both exist, the existing one
is optimal when only one does, and no advisor is truthful when neither does, which proves (iii).
]

Part D of the Supplementary Appendix contains the derivations behind these closed forms, the
threshold orderings and the proofs of Propositions [9] and Part E, the results for Section [7]
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Supplementary Appendix
Part A: Proof of Theorem [1]

Proof. After every on-path history, the leader chooses y to maximize
~E[(y — )?|s0, 4.
Her unique best response is therefore
y(so,m4) = E[z|sg, mr4].
Fix advisor ¢ and write
as = Pr(m; = 1|s; = ), s €{0,1},

where the probability integrates over i’s bias type and private randomization. Independence of
B; from the state, signals, and other types implies that as does not depend on z; = (s, h_;).

If @1 = ap, advisor i’s message contains no information about his signal. Because his bias
is also independent of the state and the other players’ information, his message contains no
information about the state. The leader therefore ignores it on the equilibrium path. Replacing
the possibly type-contingent strategies by pooling on the message conforming to the common
direction of bias leaves all equilibrium actions and payoffs unchanged. This proves the stated
outcome-equivalent canonical representation.

Suppose instead that a; # ag. Relabel the messages so that a; > ag. Let

Am(zi) = Pr(s; = 1lm; = m, z;).

Bayes’ rule gives, with the usual limiting interpretation when one of the probabilities is zero,

)\1(21)

1-Ai(zi) _ a1(1 — ) <1
)\0 Zi - — '
1_>\(0(Z)i) aO(l al)

Hence A1(z;) > Ao(zi).
Set
0s(2i) = E[z]si = s, zi].

Conditional on (s;, z;), advisor ¢’s message depends only on his bias type and private randomiza-
tion. Independence of B; therefore implies

E[x|s; = s,m; = m, 2] = 0s(2;).

It follows that
y(so, m; = m, ﬁl_i) = Am(zz)ﬁl(zz) + (1 — )\m(zz))Qo(zZ)

Combining A;(z;) > Ao(zi) with (2) gives

0o(2i) < y(s0,0,1Mm_;) < y(sp,1,h_;) < 01(2;).



Consider a type b > 0 who observes s; = 1. Conditional on z;, his expected loss from inducing
action y is
2
Var(z|s; = 1,2) + (y — 61(z) —b)".

Both available actions are weakly below 6;(z;), and the action following message one is larger.
Message one is therefore his strict best reply. Symmetrically, if b < 0 and s; = 0, message zero is
the strict best reply given the equilibrium decision rule and beliefs.

Let s denote the signal contrary to the bias. The truthful message at this signal is sent by no
type who observes the opposite signal. Independence of the bias type from the state and signals
therefore gives

y(so,mi = s§,m_;) = E[z|s; = s7, z].

Let d;(z;) > 0 denote the absolute change in the leader’s action when the advisor sends the
conforming message instead. This change has the same direction as b. Conditional on z;, the
difference between the expert’s expected payoff from the truthful message and from the conforming

message is

di(ZZ‘)z — 2]b]dz(zz)

Averaging over z; conditional on s; = s¢, truth-telling is optimal if and only if

> di(zi)? Pr(zilsi = s¢) — 2[b] Y di(z) Pr(zlsi = s§) > 0.

Zi Zi

Since d;(2;) = |A;(so, s¢, ;)| and A; has the sign of b at every z;, this is equivalent to (3)). The
conforming report is optimal if and only if the inequality is reversed, and the type can mix only
when equality holds. The distribution of z; conditional on s; does not depend on B;, so the same
cutoff applies to every type of advisor ¢. This proves the strategy characterization.

Conversely, for an informative advisor, the preceding comparisons show that a canonical strat-
egy profile satisfying the cutoff conditions is a best response for every type at both signals.
Together with the leader’s posterior-mean decision rule, these conditions are sufficient for equilib-
rium. If every type of an advisor pools, off-path beliefs can assign the unused message the same
posterior as the used message at the same z;, so deviating does not change the leader’s action.

Finally, let I = (sp,1hy4) and Y = E[z|I]. Then

Up = —E[Y — 2)%] = —E[Var(z|I)].
Expanding advisor ¢’s loss gives
Ui=-E[Y — 2 — B;)?| = Uy — E[B?] 4+ 2E[B;(Y — z)].

The last term need not vanish because the privately observed bias affects communication. Hence
the fixed-bias Pareto-ranking argument does not extend, and equilibria must instead be ranked

by the leader’s ex-ante payoff. m



Part B: Mixed Strategy Equilibria

Throughout Part B we maintain b1bs > 0. By simultaneous reflection it is sufficient to derive the
results for 0 < by < bo; the all-negative case by < by < 0 follows by the same reflection.
Equilibria M;: advisor ¢ randomizes and j babbles

Suppose that b; > 0 and write p; for the probability p;0(0) that ¢ reports truthfully when
s; = 0; the case b; < 0 follows from the ex-ante symmetry of the signals, with u; reading as the
probability p;1(1) that ¢ is truthful when s; = 1. Because j babbles, the leader conditions on m;
alone, and expressions and yield

i= 1 R= (R, P (G i) py — (G G
. . _ 2 2—lo _ 2 3—H2 _ 2 4—po
17 = 2.P0—(%,T#),Pl—(%a 6#)’]32_(%’ 15‘)’

where each pair reports the value at m; = 0 and at m; = 1. In both cases the difference between

the posterior means is:

P (1)  Pi(0) 2n; 1 i
A; = - = , so that, by (1), |b;| = 54; = )
Po(1)  Po(0)  2—p Y o =2 2— i

where 171 = (2p — 1) /6 and 72 = 1/6 are the existence thresholds of & and . As the right-hand
side increases in u; and equals n; at u; = 1, equilibrium M, exists only for |b;| < n;, i.e., only if
&; also exists.

Turning to the value of equilibrium, expression gives Vg, = _Zmizo,lv(mi) with
v (m;) = Py () — Py (;)? /Py (), and substituting the expressions above yields, again in
both cases,

1—p;
Vi — (1 —p) (1 +12V5)
.= ————, sothat Vy, -V, = —
2_Mi ' 6(2_Ni)

for every u; € (0,1), where Vi = —[1+2p (1 —p)] /18 and V5 = —1/18. The value interpolates
between the two pure strategy values, equaling V; at u; = 1 and the babbling value —1/12 at

Vi <0

1; = 0, and the sign of the difference is immediate because 14 12V, > 0 is precisely the statement
that & is more informative than babbling; explicitly, 1+ 12V; = (2p — 1)* /3 and 1+ 12V, = 1/3.
We conclude that equilibrium M; is dominated by &;: its existence requires &;’s existence, and it
yields a lower value.

Equilibrium M5 ;: advisor 1 randomizes and advisor 2 tells the truth (Proof of Propo-
sition 4]
Suppose that by > 0. The case where b; < 0 is handled as above. Denote by p1 the probability
11,0(0) that 1 tells the truth when s; = 0. Because p1,1(1) = 1, and 7y = s2 for s = 0,1,
Pi(my = 0,m2)  Pi(s1 =0,s2)

= = = . 14
Po(rn = 0,m2)  Po(s1 =0,s2) (14)

Hence, the calculation of

Pi(my =1,82)  Pi(rhy =0, 52)
A = — fi =0,1
1(s2) Po(rny =1,s9)  Po(my =0,s2)’ ors =

3



requires only using expression @ to determine:
P,(m1 =1,s2) = Py(s1 = 1,82) + (1 — 1) Py(s1 = 0,82), for n =0,1,2. (15)

Plugging in the earlier calculated P, (s1, s2) with s = 0,1 in the above expression and simplifying,
we obtain:

—s (w1 +pu—3), Py =1,0) = =35 (11 — 2),
Po(ra = 1,1) = L (=2u1 +pur +3),  Pi(iu =1,1) = & (=31 + 2ppr +4).

a
—~
>
=
Il
— =
— O
S~—
Il

From these expressions, we obtain Aj (sg)for s = 0,1. Plugging them in expression and
simplifying, we obtain that advisor 1’s equilibrium condition is:

1 4 1
op — 1) 2P B=2upun)” T (pH)B=p—pm)’
(2p ) 1 1 :
3—=2p1+ppa + 3—p1

e

by =mn2.1.1 (P, 1) =

—PH1

It can be checked that 12,11 (p, 1) increases in py, that 9211 (p, 1) = mo.1 (p) for p3 = 1 and that
n2.1.1 (P, 1) = 2.1 (p) /2 for p1 = 0. The implication is that, for any b1 € [n12.1 (p) /2, m12.1 (P)],
the equilibrium My 1 cannot exist.

Turning to advisor 2, again with by > 0, note that , implied by p1,1(1) = 1, yields

Ag(mlz()):AQ(Sl:O)a

and the latter has already been calculated for equilibrium &12. Using P,(m; = 1, s2) for so =
0,1 and n = 0,1 calculated above, we obtain A (m; = 1). Plugging Ay (mq), m1 = 0,1, into
expression and simplifying, we obtain advisor 2’s equilibrium condition:

. (14r213—2172)22 (6—6u1—2p2u§+u?+2puf)2
1A i) 2=p)” T B=2pa+pun)* B—p—ppua)
4 m 1+2p—2p? +6*6u1*2p2u§+u?+2puf

17 2=p 3—2p1+pm

by <m212(p,p1) =

It can be checked that 72.1.2 (p, p1) strictly decreases in py, 1n2.1.2 (p, 1) = ma.2 (p) for p3 =1 and
n2.1.2 (p, 1) = 2 for p1 = 0.

We introduce the function nys2 : (p, b1) — ba according to the rule that, for every p € (1/2,1),
b1 € (m21 (p) /2,m21 (p)) and uy € (0,1), it is the case that nar2 (p,b1) = n2.1.2 (p, 1) if and only
if b1 = m2.1.1 (p, 1) - We conclude that the existence region of equilibrium My is 1121 (p) /2 <
b1 < ma21(p) and be < maro (p,b1). The function 7o strictly decreases in by, because 1212 is
strictly decreasing in uq, whereas 72,11 is strictly increasing in p1. For all p, it is further the case
that nar2 (p, b1) = n2 for by = n12.1 (p) /2 and nar2 (p, b1) = M2.2 (p) for by = n12.1 (p) -

This concludes the proof of Proposition [4

To continue, expression gives Vara1(p,b1) = —> v(mi,s2), the sum running over
(mq,s2) € {0, 1}2 and v being as above with the pair (1, s2) in place of m;. Again, expression
(15) gives Py(my = 1,52) = Pa(s1 = 1,52) + (1 — 1) Pa(s1 =0, s2) for s = 0,1, and we calculated
Py (s1, s2) for equilibrium &12. We obtain:

Po(rig = 1,0) = & (=3u1 +ppr +5),  Po(1g = 1,1) = & (—4p1 + 3pu1 +5)



where recall that pp is such that by = n2.1.1 (p, 1), and note that 1211 (p, 1) depends on p but
not on by.

This allows us to calculate v (1, s2) for (11, s2) € {0,1}? and hence the value of equilibrium
M1 as a function of pq:

L, 14 2p — 2p? L9 ) 6 — 6u1 — 2p%1F + 2ppf + 11}
— Ml < - 1 .
24" (p+1)(2—-p) 24 (3 =1 —pp1) (3 —2p1 +ppa)

Viro1(p, 1) = —

It can be checked that ‘N/Mvg,l increases in . As 1911 increases in i, we conclude that
Var21(p,b1), the value of equilibrium May 1, increases in by. As pg is pinned down by p and
by through the condition by = 1211 (p, 1), whereas the condition be < 7212 (p, p1) is a weak
inequality, the value Vjs21(p,b1) is independent of by generically, i.e., when by < 1212 (p, 1)
holds as a strict inequality.

Equilibrium M 5: advisor 2 randomizes and advisor 1 tells the truth.

The derivation retraces the steps taken for My 1 with the roles of the two advisors inter-
changed; because the model is not symmetric across advisors, the resulting expressions differ, and
we record them. Suppose that by > 0 and let 12 = p12,9(0) be the probability that 2 tells the truth
when so = 0. Since p21(1) = 1, the analogue of holds at 72 = 0, so that Ag (s1) requires
only P,(s1,me =1) = Pp(s1,82 =1) + (1 — p2)Pn(s1,s2 = 0) from @, which yields:

1 1 1 1

P, 7 = 1)=—(3—-2 1-— —. Pi(l.mo=1)= —(2 1 1— —

1(0, e ) 1 (3—2p) + (1 — p2) 12 1(1,72 = 1) 12( p+ 1)+ (1 — p2) 12’

. 1 1 . 1 1
Py(0,m2 = 1)26(2—p)+(1—ﬂ2)6(p+1)» P0(17m2=1)=g(P+1)+(1—M2)6(2—P)-

Substituting the resulting Ay (s1) in , advisor 2’s equilibrium condition is:

1 1
1 ) G—tapia)’ | C-p) 320zt piia)®
(1+2p—2p2) (P+1)(3—p fu) ( p)l( 2+pi2) :
3—p2—pp2 + 3—2pz+pp2

ba = m.a2 (p, p2) =

W~ |

which increases in p2 and equals 7122 (p) /2 at pe = 0 and n12.2 (p) at pe = 1, so that existence
requires 112.2 (p) /2 < by < m2.2 (p) . For advisor 1, po1(1) = 1 gives Ay (1hgy = 0) = A (s2 =0),
calculated for &2, while Aj (g = 1) follows from the P, (s1,ma = 1) above; his condition is:

! e + (6—6p2+p3)*
+1)(p—2)° 3—2us+ppa)’ (3—p2—ppo
by < maa(p,pe) = 7 (20— 1) e+ D=2 o ( Gliwfiljg( pazpe),
3-p T 3= tpus

Here m1.2.1(p,1) = ni2.1(p), m.21(p,0) = n1(p) and n121 is decreasing in pp. Define n1.as :
(p, b2) — by—mnot to be confused with 7y of Section 4] which bounds b; as a function of the

consultation cost—by 1.7 (p, b2) = n1.2.1 (P, p2) whenever by = 1122 (p, p2) . Equilibrium M 5
exists for 712.2(p)/2 < |b2| < Mma2.2(p) and |b1| < 1. (p, |b2]) . Taking the negative of the sum of
v over (s1,72) € {0, 1}2 in , we obtain its value:

1 1+2p—2p° 1(2 )(6—6u2+u§)(1+2p—2p2)
—— g — — (2 —
247" (p+1)(2—p) 24 (3 — p2 — puz) (3 — 2u2 + pu2)

which increases in o, as does 71.2.2; hence Vi 1.2 increases in by and is constant in b; whenever

Viriz (p, pta) =

b1 < n1.2.1 (p, p2) holds strictly.



Equilibrium Ms5: both advisors randomize.

Suppose again that by > 0 and by > 0. The case in which both are negative follows by simul-
taneous reflection. Use again notation 10 (0) = p1 and pg 0 (0) = p2, and note that pq 1 (1) =1,
p21 (1) = 1. Using notation P, (m1,m2) = P, (m1,m2) to distinguish from P, (s1,s2), for
(s1,52,mM1,12) € {0,1}*, expression @ yields:

fDn( = MlMQPn(an)a Pn (1)0) :M2Pn(170)+(1_N1):U’2Pn(070)’
Pﬂ (07 1) = Mlpn(07 1)+:U’1 (1_M2) Pn(070)7
An (171) = Pn(171)+(1 _,ul)Pn(O? 1) +(1 _,u2)Pn(170) +(1 _ﬂ1>(1 _MQ)PTL(OvO)'

Substituting in the expressions of P, (s1,s2) for (s1,s2) € {0,1}? calculated for equilibrium &,
we obtain, after simplification:

N ~ 1 1

P — — . P(1,0) = pg— + (1 — —

1(07 0) K12 127 1( 70) 125] 12 + ( ,LLI),U:Q 127

. 1 1

P(0.1) = u—(3—2 1— 19) —

1(0,1) Mg (3—=2p) + p1 (1 — p2) 3

R 1 1 1 1
P(1,1) = —(2p+1)+(1—pu)—(3-2 1 — o) — 4+ (1 — ) (1 — pao)—.
1(1,1) 12(p+ )+ ( “1)12 (3—=2p) +( u2)12+( 1)( M2)12

These expressions give A (1) for rg = 0,1 by the usual formula, with P in place of P. Plugging
them, together with

Py(s1 = 0,m2 =0) = pu2Pu(0,0), Py(s1=0,112 =1) = Fy(0,1) + (1 — p2)Po(0,0),

. 1 . 1 1
Po(s1 = 0,72 =0) = pag(p+1), Po(s1 =012 =1) = =(2—p) + (1 =~ p2) (0 + 1),

in condition ([1)), and substituting, we obtain the equilibrium condition for advisor 1:

o n (—6p2+13+6)°
(2p— 1) (p+1)(3—p1—pp1)® ' (B3—p2—pp2)(6—3u1—3pa+p pr2+ppipa)’
2 + (—6p2+p3+6) ’
3—p1—pp1 6—3p1 —3pa+p1 pla+ppa p2

b1 = a1 (P, p1, p2) =

e

We note that 0712.1/0u1 > 0 and 9712.1/0p2 < 0, while 7121 (p, 1,1) = ma.1 (p), M2.1 (p,0,1) =
ma2.1 (p) /2, M21 (p,1,0) = n1 (p) and 7121 (p,0,0) = n1 (p) /2. In other terms, the existence in-
terval Biog (p2) = {b1 : b1 = 7Mi2.1 (p, 1, u2) for some py € (0,1)} in by of My goes from
(m2.1 (p) /2,m21 (p)) to (m (p) /2,m (p)) as pa decreases from 1 to 0. Both the lower end and
the upper end of Bjgj (u2) increase. Since we maintain by < 112.1(p), the relevant interval is
Bi2.1(p2) N (0,7m12.1(p)), and this intersection shrinks by inclusion as uy decreases from 1 to 0.
Turning to 7122 (p1, p2) , proceeding as above, we obtain:
1 (1+2p—2p°)° (611 +2p* 3 — i3 —2pp3 —6)*
(p+1) (atppu2=3)" * (3=pi—pin) (63 —3ptatpir patppiaiz)”

w1 (142p—2p2) + 6—6p1—2p?pl+pl+2pul
3—p2—pp2 6—3 1 —3pa+p1 pha+ppi 2

1
by = 2.2 (P, p1, p2) = 1

We note that 0n12.2/0p2 > 0 and 0m12.2/0p1 < 0, while 7122 (p,1,1) = mi22(p), Mi2.2(p,1,0) =
ma.2 (p) /2, 2.2 (p,0,1) = n2 and 7122 (p,0,0) = n2/2 = 1/12.



The comparison must hold by, rather than u, fixed. Write Fj(u1,u2) = mo.i(p, p, p2) for
fixed p. Along the indifference locus by = Fj (1, p2), the implicit-function theorem gives

8F1
M [ Ope >0
T :
d:u2 s
Along the same locus,
dba J 0Fy 0F; 0F, 0F;
dpz P Op Opr - Oy Opa

Direct differentiation of the displayed closed forms establishes J > 0 on p € (1/2,1) and (u1, p2) €
(0,1)2. One algebraic sign certificate sets 7 = 2p — 1: after clearing the positive denominator, the
numerator of J has 960 positive and 64 zero Bernstein coefficients on the unit cube (7, 1, u2) €
[0, 1]3.

Starting from any interior Mis with by < 712.1(p), continue this fixed-b; locus until po = 1,
and denote the terminal mixing probability by pj. Then p] > g1, the endpoint is the equilibrium
M 1, and the original by lies strictly below its advisor 2 incentive bound. Thus, on this strict
domain, every parameter vector supporting Miy also supports Ma 1, and the former existence
region is a proper subset of the latter. At by = 112.1(p), the continuation reaches pj = 1 and ends
at the pure equilibrium &ps.

We are left to check that, for any (b1, bg) such that Mjs and Mg ;1 coexist, the former is welfare
dominated by the latter: Wy 12 (p, by, bg) = Vumie (p, bl, bz) —2c < Wpra1 (p, bl) =Vumoa (p, bl) —
2c.

Proceeding as above, we calculate the value of equilibrium Mjs as a function of p and us

and obtain:
oo ) = 1 1+ 4p — 2p?
M.12\P; H1, H2) = 120#1#2 P+l
1 10— 2p?pd + 4ppd — Appy + 1 — 8
— o2
120 3 — 1 — pua

10 — 2p?p3 + 20p% g — 20p?
1 ( +4pp3 — 24pps + 20p + p3 — 8o )
3 — p2 — pp2
60 — 2p*p3 3 + 20p° uipg — 20p*ui
+Appd g — 24ppd e + 20pu? — Appip
+8pppg + pips — Spipe + 1047
1 —8puy 3 + 561112 — 601 + 10u3 — 6042
120 6 — 311 — Bz + papz + puafiz

For fixed p1, this expression is strictly increasing in po and satisfies ‘N/M,lg(p, p1,1) = ‘7M.2.1(p, ).
At the fixed-b; endpoint above, ] > p1, and increasing either truth-telling probability is a strict
Blackwell improvement. Therefore

Varao(p, i1, p12) < Varaa (p, 1) < Varoa (p, i13).

7



The last term is the value of My at the same p and b; as the original M. Hence, whenever
the two equilibria coexist at a parameter vector, M2 has lower value for the leader and lower
welfare. This comparison adjusts both mixing probabilities as required by advisor 1’s indifference
condition.

Proof of Proposition [5]| We earlier concluded that the only mixed strategy equilibria that are not
dominated by another equilibrium are My 1 and M7 5. Consider the former. If it coexists with £,
it is dominated by £12; both configurations nevertheless consult both advisors. Further, we know
that Var2.1(p,b1) > Va for all by, ba and p such that equilibrium My ; exists, and that Vaso.1(p, b1)
increases in b1. Hence, for every s; precision p and consultation cost ¢, there exists a threshold
nara (p, ) such that Wira1(p,b1) = Varoa(p,b1) — 2¢ > (<)Wa = Vo — ¢ if |bi] > (<)nara (psc) -
Provided that equilibrium Ma ; exists, the leader hires both advisors 1 and 2 for |b1| > nas.1 (p, ¢)
and only advisor 2 if |b1| < nas1 (p,¢). The threshold 7,1 increases in ¢ and eventually crosses
M12.1(p) so that Wasa1(p,b1) < Wa for all by, by and p such that equilibrium My ; exists. Beyond
that high-cost crossing, the leader never hires advisor 1 to achieve equilibrium My ;. Together
with the existence conditions 712.1(p)/2 < |b1] < m2.1(p) and |b2| < nara (p,b1), this concludes
the optimality characterization of equilibrium My ;. As for M2, when |b1| < m12.1(p) it exists
only where £15 does, and its value VM.l.Q(p, f2) increases in po up to Vig(p) at pg = 1, so that it
is dominated by &jo.

For the second result, suppose that by, bs, p, ¢ are such that the leader hires both advisors to
achieve equilibrium &9, i.e., |b1| < ma2.1 (p), |b2] < Mm22(p) and ¢ < é12(p). Say that |be| increases
continuously. If it is the case that |b1| < nar1 (p,c), then as |ba| crosses n12.2 (p), the optimal
equilibrium is £ as Mo 1 either is not available, or it is welfare dominated by £;. In either case, the
leader dismisses 1 and retains 2. If instead it is the case that |b1| > nar.1 (p, ¢) , then as |by| crosses
2.2 (p) the leader keeps consulting both 1 and 2. However, as |bs| increases it will eventually cross
nar2 (p,b1) which is smaller than 7. When it does, again, the leader dismisses 1 and retains 2.
Regardless of the value of by, as by grows further, it will cross 72 and then the leader will dismiss
advisor 2 and rehire 1.

Part C: Continuous Signals

This part contains the derivations and proofs for the continuous-signal analysis in Section
We first characterize two-message communication with one and two advisors, then establish the
global incentive-compatibility conditions, and finally present the finer-partition calculations and
numerical analysis used to define the comparison region R.
Throughout, x ~ U|0, 1], s; = z+¢;, and the noise terms are mutually independent and jointly
independent of z, with e; ~ U[—0;, d;]. For a signal s with noise parameter ¢, Bayes’ rule gives
x|s ~ Ulmax{0,s — d}, min{1, s + §}]
and posterior mean
max{0,s — ¢} + min{l,s +J}
05(s) = 5 .

The posterior mean is nondecreasing in s and equals s whenever § < s < 1 — 4. The truncation

at the boundaries of the state space is incorporated directly in the message probabilities and
posterior moments below.



Single-advisor communication. Let advisor ¢ send m’j: when s; < t; and m% otherwise, with
t; € (—d;, 1+ ¢;). Parametrize the threshold by the posterior mean of the marginal signal,
9:95i(ti)€(0,1), v=1-46.

Let a(6) denote the probability of the low message and let () = y}; — v} denote the distance
between the leader’s two induced actions. Direct integration gives

(5:(3 —

ij’ 0 <6, CM, 0 < di,

a(f) = {0, 5<0<1—6, ()= 3929;52 5;<0<1—6; (16)
2
1—%, 0>1- 0, \M’ 0>1_3
Because E[y] = E[z] = 1/2, the leader’s actions and value are

1 o1 2 1

d=r-(-a)  wh=iton  Vi—a(l-ap?- o (17)

The marginal type is indifferent if and only if b; = (y% + y%;)/2 — 0, or, equivalently, (1 — 2a)y =
1 — 26 — 2b;. Define

(18)

Proof of Proposition [6, Write

Gi(z) = Pr(s; < tile) = min{ljmax{o, tJr;é—x}} |

Integrating G;(x) and zG;(x) over [0, 1] for the three possible positions of the switching region
yields (16)); then follows from E[y| = 1/2. Substitution of the marginal-indifference condition
gives b; = U4 (0). By the argument in the proof of Proposition [7| below, marginal indifference is
also sufficient when only one advisor is consulted.
It remains to establish the properties of ¥;. For §; < § < 1 — §;, we have a = 6 and
v =1/2—62/(60v). Hence
1 0 (1-20)82
Us(0)=—-— -+ ———"+
5O =372% a0
with derivative
1 62(6% +v2) 1

27 120002 ~ 2
For 0 < 6 < §;, we have o = 62/6;, which gives

W} (6) = -

1 (6; — 20%)(3 — 40)

U5, (0) = 9~ 0 — 12(8; — 62)

and



Profile Probability E[z1{profile}] Posterior action

LL C D g

LH A -C B -D %
HL Ay —C By —D %
HH 1—A — Ay +C %—Bl—BzﬂLD %:i:izig

Table 1: Message probabilities and posterior actions with two advisors. An action is defined
by Bayes’ rule only when the corresponding profile has positive probability.

407 — 30i0 — 20:6° + 20"
6(d; — 02)?
For 0 < 6 < &; < 1/2, the numerator is greater than (&; — 6%)2/2, so W5 (0) < —1/12. The
corresponding result for 1 — §; < 6 < 1 follows by symmetry. The formulas agree at 6 = J;

U5 (0) =

and § = 1 — §;, so Uy, is continuous and strictly decreasing on (0,1). Moreover, W4 (01) =
1/4, Us5.(17) = —1/4. It therefore maps (0, 1) one-to-one onto (—1/4,1/4). Hence an informative
two-interval equilibrium exists if and only if |b;| < 1/4, and, when it exists, it is unique within
the class of informative two-interval equilibria.

]

Two-advisor communication. Let both advisors use two-interval partitions with unrestricted
thresholds ¢1, to, and define

1 1
Gi(z) = Pr(s; < ti|z), A = /0 Gi(z) dz, B; = /0 zGi(z) dx,

together with
1 1
C= / Cr(2)Co(z) dz, D= / 2Gr (2) G () d.
0 0

Conditional independence of the two noise terms given x gives the message-profile probabilities,
first moments, and posterior actions in Table
The leader’s value is therefore

1 o\ 9 1
Vie=—2+ D Pr(jk)yj, = Var(y) - (19)

E-
J.ke{L,H}

10



Proof of Proposition The probability and first-moment columns of Table |1| follow imme-
diately from conditional independence and subtraction. For example,

Pr(LL) = /01 Gi(x)Ga(z)dr = C, E[z1{LL}] = D,

so yrr = D/C whenever C' > 0; the other three profiles follow analogously. Equation uses
Ely] = E[z] = 1/2.

Because C' < min{A;, A2}, one mixed profile has probability zero exactly when the two
switching regions have disjoint interiors. The action following such a profile is off path and is
therefore not pinned down by on-path Bayes’ rule. Indifference of consultant i’s marginal type
supplies one equation in (¢1,t2) for given (by,b2).

Global incentive compatibility. The marginal conditions identify candidate threshold pairs,

but with two advisors they need not guarantee equilibrium. The following expression makes the

additional incentive constraints explicit and is also useful for the finer-partition calculations below.
Suppose advisor 1 uses IV intervals and advisor 2 uses M. Let

mi(s) = Pr(m5lsi = 5),  &(s) = Elzl{m5}|s1 = s,

and let y; 1 be the leader’s action after advisor 1’s j-th and advisor 2’s k-th messages. Up to a
term independent of advisor 1’s message, his expected payoff from message j equals

3 (29500 (Ex(s) + brmi(s)) — y2xma(s)] -

k

Hence the gain from sending m/*" instead of m] is

Z(ijrl,k — Yjk) [2&(8) + (261 — Yk — yj+1,k)7rk(3)} : (20)
k

The corresponding expression for advisor 2 is symmetric. Evaluating at a partition threshold
and setting it equal to zero gives the marginal-indifference condition at that threshold.

Given the thresholds, Bayes’ rule determines the leader’s actions after all positive-probability
profiles. For a zero-probability profile, sequential rationality requires the specified action to be a
posterior mean in [0, 1]. The thresholds and these actions form an equilibrium if and only if no
signal of either advisor gains by switching message. This is exactly the global condition stated in
the proposition.

When only advisor ¢ is consulted, reduces to

(yir — 1) [205.(s) + 2b; — v}, — yiy]-

Since y}, — yi > 0 and 05,(s) is nondecreasing in s, the gain is nondecreasing in the signal.
It vanishes at ¢; by marginal indifference, and is therefore nonpositive below the threshold and
nonnegative above it. Thus marginal indifference is sufficient with one advisor.

With two advisors, both the conditional target and the probabilities 7y (s) in vary with the
expert’s signal, so marginal indifference alone does not establish the required incentive inequalities.
]

11



Finer partitions with one advisor. An N-interval equilibrium of advisor ¢ consulted alone is
described by thresholds

th< o <N

in (—0;,149;), with every interval having positive probability and every threshold type indifferent
between the adjacent actions. Since the posterior mean is monotone, these marginal conditions

imply global incentive compatibility. Let ngl) (6;) be the supremum of b; > 0 over such equilibria.

Proposition |§| gives Egezl = 1/4 for every ;.

Let (0(b), y% (b), 4% (b)) denote the unique two-interval equilibrium at bias b € (0,1/4).
Proof of Lemma [l

Step 1: the boundary equation.

Define F(b) =y (b)/2 — b, b€ (0,1/4).

We first show that F' has a unique zero.

Along the two-interval equilibrium, b = s, (0). Since b > 0 and Wy, is strictly decreasing,

0 < 1—9;. Hence only the ranges 0 < 8 < §; and §; < 6 < 1—4; are relevant. In these two ranges,

1
br=9y, s
5—’_6710’ 0; <0 <1-9;.
For 6 # §; in these ranges, dyt /df > 1/3.
From the proof of Proposition @ W5 (0) < —1/12 at these points. It follows that

d [y
—Us.(0)| > 0.
|- w0
The expression in brackets is continuous at § = §;, so it is strictly increasing throughout these

ranges. Since Vs, is strictly decreasing, 6 falls as b rises. Hence F'(b) is strictly decreasing in b.
Asb 0,0 —1/2and yi — 1/4+ 62/3, whereas as b1 1/4, 0 [ 0 and y¢ | 0. Thus

52

1-
6

+ P
4 7 4

F(0) = >0, F(

| =

Hence the boundary equation F(b) = 0 has a unique solution, at which b = y% /2. Combining
this condition with marginal indifference, b; = (y& + vy;)/2 — 0, gives 0 = yi, /2.

Step 2: the vanishing-interval limat.

Consider a sequence of three-interval equilibria with thresholds t}C < t% in which the probability
of the lowest interval converges to zero. Then t}C — —6;.

Consequently, both the leader’s action following the lowest message and the posterior mean
of the marginal type at t,lg converge to zero.

Let y},y2,y3 denote the three induced actions. Indifference at the first threshold requires
05.(t}.) + b, = (v}, + y2)/2. Since 05,(t}) — 0 and y; — 0, by, — y7/2 — 0. As the lowest interval
disappears, the remaining two intervals converge to a two-interval equilibrium. By Proposition [6]
this equilibrium is uniquely determined within the two-interval class by the limiting bias b, and
y2 — y% (b). Therefore b =yt (b)/2, so F(b) = 0. By Step 1, the limiting bias must be I_)gézl(&).

Step 3: closed form.

12



Let a; denote the posterior mean 6 at b = Bé?é%(éi). From Step 1, a; = y';/2. Suppose first

that a; > §;. In this range,
i 1 + a; 53
Y= T TR — )
The condition a; = yH/2 becomes 9a —12a; + 3 — 5 = 0, whose relevant root is a; =
(2—+1+ (53)/3. The condition a; > §; is equivalent to §; < (3 — v/3)/4.

Using l_)gézl = y' /2 then gives

3az2 + (52-2

5(3) 21
For &; > (3 — /3)/4, we instead have a; < §;. In this range, the condition a; = yi; /2 reduces
to
8a? — 126;a; + 36; = 0. (22)
This equation has a unique relevant root a; € (1/4,4;], and since y% = 2a;/3,
@
bin(0:) = 5 (23)
Step 4: compamtz’ve statics.
For 6; < (3 —/3)/4,
let 7 = \/1 + 67, so that a; = (2 — 7)/3. Then
- 1 T—1)4r+1
o) - 5= T

12 36ai

and I_)gézl(éi) is strictly increasing in ¢;. For §; > (3 — v/3)/4, we have béezl( di) = a;/3 > 1/12.
Implicit differentiation of (22f) gives

da; _ 3(4a; —1)
do; — 24a? —126;
53)

S0 bgen (0;) is strictly decreasing in ¢;.
The two expressions coincide at §; = (3—+/3) /4, where l_)gz)n(di) = (3—+/3)/12. This is therefore
73)

the maximum of bgen(d;).
(]

Lemma 4 Under these conditions, for every N > 3, bg;grl) < l_)g,jn), and the boundary l_)ge\;lﬂ)
satisfies bg]e\;H) (N)(bggfl))/Q Moreover, bgé)n < bgn =1/4.

Proof.
Consider a sequence of (N + 1)-interval equilibria approaching Bge\ifl) in which the lowest
interval vanishes. By assumption, the remaining N intervals converge to an N-interval equilibrium

at the same limiting bias. Hence, nglﬂ) < l_)( )
Suppose, to the contrary, that bg@Xfl) bge\g As the lowest interval of the (N + 1)-interval

equilibrium vanishes, its action and the posterior mean of its marginal type both converge to zero.
The corresponding marginal-indifference condition therefore implies

PN+1) _ L (N)
bgen 5 bg;?vg yi 0 (b).

13



N =3 1.002162 0.781261 0.426761
N =4 1.002603 0.862351 0.716093

Table 2: Largest ratio by /l_)gl)(él) among globally incentive-compatible (N, M) equilibria
with 0 < b; < by < 1/4, maximized over (d1,d2) € {(0.05,0.01), (0.10,0.05), (0.15,0.05),
(0.20,0.10), (0.25,0.005), (0.30,0.10), (0.35,0.20), (0.40, 0.05), (0.45,0.30), (0.49,0.25)}. A
ratio below one means that advisor 1 can sustain N intervals when consulted alone at
the same bias.

By assumption, the limit on the right-hand side is zero. This would imply Ege\ilﬂ) = 0, a contra-
diction. Therefore, Ege\ifl) < l_)gjn)

Since Béglﬂ) lies strictly below Bé]cyrl), the limiting N-interval equilibrium is nondegenerate. The

same marginal-indifference condition then gives

N) 7(N+1
B(NJrl) _ yg )(béenJr ))
gen 9
For N = 2,
i (73)
1 (5 = Yrlbeen(0)) 1
bgen(él) 9 < 1

because y < 1/2. Hence Bé?é%l(éi) < Bgﬁl(&). ]

Finer partitions with two advisors. We next examine numerically whether consulting a
second advisor can support a finer partition than an advisor could sustain alone. If an (N, M)
two-advisor equilibrium exists, the relevant comparison for advisor 1 is whether the same bias
satisfies

b < (_)(N)((Sl)

gen

For N = 2 this holds immediately because Bge)n = 1/4 and the analysis restricts attention to
by < 1/4. For N > 3 we verify the comparison numerically; the corresponding exercise for
advisor 2 is symmetric.

For a given (N, M), there are (N —1)+ (M —1) thresholds and (/N —2) + (M — 2) consistency
conditions. The two lowest thresholds therefore parametrize a two-dimensional equilibrium family,
while the biases are recovered from the marginal-indifference conditions. We grid the two lowest
thresholds, refine the grid near vanishing-interval boundaries, solve the remaining consistency
conditions to 107'2, retain solutions with 0 < by < by < 1/4, and impose the global incentive
constraints for every signal of both advisors.

Table [2| reports the largest ratio by / l_)gevn) (61) among globally incentive-compatible solutions for
N € {3,4} and M € {2,3,4}, maximized over ten precision pairs spanning 0 < dy < 01 < 1/2.

The two ratios in Table [2] that slightly exceed one occur only at near-degenerate boundary
configurations: in every such case, one message has probability between 1.3x 10712 and 3.1 x 10712,
Table [3] summarizes how the maximal ratios change when these boundary configurations are
progressively excluded. The advisor 2 calculations repeat the same exercise after interchanging
the advisors’ roles.

14



Minimum message probability maxb;/ l;g:n)(él) max by / Bé%)(ég)

No floor 1.002603 1.0075
1076 0.998744 1.0022
One percent 0.773428 0.757

Table 3: Sensitivity of the finer-partition comparison to a minimum message-probability
requirement. The maxima are taken over the same precision grid and partition sizes de-
scribed in the text.

At the one-percent screen used for the comparisons in Section [5], both maximal ratios are well
below one. Thus, over the numerically examined configurations, an advisor who could not sustain
more than two intervals alone does not acquire a nondegenerate finer partition merely because the
other advisor is also consulted. This is the numerical basis for restricting the main comparison
to two-interval equilibria on R.

Numerical implementation. Three features of the computation are worth recording.
1. Equilibrium parametrization. With two advisors and two intervals each, there are two
thresholds and no additional consistency conditions. Hence

(t1,t2) —> (b1, b2, Vi2)

is a map. Sweeping the threshold plane rather than solving separately at each bias pair finds
equilibria with thresholds anywhere in (—d;,1 + §;), including boundary configurations that a
solver initialized near the interior can miss. The threshold grid is refined geometrically down to
1072 from either end. When several equilibria correspond to the same bias pair, we retain the
one giving the leader the highest value.

2. Posterior moments. Only C' and D depend jointly on the geometry of the two switching
regions. The integrands G1G2 and £G1G4 are piecewise polynomials of degree at most two and
three, respectively. After splitting the integrals at the sorted switching-region endpoints, three-
point Gaussian quadrature is exact.

3. Incentive compatibility. A candidate satisfying the marginal conditions can fail global
incentive compatibility on a narrow set of signals. The unnormalized gain in is piecewise
cubic in the advisor’s signal. We therefore split the signal space at all support, threshold, clipping,
and induced switching-region knots and evaluate each polynomial piece at its endpoints and real
stationary points. For general (N, M) partitions, the prescribed message is compared with every
alternative message in the same way. When a message profile is off path, the leader’s action
following it is searched over a grid in [0, 1].

In the reported main-text comparisons we require every message to occur with probability at
least one percent, thereby excluding near-degenerate partitions. Table|3|reports the corresponding
finer-partition calculation under smaller probability floors as well.

Finally, the implementation was cross-checked against an independent code path written for
general (N, M) partitions. Across all 397 configurations tested, message probabilities agree to
3 x 10~ and implied biases to 7 x 10710, The scripts are reproduced in Part F.

15



Part D: Derivations for Section

Equilibrium &£154. We derive the closed forms of 11941, 7124.2 and Va4 stated in Appendix C.
Using expressions and , we obtain, after simplification:

q  Pq q
P _ 1 71 P _ 1
0(070) 6 6 1(070) 12’
q pq q
0( 70) 3 67 l( )0) 125
q pg 1 p g 1
Py(0,1) = —= ——+ - P0,1)=—=>—-—+ -
O ="5-% T2 0D =515 5
I q, pq L . p ¢
L =5-3%%" LD =546 12
Plugging these expressions into the formula for
. Pi(1,m2)  P1(0,m2) .
A = - fi =0,1
10m2) = B g ) T Ro(0,ig)” OF e = 0L,
and simplifying, we get:
13 13 1 2p-1

Ay (0) = — ==
a—tpg  Fa+ipg 2(p+1)(p—-2)

1 1 1 1 1
tsP 14 —gP-139ts3
— 54+ gPd —gd—gpd+ g
1 (2p—1)(6—6q+q¢)

2(3—2q+pq)(g+pg—3)

1
A1) = 8
2

The threshold 11241 (p, q) is obtained by plugging A (rhy) and Py (0,72), e € {0,1}, in the

formula:

1AL (0) Py(0,0) + Aq (1)% Py(0,1)
M2AL = 9 TAL(0)Po(0,0) + Aq (1) Po(0, 1)

2 2
1 2p—1 1 1 1 (2p—1)(6—6q+q> 1 1 1
(‘%H%W) (54 +6PQ)+(—§<§—’éq+¥q><q1p5—)s>) (Z64—gpat3)
1

1 2p-1 1.1 2p—1)(6—6g+¢2 1.1 1y
(-3obors) Ga+ b + (b)) (“ha— bpa+ 3)

1
2

Similarly, n124.2 (p, q) is obtained with the formula:

. 251:0,1 Ay (51)2 Pr(s1,s2 =0)
nET Y >sief0.1) Da(s1) Pr(s1, 52 =0)’

Pi(s1,1)  Pi(s1,0)
h A = — fi =0,1
where A (s1) Po(s1,1)  Po(s1,0) or 81 y 4y

Hence, using again the above expressions Py (s1,m2), s1 = 0,1, e =0, 1,

—ip— 150+ 3 54 1 —2p+2p° -1
A2 (0) = — 1 11 Y 1 3

50— gpat+5 gatgpa 2+ 1) (a+pg—3)

1 1 1 1 2

s tep— ¢ 154 1 —2p+2p°—1
A2(1):§5 6 124 12 —

L—lq+ipe tq—3ipg  2(p—2)(3-2q+pg)
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Further, we obtain:
1 1
Pr(070):6(p+1)7 Pr(170)26(2_p)7

and hence:

;—%721)2—1)2

2 (p+1)(g+pg—3)

(;Lw—l)
2 (p+1)(g+pg—3)

—2p+2p%—1 2
0+ 1)+ (dgaiam) 8@

—2p+2p%—1
v+ 1)+ (35S ) § 2~ )

)

1
M24A.2 = 5

In terms of the consultation value, for each (s1,72) € {0,1}2, let
Py(s1,1m2)*
Po(s1,m2)

Viga = — Z v(s1, Ma).

(51,7?12)6{0,1}2

v(s1,mg2) = Pa(s1,m2) —

This yields, using also

1 1 1 1 1 1 1 1

= —q— —pq, Pob(1,0)= —q+ —pq, Po(0,1) = ——p— —q+ — -

P (0,0) 50¢ ~ 5oP? » (1,0) 304 T 5oP? »(0,1) P~ 5pdt gt 1
1 1 1 1

P (1,1) = 5Tl " 309 goPe

the following expressions:

_a 1 () —ppiol
20 60 I+ % 120 p+1
P a2’ -3
30 60 I-B 120 p—2°
11 1 1 (—ip— Llg+1y
’Uo,l = ——p— —qg+ — 4+ = — 6 12 3
(0,1) = —ep— 55a+ 5pa+ S Yo P,

1 —20p+ 8q — 410q2 — 20p2q + 2102(]2 + 24pqg + 20}02 — q2 —10

120 q+pg—3
1 1 1 1 (L4 1p— Lg)?

1.1) = — T __\6 6 12
v(L,1) =15+ 6P~ 354~ goP? T 10t 1

1 —20p + 12q + 16pq — 20p?q + 2p%q® + 20p? — 3¢* — 10
120 3 —2q + pq

Taking the negative of the sum of the four terms v (s1,m2) gives the expression of Vio4(p, q)
reported in Appendix C.
Equilibrium & 4. Only advisor 2 of type by is truthful. Simplifying expression , the equilib-
rium condition is:

s

(1) Pi(0)
Py(1)  Po(0)

1
1b1] < n2a(q) = §A2A, where Agq =

Hence using iy, s, (s2) = 1 and pp, s, (1) = 1 for so = 0,1, and equation , we obtain:

n!1! (I +n)to! n!1! (n+1)0!

CET) and Pn(1)=qi<2+n)! +(1—Q)( !+(1—Q)7(n+2)! :

Py (0)=¢q m
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Plugging P, (mg) for n = 0,1 and mg = 0,1 into Agy4, we obtain, after simplification, n24(q) =
1/(6(2 — q)). Likewise, simplifying expression (4f), and plugging in P, (mg) for n = 0,1,2 and
mo = 0,1, we obtain:

P ~ 2
Voual(q) = — Z v (g), where v (1he) = Pa (The) — LWALQ) for g = 0,1,
Py (12)
T/I\’LQIO,I
. 13-2
- 182—gq°

Threshold orderings. From Appendix B, 712.1(p) < m12.2(p) because 2p — 1 < 1 + 2p — 2p?;
Ma.2(p) < 72 because 3(1+2p—2p*) < 2(p+1)(2—p); m2.1(p) < m(p) because 3 < 2(p+1)(2—p)
for p € (1/2,1); and m1(p) < m2. Further, noa(q) = 1/(6(2 — q)) < n2 with equality only at ¢ = 1.

By (11), 7241 is 1/2 of the average of A;(0) and A;(1) with the positive weights
Aq(m2)Po(0,m2), where A1(0) = 2m12.1(p), because gy = 0 reveals so = 0, and A;(1) =
(2p — 1) f(q)/2 with f(q) = (6 — 6¢+¢*)/((3 — 2¢ +pqg)(3 — ¢ — pg)). Since 2(3 —2q +pq)(3 — ¢ —

pq) —3(6 —6q+¢*) = ¢*(1+2p—2p?) and (6 — 6+ ¢*)(p+1)(2—p) — (3—2¢+pq)(3—q—pg) =
3(1 —q)(1 +2p — 2p? ) are nonnegative, 2n12.1(p) < A1(1) < 2m1(p), strictly for ¢ € (0,1), and
the weighted average lies strictly between 2112.1(p) and 291 (p): m2.1(p) < m24.1(p,q) < m(p) for
€ (0,1), with equalities at ¢ = 1 and ¢ = 0 respectively.

Consider 7124.2. It equals 1/2 of the average of Ag(0) = (1+2p —2p?)/(2(p+1)(3 — ¢ — pq))
and As(1) = (1+2p—2p%)/(2(2 — p)(3 —2q+pq)) with the positive weights Aa(s1)Py(s1,s2 = 0).
Both lie below 2n122(p) = (1 + 2p — 2p?)/(2(p + 1)(2 — p)), because 3 — ¢ — pg > 2 — p and
3 —2q+pg > 1+ p, strictly for ¢ < 1; hence n124.2(p,q) < m2.2(p) for ¢ < 1, with equality at
q = 1. Finally, direct computation gives

(2p—1)%[9—6g — ¢*> + p(1 — p)q(6 — 5q)]
122-p)2-9)(p+1)(3~2¢+pg)(3—q—pg)’

whose bracket is at least 2 on g € [0,1], so m24.2(p,q) < m24(q) for p > 1/2. In particular

Mmaa < {m,n24,m22} < mn2on (1/2,1) x (0,1), whereas 7124 may fall below 112.1: 7124.2(p,0) =
N12.2(p)/2 < ni2.1(p) whenever 3 — 2p — 2p? < 0, that is, for p > (V7 —1)/2 ~ 0.82, and by

continuity n124 < m12.1 for such p and small q.

n24(q) — Mm2a2(p,q) =

Monotonicity of the thresholds. Section [0 states that 71241 increases in p and decreases in
q, that m124.0 decreases in p and increases in ¢, and that 724 increases in ¢q. The last is immediate
from m24(q) = 1/(6(2 — q)). For the other four, each partial derivative of the closed forms of
m24.1(p,q) and n124.2(p, q) is a ratio whose denominator is positive on (1/2,1) x (0,1), being a
product of squares and of the factors 2—p and p+1, and whose numerator is a polynomial in (p, q).
The substitutions p = (1 +1¢)/(2+¢) and ¢ = s/(1 + s) map ¢, s > 0 onto the domain, and after
them, once the positive factors (24¢)%(1 +s)? that clear the denominators are multiplied in, each
numerator becomes a polynomial in (¢, s) all of whose coefficients have the same sign: positive for
On24.1/0p and On124.2/0q, negative for Onioa.1/0q and Oniaa.2/0p (the four polynomials have
63, 35, 35 and 30 terms; the signs were verified by symbolic computation). The four monotonicity
properties follow.

Proof of Proposition [9.  For the first result, Proposition [§[(i) gives €124 initially and (iii)
applies once by > m124(p,q): just above 1124 both & and &4 exist, and p > g1(q) selects &,
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so advisor 2 is dismissed; if moreover p < g3(gq), then 71(p) < m24(q) by Lemma |3, and on
m(p) < by < n24(q) only &4 exists, so advisor 2 is hired back and advisor 1 discharged. For the
second result, Proposition (ii) gives & at the initial ¢, where p < g2(q), and £124 at any higher
g at which p > go(q) and 194 still exists. ®

Proof of Proposition Under p > g2(q), b1 < m2a(p,q) and by > n12.2(p) > maa2(p,q),
the equilibria £124 and &; exist, & exists if and only if by < 1y, E24 exists whenever by > 124(q),
in particular when by > 15, and £12 does not, because b > 1712.2(p). Lemma identifies Vg as the
best available one-advisor value and gives Vio4 > Vg > Vj, hence cg, cog > 0.

It remains to prove that consulting one advisor is optimal over a nonempty range of costs. If
Vg = Va, then Vigy < Vig < —1/24, while Vo = —1/18 and Vjy = —1/12. Therefore

1 1
V12A+Vo<—§<—§:2v2,

which is equivalent to cg < cgg. If ba > 1y, then 2Vg > Vi + V4. Put r =2p — 1 € (0,1). Direct
substitution of the closed forms gives

qr*S(r,q)
576(2 —p)(p+1)(2—q)(pg —2¢ +3)(3 —q¢ —pq)’

Vi+Vog—Viga—VWo =

where
S(r,q) = 180 — 162q 4 27¢* + (=36 + 24q — 2¢*)r* + (2q¢ — ¢*)r?.
The polynomial S decreases in ¢ € [0,1], and S(r,1) = 45 — 1472 + r* > 32. Thus the displayed
difference is positive, so Vioa + Vg < 2Vg, again equivalent to cg < cgg.
The three relevant net payoffs are Vio4 — 2¢, Vg — ¢, and V. Their slopes and the strict
ordering cg < cog give exactly the two changes in the optimal consultation choice stated in the
proposition, with indifference at the cutoffs. m

Part E: Alignment vs. Diversity

We begin by expanding P, for the model of Section m First suppose that A = {1,2}, so that we
can write:

1
P, (so, m1,m2) :/ Z Z & Pr (1hy, mha|s1, s2) Pr (s1]s0, 1) Pr (so, 81, s2|@) da.
0 5,€{0,1} (s},52)€{0,1}2
Here, Pr (s1]so,s]) = 1 if 51 = 5| = so, Pr(s1]s0,5]) = 1 — pif s1 = s} # sg and Pr (s1]sg, s]) = p
if 51 = sg # s}. Further, Pr (s, s}, so|x) = x%0+s1+52(1 — 2)3=%0=51=%2 Hence, we get:

Pn (505 mlv m?) - Z /“L]-,Sl (ml) IU’2y52 (mQ)

(s1,82)€4{0,1}2
(n+ sp + s2)1(2 — sg — s2)!
1 =
8 {p {1 = so} (n +3)!

(n+ So + Ss1 + 82)!(3 — 89— S1 — Sg)!
(n+4)!

+(1 - p)
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In the same fashion, when A = {1} and A = {2}, we obtain:

(n + s0)!(1 — sp)!
(n+2)!

Po(s0,m0) = ) pings, (1) {Pl{& = so}
316{0 1}
(n+so+s1)1(2—s9—s1)!
(n+3)! ’

+(1=p)

n+50+52) (2 —s9 — s2)!
(n+3)!

P, (s0,m2) Z p2.s, (1
s2€{0,1}

The full information equilibrium with correlated signal s; In order to find 7121 (p),
ma.2 (p) and Via (p), we begin by calculating P, (so, s1,s2) forn =0,1,2, so = 0,1, s; = 0,1 and
s2 = 0,1. Using , we obtain:

Py(0,0,0) = 03?'+(1 )0;?'—p123, P(0,0,0) = p 1:5 +(1- 15’!—2”633,
P3(0,0,0) = 2;' +(1- )23 = %, Py(0,0,1) = 1;' - p)%l N %’
P(0,0,1) = pQZ +(1- p)i!_)?! = 3’)632, P5(0,0,1) ng’;!ﬂl—p)?’g! = 2/)631,
P0(0,1,0):(1—p)%:11_—2p, P1(0,1,0)=(1—p)25!=13_0p»
Py(0,1,0) = (1 — p)% = 16_—0’), B£(0,1,1) = (1 - p)% = %»
P1(0,1’1)=(1—p)%=12_—0p, P2(0,1,1)=(1—p>%:%‘

We also obtain
Py(1,1,1) = 2;)?'+( m%;%, Pl(l’l»l)zp%+(1*f’)%:%o4’
Py(1,1,0) 1;' +(1=p) 22' = %, Pi(1,1,0) = p% +(1=p) % = 3;;02’),
Py(1,0,1) = (1—p) % = 1%, Pi(1,0,1) = (1—=p) 3;' = 12;0/)»
Py(1,0,0) = (1 _p)% = 1;72”, P1(1,0,0) = (1 —p) %?' = 13_—0p.

Using these expressions, we calculate Aj (sg, s2) for so = 0,1 and sy =0, 1:

A1 (0,0) = P (0,1,0) P (0,0,0) %_% 5
- Py(0,1,0)  FRo(0,0,0) Iz ef5 53+ p)
A (0,1) = PL(0,1,1) P(0,01) _ 5 g 1
o = +1 ,
P(0,1,1) B (0,0,1) 52 g S(p+1)
Ao - AMLO P00 FEE g1
1 9 - — = it _f:7,
Py(1,1,0)  Py(1,0,0) L2 Iz 5(1+4p)
A (1,1) = P(L11) P (1,001) 55 He 3
1 (1, Py(1,1,1) Py(1,0,1) 253 e~ 5(p+3)



Using condition in Theorem together with m; = s; for s; = 0,1 and 7 = 1, 2, the equilibrium
condition for advisor 1 can be written here as follows:

> (so.smefo.1y? A1 (50, 52)° Po(s0,51 = 0, 0)

23 (sosa)ef0,132 A1 (50, 52) Po(so, 51 =0, 52)

|b1] < mi2.1(p)

Plugging A (sg, s2) and Py (0,0, s2) for sp = 0,1 and s3 = 0,1, into the above expression, we

obtain:

2 +1 1 - ; -
mai(p) = 1(5(3”)) +(5( ))2%+(5(1+p))2ﬁ+(5(3+p))21—p
. N +1 = —

? (s )% (s 4z + G 7+ Gak)
3 + 1
150437 T 30(p+1)?
- 1 I .
’ @3 1 80+

Turning to the equilibrium condition for advisor 2, we calculate As (s, s1),for so = 0,1, s31 = 0,1

and obtain:

Ay (0.0) = P1(0,0,1)  Pi(0,0,0) &2 28 1 6p4p2+3

20T R (0,0,1) Ry(0,0,0)  etl T2k T 5(p+3) (p+ 1)
Ar(0.1) = P(0,1,1) P (0,1,0) H o1

20T R((0,L1) R(0,1,0) Lz Lz n

Ao = DGOD P00 L

ST T R0 R0 p Ty

Ay(L1) = P (1,1,1)  Pi(L,1,0) 57 HFP 1 6p+p*+3

2 Py(L,1,1)  Py(1,1,0) 22 Lie T 5(p43)(p+1)

By plugging these expressions and Py (s, $1,0) for so = 0,1 and s; = 0,1 in the formula:

2(50,81)6{0,1}2 AQ (507 51)2 .PO(S()7 S1,82 = 0)
2 2(50»31)6{0,1}2 AQ (807 81) PO(S(), S1,82 = 0) ’

|ba] < mi2a(p) =

we obtain:
1y21=p | (1 _6p+p>+3 \214p
(6" + Grem) 12

17/0_’_(1 6p+p%+3 )1+,0
5 (p+3)(p+1)/ 12

2
1 _6p+p>+3 +3 1\21—
( ) 1 <3(p£3)p(p+1)> p12 + (3> 12p +
m22{p) = 3 1 _6p+p2+3 ) p+3 Lp |
5 (p+3)(p+1)

(6p+p°+3)°
(0 +2) hary + (1= 0)

1
10 6p+p2+3 :
10 (P+2)%+(1—P)

Turning to calculating the value Vi (p), formula together with ex-ante signal symmetry gives
us:For every (s1, s2) € {0,1}2, let

Py (0,51,52)°

Py (0,51,52)

V12 (p) = -2 Z ’U(O, 81,82).

(31752)6{071}2

v (0, s1,52) = P2 (0, 51,52) —
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We thus calculate:

2043\ 2 1-o\2
+1 (’%o) 1 8o+ p2+6 1-p (:Tf) 1-p
P
(0,0,0) = L P TR (0,1,0) = SR :
60 7373000 p+3 60 e 300
2 +1 (L‘éf)Q 1 3p+p%+1 1 (12;0‘7)2 1
_ 2p+1 1 3p+p 1-p 1-p
v(0,0.1) = —g5 el 7300 p+l 00, 11) = =5 o~ 7300

We then obtain:

Vie(p) = —2( L+ L

300 300 300 p+1 300 p+3
1 26p+9p* +15
150 (p+3)(p+1)

2<l—p 1—p 13p—|—p2+1+18p+p2+6>

The equilibrium with only advisor 1 truthful Let us turn to the equilibrium in which
only advisor 1 is truthful. Proceeding as before, we use to calculate Pj (sg,s1) and Py(so, s1)
for so = 0,1, and s1 =0, 1,

B(0.0) = pﬂ}!Jr(l_p)?;j!:%gOSp’ P0(071)=P0(1,0):(1—p)1;j!:1_6p’

Plugging these expressions in the formulas for A; (sg), for sg = 0,1, we obtain:

1—

A = BOD P00 F 5 1
A1) = Pi(1,1)  Pi(1,0) _ el e _ 1

2+ 1— :

Py(1,1)  Po(1,0) % & 2(2+p)

Combining these expressions, we obtain:

o) 1A1(0)2 Py (0,0) + Ay (1)* Py (1,0) 1
1 Y -5 2 I
2 Al (0) Po (0, 0) + Al (1) P() (1, 0) 2 2(21+p) # + 2(21+p) Tp
B 1
42+ p)

Turning to calculating the value of advice, we use formula and ex-ante symmetry again:

(P1(0,51))°

Vilp)==2 ) v(0,51), where v (0,s1) = P2 (0, 1) = "5 =5

81:0,1
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After calculating

2 2
Ltp 2 1-p
(0,0) 24 3p (12) 1 34+6p+p 0,1) 1-p (12) 1—p
v = — = v = — =
’ 60 % 120 2+p 7 ’ 20 = 120 ’
we obtain: )
1 3+6p+p 1—p 11+p
\% =-2|-—= =———.
1) (120 2+ p 120 122+ p

Properties of the thresholds and values, and proof of Proposition Simplifying
the expressions above, m12.1(p) = (27 + 42p + 19p?)/(10(1 + p)(3 + p)(9 + Tp)) and n12.2(p) =
(27 + 96p + 118p% + 52p% + 7p*) /(10(1 + p)(3 + p)(9 + 16p + 5p?)); at p = 0 both equal 1/10,
the threshold with three independent signals. Their difference is 712.2(p) — meo.1(p) = p(81 +
225p + 185p + 49p)/(10(1 + p)(9 + Tp)(9 + 16p + 5p?)), positive for p > 0. The derivatives
are 115 1(p) = —(405 + 972p + 1038p? + 588p% + 133p%)/(10(1 + p)2(3 + p)%(9 + 7p)?) < 0 and
Moo (p) = 2(81+405p+690p2 +510p% +163p* 4+ 13p° —2p%) /(5(1+p)%(3+p)2(9+16p+5p%)%) > 0

n [0,1], because 2p% < 81. For the value, V{5(p) = —(9 + 12p + 50%)/(75(1 + p)%(3 + p)?) < 0
and V{5 (p) = 2(18 + 27p + 18p* + 5p%) /(75(1 + p)3(3 + p)3) > 0, so V42 decreases and is convex.

For advisor 1 alone, 7}(p) = —1/(4(2 + p)?) < 0, V{(p) = —1/(12(2 + p)?) < 0 and V{'(p) =
1/(6(2+p)*) > 0. Further, 11(p) — ma.1(p) = (27+63p+25p% —3p") /(20(1+ p)(2+ p) 3+ p) (9 +
7p)) > 0 on [0, 1], while 11(p) — n12.2(p) = (27 — 18p — 224p% — 264p> — 107p* — 14p°)/(20(1 +
p)(2 + p)(3 + p)(9 + 16p + 5p?)) has a numerator that is strictly decreasing in p, positive at
p = 0 and negative at p = 1: 1y crosses 1122 exactly once, from above, at p ~ 0.270. Finally,
Via(p) — Vi(p) = (15 + 41p + 37p% + 7p3)/(300(1 + p)(2 + p)(3 + p)) > 0, and the constants
Vo = —1/24 and V) = —1/18 satisfy Via(p) — Va = (1 — p)(15 4+ 11p)/(600(1 + p)(3 + p)) > 0,
Vo = Vi(p) = p/(24(2 + p)) > 0 and Vi(p) — Vo = (1 — p)/(36(2 + p)) > 0 for p € (0,1), so
that Vo < Vi(p) < Vo < Via(p). As for the threshold 7y = 1/8 of advisor 2 alone, o — n12.2(p) =
(1=p)(27+63p+31p> +3p%) /(40(1+4p) (3+p) (9+16p+5p%)) > 0 and 2 —m(p) = p/(8(2+p)) > 0
for p € (0,1).

The proof of Proposition [11]is that of Proposition [2| with these orderings. Fix p and the bias
vector. Since the displayed value differences are strict whenever the relevant alternatives exist,
the same ranking holds for every sufficiently small positive ¢; this is the asserted ¢ | 0 limit.
If |b1] < moa(p) and |be| < m12.2(p), then &9 exists and has the highest value. Otherwise &1
does not exist, and &, which exists if and only if |by| < 72, dominates & and &p; both the case
|b1| > 7712.1(;)) with |b2| < 7712.2(p) < 2 and the case 1712.2(p) < ‘b2| < 72 fall here. If |bg| > 12,
neither £12 nor & exists, and &1, which exists if and only if |b1| < n1(p), dominates &; when also
|b1| > n1(p), only & remains.

Part F: Numerical Code

This part reproduces the scripts behind the figures and the numerical statements of Section [5| and
Part C. They are plain Python and depend only on numpy, scipy and matplotlib. Long lines
have been broken at bracket boundaries so that they fit the page; the code is otherwise exactly
as run.
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cs_core.py — closed forms for the single-advisor and two-advisor two-interval equilibria, the
incentive check, and the solver at a given bias pair.

nun

Closed forms for the continuous-signal section: general two-interval equilibria,
one advisor and two advisors.

x ~ U[0,1]; s_i = x + eps_i, where eps_1 and eps_2 are mutually independent
and jointly independent of x, and eps_i ~ U[-delta_i, delta_i].
Leader payoff -(y-x)~2, advisor i payoff -(y-x-b_i)~"2.

Everything here is "general": thresholds may lie anywhere in (-delta, 1l+delta),
so a switching region may protrude outside the state space, and with two advisors
the two switching regions may be disjoint in either order or overlap.

Contents

bgen3(delta) general three-interval single-advisor bound

bbar_int (delta) largest bias with an INTERIOR two-interval threshold

single_general(b, delta) the unique two-interval equilibrium at bias b

two_by_two(tl, t2, d1, d2) profile probabilities and leader actions

implied_biases(...) the biases that make each threshold type indifferent
global_ic_22(...) incentive compatibility at every signal (certified

over the polynomial pieces)
value_22(P, y) the leader’s value

The two-advisor objects were checked against run_NM_16.py on 400 random
configurations: max |dP| = 3e-15, max |d(implied bias)| = 7e-10, and the
incentive verdict agreed at all 397 admissible points (about 75x faster).
nun

import numpy as np

from scipy.optimize import brentq

TOL = 1e-13

#

# one advisor
#

def bgen3(d):
"""Largest bias at which one advisor alone sustains three intervals,
with no restriction on the position of his thresholds.

Closed form: for d <= (3-sqrt3)/4 the binding configuration is on the
middle branch, bgen3 = (32”2 + d72)/12a with a = (2-sqrt(1+d~2))/3;
beyond that it is on the lower outer branch, bgen3 = mu/3 with mu the
root in (1/4, d] of 8 mu"3 - 12 d mu + 3 d = 0.
dstar = (3 - np.sqrt(3)) / 4
if d <= dstar:
a=(2-np.sqrt(1 +d *xd)) / 3
return (3 * a *x a +d *d) / (12 * a)
mu = brentq(lambda m: 8 * m ** 3 - 12 * d * m + 3 * d, 0.25 + 1e-13, d, xtol=le-15)
return mu / 3

def bbar_int(d):
"""Largest bias with an interior two-interval threshold: 1/4 - 5d4/12 - d~2/12(1-4)."""
return 0.25 - 5 *xd / 12 -d *xd / (12 * (1 - 4))

def alpha_Delta(mu, d):
"""Low-message probability alpha and action spread Delta as functions of the
posterior mean mu at the threshold signal (the three branches)."""
nu =1 - mu
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if mu <= d:

returnmu * mu / d, d * (3 -4 *mu) / (6 * (d - mu * mu))
if mu >= 1 - d:

return 1 —nu *nu /d, d * (3 -4 *nu) / (6 * (d - nu * nu))
return mu, (3 * mu * (1 —mu) - d *d) / (6 *mu * (1 - mu))

def Psi(mu, d4):
"""Implied-bias map: mu supports a two-interval equilibrium at bias b iff b = Psi(mu).
Strictly decreasing, onto (-1/4, 1/4)."""
a, D = alpha_Delta(mu, d)
return 0.5 - mu - 0.5 * (1 - 2 *x a) * D

def single_general(b, d):
"""The unique two-interval equilibrium of a single advisor at bias b.

Returns a dict with the posterior mean mu at the threshold, the low-message
probability alpha, the spread Delta, the two actions, the leader’s value
V = alpha(l-alpha)Delta”2 - 1/12, the threshold signal t, and which branch
it is on (’interior’ iff |b| < bbar_int(d)). None if |b| >= 1/4.
nnun
if abs(b) >= 0.25:
return None
mu = brentq(lambda m: Psi(m, d) - b, le-14, 1 - le-14, xtol=1le-15)
a, D = alpha_Delta(mu, d)
yL, yH = 0.5 - (1 - a) * D, 0.5 +a * D
V=a* (1-a)*xDx*xD-1/12
if mu <= d:
t, branch = 2 * mu - d, ’low’
elif mu >= 1 - d:
t, branch = 2 * mu - 1 + d, ’high’
else:
t, branch = mu, ’interior’
return dict(mu=mu, alpha=a, Delta=D, yL=yL, yH=yH, V=V, t=t, branch=branch)

def V_single(bs, d):
"""Vectorised leader value of consulting one advisor with noise d at biases bs.
bs = np.atleast_1ld(np.asarray(bs, dtype=float))
out = np.full(bs.shape, np.nan)
flat = out.ravel()
for k, b in enumerate(bs.ravel()):
if 0 < b < 0.25:
flat[k] = single_general(b, d)[’V’]
return out

nwun

#
# two advisors: exact integrals of the clipped-linear message likelihoods
#
def _int_G(lo, hi, t, d):

"""int_lo"hi G dx and int_lo"hi x G dx, with G(x) = clip((t+d-x)/2d4, 0, 1).

Vectorised in lo, hi."""

lo = np.asarray(lo, dtype=float)

hi = np.asarray(hi, dtype=float)

hil = np.minimum(hi, t - d) # flat part where G = 1

el = np.clip(hil - lo, 0.0, None)

ml = np.where(el > 0, (hil ** 2 - 1o *x 2) / 2, 0.0)

A = np.maximum(lo, t - d) # linear part
B = np.minimum(hi, t + d)

ok =B > A

Ac, Bc = np.where(ok, A, 0.0), np.where(ok, B, 0.0)

p2 = np.where(ok, ((t + d) * (Bc - Ac) - (Bc ** 2 - Ac *x 2) / 2) / (2 * d), 0.0)

m2 = np.where(ok, ((t + d) * (Bc ** 2 - Ac *x 2) / 2 - (Bc **x 3 - Ac *x 3) / 3) / (2 * 4), 0.0)
return el + p2, ml + m2
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def _int_GG(t1, di1, t2, d42):
"""The joint terms C = int_0"1 G1 G2 dx and D = int_0"1 x G1 G2 dx.
Their integrands have degree <= 2 and <= 3 in x, respectively, so
3-point Gauss on each piece is exact."""
pts = np.array(sorted({0.0, 1.0} | {p for p in (t1 - d1, t1 + d1, t2 - d2, t2 + d2) if 0 < p < 1}))
a, b = pts[:-1], pts[1:]
xs = np.array([-np.sqrt(3 / 5), 0.0, np.sqrt(3 / 5)1)
ws = np.array([56 / 9, 8 / 9, 5/ 9])
mid, half = (a +b) /2, (b-a) / 2
X = mid[:, None] + half[:, None] * xs[None, :]
W = half[:, None] * ws[None, :]
Gl = np.clip((t1 + d1l - X) / (2 * d1), 0, 1)
G2 = np.clip((t2 + d2 - X) / (2 * 42), 0, 1)
return float(np.sum(W * G1 * G2)), float(np.sum(W * X * G1 * G2))

def two_by_two(tl, t2, di, d2):
"""Profile probabilities P and leader actions y for thresholds (t1, t2).

Index [j, k]: j = 0/1 is advisor 1’s low/high message, k likewise for advisor 2.
y is nan at profiles of zero probability (off path). The switching regions
have disjoint interiors iff

P[0,0] = min(P[0,0]+P[0,1], P[0,0]+P[1,01).

nnn

A1, B1 = _int_G(0.0, 1.0, t1, d1)

A2, B2 = _int_G(0.0, 1.0, t2, d2)

C, D = _int_GG(t1, 41, t2, 42)

P = np.clip(np.array([[C, A1 - C], [A2 - C, 1 - Al - A2 + C]]), 0.0, Nome)
M = np.array([[D, B1 - D], [B2 - D, 0.5 - B1 - B2 + D]])

y = np.where(P > TOL, M / np.maximum(P, 1e-300), np.nan)

return P, y

def _cond_other(s, d_own, t_o, d_o):
"""Given own signal s (vector): the probability of the other advisor’s low
message conditional on s, the corresponding partial mean of x, and the same
two objects for his high message."""
lo = np.maximum(0.0, s - d_own)
hi = np.minimum(1.0, s + d_own)
L =hi - 1o
pL, mL = _int_G(lo, hi, t_o, d_o)
pL, mL =pL /L, mL /L
return pL, mL, 1 - pL, (lo + hi) / 2 - mL

def implied_biases(tl, t2, di, d2, P=Nomne, y=None):
"""The biases (bl, b2) at which each threshold type is exactly indifferent.

This inverts the marginal conditions: rather than solving for thresholds at
a given bias, it reads the bias off a given threshold pair, which turns the
equilibrium set into a graph over the threshold plane.
nnn
if P is None:
, ¥ = two_by_two(tl, t2, di, d42)
out (]
for adv in (1, 2):
if adv ==
tau, d_own, t_o, d_o = t1, di, t2, d2
yA, yB, PA, PB = y[O, :1, y[1, :1, P[0, :], P[1, :]
else:
tau, d_own, t_o, d_o = t2, d2, t1, di
yA, yB, PA, PB = y[:, 01, y[:, 11, P[:, 01, P[:, 1]
pL, mL, pH, mH = _cond_other(np.array([taul), d_own, t_o, d_o)
pk, mk = np.array([pL[0], pH[0]]), np.array([mL[0], mH[0]])
num = den = 0.0
for k in range(2):
if pk[k] < 1le-12 or PA[k] < TOL or PB[k] < TOL:
continue

n o
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def

def

def

def

m = mk[k] / pklk]
Dk = yB[k] - yA[k]
num += pk[k] * Dk * (0.5 * (yA[k] + yB[k]) - m)
den += pk[k] * Dk
out.append(num / den if abs(den) > le-14 else np.nan)
return out[0], out[1]

_signal_knots(t_own, d_own, t_other, d_other):
"""Breakpoints of the signal-wise deviation gain.

Between consecutive points the gain, multiplied by the positive length of

the own-signal conditional state support, is a polynomial of degree at most

three. The points include changes in the prescribed message, clipping of

that support at O or 1, and entry or exit of the other advisor’s switching

region.

nnn

lo, hi = -d_own, 1 + d_own

candidates = [lo, hi, d_own, 1 - d_own, t_own]

for x_break in (t_other - d_other, t_other + d_other):
candidates.extend((x_break - d_own, x_break + d_own))

return np.array(sorted({float(z) for z in candidates if lo <= z <= hil}))

_cubic_maximum(fun, a, b):
"""Maximum of a function known to be cubic on [a,b].

Four evaluations recover the cubic on a normalized interval. The returned
value is evaluated from ‘‘fun‘‘ itself at the endpoints and stationary
points, rather than from the interpolant.
nnn
if b - a <= le-14:

return -np.inf
mid, half = 0.5 * (a + b), 0.5 *x (b - a)
z_fit = np.array([-0.8, -0.25, 0.3, 0.85])
vals = np.array([fun(mid + half * z) for z in z_fit])
poly = np.polynomial.Polynomial.fit(z_fit, vals, 3).convert()
candidates = [-1.0, 1.0]
candidates.extend(r.real for r in poly.deriv().roots()

if abs(r.imag) < le-8 and -1 < r.real < 1)

return max(float(fun(mid + half * z)) for z in candidates)

_report_gain_numerator(s, d_own, t_other, d_other, actiomns, bias,
prescribed, deviation):

"""Unnormalized payoff gain from ‘‘deviation‘‘ at own signal ‘‘s‘‘."""

lo, hi = max(0.0, s - d_own), min(1.0, s + d_own)

if hi <= lo:

return 0.0

p_low, m_low = _int_G(lo, hi, t_other, d_other)

length = hi - lo

p = np.array([float(p_low), length - float(p_low)])

m = np.array([float(m_low), 0.5 * (hi * hi - lo * lo) - float(m_low)])

def relevant_utility(report):
action = actions[report, :]
return float(np.sum(2 * action * (m + bias * p) - action * action * p))

return relevant_utility(deviation) - relevant_utility(prescribed)

_advisor_ic_22(t_own, d_own, t_other, d_other, actions, bias, tol):
"""Certified signal-wise check for one advisor in a two-by-two profile."""
knots = _signal_knots(t_own, d_own, t_other, d_other)
for a, b in zip(knots[:-1], knots[1:]):
if b - a <= le-14:
continue
prescribed = int(0.5 * (a + b) >= t_own)
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deviation = 1 - prescribed

def excess(s):
length = min(1.0, s + d_own) - max(0.0, s - d_own)
gain = _report_gain_numerator(s, d_own, t_other, d_other,
actions, bias, prescribed, deviation)
return gain - tol * max(length, 0.0)

# The small slack absorbs roundoff in recovering a cubic from four
# floating-point evaluations; it is far below the economic tolerance.
if _cubic_maximum(excess, a, b) > le-13:
return False
return True

def global_ic_22(t1, t2, d1, d2, bl, b2, P, y, nS=None, nfill=11, tol=le-11):
"""Check incentive compatibility at every signal, for both advisors.

The check evaluates the endpoints and stationary points of every polynomial
piece of every message-deviation gain. It therefore does not rely on a
uniform signal grid. ‘‘nS‘‘ is retained only for compatibility with older
calls and is ignored. Off-path profiles (probability at most ‘‘TOL‘‘) get a
common fill action searched over ‘‘nfill‘‘ values in [0,1].
nnn
miss = P <= TOL
fills = np.array([0.5]) if not miss.any() else np.linspace(0.0, 1.0, nfill)
for fv in fills:
yy = np.where(miss, fv, y)
if not _advisor_ic_22(t1, di, t2, 42, yy, bl, tol):
continue
if _advisor_ic_22(t2, d2, t1, d1, yy.T, b2, tol):
return True, float(fv)
return False, None

def value_22(P, y):
"""Leader’s gross value -1/3 + sum P y~2 over on-path profiles.
return -1 / 3 + float(np.nansum(P * np.where(np.isnan(y), 0.0, y) *x 2))

nun

def in_region(bl, b2, di, d2):
"""Restricted region: bl < b2 and b_i > bgen3(delta_i), i=1,2."""
return (bl > bgen3(dl)) & (b2 > bgen3(d2)) & (b2 > bl)

def solve_22(d1, d2, bl, b2, nstart=6, tol=le-11, starts=None, pmin=1e-9):
"""Threshold pairs supporting a two-advisor two-interval equilibrium at (bl, b2).

Solves implied_biases(tl, t2) = (bl, b2) from several starts and returns the
incentive-compatible solution with the highest leader value, or None.
Cheaper than sweeping the whole threshold plane when the biases are given.
‘starts‘ prepends threshold pairs to try first, which is how a neighbouring
solution is used as a continuation seed; ‘pmin‘ discards solutions in which
some message is sent with probability below it.

nun

from scipy.optimize import fsolve

def F(z):

tl, t2 = z

P, y = two_by_two(tl, t2, di, d42)

if min(P.sum(axis=1).min(), P.sum(axis=0).min()) < le-12:
return [1e3, 1e3]

a, b = implied_biases(tl, t2, d1, d2, P, y)

if not (np.isfinite(a) and np.isfinite(b)):
return [le3, 1e3]

return [a - bl, b - b2]

best = None
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grid = np.linspace(0.12, 0.88, nstart)
starts = [s for s in (starts or []) if s is not None] + [(u, v) for u in grid for v in grid]
seen = []
for z0 in starts:
try:
z, info, ier, _ = fsolve(F, z0, full_output=True, xtol=1e-13)
except Exception:
continue
if ier != 1 or max(abs(np.asarray(F(z)))) > tol:
continue
if any(abs(z[0] - s[0]) < le-7 and abs(z[1] - s[1]) < le-7 for s in seen):
continue
seen.append (tuple(z))
tl, t2 = z
P, y = two_by_two(tl, t2, d1, d2)
pn = min(P.sum(axis=1) .min(), P.sum(axis=0).min())
if pm < pmin:

continue
ok, fill = global_ic_22(t1, t2, di, d2, bl, b2, P, y)
if not ok:

continue

V = value_22(P, y)
if best is None or V > best[’V’]:
best = dict(tl=t1, t2=t2, V=V, pmin=pm, P=P, y=y, fill=fill)
return best

cs_manifold.py — sweeps the two-advisor threshold plane and rasterizes the leader-best value
onto the bias plane.

wun

The general two-advisor two-interval equilibrium manifold at fixed precisions, and its
image in the bias plane.

Why a sweep of thresholds rather than a solve at each bias: with two advisors and
two intervals each there are two thresholds and no consistency equations, so the
equilibrium set is a two-dimensional manifold and (t1, t2) -> (bl, b2, V12) is a
map, not a fixed point. Sweeping the thresholds and reading the biases off the
marginal conditions therefore finds every equilibrium of this class, including
the ones with a threshold outside [delta, 1-delta] that a solver seeded near the
interior would miss. Folds of the map (several equilibria at one bias pair) are
resolved by keeping the leader-best.

sweep () evaluates the map on a threshold grid and checks incentive
compatibility inside a bias window

rasterise() pushes the compatible nodes onto a regular grid of the bias plane,
interpolating over the triangles of the threshold grid and keeping
the largest value at each pixel

nnn

import time

import numpy as np

from cs_core import two_by_two, implied_biases, global_ic_22, value_22, TOL

def threshold_grid(d, n_uniform=1200, layer=1le-3, n_layer=30, umin=1le-9):
"""Uniform over the signal support (-d, 1+d), refined geometrically down to
umin at both ends, where one message becomes rare and the equilibria that
approach the existence frontier live."""
lo = -d + np.geomspace(umin, layer, n_layer)
hi = 1 + d - np.geomspace(umin, layer, n_layer) [::-1]
mid = np.linspace(-d + layer, 1 + d - layer, n_uniform)
return np.unique(np.concatenate([lo, mid, hi]))

def sweep(dl, d2, window, n1=1200, n2=1000, pmin=1e-9, nS=2001, nfill=11, verbose=True):
"""Evaluate the two-advisor map on the threshold grid.
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def

def

window = (bllo, blhi, b2lo, b2hi): incentive compatibility is checked only at
nodes whose implied biases fall in (a slightly enlarged) window, since the
check is the expensive step.

pmin: nodes at which some message has probability below pmin are discarded,
the marginal conditions being numerically unstable there.

nun

T1, T2 = threshold_grid(dl, nl), threshold_grid(d2, n2)

m, n = len(T1), len(T2)
Bl = np.full((m, n), np.nan)
B2 = np.full((m, n), np.nan)

V = np.full((m, n), np.nan)
IC = np.zeros((m, n), bool)
PMIN = np.full((m, n), np.nan)
OVL = np.zeros((m, n), np.int8) # 0 overlap, 1 disjoint 2-below-1, 2 reversed
bllo, blhi, b2lo, b2hi = window
t0 = time.time()
for i, t1 in enumerate(T1):
for j, t2 in enumerate(T2):
P, y = two_by_two(tl, t2, d1, 42)
ml, m2 = P.sum(axis=1) .min(), P.sum(axis=0).min()
if min(ml, m2) < pmin:
continue
bl, b2 = implied_biases(tl, t2, di, 42, P, y)
if not (np.isfinite(bl) and np.isfinite(b2)):
continue
Bi[i, jl, B2[i, jl, V[i, jl, PMIN[i, j] = bl, b2, value_22(P, y), min(m1, m2)
OVL[i, j] =1 if (t2 + d2 <= t1 - d1) else (2 if (t1 + dl <= t2 - d2) else 0)
if (bllo - 0.005 <= bl <= bilhi + 0.005 and b2lo - 0.005 <= b2 <= b2hi + 0.005
and b2 > bl - 0.005):
IC[i, jl, _ = global_ic_22(t1, t2, di1, 42, bl, b2, P, y, nS=nS, nfill=nfill)
if verbose and i % 100 ==
print(’ row %d/%d %.0fs’ % (i, m, time.time() - t0), flush=True)
return dict(T1=T1, T2=T2, B1=B1, B2=B2, V=V, IC=IC, PMIN=PMIN, OVL=0VL,
dil=d1, d2=d2, window=window)

drop_jumps (sw, tol=0.004):
"""Mark nodes adjacent to a discontinuity of the map, where linear
interpolation over a grid triangle would be meaningless."""
B1, B2 = sw[’B1’], sw[’B2’]
jump = np.zeros_like(B1, bool)
for ax in (0, 1):
step = np.abs(np.diff(B1, axis=ax)) + np.abs(np.diff (B2, axis=ax))
big = step > tol
if ax ==
jumpl:-1, :1 |= big
jump[i:, :] |= big
else:
jumpl:, :-1] |= big
jumpl:, 1:]1 |= big
out = dict(sw)
out[’IC’] = sw[’IC’] & ~jump
return out

rasterise(sw, npix=600, require_ic=True):
"""Max-accumulate the leader value over the triangles of the threshold grid
onto an npix x npix grid of the bias window.

Returns (Vmax, PMbest, blgrid, b2grid); Vmax is nan where no admissible
two-advisor equilibrium maps into the pixel, and PMbest carries the smallest
message probability of the equilibrium achieving Vmax, which is what tells a
substantive equilibrium from a degenerate one.

nnn

bllo, bilhi, b2lo, b2hi = sw[’window’]

B1, B2, V, IC, PM = sw[’B1’], sw[’B2’], sw[’V’], sw[’IC’], sw[’PMIN’]

valid = np.isfinite(B1) & np.isfinite(B2) & np.isfinite(V)
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if require_ic:

valid &= IC
Vmax = np.full((npix, npix), -np.inf)
PMbest = np.full((npix, npix), np.nan)
sx = (npix - 1) / (bihi - bilo)
sy = (npix - 1) / (b2hi - b2lo)
m, n = Bl.shape

def splat(x, y, v, p):
px, py = int(round(x)), int(round(y))
if 0 <= px < npix and 0 <= py < npix and v > Vmax[py, px]:
Vmax [py, px] = v
PMbest [py, px] = p

for tri in range(2):
if tri == 0:
va = np.s_[0:m - 1, O:n - 1]
vb = np.s_[1:m, O:n - 1]
ve = np.s_[0:m - 1, 1:n]
else:
va = np.s_[1:m, 1:n]
vb = np.s_[1:m, O:n - 1]
ve = np.s_[0:m - 1, 1:n]
ok = valid[val & valid[vb] & valid[vc]
xa, ya, Va, Pa = (Bl[va]l - bllo) * sx, (B2[val - b2lo) * sy, V[val, PM[val
xb, yb, Vb, Pb = (Bi[vb] - bllo) * sx, (B2[vb] - b2lo) * sy, V[vb], PM[vb]
xc, yc, Ve, Pc = (Bi[vc]l - bllo) * sx, (B2[vc] - b2lo) * sy, V[vcl, PM[vc]
xmin = np.minimum(np.minimum(xa, xb), xc); xmax = np.maximum(np.maximum(xa, xb), xc)
ymin = np.minimum(np.minimum(ya, yb), yc); ymax = np.maximum(np.maximum(ya, yb), yc)
for (i, j) in np.argwhere(ok & (xmax >= 0) & (xmin <= npix - 1) & (ymax >= 0) & (ymin <= npix - 1)):
verts = ((xali, jl, yali, jl, Vali, jl, Pali, jl),
(xbl[i, j1, ybli, j1, vbli, j1, Pbli, j1),
(xcli, j1, ycli, j1, Vcli, j1, Pcli, j1))
x0, x1 = int(np.floor(max(xmin[i, jJ, 0))), int(np.ceil(min(xmax[i, jl, npix - 1)))
yO, y1 = int(np.floor(max(ymin[i, jl, 0))), int(anp.ceil(min(ymax[i, jl, npix - 1)))
if x1 < x0 or y1 < yO:
continue
det = ((xbli, jl - xali, j1) * (ycli, j1 - yali, j1)
- (xcli, jl - xali, j1) = (ybli, j1 - yali, j1))
if abs(det) < le-14:
for v in verts:

splat (¥v)
continue
X, Y = np.meshgrid(np.arange(x0, x1 + 1), np.arange(y0, y1 + 1))
12 = (X - xali, j1) * (ycli, jl - yali, j1) - (xcli, jl - xali, j1) * (Y - yali, j1)) / det
13 = ((xb[i, j] - xali, j1) * (Y - yali, j1) - (X - xali, j1) * (ybli, jl - yali, j1)) / det

11 =1-12 - 13
inside = (11 >= -1e-9) & (12 >= -1e-9) & (13 >= -1e-9)
if not inside.any(): # triangle smaller than a pixel
for v in verts:
splat (*v)
continue
Vint = 11 * Vali, j] + 12 * Vb[i, j] + 13 * Vc[i, j]
Pint = 11 * Pa[i, j] + 12 * Pb[i, j] + 13 * Pc[i, j]
Ys, Xs = Y[inside], X[insidel
better = Vint[inside] > Vmax[Ys, Xs]
Vmax[Ys[better], Xs[better]] = Vint[inside] [better]
PMbest [Ys[better], Xs[better]] = Pint[inside] [better]
Vmax[“np.isfinite(Vmax)] = np.nan
return Vmax, PMbest, np.linspace(bllo, bilhi, npix), np.linspace(b2lo, b2hi, npix)

def report(sw):
"""What the incentive check does to the candidates in the window: how many
pass it, how degenerate they are, and which advisor breaks the rest."""
B1, B2, IC, PM = sw[’B1’], sw[’B2’], sw[’IC’], sw[’PMIN’]
bllo, bilhi, b2lo, b2hi = sw[’window’]
win = np.isfinite(B1) & (B1 > bllo) & (Bl < bihi) & (B2 > B1) & (B2 < b2hi)
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print(’nodes in the window: J%d; incentive compatible: %d’ % (win.sum(), (win & IC).sum()))
if (win & IC).any():
print (? compatible: bl from %.4f, smallest message probability at most %.4f’
% (Bi[win & IC].min(), PM[win & IC].max()))
print(’ nodes with every message above one percent: %d, of which compatible: %d’
% ((win & (PM >= 1e-2)).sum(), (win & IC & (PM >= 1e-2)).sum()))

def run(d1=0.25, d2=0.005, window=(0.09689, 0.25, 0.09689, 0.27), npix=600,
n1=1200, n2=1000, pmin=1e-9, out=’manifold_%s_%s.npz’, save_sweep=False):
"""Sweep, filter, rasterise and save. About 8 minutes at the default sizes.

save_sweep=True also stores the raw threshold-plane arrays (about 50 MB),
which is what you want to look at individual equilibria rather than the map.
nnn
sw = sweep(dl, d2, window, nl=nl, n2=n2, pmin=pmin)
print(’nodes with finite biases: %d; incentive compatible in window: %d’
% (np.isfinite(sw[’B1’]).sum(), sw[’IC’].sum()), flush=True)
report (sw)
sw = drop_jumps(sw)
Vmax, PMbest, blg, b2g = rasterise(sw, npix=npix)
path = out % (di, d2)
fields = dict(Vmax=Vmax, PMbest=PMbest, bl=blg, b2=b2g)
if save_sweep:
fields.update (T1=sw[’T1’], T2=sw[’T2’], Bi=sw[’B1’], B2=sw[’B2’],
V=sw[’V’], IC=sw[’IC’], PMIN=sw[’PMIN’], OVL=sw[’0VL’])
np.savez_compressed(path, **fields)
print(’pixels with an admissible two-advisor equilibrium: %d / %d -> %s’
% (np.isfinite(Vmax).sum(), npix * npix, path))
return path

if __name__ == ’__main__’:
run()

cs_fixed bias.py — traces the two-advisor branch at a fixed bias of advisor 1.

"""Comparison at a fixed first-expert bias: fix (deltal, delta2, bl) and follow the
leader’s three values as b2 rises.

V1l is a number. V2 comes from the closed form. V12 is the leader-best
incentive-compatible two-advisor equilibrium at each b2, obtained by tracing the
level set {(t1, t2) : bi(tl, t2) = bl} in the threshold plane: for each t2 the
implied bl is a function of t1, its roots are found by bisection on the sign
changes of a fine t1 grid, and each root gives one (b2, V12) pair.

nnn

import numpy as np

from scipy.optimize import brentq

from cs_core import (two_by_two, implied_biases, global_ic_22, value_22,
single_general, bgen3)

def _bl_of(tl, t2, 41, d2):
P, y = two_by_two(tl, t2, d1, d2)
if min(P.sum(axis=1).min(), P.sum(axis=0).min()) < 1le-10:
return np.nan
bl, _ = implied_biases(tl, t2, di, 42, P, y)
return bl

def values_at_b1(dl, d2, bl, n_t2=900, n_t1=900, pmin=1e-6, nS=2001, nfill=11, check_ic=True):
"""Returns an array with columns (t1, t2, b2, V12, min message probability, IC)."""
T2 = np.linspace(-d2 + le-9, 1 + d2 - 1e-9, n_t2)
T1 = np.linspace(-dl + 1e-9, 1 + di - 1e-9, n_t1)
rows = []
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for t2 in T2:
vals = np.array([_bl_of(t, t2, di, d2) for t in T1]) - bl
ok = np.isfinite(vals)
for i in range(len(T1) - 1):
if not (ok[i] and ok[i + 1]) or vals[i] * vals[i + 1] > O:
continue
try:
tl = brentq(lambda t: _bil_of(t, t2, d1, d2) - b1, T1[i], T1[i + 1], xtol=1le-13)
except (ValueError, RuntimeError):
continue
P, y = two_by_two(tl, t2, di, d2)
pm = min(P.sum(axis=1) .min(), P.sum(axis=0).min())
if pm < pmin:
continue
bbl, b2 = implied_biases(tl, t2, di, d2, P, y)
if not np.isfinite(b2) or b2 <= bl or b2 >= 0.25:
continue
ic = True
if check_ic:
ic, _ = global_ic_22(t1, t2, d1, d2, bbl, b2, P, y, nS=nS, nfill=nfill)
rows.append((t1, t2, b2, value_22(P, y), pm, float(ic)))
return np.array(rows) if rows else np.zeros((0, 6))

def upper_envelope(rows, b2grid, gap=None, tgap=8.0):
"""Leader-best V12 at each b2 on the grid.

The traced points are a scatter along one or more branches, so binning them
into pixels would leave holes; instead the points are sorted in b2 and
interpolated between consecutive points that belong to the same branch, so
that a genuine gap in the branch stays a gap.

Adjacency is judged in the threshold plane, where the trace is a curve: a run
breaks where the step in (t1, t2) exceeds ‘tgap‘ times its median. Judging it
by the gap in b2 instead would tie the answer to the plotting grid, and a fine
grid would then cut a continuous branch into pieces; ‘gap‘, an absolute bound
on the b2 step, is only a backstop.
nnn
out = np.full(len(b2grid), np.nan)
pm = np.full(len(b2grid), np.nan)
if not len(rows):
return out, pm
gap = 0.02 if gap is None else gap
o = np.argsort(rows[:, 2])
b, v, p = rows[o, 2], rows[o, 3], rows[o, 4]
t1, t2 = rows[o, 0], rows[o, 1]
# keep the leader-best value at (numerically) coincident b2
keep = np.ones(len(b), bool)
for i in range(l, len(b)):
if bl[i] - bli - 1] < le-12:
j=1i-14if v[i - 1] >= v[i] else i
keep[j if j == i else i - 1] = False
b, v, p, t1, t2 = blkeep], vl[keep], plkeep], til[keep], t2[keep]
d = np.hypot(np.diff(t1), np.diff(t2)) if len(b) > 1 else np.zeros(0)
dmax = tgap * np.median(d) if len(d) and np.median(d) > O else np.inf
start = 0
for i in range(1l, len(b) + 1):
if i == len(b) or d[i - 1] > dmax or b[i]l - b[i - 1] > gap:
if i - start >= 2:
m = (b2grid >= blstart]) & (b2grid <= bl[i - 11)
cand = np.interp(b2grid[m], blstart:i], v[start:il)
pcand = np.interp(b2grid[m], blstart:i], plstart:i])
cur = out[m]
better = "np.isfinite(cur) | (cand > cur)
idx = np.where(m) [0] [better]
out[idx] = cand[better]
pm[idx] = pcand[better]
start = i
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return out, pm

def pattern(dl, d2, bl, n_t2=600, n_t1=600, nb=400):
"""Classify the leader’s choice as the second expert’s bias varies and report the sequence.
rows = values_at_bi1(dl, d2, bl, n_t2=n_t2, n_tl=n_t1)
rows = rows[rows[:, 5] > 0]
b2g = np.linspace(bl, 0.25 - 1le-6, nb)
V12, PM = upper_envelope(rows, b2g)
V1 = single_general(bl, d1)[’V’]
V2 = np.array([single_general(b, d2)[’V’] for b in b2g])
best = np.where(np.nan_to_num(V12, nan=-np.inf) > np.maximum(Vi, V2), O,
np.where(V2 >= V1, 1, 2)) # 0 =E12, 1 = E2, 2 = E1
seq, prev = [], None
for k, ¢ in enumerate(best):
if c != prev:

seq.append((c, b2glkl))

prev = c
return dict(rows=rows, b2=b2g, V12=V12, PM=PM, V1=V1, V2=V2, best=best, seq=seq)

nun

if __name__ == ’__main__’:
import sys
d1l, d2, bl = float(sys.argv[1]), float(sys.argv[2]), float(sys.argv[3])
r = pattern(dl, d2, bl)
names = {0: ’E12’, 1: ’E2’, 2: ’E1’}
print(’(d1,d2,b1)=(%.3£,%.3f,%.4f) bgen3(dl)=%.4f’ % (d1, d2, bl, bgen3(di)))
print (’sequence: ’> + > -> ’.join(’%s from b2=Y,.4f’ % (names[c], b) for c, b in r[’seq’l))
m = np.isfinite(r[’V12°])
if m.any():
print (’E12 traced on b2 in [%.4f, %.4f]; smallest message probability there up to %.3f’
% (r[’12°][m] .min(), r[’b2’][m].max(), np.nanmax(r[’PM’])))

make_figs R.py — draws Figures [6] and

nun

Figures 6 and 7 of the paper, on the restricted bias region, with the general
two-interval equilibria: at most two intervals per advisor, thresholds
unrestricted.

R =1 (b_1, b_2) : bgen3(delta_i) < b_i for i=1,2,
and b_.1 < b_2 < 1/4 }

where bgen3(delta) is the largest bias at which one advisor alone can sustain a
three-interval partition, thresholds unrestricted; above it no advisor can
sustain more than two intervals, so the equilibria compared here are the

finest retained class under the numerical message-probability cutoff.

The leader’s three options, each at its best equilibrium:
Vix, V2x the general two-interval equilibrium of one advisor, whose threshold
may lie anywhere in (-delta_i, 1+delta_i), against babbling;
Vi2x the leader-best two-advisor equilibrium, switching regions disjoint
in either order or overlapping, incentive compatible at every signal
and with every message sent with probability at least PMIN.

Both printed figures are at (delta_1, delta_2) = (0.20, 0.15); Figure 6 fixes

b_1 = 0.10. The bias-plane sweep behind Figure 7 is manifoldZ_R_0.2_0.15.npz,
produced by cs_manifold.run(d1=0.20, d2=0.15, window=(bgen3(0.20), 0.15,
bgen3(0.20), 0.15), npix=600, n1=2600, n2=2600, pmin=0.01); the comparison behind
Figure 6 is computed by cs_fixed_bias.values_at_bl on first use and cached.

python3 make_figs_R.py

Figure 6 fig_values the three values against b_2 on (b_1, 0.12]

Figure 7 fig_regimes the choice over the bias plane
nnn
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import numpy as np

import matplotlib

matplotlib.use(’Agg’)

import matplotlib.pyplot as plt

from matplotlib.colors import ListedColormap
from matplotlib.patches import Patch

from cs_core import V_single, bgen3, bbar_int

COL = dict(E12="#2b5f8e’, E2=#9b1b30’, E2x=’#7b4ea3’, El1=’#e0a020’, out=’#e2e2e2’)
PMIN = 0.01

D1, D2 = 0.20, 0.15 # precisions of Figures 6 and 7

B1_FIXED = 0.10 # advisor 1’s bias in Figure 6

def Vbest_single(bs, d):
return np.maximum(V_single(bs, d), -1 / 12)

def fig_regimes(npz=’manifoldZ_R_0.2_0.15.npz’, di1=D1, d2=D2, path=’continuous_regimes.pdf’,

bl_mark=B1_FIXED):

z = np.load(npz)

blg, b2g, V12, PM = z[’b1’], z[’b2’], z[’Vmax’], z[’PMbest’]

n = len(blg)

Bl, B2 = np.meshgrid(blg, b2g)

V1 = Vbest_single(blg, d1) [None, :] * np.ones((n, 1))

V2 = Vbest_single(b2g, d2)[:, Nonel * np.ones((1, n))

found = np.isfinite(V12) & (PM >= PMIN)

v12 = np.where(found, V12, -np.inf)

inR = ((B1 > bgen3(d1)) & (B2 > bgen3(d2)) & (B2 > B1))

cls = np.zeros((n, n), int)

cls[inR & (V2 >= V1)] =1 # advisor 2 alone, no two-advisor equilibrium
cls[inR & (V1 > V2)] = 2 # advisor 1 alone

cls[inR & found & (V2 > v12) & (V2 >= V1)] = 4

cls[inR & found & (v12 > np.maximum(V1, V2))] = 3

cmap = ListedColormap([’white’, COL[’E2’], COL[’E1’], COL[’E12’], COL[’E2x’1])

fig, ax = plt.subplots(figsize=(6.2, 6.2))

ax.imshow(cls, origin=’lower’, extent=[big[0], blgl[-1], b2g[0], b2g[-1]], cmap=cmap,
vmin=-0.5, vmax=4.5, aspect=’auto’, interpolation=’nearest’)

ax.contour(B1l, B2, np.where(inR, V1 - V2, np.nan), levels=[0.0], colors=’k’, linewidths=0.8)

ax.plot([b1gl[0], bilgl[-111, [bigl[0l, bigl-111, ’k--’, 1lw=0.8)

ax.axhline(bbar_int(d2), color=’k’, 1ls=’:’, 1lw=0.7)

if bl_mark is not None: # the b_1 of the companion value comparison
ax.axvline(bl_mark, color=’k’, 1ls=’-’, 1lw=0.6, alpha=0.5)

ax.set_xlabel(r’$b_1$’); ax.set_ylabel(r’$b_2$’)
ax.set_x1lim(blg[0], bigl[-1]); ax.set_ylim(b2g[0], b2g[-11)
ax.legend(handles=[Patch(color=COL[’E12’], label=’both advisors’),
Patch(color=COL[’E2x’], label=r’advisor 2 alone; retained $E_{12}$ found’),
Patch(color=COL[’E2’], label=r’advisor 2 alone; none found at cutoff’),
Patch(color=COL[’E1’], label=’advisor 1 alone’)],
loc=’upper left’, fontsize=8, frameon=True, facecolor=’white’,
framealpha=0.92, edgecolor=’none’)
plt.tight_layout(); plt.savefig(path); plt.close(fig)
tot = inR.sum()
print (’Figure 7 at (delta_1, delta_2) = (%.3f, %.3f), region starts at b_1 = %.4f:’
% (d1, d2, bgen3(dl)))
print(’ both advisors %.3f; advisor 2 alone %.3f, of which %.3f where both could be consulted; °’
’advisor 1 alone ¥%.3f’
% ((cls == 3).sum() / tot, ((cls == 1) | (cls == 4)).sum() / tot, (cls == 4).sum() / tot,
(cls == 2).sum() / tot))
print(’ a retained informative two-advisor equilibrium was found on %.3f of the region’
% ((inR & found).sum() / tot))
if (cls == 3).any():
print (’ where both are consulted the smallest message probability reaches %.3f’
% np.nanmax(PM[cls == 3]))
return blg, b2g, cls
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#
def fig_values(d1=D1, d2=D2, b1=B1_FIXED, step=0.0001, path=’continuous_values.pdf’,
cache=’valuesR_%s_%s_%s.npz’, b2max=0.12):
from cs_fixed_bias import values_at_bl, upper_envelope
key = cache % (d1, d2, bl)
try:
rows = np.load(key) [’rows’]
except IOError:
rows = values_at_b1(dl, d2, bl, n_t2=1300, n_t1=1300, pmin=PMIN)
np.savez(key, rows=rows)
rows = rows[(rows[:, 5] > 0) & (rows[:, 4] >= PMIN)]
b2 = np.arange(bl + step, b2max, step)
V12, PM = upper_envelope(rows, b2)
# The branch traced on the threshold grid can miss the two-advisor equilibrium
# where b_2 is within a few 107-4 of b_1; solve directly at those biases.
from cs_core import solve_22
for k in np.where("np.isfinite(V12))[0]:
r = solve_22(d1, d2, bl, float(b2[k]), nstart=8)
if r is not None and r[’pmin’] >= PMIN:
Vi2[k], PM[k] = r[’V’], r[’pmin’]
V1 = float(Vbest_single(np.array([b1]), d1)[0])
V2 = Vbest_single(b2, d2)
v12 = np.nan_to_num(V12, nan=-np.inf)
best = np.where(vi2 > np.maximum(V1i, V2), O, np.where(V2 >= V1, 1, 2))
edges = [0] + [k for k in range(l, len(b2)) if best[k] != best[k - 111 + [len(b2)]
names = {0: r’$E_{12}$’, 1: r’$E_2%°, 2: r’$E_1$°}
keys = {0: ’E12’, 1: ’E2’, 2: ’E1’}
fig, ax = plt.subplots(figsize=(7.4, 4.6))
ax.set_x1lim(bl, b2max)
for k in range(len(edges) - 1):
a, b = edges[k], edges[k + 1] - 1
ax.axvspan(b2[al, b2[b], color=COL[keys[best[al]]l, alpha=0.07, 1lw=0)

if b2[b] - b2[a] > 0.04 * (b2max - bl): # label a band only if it is wide enough to hold one

ax.text(0.5 * (b2[a] + b2[b]l), 0.965, names[best[al]l, transform=ax.get_xaxis_transform(),
ha=’center’, va=’top’, fontsize=9, color=COL[keys[best[all]l)
ax.plot(b2, np.full_like(b2, V1), color=COL[’E1’], lw=1.5, label=r’$V_1$’)
ax.plot(b2, V2, color=COL[’E2’], lw=1.5, label=r’$vV_2$’°)
m = np.isfinite(V12)
ax.plot(b2[m], Vi2[m], color=COL[’E12’], lw=1.7, label=r’$V_{12}$’)
for k in range(1l, len(edges) - 1):
ax.axvline(b2[edges[k]], color=’k’, 1lw=0.5, ls=’--’)
ax.set_xlabel(r’$b_2$’)
ax.legend(loc=’lower left’, frameon=False, fontsize=9)
plt.tight_layout(); plt.savefig(path); plt.close(fig)
seq = [(keys[best[edges[k]]], b2[edges[k]], b2[edges[k + 1] - 1]) for k in range(len(edges) - 1)]
print (’Figure 6 at (delta_1, delta_2, b_1) = (%.3f, %.3f, %.4f): ’> % (di, d2, bl)
+ 2 | ?.join(C’%s on [%.4f, %.4f]’ ) s for s in seq))
if m.any(Q):
print(’ a retained informative two-advisor equilibrium was found for b_2 in °’
> [h.4f, %.4f]; smallest message probability up to %.3f’
% (b2[m] .min(), b2[m].max(), np.nanmax(PM)))
return b2, V1, V2, V12, best

if __name__ == ’__main__’:
fig_regimes()
fig_values()

make filmstrip3.py — draws Figure

nwun

A filmstrip of bias planes: one panel per precision pair, each panel the leader’s
consultation choice over the restricted bias region itself,

bgen3(delta_i) < b_i for i=1,2, and b_1 < b_2 < 1/4,
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so the axes of a panel begin at its own bgen3(delta_1) and end where an advisor
alone stops being able to sustain two intervals.

Columns are delta_1 in (0.10, 0.20, 0.32, 0.45); rows are the precision ratio
delta_2 / delta_1 in (0.25, 0.50, 0.75), so every panel satisfies
0 < delta_2 < delta_1 < 1/2.

Within a panel:

white b_2 <= b_1, outside the maintained ordering
blue both advisors
violet advisor 2 alone; retained informative E_12 found
crimson advisor 2 alone; none found at the numerical cutoff
gold advisor 1 alone
python3 make_filmstrip3.py sweep (cached) and draw
python3 make_filmstrip3.py draw draw from the cached sweeps

wun

import os
import sys
import time

import numpy as np

import cs_manifold as M
from cs_core import bgen3, single_general

BBABBLE = 0.25 # no two-interval equilibrium at or above this bias
BMAX = BBABBLE # the upper end of every panel’s axes

BABBLE = -1.0 / 12.0

PMIN = 0.01

Di1S = (0.10, 0.20, 0.32, 0.45)

RATIOS = (0.25, 0.50, 0.75)

NPIX = 500

NGRID = 1200

COL = dict(E12="#2b5f8e’, E2=’#9b1b30’, E2x=’#T7bdea3’, E1=’#e0a020’,
out=’#e2e2e2’, none=’#8c8c8c’)

def panels():
return [(d1, round(r * d1, 6)) for r in RATIOS for di in D1S]

def sweep_one(args):
dl, d2 = args
path = *fs3_%s_%s.npz’ % (d1, d2)
if os.path.exists(path):
return path

t0 = time.time()
lo = bgen3(d1l)
sw = M.sweep(dl, 42, (lo - 0.002, BMAX + 0.002, lo - 0.002, BMAX + 0.002),

n1=NGRID, n2=NGRID, pmin=PMIN, verbose=False)

sw = M.drop_jumps (sw)
sw[’window’] = (lo, BMAX, lo, BMAX)
Vmax, PMbest, blg, b2g = M.rasterise(sw, npix=NPIX)
np.savez_compressed(path, Vmax=Vmax, PMbest=PMbest, bl=blg, b2=b2g)
print(’  (%.3f, %.3f): %d of %d pixels carry an equilibrium [%.1f min]’

% (d1, d2, np.isfinite(Vmax).sum(), NPIX * NPIX, (time.time() - t0) / 60), flush=True)
return path

def build(workers=2):
import multiprocessing as mp
todo = [p for p in panels() if not os.path.exists(’fs3_%s_%s.npz’ % p)]
print (’panels to sweep: %d of %d’ % (len(todo), len(panels())), flush=True)
if todo:
with mp.Pool(workers) as pool:
pool.map(sweep_one, todo, chunksize=1)
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def classify(dl, d2):

z = np.load(’fs3_%s_%s.npz’ % (di, d2))

blg, b2g, V12, PM = z[’b1’], z[’b2’], z[’Vmax’], z[’PMbest’]

n = len(blg)

Bl, B2 = np.meshgrid(blg, b2g)

V1 = np.array([max(single_general(b, d1)[’V’], BABBLE) if b < BBABBLE and single_general(b, d1)
else BABBLE for b in bilg]) [None, :] * np.ones((n, 1))

V2 = np.array([max(single_general(b, d2)[’V’], BABBLE) if b < BBABBLE and single_general(b, d2)
else BABBLE for b in b2g])[:, None] * np.ones((1, n))

exists = np.isfinite(V12) & (PM >= PMIN)

v12 = np.where(exists, V12, -np.inf)

inR = ((B1 > bgen3(d1)) & (B2 > bgen3(d2)) & (B2 > B1))

cls = np.zeros((n, n), int)

cls[inR & (V2 >= V1)] = 4

cls[inR & (V1 > V2)] =5

cls[inR & exists & (V2 > v12) & (V2 >= V1)] = 3

cls[inR & exists & (v12 > np.maximum(Vi, V2))] = 2

return blg, b2g, cls

def draw(path=’continuous_filmstrip.pdf’):
import matplotlib
matplotlib.use(’Agg’)
import matplotlib.pyplot as plt
from matplotlib.colors import ListedColormap
from matplotlib.patches import Patch

cmap = ListedColormap([’white’, COL[’out’], COL[’E12’], COL[’E2x’], COL[’E2’],
COL[’E1’], COL[’none’]])
nrow, ncol = len(RATIOS), len(D1S)
fig, axes = plt.subplots(nrow, ncol, figsize=(3.0 * ncol, 3.1 * nrow))
for k, (dl, d2) in enumerate(panels()):
ax = axes.ravel() [k]
blg, b2g, cls = classify(dl, d2)
lo = big[0]
ax.imshow(cls, origin=’lower’, extent=[lo, BMAX, lo, BMAX], cmap=cmap,
vmin=-0.5, vmax=6.5, aspect=’auto’, interpolation=’nearest’)
ax.plot([lo, BMAX], [lo, BMAX], ’k--’, 1lw=0.6)
if bgen3(d2) > lo:
ax.axhline(bgen3(d2), color=’k’, 1ls=’:’, 1lw=0.5)
tot = max((cls > 1).sum(), 1)
sh = {c: (cls == c¢).sum() / tot for c in (2, 3, 4, 5)}
ax.set_title(r’$\delta_1=%.2f,\ \delta_2=%.3f$’
’\n’ r’$(\bar b~{(3)}_{1}=%.4f,\ \bar b~{(3)}_{2}=%.4£)$’
% (d1, d2, lo, bgen3(d2)), fontsize=8.5)
for i, (c, lab, col) in enumerate([(2, r’$E_{12}$’, ’E12’),
(3, r’$E_2%; retained $E_{12}$ found’, ’E2x’),
(4, r’$E_2$; none found at cutoff’, ’E2’),
(5, r’$E_1$’, ’E1°)]):
ax.text(0.97, 0.36 - 0.075 * i, ’%s %.1f%%’> % (lab, 100 * shlcl),
transform=ax.transAxes, ha=’right’, va=’top’, fontsize=7, color=COL[col])
ax.set_x1im(lo, BMAX); ax.set_ylim(lo, BMAX)
ax.set_xticks([0.10, 0.15, 0.20, 0.25]); ax.set_yticks([0.10, 0.15, 0.20, 0.25])
ax.tick_params(labelsize=7)
if k % ncol ==
ax.set_ylabel(r’$b_2$’, fontsize=8)
if k >= len(panels()) - ncol:
ax.set_xlabel(r’$b_1$’, fontsize=8)
print(’ (%.2f, 7%.3f): both %.3f, advisor 2 %.3f (of which %.3f with a retained ’
’informative E_12 found), advisor 1 %.3f’
% (d1, d2, sh[2], sh[3] + sh[4], sh[3], sh[5]))
fig.legend(handles=[Patch(color=COL[’E12’], label=’both advisors’),
Patch(color=COL[’E2x’], label=r’advisor 2 alone; retained $E_{12}$ found’),
Patch(color=COL[’E2’], label=r’advisor 2 alone; none found at cutoff’),
Patch(color=COL[’E1’], label=’advisor 1 alomne’)],
loc=’lower center’, ncol=4, fontsize=8, frameon=False, bbox_to_anchor=(0.5, 0.0))
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plt.tight_layout(rect=[0, 0.055, 1, 1.0])
plt.savefig(path); plt.close(fig)
print (’wrote’, path)

if __name__ == ’__main__’:
if any(arg in (°-h’, ’--help’) for arg in sys.argv[1:]):
print(’usage: python3 make_filmstrip3.py [draw]’)
elif len(sys.argv) > 1 and sys.argv[l] == ’draw’:
draw()
elif len(sys.argv) == 1:
build )
draw()
else:

raise SystemExit(’unknown argument; use --help for usage’)

nm.py — general partitions: solves an (NN, M) configuration, computes Egevn), and verifies global

incentive compatibility.

#!/usr/bin/env python3

nwun

Statement (1) probe for general two-advisor equilibria, N1, N2 in {3, 4}.

Tests: does any (N1, N2) equilibrium have bl > bbar~(N1)_gen(deltal)?
-- unrestricted, and restricted to the ordered region b2 >= bil.

Design notes

* bl and b2 are NOT grid coordinates. Fixing (deltal, delta2), an (N1, N2)
configuration has (N1-1)+(N2-1) thresholds and (N1-2)+(N2-2) consistency
equations, so the equilibrium set is a 2-dimensional manifold for EVERY
(N1, N2). The grid is over (deltal, delta2) and the two lowest thresholds;
the remaining thresholds are solved to le-12 and the biases come out at
solver tolerance.

* Thresholds are gridded logarithmically in the boundary-layer coordinate
u_i = a_i + delta_i. Known violations of the analogous (3,2) statement sit
at u ~ 5e-6 with lowest-interval probability “le-11; a uniform grid misses them.

* Three stages: (A) coarse sweep, (B) adaptive refinement of the maximum for
each parameter configuration, (C) global-IC verification of near-violationms.
Stage C is the item omitted from the earlier five-minute run.

python3 nm.py --hours 24 --workers 8
python3 nm.py --hours 24 --resume # continue a run
python3 nm.py --smoke --out NM_smoke # short self-test

nnn

import argparse
import os
import pickle
import time

import numpy as np
from scipy.optimize import brentq, fsolve

#

# quadrature

#

GLx, GLw = np.polynomial.legendre.leggauss(10)
TOL = 1le-13

STAGE_A_SHARE = 0.35 # each configuration’s remaining budget goes to adaptive zoom
NRANGE = (2, 3, 4, 5) # N_i values swept

def G(x, t, d):
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""wp(signal < t | state x) for signal = x + U[-d, d]."""
return np.clip((t +d - x) / (2 * d), 0.0, 1.0)

def nodes(lo, hi, brk):
"""Gauss-Legendre nodes on [lo, hi], subdivided at the kink points brk."""
pts = sorted({lo, hi} | {p for p in brk if lo < p < hil})
a = np.array(pts[:-11)
b = np.array(pts[1:])
mid, half = (a+b) /2, (b-a) /2
return ((mid[:, None] + half[:, None] * GLx[None, :]).ravel(),
(half[:, None]l * GLw[None, :]).ravel())

def WN(x, ts, d):
"""Interval-membership weights for thresholds ts: shape (len(ts)+1, len(x))."""
gs = [G(x, t, d) for t in ts]
rows = [gs[0]]
for k in range(1, len(gs)):
rows.append(gs[k] - gslk - 11)
rows.append(1 - gs[-1])
return np.stack(rows)

def brks(ts, d):
return [t + s * d for t in ts for s in (-1, 1)]

#
# two-advisor system
#
def sysNM(tsl, ts2, di, d2):

"""Joint profile probabilities P[j,k] and leader actiomns y[j,k]."""

X, w = nodes(0.0, 1.0, brks(tsl, d1) + brks(ts2, d2))

A, B = WN(x, tsl, d1), WN(x, ts2, d2)

P = np.einsum(’i, ji,ki->jk’, w, A, B)

M = np.einsum(’i,i,ji,ki->jk’, w, x, A, B)

return P, np.where(P > TOL, M / np.maximum(P, 1e-300), np.nan)

def impb(tau, d_own, brk_o, fWo, yA, yB, PA, PB):
"""Own bias implied by indifference at threshold tau between two messages."""
lo, hi = max(0.0, tau - d_own), min(1.0, tau + d_own)
if hi <= lo:
return np.nan
x, w = nodes(lo, hi, brk_o)
w=w/ (hi - lo)
Wo = fWo(x)
num = den = 0.0
for k in range(Wo.shape[0]):
pk = np.sum(w * Wo[k])
if pk < 1e-12 or PA[k] < TOL or PB[k] < TOL:
continue
mk = np.sum(w * x * Wo[k]) / pk
D = yB[k] - yA[k]
num += pk * D * (0.5 * (yA[k] + yB[k]) - mk)
den += pk * D
return num / den if abs(den) > le-14 else np.nan

def biasesNM(tsl, ts2, di, d42):

P, y = sysNM(ts1, ts2, 41, d2)

b2b, f2 = brks(ts2, d2), (lambda x: WN(x, ts2, d2))

blb, f1 = brks(tsl, d1), (lambda x: WN(x, ts1l, d1))

Bl = [impb(tsi[r]l, d1, b2b, 2, y[r, :1, ylr + 1, :1, P[r, :1, Plr + 1, :1)
for r in range(len(ts1))]
[impb(ts2[r], d2, bib, f1, y[:, rl, y[:, r + 11, P[:, ], P[:,  + 1])
for r in range(len(ts2))]

B2
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return np.array(Bl), np.array(B2), P, y

def solve_point(al, a2, di, 42, N1, N2, guess):
"""Given the two lowest thresholds, solve for the rest. Returns None on failure.

For (N1, N2) = (2, 2) there are no consistency equations: the biases are an
explicit function of the two thresholds, so no solve is needed (40x cheaper).
nnn
nl, n2 = N1 - 2, N2 - 2
if n1 + n2 ==
tsl, ts2 = np.array([all), np.array([a2])
B1, B2, P, y = biasesNM(tsl, ts2, di, d42)
if not (np.isfinite(B1[0]) and np.isfinite(B2[0])):
return None
if P.sum(axis=1).min() < le-14 or P.sum(axis=0).min() < le-14:
return None
return tsl, ts2, float(B1[0]), float(B2[0]), P, y

def F(z2):

tsl = np.concatenate([[a1]l, z[:n1]])

ts2 = np.concatenate([[a2], z[n1:]1])

if np.any(np.diff(tsl) <= 1e-9) or np.any(np.diff(ts2) <= 1e-9):
return np.full(nl + n2, 1le2)

B1, B2, P, _ = biasesNM(ts1, ts2, di1, d42)

if np.any(np.isnan(B1)) or np.any(np.isnan(B2)):
return np.full(nl + n2, 1le2)

return np.concatenate([B1[1:] - B1[0], B2[1:] - B2[0]])

try:

z, _, ier, _ = fsolve(F, guess, full_output=True, xtol=le-12)
except Exception:

return None

if jer != 1:
return None
r = F(z2)

if not np.all(np.isfinite(r)) or np.max(np.abs(r)) > 1le-10:
return None

tsl = np.concatenate([[al], z[:n1]])

ts2 = np.concatenate([[a2], z[n1:]1])

if np.any(np.diff(tsl) <= 1le-9) or np.any(np.diff(ts2) <= 1le-9):
return None

B1, B2, P, y = biasesNM(tsl, ts2, d1, d42)

if P.sum(axis=1).min() < le-14 or P.sum(axis=0).min() < le-14:
return None

if not (np.isfinite(B1[0]) and np.isfinite(B2[0])):
return None

return tsl, ts2, float(B1[0]), float(B2[0]), P, y

#
# single-advisor bounds bbar~(N)_gen(delta)
#
def single_expert_solve(b, d, N, guess):
"""General N-interval single-advisor equilibrium at bias b."""
if N ==
return np.array([]), np.array([0.5])

def F(ts):
ts = np.asarray(ts)
if np.any(np.diff(ts) <= 1le-10):
return np.full(N - 1, 1e2)
X, w = nodes(0.0, 1.0, brks(ts, d))

W = WN(x, ts, d)
P = np.einsum(’i,ji->j’, w, W)
M = np.einsum(’i,i,ji->j’, w, x, W)

if P.min() < TOL:
return np.full(N - 1, 1le2)

41



y=M/P
mu = np.array([0.5 * (max(0.0, t - d) + min(1.0, t + d)) for t in ts])
return 0.5 * (y[:-1] + y[1:]) - mu - b

z, _, ier, _ = fsolve(F, guess, full_output=True, xtol=le-13)

if ier != 1 or np.max(np.abs(F(z))) > le-11:
return None

ts = np.sort(z)

x, w = nodes(0.0, 1.0, brks(ts, d))

W = WN(x, ts, d)

P = np.einsum(’i,ji->j’, w, W)

M = np.einsum(’i,i,ji->j’, w, x, W)

if P.min() < le-14:
return None

return ts, M / P

_BBAR_CACHE = {}

def bbar_gen(d, N, nb=400):
"""Existence bound for general N-interval single-advisor equilibria.

N=2: 1/4 exactly. N=3: closed form. N>=4: recursion with a vanishing interval
bbar~(N) = root of b = y_1"(N-1)(b)/2, marched with continuation in b
(a plain grid scan fails from N=5 on, where the inner solve is delicate).

Cached: the uncached version is called once per (combo, delta) configuratiom,
which at N=5 costs about 1.1 h of the run on its own.
key = (round(float(d), 12), N)
if key in _BBAR_CACHE:
return _BBAR_CACHE [key]

if N <= 1:
v =0.0
elif N == 2:
v = 0.25
elif N == 3:

a=(2-mnp.sqrt(1 +d *x d)) / 3
v=(@Bx*axa+d=*xd / (12 * a) if a >= d else
brentq(lambda m: 8 * m ** 3 - 12 * d *m + 3 * d,
0.2500000001, d, xtol=le-15) / 3)
else:
hi = bbar_gen(d, N - 1)
M=N-1
prev = None
xs, ys = [0, O
for b in np.linspace(le-7, hi * (1 - 1e-9), nb):
r = single_expert_solve(b, d, M, np.linspace(1.0 / M, 1 - 1.0 / M, M - 1)
if prev is None else prev)
if r is None:
r = single_expert_solve(b, d, M, np.linspace(1.0 / M, 1 - 1.0 / M, M - 1))
if r is None:
continue
prev = r[0]
xs.append (b)
ys.append(0.5 * r[1][0] - b)
xs, ys = np.array(xs), np.array(ys)
v = np.nan
for i in range(len(xs) - 1):
if ys[il * ys[i + 1] < O:
lo, hi2 = xs[i], xs[i + 1]
for _ in range(60):
mid = 0.5 * (lo + hi2)
r = single_expert_solve(mid, d, M, prev)
if r is None:
break
if (0.5 * r[1]1[0] - mid) * ys[i] > O:
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lo = mid

else:
hi2 = mid
v = 0.5 * (lo + hi2)
break
_BBAR_CACHE [key] = v

return v

def prime_bbar_cache(dg, nrange):
"""Precompute every bound once; workers inherit the cache by fork."""
for d in dg:
for N in nrange:
bbar_gen(float(d), N)
return dict(_BBAR_CACHE)

#
# stage C: global incentive compatibility
#
def _signal_knots(ts_own, d_own, ts_other, d_other):

"""Breakpoints of all signal-wise deviation-gain polynomials."""

lo, hi = -d_own, 1 + d_own

candidates = [lo, hi, d_own, 1 - d_own]

candidates.extend(np.asarray(ts_own, dtype=float))

for x_break in brks(ts_other, d_other):

candidates.extend((x_break - d_own, x_break + d_own))
return np.array(sorted({float(z) for z in candidates if lo <= z <= hil}))

def _cubic_maximum(fun, a, b):

"""Maximum on [a,b] of a function known to be cubic there."""
if b - a <= le-14:

return -np.inf
mid, half = 0.5 * (a + b), 0.5 x (b - a)
z_fit = np.array([-0.8, -0.25, 0.3, 0.85])
vals = np.array([fun(mid + half * z) for z in z_fit])
poly = np.polynomial.Polynomial.fit(z_fit, vals, 3).convert()
candidates = [-1.0, 1.0]
candidates.extend(r.real for r in poly.deriv().roots()

if abs(r.imag) < 1e-8 and -1 < r.real < 1)

return max(float(fun(mid + half * z)) for z in candidates)

def _report_utility_numerator(s, d_own, other_breaks, other_weights,
actions, bias, report):
"""Expected report utility times the conditional-support length.

The report-independent term is retained here; it cancels in differences.
nnn
lo, hi = max(0.0, s - d_own), min(1.0, s + d_own)
if hi <= lo:
return 0.0
x, w = nodes(lo, hi, other_breaks)
weights = other_weights(x)
return -sum(np.sum(w * weights[k] * (actions[report, k] - x - bias) ** 2)
for k in range(weights.shape[0]))

def _advisor_ic(ts_own, d_own, ts_other, d_other, actions, bias, tol=le-11):

"""Check every deviation at endpoints and stationary points of each piece."""
other_breaks = brks(ts_other, d_other)
other_weights = lambda x: WN(x, ts_other, d_other)
knots = _signal_knots(ts_own, d_own, ts_other, d_other)
for a, b in zip(knots[:-1], knots[1:]):

if b - a <= le-14:

continue
prescribed = int(np.searchsorted(ts_own, 0.5 * (a + b)))
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for deviation in range(actions.shape[0]):
if deviation == prescribed:
continue

def excess(s):
length = min(1.0, s + d_own) - max(0.0, s - d_own)
gain = (_report_utility_numerator(s, d_own, other_breaks,
other_weights, actions, bias, deviation)
- _report_utility_numerator(s, d_own, other_breaks,
other_weights, actions, bias, prescribed))
return gain - tol * max(length, 0.0)

if _cubic_maximum(excess, a, b) > le-13:
return False
return True

def global_ic(tsl, ts2, di, 42, bl, b2, P, y, nS=None, nfill=25):
"""Check that each advisor’s message choice is optimal at every own signal.
For each possible message deviation, the payoff gain multiplied by the
positive conditional-support length is piecewise cubic. The check evaluates
every endpoint and stationary point rather than sampling a uniform grid.
‘‘nS‘¢ is retained only for compatibility with older calls and is ignored.
Off-path actions are searched over the same common fill grid as before.
nnn
miss = P <= TOL
fills = [0.5] if not miss.any() else np.linspace(0.0, 1.0, nfill)
for fv in fills:
yy = np.where(miss, fv, y)
if not _advisor_ic(tsl, d1, ts2, d2, yy, bl):
continue
if _advisor_ic(ts2, 42, ts1l, 41, yy.T, b2):
return True, float(fv)
return False, None
#
# grids
#
def delta_grid(n):
return np.geomspace(0.004, 0.48, n)
def u_grid(n, umin=1e-12, umax=0.60):
return np.geomspace(umin, umax, n)
def default_guess(al, a2, N1, N2):
gl = np.linspace(al + (1 - al1) / (N1 - 1), 1 - (1 - al) / (N1 - 1), N1 - 2) \
if N1 > 2 else np.array([])
g2 = np.linspace(a2 + (1 - a2) / (N2 - 1), 1 - (1 - a2) / (N2 - 1), N2 - 2) \
if N2 > 2 else np.array([])
return np.concatenate([gl, g2])
#
# worker: one (N1, N2, deltal, delta2) configuration
#
def run_cell(task):

"""Stage A sweep + stage B refinement for one parameter configuration."""
N1, N2, d1, d2, nA, nB, budget = task
t0 = time.time()
Bibar = bbar_gen(d1, N1)
if not np.isfinite(Blbar):
return dict(key=(N1, N2, di, d2), error=’bbar failed’)

rows = []
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seed = None
Ul, U2 = u_grid(nA), u_grid(nA)

# ---- stage A: coarse sweep
for ul in Ul:
if time.time() - tO > STAGE_A_SHARE * budget:
break
al = -d1 + ul
for u2 in U2:
if time.time() - tO > STAGE_A_SHARE * budget:
break
a2 = -d2 + u2
g = seed if seed is not None else default_guess(al, a2, N1, N2)
r = solve_point(al, a2, di, 42, Ni, N2, g)
if r is None and seed is not None:
r = solve_point(al, a2, di, 42, N1, N2,
default_guess(al, a2, N1, N2))
if r is None:
continue
tsl, ts2, bl, b2, P, _ =r
seed = np.concatenate([ts1[1:], ts2[1:1])
rows.append((ul, u2, bl, b2, bl / Bibar,
P.sum(axis=1) .min(), P.sum(axis=0).min()))

if not rows:
return dict(key=(N1, N2, d1, d2), bbar=Blbar, rows=[], best=None,
best_ord=None, npts=0)

R = np.array(rows)

# ---- stage B: adaptive zoom on the ordered-region maximum -----------
def zoom(mask, label):
sub = R[mask]
if not len(sub):
return None
i = int(np.argmax(sub[:, 4]1))
ulc, u2c = subl[i, 0], subl[i, 1]
best = (sub[i, 4], subl[il)
span = 8.0
while time.time() - tO < budget and span > 1.0000001:
got = False
for f1 in np.geomspace(l / span, span, nB):
if time.time() - tO > budget:
break
for f2 in np.geomspace(l / span, span, nB):
al, a2 = -d1 + ulc * f1, -d2 + u2c * f2
if al <= -d1 or a2 <= -d2:
continue
r = solve_point(al, a2, d1, d2, Ni, N2,
default_guess(al, a2, N1, N2))
if r is None:

continue

tsl, ts2, bl, b2, P, _ =1

if label == ’ord’ and b2 < bil:
continue

ratio = bl / Bilbar
if ratio > best[0]:
best = (ratio, np.array([ulc * f1, u2c * £2, bl, b2, ratio,
P.sum(axis=1) .min(),
P.sum(axis=0) .min()]))
got = True
if got:
ulc, u2c = best[1]1[0], best[1][1]
span = np.sqrt(span)
return best

best_any = zoom(np.ones(len(R), bool), ’any’)
best_ord = zoom(R[:, 3] >= R[:, 2], ’ord’)
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return dict(key=(N1, N2, di, d2), bbar=Bibar, npts=len(R),
best=best_any, best_ord=best_ord,
near=R[R[:, 4] > 0.98], elapsed=time.time() - tO)

#
# driver

#

def main():
argparse.ArgumentParser ()
ap.add_argument (’--hours’, type=float, default=2.0)

ap.add_argument (’--workers’, type=int, default=1)

ap.add_argument (’--ndelta’, type=int, default=16)

ap.add_argument (’--nA’, type=int, default=20, help=’stage-A grid per axis’)
ap.add_argument (’--nB’, type=int, default=9, help=’stage-B zoom grid per axis’)
ap.add_argument (’--out’, default=None)
ap.add_argument (’--resume’, action=’store_true’)
ap.add_argument (’--smoke’, action=’store_true’)
args = ap.parse_args()

ap =

if args.out is None:
args.out = ’NM_smoke’ if args.smoke else ’NM_day’
if args.smoke:
args.hours, args.ndelta, args.nA, args.nB = 120 / 3600, 2, 5, 3

comb

print (’priming single-advisor bounds

oS

= [(N1, N2) for N1 in NRANGE for N2 in NRANGE]
dg = delta_grid(args.ndelta)

prime_bbar_cache(dg, NRANGE)

task

tota

s

1

reserve
per = (total - reserve) / len(tasks)

ckpt
done

[(N1, N2, float(dl), float(d2))

.7, flush=True)

for (N1, N2) in combos for di in dg for d2 in dg]

args.hours * 3600
= 0.10 * total

args.out + ’.pkl’
{3

if args.resume and os.path.exists(ckpt):
with open(ckpt, ’rb’) as f:

todo

done = pickle.load(f)

# stage C + reporting

print (’resumed with %d configurations complete’ % len(done))

[t for t in tasks if t not in done]

payload = [(N1, N2, d1, d2, args.nA, args.nB, per) for (N1, N2, di, d2) in todo]

t0 =

else

time.time()

if args.workers > 1:

import multiprocessing as mp

with mp.Pool(args.workers) as pool:
for k, res in enumerate(pool.imap_unordered(run_cell, payload)):

done[res[’key’]] = res
if k % 20 == 0:
with open(ckpt, ’wb’) as f:
pickle.dump(done, f)

print(’> %d/%d configurations, %.1f min elapsed’
% (len(done), len(tasks), (time.time() - t0) / 60), flush=True)

for k, p in enumerate(payload):

done [tuple(p[:4])] = run_cell(p)
if k % 20 == O:
with open(ckpt, ’wb’) as f:
pickle.dump(done, f)

print(’ %d/%d configurations, %.1f min elapsed’

% (len(done), len(tasks),

with open(ckpt, ’wb’) as f:
pickle.dump(done, f)

(time.time() - t0) / 60), flush=True)

46



# —---- report
print (’\n=== STATEMENT (1): bl <= bbar~(N1)_gen(deltal)? ===’)
print(’configurations: %d solving time: %.2f h’
% (len(done), (time.time() - t0) / 3600))
for (N1, N2) in combos:
sel = [v for k, v in done.items() if k[0] == N1 and k[1] == N2
and v.get(’best_ord’)]
if not sel:
print(’ (%d,%d): no ordered-region points’ % (N1, N2))
continue
ro = max(v[’best_ord’][0] for v in sel)
ra = max(v[’best’][0] for v in sel if v.get(’best’))
nv = sum(1 for v in sel if v[’best_ord’][0] > 1.0)
npts = sum(v.get(’npts’, 0) for v in sel)
print(’  (%d,%d): %7d pts | max ratio ordered %.6f | unrestricted %.6f °’
’| precision pairs violating (ordered) %d’
% (N1, N2, npts, ro, ra, nv))
print (’\nA ratio strictly above 1.000000 in the ordered region would refute °’
’statement (1); stage C then re-checks those points under global IC.’)

if __name == ’__main__"’:

main()

nm_check.py — the check behind Table

#!/usr/bin/env python3
"""Does existence of a two-advisor N x M equilibrium imply that advisor 1 alone
can sustain N intervals?

For N in {3,4} and M in {2,3,4}, sweep the two lowest thresholds at a grid of
precision pairs, keep the solutions with O < b_1 < b_2 < 1/4 and every message

of positive probability, and report the largest ratio b_1 / bgen~(N) (delta_1) among
them -- first over all solutions of the marginal conditions, then over those that
are also globally incentive compatible. A ratio below one at every pair is the
numerical content of the claim. N = 2 is trivial, since bgen~(2) = 1/4 and

b_1 < 1/4 is maintained throughout.

nnn

import sys

import time

import pickle

import numpy as np

from nm import solve_point, bbar_gen, u_grid, default_guess, global_ic

PAIRS [(0.05, 0.01), (0.10, 0.05), (0.15, 0.05), (0.20, 0.10), (0.25, 0.005),
(0.30, 0.10), (0.35, 0.20), (0.40, 0.05), (0.45, 0.30), (0.49, 0.25)]
TYPES = [(N, M) for N in (3, 4) for M in (2, 3, 4)]

NA = 20

NTOP = 40

def one(dl, 42, N, M):
t0 = time.time()
Blbar = bbar_gen(dl, N)
rows, seed = [], None
for ul in u_grid(NA):
for u2 in u_grid(NA):
al, a2 = -d1 + ul, -d2 + u2
g = seed if seed is not None else default_guess(al, a2, N, M)
r = solve_point(al, a2, di, d2, N, M, g)
if r is None and seed is not None:
r = solve_point(al, a2, d1, d2, N, M, default_guess(al, a2, N, M))
if r is None:
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continue
tsl, ts2, bl, b2, P, y =1
seed = np.concatenate([ts1[1:], ts2[1:]1])
if not (0 < bl < b2 < 0.25):
continue
if min(P.sum(axis=1) .min(), P.sum(axis=0).min()) < 1le-12:
continue
rows.append((bl, b2, al, a2, min(P.sum(axis=1).min(), P.sum(axis=0).min())))
if not rows:
return dict(n=0, marg=None, ic=None, bbar=Blbar, secs=time.time() - tO)
R = np.array(rows)
order = np.argsort(-R[:, 0])
marg = R[order[0], 0] / Bibar
best = None
for i in order[:NTOP]:
al, a2 = R[i, 2], R[i, 3]
r = solve_point(al, a2, d1, d2, N, M, default_guess(al, a2, N, M))
if r is None:
continue
tsl, ts2, bl, b2, P, y =r
if not (0 < bl < b2 < 0.25):

continue

ok, _ = global_ic(tsl, ts2, di, d2, bl, b2, P, y, nS=401, nfill=25)

if ok:
best = (bl / Bibar, bl, b2, min(P.sum(axis=1).min(), P.sum(axis=0).min()))
break

return dict(n=len(R), marg=marg, ic=best, bbar=Blbar, secs=time.time() - t0)

if __name__ == ’__main__’:
out = {}
print(’%-14s %-6s %6s %10s %10s %s’ %
(’(d1,d42)’, *(N,M)’, ’sols’, ’max ratio’, ’IC ratio’,
’at b=(b1,b2), smallest message probability’), flush=True)
for (d1, d2) in PAIRS:
for (N, M) in TYPES:
r = one(dl, d2, N, M)
out[(d1, 42, N, M)] =r
ic = r[’ic’]
print (° (%.2£,%.3f) (4d,%d) %6d %10s %10s %s [}.0fs]’
% (d1, 42, N, M, r[’n’],
’---> if r[’marg’] is None else ’%.6f’ % r[’marg’],
’-—=> if ic is None else ’%.6f’ % ic[0],
’? if ic is None else ’(%.5f, %.5f) %.le’ % (ic[1], ic[2], ic[3]),
r[’secs’]), flush=True)
pickle.dump(out, open(’nm_check.pkl’, ’wb’))
good = [v for v in out.values() if v[’ic’] is not None]
print(°\n%d of %d configurations have a globally incentive-compatible ’
’solution in the ordered range’
% (len(good), len(out)))
if good:
print(’largest globally incentive-compatible ratio anywhere: %.6f’
% max(v[’ic’]1[0] for v in good))
m = [v[’marg’] for v in out.values() if v[’marg’] is not None]
print(’largest marginal-condition ratio anywhere: %.6f’ % max(m))

nm_floor.py — the same check with a floor on the smallest message probability.

#!/usr/bin/env python3
"""The same check as nm_check.py, restricted to the two configurations whose ratio
approaches one, and with a floor on the smallest message probability.

The ratios that exceed one in nm_check.py all occur at solutions whose smallest
message probability is of order 1le-12: these lie at the boundary where an interval
vanishes, which is exactly where bgen”(N) is defined as a supremum rather than
achieved. Imposing a floor removes them.
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nnn

import numpy as np
from nm import solve_point, bbar_gen, u_grid, default_guess, global_ic

PAIRS = [(0.05, 0.01), (0.10, 0.05), (0.15, 0.05), (0.20, 0.10), (0.25, 0.005),
(0.30, 0.10), (0.35, 0.20), (0.40, 0.05), (0.45, 0.30), (0.49, 0.25)]

TYPES = [(3, 2), (4, 2)]

FLOORS = (le-6, le-2)

NA = 20

def sweep(dl, 42, N, M):
rows, seed = [], None
for ul in u_grid(NA):
for u2 in u_grid(NA):
al, a2 = -d1 + ul, -d2 + u2
g = seed if seed is not None else default_guess(al, a2, N, M)
r solve_point(al, a2, d1, d2, N, M, g)
if r is None and seed is not None:
r = solve_point(al, a2, d1, d2, N, M, default_guess(al, a2, N, M))
if r is None:
continue
tsl, ts2, bl, b2, P, y=r
seed = np.concatenate([ts1[1:], ts2[1:]1])
if not (0 < bl < b2 < 0.25):
continue
rows.append((bl, min(P.sum(axis=1) .min(), P.sum(axis=0).min()), al, a2))
return np.array(rows) if rows else np.zeros((0, 4))

if __name__ == ’__main__’:
print (’%-14s %-6s %12s %12s %12s’
% (°(d1,d2)’, *(N,M)’, ’no floor’, ’probability>=le-6’, ’probability>=le-2’),
flush=True)
worst = {f: 0.0 for £ in (0.0,) + FLOORS}
for (d1, d2) in PAIRS:
for (N, M) in TYPES:
B = bbar_gen(dl, N)
R = sweep(di, d2, N, M)
out = []
for £ in (0.0,) + FLOORS:
S = R[R[:, 1] >= f]
best = None
for i in np.argsort(-S[:, 0])[:40]:
r = solve_point(S[i, 2], S[i, 3], d1, d2, N, M,
default_guess(S[i, 2], S[i, 3], N, M))
if r is None:
continue
tsl, ts2, bl, b2, P, y =r
if not (0 < bl < b2 < 0.25):
continue
if min(P.sum(axis=1).min(), P.sum(axis=0).min()) < f:
continue
if global_ic(tsl, ts2, d1, d2, bl, b2, P, y, nS=401, nfill=25) [0]:
best = bl / B
break
out.append(best)
if best is not None:
worst [f] = max(worst[f], best)
print (* (%.2£,%.3f) (%d,%d) %12s %12s %12s’
% (d1, 42, N, M,
*[?’---> if v is None else ’%.6f’ % v for v in out]), flush=True)
print(’\nlargest ratio anywhere: no floor %.6f; probability >= le-6 %.6f; ’
’probability >= le-2 %.6£°
% (worst[0.0], worst[le-6], worst[1le-2]))

validate.py — the cross-check of cs_core.py against the general-partition code and the internal
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consistency checks reported in Part C.

nun

Check cs_core against nm.py, and the closed forms against each other.

Put nm.py in this directory and run:
python3 validate.py

nnn

import time

import numpy as np

from cs_core import (two_by_two, implied_biases, global_ic_22, single_general,
bgen3, bbar_int, Psi)

try:
import nm
except ImportError:
nm = None

def against_script(ntrial=400, seed=1):
if nm is None:
print (’nm.py not found; skipping the cross-check’)
return
rng = np.random.default_rng(seed)
dP = dy = db = 0.0
tested = agree = ic_true = 0
t_new = t_old = 0.0
for _ in range(ntrial):
dl = rng.uniform(0.01, 0.45)
d2 = rng.uniform(0.002, min(dl, 0.49 - di1))
# half the draws in the boundary layer, where the interesting equilibria are
tl = ((-d1 + 10 ** rng.uniform(-6, np.logl0(2 * d1))) if rng.uniform() < 0.5
else rng.uniform(-d1, 1 + d1))
t2 = ((-d2 + 10 ** rng.uniform(-6, np.logl0(2 * d2))) if rng.uniform() < 0.5
else rng.uniform(-d2, 1 + d2))
P, y = two_by_two(tl, t2, di, d42)
bl, b2 = implied_biases(tl, t2, d1, 42, P, y)
Bi, B2, Ps, ys = nm.biasesNM(np.array([t1]), np.array([t2]), d1, d42)
dP = max(dP, np.max(np.abs(P - Ps)))
m= (P> 1e-9) & (Ps > 1le-9)
if m.any(Q):
dy = max(dy, np.max(np.abs(y[m] - ys[ml)))
for a, b in ((b1, B1[0]), (b2, B2[0])):
if np.isfinite(a) and np.isfinite(b):
db = max(db, abs(a - b))
if not (np.isfinite(bl) and np.isfinite(b2)):
continue
if min(P.sum(axis=1).min(), P.sum(axis=0).min()) < le-12:
continue
tested += 1
t = time.time()
ok_new, _ = global_ic_22(t1, t2, di, d2, bl, b2, P, y, nS=201, nfill=11)
t_new += time.time() - t
t = time.time()

ok_old, _ = nm.global_ic(np.array([t1]), np.array([t2]), d1, 42, B1[0], B2[0], Ps, ys,

nS=201, nfill=11)
t_old += time.time() - t
ic_true += ok_new
agree += (ok_new == ok_old)

print(’vs nm.py: max |dP| = %.le, max |dy| = %.le, max |d bias| = %.1le’ % (dP, dy, db))
print(’incentive check: %d configurations, %d compatible, agreement %d/%d, %.2fs vs %.2fs’

% (tested, ic_true, agree, tested, t_new, t_old))

def internal():
# the general two-interval equilibrium coincides with the interior formulas
worst = 0.0
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for d in (0.005, 0.05, 0.1, 0.25, 0.4):
for b in np.linspace(0.001, bbar_int(d) - 1le-6, 40):

g = single_general(b, d)

s = gl’t’]

yL=(d*d+ 3 *xsx*s)/ (6*s)

yH=(3-d*xd-3x*xs*s)/ (6x* (1-5s))

V=-1/3+s*yL*x 2+ (1 -5s) *x yH **x 2

worst = max(worst, abs(V - g[’V’]), abs(yL - gl[’yL’]), abs(yH - g[’yH’1))
print(’interior branch vs Proposition 6 formulas: max discrepancy %.le’ % worst)

# Psi strictly decreasing onto (-1/4, 1/4)
bad = 0
for d in (0.005, 0.1, 0.3, 0.49):
mus = np.linspace(le-6, 1 - le-6, 20000)
vals = np.array([Psi(m, d) for m in mus])
bad += int((np.diff(vals) >= 0).sum())
print (’Psi monotone on a 20000-point grid at four precisions: violations %d’ % bad)

# V strictly decreasing in b, and bgen3 larger for the noisier advisor
bad = 0
for d in (0.005, 0.1, 0.25, 0.4):
V = np.array([single_general(b, d)[’V’] for b in np.linspace(0.001, 0.249, 2000)]1)
bad += int((np.diff(V) >= 0).sum())
print (°V decreasing in b: violations %d’ % bad)
worst = -1
for di1 in np.linspace(0.002, 0.498, 200):
for d2 in np.linspace(0.001, 0.498, 200):
if d2 < dl and d1 + d2 < 0.5:
worst = max(worst, bgen3(d2) - bgen3(dl))
print (’max over Delta of bgen3(delta2) - bgen3(deltal): %.le (negative means the ’
’noisier advisor has the larger bound)’ % worst)

if __name__ == ’__main__’:
against_script ()
internal ()

The check for advisor 2 reported in Part C uses nm_check.py and nm floor.py with the roles
of the two advisors interchanged: TYPES set to (2,3), (2,4), (3,3) and (3,4), the solutions
ordered by b2, and the ratio computed as b2 / bbar_gen(d2, M).
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