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(ii) 	Direct simulation experiments were performed using the programme 

package NAIVE [5 1. The programme generates time series of "exogenous variables" 

using normally distributed random numbers and a simple first-order autoregressive 

scheme from a starting value of zero. The endogenous variable is then obtained 

using input values for the structural parameters, and an additive normal random 

error. Rectangularly distributed "measurement errors" can be added to the 

variables. In effect, the procedure is then to feed the generated sample into 

a standard regression programme - as for GIVE [4 1 - , record the deviation of 

the parameter estimates from the known true values, and replicate this procedure 

a large number of times. The programme prints the mean of the recorded 

deviations, (in addition to their sampling standard error, the means of the 

usual summary statistics and other information), and this mean is taken as 

an estimate of the bias in the estimator. 100 replications were used in 

practice, which should be sufficient from the point of view of estimate 

precision. 



The first set of experiments performed were designed to explore the 

response of the mean bias to various points in the parameter spaces of two 

simple models, and compare it at each point with the value for the inconsistency 

obtained by substituting the parameter values into the appropriate specialization 

of (2). 

Computatione.l cost strictly limits the number of experiments which 

can be conducted us in,, direct simulation. experimental design is 

therefore of great importance, since we seek the widest possible investigation 

of the parameter space without excessive confounding of the effects in a small 

number of experiments. Unfortunately, the number of parameters to be varied 

is large even for small models. Of the two models investigated one, the simplest 

possible two-variable model involves six parameters (including sample size); 

the second, a three variable dynamic model, involves eight. Even allowing only 

two values for each parameter, a full factorial experiment with six parameters 

involves sixty-four experiments. In the event, fully confounded fractional-

factorial designs were employed, with randomization of the parameter combinations 

within the constraints set by the confounding requirement. (For discussion 

see Cochran and Cox `2], Ch. 6.) 

There is clearly scope here for the use of variance reduction 

tecrmiques such a.c control vari rtes; L6J [~~. 	A.daption of the 

programme. for this purpose would be relatively simple, and should be 

coiasidered for a. more extensive investigation. 
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Following Hendry and Harrison, the chosen method of summarizing the 

information obtained in the simulations is to estimate the response surface 

of the mean bias, assuming approximate linearity. Where a  is the least 

squares estimator from a sample of size T of some slope coefficient a, 

we adopt the notation 

I(a) = plim (aT  - a), 
T-- 

and also write 6 for the K-vector of all the parameters of the model, 

Then by hypothesis, 

	

E(aT I(a), I(T) 	T 
	

(3) 

is approximately linear in the arguments, provided that at least part of the 
by 

non-linearity in the asymptotically vanishing terms can be accounted for the 

term I(a)/T. With an appropriate he.teroscedasticity transformation, write 

I(a) 	K ►TT E(a - a) = a TT + a ~ I(a) + a 	+ E a 	6i + 
IT U.  (4) T 	o 	1 	 2 ~ 	i=l  2+1.AT  

where we expect that al  = 1. 

Substituting for E(aT  - a) the mean bias Bi(aT) obtained in simulation 

experiments with sample parameters 0j, and sample size TV  j = 12  ..., m, 

(4) can be estimated by least squares. Part of the stochastic term will 

then represent simulation sampling errors in the mean bias, but provided that 

sufficient replications have been performed to ensure reasonable approximation 

to the true bias, then the goodness of fit of the equation will reflect mainly 

the adequacy of the linear approximation. The t statistics can be used to 

test the significance of finite-sample effects associated with any given parameter. 

If such effects prove to be small, we have evidence that the inconsistency will be 

an adequate guide to finite sample behaviour. 
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The two models employed were as follows; in each case, Greek 

letters represent the true variables, and Roman letters the corresponding 

empirical variables. 

(A) 	Et - a X   + Et 

yt Et 
	 (5) 

xt  = Xt  + vt  

(B) Et  = 1 Xt  + s2 Et-1  + et  

yt - Et + ut 	 (6) 

x 
	= Xt  + V 
	1S 21< 1 

In each case, the independent variable X  was considered to be generated by 

Xt = Y Xt-1 + nt  , I Y 1 < 1 	 (7 ) 

The error terms, et  ti N(0, Q
2), nt 

 ti N(O,on),  ut ti R(O,cu),  vt ti R(O, a2  

are all serially and mutually independent. 

We first derive the inconsistencies for each model, the appropriate 

specializations of (2). 

For A 	 2  

plim (a 	 v 	 (~ 
m +a2  
XX v 

where 
XX 
 is the population second moment of XV 

T 
m = plim T E Xt  
XX 	 t=1 



6 

For B 

plim (al  ' S1) _ A  (- ~1av(MU + 
au) 

 + S2aumX~- ) 	(9) 
1 

plim (s2  - S2) = 0 (- a a2(mXX + a2 + S1avM. 

 

1 

where 	d = 
(mXX + av)(m~ + 

Cru) 
 - mXX_ 1 

T 
and 	m = plim T E Et 

t=1 

T 
m 	=plim T E X   Et-1 X~-1 	t=1 

These results are derived in the Appendix, where it is also shown that. 

a 
2 

(1)  mXX 	Y 
= n  2  

1-  

_ ~lY  
m  mXE-1 
	

1-s2Y XX 

1 	1+R2Y 2 	2 

1-R2 1_S2
Y S1 mXX 

 + aE  

2 

The formulae were used to write a routine to compute the inconsistencies for 

each sample point in the parameter space. 

The approach to the design problem was slightly different for each model. 

Consider A first. a2  was set a a constant level of unity for all experiments, 

leaving five parameters to be varied, a, Y,  a2, a2  and T. To sample the para- 
e v 

meter space fairly extensively, three values each of a, Y, av and T were chosen, 

and two values of a2 



-- -------- - ------------------ 

a = .8, .22  -.5 

Y = .5, .7, •9 

av = 0, 1, 2 

T = 20, 50, 8o 

aE  

A full-factorial design would give 34  x 2 = 162 parameter points. Actually 

employed was a-' factorial design, giving 18 experiments. This means in 

practice that out of a defined population of 162 parameter points, 18 were 

sampled by a restricted randomization, whereby each parameter value appears 

in equal proportion, and is combined with each of the values of the other 

parameters equi-proportionally. This ensures the most extensive possible 

plotting of the response surface for the given number of experiments. 

The simulations were then carried out using the chosen parameter values, 

the first 30 observations being discarded (to minimize the influence of initial 

conditions), and the slope coefficients estimated using the next T observations, 

by Ordinary Least Squares only for these experiments. Each simulation was rep-

licated 100 times. 

The resulting mean biasses are shown in Table 1. For prediction purposes, 

four additional experiments were conducted with parameters chosen arbitrarily, 

but such that for two, the parameters lie wholly within the range of the main 

set of experiments, and for two, some parameters lie outside. 

For model B. a2  is also set to unity for all experiments, and the para-

meters to be va°ieu are S1, 62, Y av, a2  a2  and T. This is a rather large 

number to be varied over a small number of experiments, and with the aim of 

making the design more manageable, it was decided to reduce the number of 

independent parameters by one, linking S1  and S2  by the relation, 
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sl  

1 _ S2 = 1 
	(i.e. B1  + a2  

This corresponds, when the difference equation of (6) is given the 

familiar interpretation of a Koyck transformation of a geometric lag scheme, 

to specifying a population of distributed lag equations with a constant long-

run coefficient of unity, but varying mean lag. This restriction does, of 

course, reduce the possible information to be gained from the simulations, 

but with corresponding gains in the intensity of sampling of the overall 

parameter space for a given number of experiments. (An ad hoc justification 

for the restriction might be that, as in the case of the consumption function, 

the long run coefficient of the model of the form (6) is often thought to 

be approximately known a priori, and the mean lag is the unknown quantity 

of principal interest). 

The number of independent parameters is thereby reduced to six, and it 

was decided, in contrast to A, to set each parameter at two values, and employ 

a 1/4-factorial design giving 16 experiments. The chose values were 

(619 R2 ) _ (.4, .6), (.8, .2); 

Y 	= •9, •99; 

Cr 
v 
	= 0, 10, 

Qu 	
= 0, 10; 

CT 	= 1, 10; 

T 	= 30, 65. 

The simulations were conducted in basically the same manner as for model A, but 

with an important variation. For B, the series for X  was generated only once 

for each experiment, the same set of numbers being used for each replication, 

whereas for A, the exogenous series was generated afresh for each replication. 
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The significance of this variation will be discussed in due course. 

The simulation results and computed inconsistencies for B are shown 

in Table 2. 

The bias response function for model A was estimated as, 

I.(a) 

	

FT 	-B (a) = ao  TT + a 
1 

 AT-. I . 
J 
 (a) + a _ J _  

j 	J 	2 
J 

	

Y. 	(Q2 ) . 
+ a —0  + a —~— + a5 v~ 

J 	J 	J 

	

+ 
(QE)• 

+ 	1 

	

_ 	 j = 1, ..., m a
6 	a7 F 

j 	 j 

where m is the niumber of experiments. 

For model B, 

I (B ) 	R 
VY 

_ 

	

J 
. 	

1  
-B 	) = b. ~. I . (S. 	

i2 V 
) + b 	fir- 	i3 

	

+ b 
J 1 	it 	J J  

	

J 	 J 
Y • 	 (cr2 ) . 	(a2 ) . v 	 u + bi4 	+ bi5 	+ b 1 	 ( 3) 

J 	J 	 J 

(Q2) (c2) 	(02) 	 j = 1, ..., m 
+ bi7  v  J u  + bib  _ C + bi 

9 
1 	

i= 1 2 

	

~. 	F. 	F. 

	

J 	 J 	J 

Note that it was decided to include one second-order interaction term, a2•Q2, v u 

and also that because of the dependence between 
S1  and R2, only s1  is included 

as a regressor. Also, because T is set at only two levels, one of the variables 

r. 
J 
 and 1/r 

J  
. is redundant. (The former corresponds to the intercept in the 

regression, the latter to the dummy parameter, 1, in the model). The intercept 

term is therefore dropped. 
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TABLE I 

Inconsistencies and Simulation Mean Biasses for Model A. 

' 7 ''S I Zb t69 

2 

• /qS (•ooq) 

.7 `•S Z $o • 2S2 • 263 (-008) 

- 7 D • I 8o T O • Oo2 	(- 00 3) 

4 •-7 • Z 2 I So - • tat -- lo7 (.00g) 

S •7 -g o I Zo o • Ole ( •oz.o) 

6 •7 • g I • t So - - Z -7 - •3o3 (•0o7) 

• C1 - •S • 1 So o -.001  (• 0 03) 

8 •of - -S 2 Zo •138 •230 (•old) 

q • q • 2 t - 	I PO - • 032 - •043 (•0o2) 

16 • q • 2 o 1 Zo a -. o26 C o, 8) 

// q ' $ ►  I Sb - • 12g - • Zol 	( • ooq) 

~z • 8 2 • 1 g4 _ - ZZo - • 2$4 (•oo8) 

►3 S ~•S o •I go 0 -•003(-003) 
...5 i 1 So •Z14 • 217 (-010) 

IS •S •2  Z '! Sb -.•120 -•ll~ 	(•003) 

16 • S • 2 i I za - • og6 _ .09'2 (. olS) 

~7 • S • 8 o t So a - • o2s (•o ~o) 

l8 •S •8 •~ Zo -•4S0 -•S!S (•otl) 

7 I < ( 3 a - '7-)7  - • 2S (-007) 

Z, 70 Ooq 021 	(•001). 

X17 

x2 q 1•S ~ •~ loo - •-f4-S •?37 (•189 

Simulation standard errors in brackets. 



TABLE II 

Inconsistencies and Simulation Mean Biasses for Model B. 

~z Ty ~ csi T" ~ pGM. R,"R~) rJ3, - 13) P~+M- lf~~  
( 	ll 

l •Q g • 2 6 D !b 3 D O 0Z0 (•off) • p - •022 	(• 0)3) 

Z •q •14 

..i  

10 

a 

D 

10 

10 

1 

30 

3 0 

-• 27g 

-369 

	

-• 2Gl3 	(•ol o) 

	

- 412 	C•o2 ►) 

.oS7 

-• 472 

• aZ8 	C-Olo) 

—517 	(•013) 3 •~ =l~ •~ 

4 •Z 10 10 30 • S34 - • 614 ( o, 2) . o-z g •o1S 	C-013} 

S 'q .$ -z D o ( 6 S 'Olq 	(00"1) •b - •016 	(006 

q 10 0 6S - . 323 - • 3ifS 	~• ovZ~ • ZZ3 •Zlt1 	.0033 

7 ' a 44 10 10 6S • 176 •2l6 	(o20) - •22.S - 2-4f 	(oo7) 

$ • 9' • $ -z 1 - • S7l 	(-00 01) -017  

R ' 9q `L't 'G a 0 ! 30 • b •o44 	(<oa.6~ •0 - .aS7 	(•Do9) 

ra . qI . 2 ro a 5 0 - • 665 •701 64 4 '7 (005) 

~, . . o o 3O 6 013y9  •oq3  
.13  

rZ q9 'lt• G 1O /0 10 3 Q - - oa3 - 1 9 ~ 	(013 - - 07 a - 	-D • Zob 	(>z) 

13 -qll' .lf .G o 10 65 • D -04-S 	(-0o? • 0  - , 0~7 	(007) 

.412 ~.SI0 	(ooh - 338 •3V 	1.066) 

1s .qq •8 •2 © r6 t 6'S •!d4 •177 	(0l0) --W - =17q 	(. oo~~ 
16 .61 q -040 --12o 	(•o67) — 13 ) 13 ) - -7o4 (oog) 

* Simulation standard errors in brackets. 
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Table 3 

Bias Regression for Model A  (18 observations) 

T B(a) _ -.028 T + 1.100 T I(a) + .178 I(a)/T - .650 a/T 
(2.34) 	(13.15) 	(.052) 	(.658) 

- .915 Y/T + .189 a21  - .262 Q2//T-  + 1.58/T 
(.505) 	(.517) v 	(.332) e 
	(1.07) 

R2  = .990 	s = .171 	d = 1.37 

t values in brackets. 

X 
2(4) = 31.84 (forecast stability test) 

Predictions  (see Table 1, 19-22) 

Equation (1.9) (20) (21) (22) 

B(a)-B(a) 

B(a)-I(a) 

-.007 

.028 

.026 

.020 

-.059 

.000 

-.116 

-.192 

B(a) = 1  times the prediction of the bias regression 
T 

Table 4 

Bias Re rg easione for Model B  (32 observations) 

T B(sl) = 1.07 T 10,) - 14.63 I(sl)/T  - 6.85 s /T -  16.65 Y/T 
(lo-55) 	(2.69) 	(1.89) 1 
	(1.60) 

.82
8 
 QV/T + .263 au/T -.036(a2a2i)/T + .085 Qe /T + 20.70/,TT 

(3 5 ) 	(1.66) 	(1.98) 	(.782) 	(2.07) 

R2  = .975 	s = .406 	d = 2.15 

T BD ) = 1.07 T 1(g ) + 3.23 I(S )/T + •477 lT - 23.98 Y/T - .066 o2/T 2 	
(13.55) 	

2 	(1.05) 	2 	(.244) 1 	(3.47) 	(.533) v 

+ .156Q2/T - .012(a2a2)/T - .053 o2/T + 21.19//T-
(,.51)u 

  
. 	(1.25) u v 	(1.06) c 	(2.91) 

R2  = •990 	s = .190 	d = 1.49 
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The regression estimates are presented in Tables 3 and 4, and Table 3 

shows in addition the prediction errors for model A, together with the 

corresponding difference between mean bias and inconsistency. 

A methodological problem emerged in the course of the experiments which 

must be borne in mind when interpreting the results. The first experiments 

were in fact performed on model B, and atypical discrepancies between mean 

bias and inconsistency were noted in one or two of the experiments. Estimation 

of the response surface produced values of 
b11 

 and b21  significantly different 

from unity, strongly suggesting a misspecification. After careful checks, it 

was decided that the cause lay with the fact that the NAIVE programme holds 

the exogenous variables fixed in repeated samples. When the autoregressive 

coefficient, Y  in (r) , is close to 1, the estimated second moment of the 

series for samples of moderate size is likely to be quite a long way from the 

corresponding probability limit - a short realization of the series being, 

in fact, close in appearance to a random walk. 

Therefore, the variance of the estimated bias was not, in fact, being 

reduced by replication (since the same random effect was appearing repeatedly); 

comparison with the inconsistency computed from the asymptotic moment of the 

series must have a strictly qualified interpretation. 

To test this conjecture, the simulations were run a second time using a 

new set of random numbers, and some of the mean biasses obtained were found 

to differ significantly from the previous estimates, (using two standard 

errors as a criterion.). The response surface was re-estimated from the two 

sets of results combined, and it is these regression estimates which are shown 

in table 4. The coefficients of FT I(S1) and AT-  I(S2) are now both found to 

lie within one standard error of unity. Since there seemed to be no point 

in reproducing both sets of results, the mean biasses shown in table 2 are 
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are simple averages of the two figures, and the quoted standard errors, 

times the average standard error. 

In the light of this experience, the simulations for model A were run 

with the exogenous variable generated separately for each replication. This 

does, of course, considerably increase the computational cost. A lower range 

of values for the autoregression coefficient were chosen also, since the 

divergence of the small-sample variance estimates from the asymptotic limits 

is thereby reduced. 

Bearing these problems in mind, we pass now to the general interpretation 

of the results. We see that for model A, none of the finite-sample effects 

appear to be significant at the 5% level, although the intercept term is 

significant, and the fit of the equation is good. It will be observed that 

in two cases - which happen to correspond to the smaller sample sizes - the 

predictions from the regression are better than the inconsistencies as 

approximations to the mean bias, while for the other two cases, they are 

worse. Note that while the estimate of the coefficient of YIT I"(a) is within 

two standard errors of unity, it is nevertheless rather large. Disappointingly, 

the evidence suggests that there is some finite sample effect at work which 

is not caught by the chosen specification of the response function. 

In model B, however, a number of 5%-significant finite-sample effects 

appear. The high significance of Y/vrT-  alone is a paradoxical feature of the 

regression for R2, and the most reasonable explanation would seem to be that 

this is connected wiz- the data generation problem. As in model A, both 

equations have the coefficients of the inconsistency term on the high side 

of one. 
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A fundamental difficulty with this technique of response surface estimation 

is related to the problem with the generation of the exogenous variables already 

described. One of the sources of deviation between the inconsistency and the 

simulation bias must be the bias in the estimate of the asymptotic variance 

of x  from a finite sample. 

If the added measurement errors are ignored for simplicity, then expanding 

the autoregression gives 

t-1 

xt = •Y x0 + E YJTit- j=0 

NAIVE sets the starting value x  equal to zero. In this case, it is easily 

shown that 

E 1  E x2  = cry  !~!l + T-1 
Y

2 + T-2 Y  + 
	

+ 1  Y2(T l) 
T  t=1 t 	n l.s 	T 	T 	 T 

2 _ 	 2 

	

1  _ ~~1-- 122) C  6n 	when T < 

I- Y2 
	T(1- ~ 4 	1- 72 

The downward bias increases inversely with T, and directly with ~YI. 

The problem is that this source of bias is of no interest in the present 

study, since the use of the autoregregressive scheme for the generation of X  

represents no more than computational convenience. In this case, our interest in 

asymptotic formulae depends mainly on the fact that moments can be estimated from 

sample data and substituted into them. 

It seems reasonable to suppose that this source of bias is an important 

component of the deviation of mean bias from inconsistency. Inspection of 

Table 1, for example, reveals a tendency for larger upward deviations of the 

mean bias for the experiments for which Y = .9, than for others. (It is frankly 

puzzling that the effect is not revealed by the bias regression, but the 

experimental sample is of course rather small.) 
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A simple method of checking the importance of the effect would be to 

replace the asymptotic formula (a2 
2 	2
/(1 - Y  )) by the corresponding estimated 

TI 

moment of the generated series (and revert to holding the latter constant 

at each replication). Sampling variability in the exogenous variable is 

thereby eliminated altogether from the experiments. This is unfortunately 

not possible with the experiments presented here, but the programme has 

since been updated so that the sample covariance matrix appears in the 

output. 

(iv) 	Measurement error in dynamic models may mean that the residual errors 

on the equation are autocorrelated, as is seen by writing (6) with the observed 

variables substituted into the equation, 

yt  = 01xt  + 02yt-1  + wt  

(14) 
where 	

wt = Et - Slvt + (ut - 02ut-1)  

The presence of the moving average component, u  - Slut-1' suggests that some 

reduction in bias may be possible by the use of Autoregressive Least Squares. 

We may appeal to Hendry and Trivedi's E7 I finding that these methods are 

fairly robust against errors of specification (i.e., moving average error 

processes are approximated by autoregressive schemes); but obviously, much 

depends on the relative dominance of the moving average component, since the 

autoregressive transformation employed in ALS will convert the serially 

independent component into a moving average. This is the kind of question 

which simulation methods are well suited to assess. ALS estimates were 

computed in the course of the simulations for model B, and in Table 5, the 

QLS and ALS biasses are presented for comparison for the eight experiments 

in which yt  contained measurement error, both with and without errors in xt  also. 



TABLE 5 

6ii 	- /3z} 

DLf fIL S 

3 Of 6 D 1  30 •LI.I g (•o36) Sa l S13 (• cao) - •443 

4 Q 8 Z ro 3v -•677(•o'S) `•6gS(olS) ozv(oZo) _ - 0 	(03`!) 

7 •t( b 10 6S .247 (•036) - 26q 004.5 - . 2.64-( •013) - •301 Co33) 

g q g 2 10 to 6 S - • 646 C 010) -446 (•01l) 03 3 (-01-1) • /67 ( •o3o) 

ri qq g 2 d 10 30 .134F(0-2-4) I S3 C`O zS) - • 13q (.0/ 0) -- I6S (-oZ S) 

IZ qq ~ 6 to 10 '2o7 (•o37) 

Is qq Q 2 d P GS • l77 C o14) •̀ /33 C OLI) _ 174 (•0' -L) - /2V (07-)) 

i6 •y L1  la 1 6S _-21gC o ►0) --ZS~( 011) - 214 7C-o33) 
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rfla 	 ,#%indtrd errors provide 3 goide to +l''.'~ 	.:.Vf; efFlCl:i;..;y' 

of thn .rni hods. (Note, these statistics are. 1/T00 tines thfy 	devlat3frm 

of t'xa 	 over replications) . 

ici,*Ll be obsarved that while the bias is reduced in 	c-!-,efficients 

when 1"! e~luation errors are small and there is no mp.asi.,relfie'.'i, =--x-or in x  

3 a-nd 15), Fuld is reduced in fit  even with c.:(,r:)vs :ire °°'t . (4 and 

16), i  t, i..: lia.ble to be made considerably worse when the err-:.,3...'3 	a i4..cge 

	

compoi.e.it . Since it will rarely be possible to 	much 

	

~: C?:.:.: !9£ ; c.'.i,z:i;`. a~ :3s of the error components, c:._::.:. 	i cs Cannot 

prot,Ad-e reel s-3ura,nce t'..A:t ALS will provide superior estimates. '. b-:! px•:.)blem 

of e. ,_ii.;;:•;d. autocorvF"..'=ed and independent error term will al 	fund when 

the 	errors , ,re ,it:ncorre.lated and the measurement e..=?.::: independent 

this ;4ituation will 	11- •9iscussed in the course of the t':.::'. ~"c.Frit~ section., 

(v) 	Inspection of Table 2 will show that measurement errors ,:-vii affect multi_. 

estimates in complex wayo • Consider for F:x u.,-A w I•i',he three- 

z mi:)del as in (6) but with dynamics unspecified, 

Yt  - 
S1X1t 

 + 
02X2t 

 + et  

xit - xlt + vlt 
	

(15) 

x2t 	1.12;; ~. '+2t 

with a1.1 errors independent, the inconsistency in ~19  by analog kith (9) 

	

(31j = Q (-~1°v (m 	+ Q~ ) + 
s2cv  m 
	) 	(16) 

1 X2X2 	2 	 X1X2 

1. 
ud 	for R2  . 



It is apparent that if Xlt and X 2 are negatively correlated, and S1 and B2  

have the same sign - or vice versa - then the errors in xlt and x 
2  will 

have a reinforcing effect on the bias in each; whereas, if X 
It 	2t 

and X are 

positively correlated, and S1 and S2  have the same sign (or vice versa) then 

the errors in xlt and 
x 2  have, asymptotically at least, a counterbalancing 

effect, and the bias in S1, say, is smaller, the larger (within limits) the 

variance of the errors in x2t. (The second of these effects is to be observed 

in the results for model B.) It is clearly useful to have such information 

about the expected behaviour of our models, but adding more variables to the 

equation, and dropping the assumption of independence of the errors would 

rapidly make it very difficult to determine such effects analytically. 

A. case of special interest is that where estimation is t%erformed on the 

first (or higher order) difference of the variables. Differencing is a 

common procedure in econometrics, being used for instance to obtain a finite 

approximation to the rate of change of the variable, when this quantity is 

specified in the theoretical model to be estimated; wage-price models are 

well-known examples, e.g. Lipsey & Parkin [8]. Or differencing may be 

used simply to transform a non-stationary series into a stationary one, as 

in certain forecasting models (see Box & Jenkins, [11). Yet it may be the 

case that even if the level magnitudes of the data are measured sufficiently 

accurately from the estimation point of view, the difference magnitudes are 

not, particularly when the true variables are "slowly changing" - i.e. exhibit 

strong first-order autocorrelation - but the measurement errors are serially 

independent. 
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The last set of experiments are designed to throw light on the behaviour 

of least squares estimators with simple models in the differences of variables 

- either correctly or incorrectly specified - in the presence of measurement 

errors of such a size as to constitute a serious source of bias in the 

differences. Also considered is the effect of autocorrelation in the measure-

ment errors. 

Two models were used to generate the data, 

I. ~t  = • 5 Xt  + elt 	 17 ) 

and 

II. Aft = .5 AX   + C 2 

where Aft ~t F't-1 

°xt = Xt Xt-i 
and 	elt' e2t ti .PTI (0, .25) 

In each case, Xt  is generated by 

Xt = zit + z  2 + n3t 

where zit 
	'99 zit-1 + nit 

z2t  = .5 z2t_1  + n2t 

nit 	NI(0, 1), 	i = 1, 2, 3 

(note, the reason for the rather elaborate specification of (19) was to 

make zit  and z 2  available as instruments for the IV estimation of the 

equations. However, problems related to ensuring that valid instruments 

were used in the programme were not fully resolved, and these results are 

not presented.) 



We also have, 

yt ~t 

X  = X  + vt  

and there are two specification for the measurement error, 

(a) vt  ti R(0, 1) 

(b) vt = '5 t-1 + St, 	~ ti R(0, .75) 

giving four model specifications, Ia, Ib, IIa, and IIb. 

From samples of size 40, the equations estimated from models Ia and Ib were 

(1) yt - all x   + ult 

(11)  Ayt - a21 Ax  + U 2 

and from models IIa and IIb, 

(iii) Ayt = a31 Ax  + U 3 

(iv) yt  = a41  xt  + 
a42 yt-1 + a43 xt-1 + u4t 

(v) yt  = a51  x  + u5t. 

Note that equations (ii) and (v) represent incorrect specifications, (i) and (iii) 

represent correct specifications, and (iv) is the unrestricted version of (iii), 

assuming only a general dynamic specification for the model - as generated a42  

equals 1, and a43  equals -.5. 

The main result for the simulations using OLS and ALS are shown in Table 6. 

The mean biasses and root mean squared errors for each model and each estimator 

are shown,together with the mean ALS estimates of the autoregression coefficient, 

P. 	The rows of the table labelled ASE and SSD show, respectively, the means 
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of the asymptotic standard errors of the coefficients computed in the usual way 

at each replication, and the actual sampling standard deviations of the biasses. 

Comparison of these two quantities gives an indication of the bias in the former, 

the conventional measure of estimate precision. The rows labelled "D.W." and 

" X 2" refer to the Durbin Watson statistic, and the X2  test of the hypothesis 

P = 0; the quoted figures are not (obviously) mean values of the statistics, 

but the number of times out of the 100 replications that the respective null--

hypotheses were rejected. 

A detailed interpretation of the results is best left to the interested 

reader; the interaction of effects is complex, and the question of extrapolation 

from the experimental framework must be a matter of rather subjective judgement. 

It is more appropriate in exploratory experiments of this nature to draw attention 

to the main suggestive features than to attempt definite conclusions. 

Although incidental to the main motivation of the experiments, results of 

considerable interest are the low power of the Durbin Watson test, judged against 

the X2  test - and of the X2  test itself in several cases; and also, the incidence 

of downward bias in he estimated standard errors of the coefficients, sometimes 

severe. 

Equation (i), the correct specification of the "levels" model, provides a 

baseline with which the effect of measurement errors of the given 'variance 

under various model specifications can be compared. (Note, the serially indepen-

dent and the autocorrelated measurement errors are specified so as to have an 

equal asymptotic variance.) The measurement errors produce a level of bias of 

the order of 6%. The effect of differencing on the bias is similar whether 

the difference specification is correct (equation (iii)) or incorrect (equation 

(ii)). For independent measurement errors (specification (a)), the bias rises 

to over 30%; with autocorrelated measurement errors, the increase is less severe, 

but still of the order of 20%. 
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Considering equation (iv), where the difference restrictions are valid 

but not imposed, it should be noted that the biasses in the coefficients of 

X  and xt_1  are asymptotically equal in magnitude, although opposite in sign. 

Significant small-sample.effects appear to be present, reinforcing the 

evidence of the results on model B, discussed in section (iii) above. 

Equation (v) was run in order to test the effect of mis-specifying a 

"differences" model to avoid bias, by estimating in the levels. On a mean 

squared error criterion, it is clear that this equation performs extremely 

badly, and it appears unlikely that the reduction in bias could compensate 

for lack of efficiency. 

The "differences" model is of course a particular example of the "levels" 

model with autoregressive errors, the error process having roots on the unit 

circle. The last result draws attention to a problem pointed out by Grether 

and Maddala, [3 1 p. 257 (and alluded to here in section (iv)); that the 

use of the quasi-difference transformation to eliminate serial 

correlation of the errors, as in ALS, can result in an unforeseen 

increase in measurement error bias. An interesting field of further 

exrperimentation would be to study this bias/efficiency trade-off in 

greater detail; the results for equuotion (v) seem to suggest that 

correct specification is desirable, but this preference might not hold 

at other .points in the parameter space. 
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APPENDIX 

Model A: 

From (5), 

T 

E xt wt 
a =a+ t=1  

T 
E xt  

t=1 

where wt  = Et - avt. 

Hence, 	 T  
plim 1T E (Xt  + vt)(et  - avt) 

plim (a - a) = 	t=1 
T 

plim T E (
Xt 
 + vt)2 

t=1 

-aa 
2_ 

v 

M. +c 
XX v 

Model B: 

From (6), 

T 
1 	

T 	
2 

T 	 T  

_ S1 	Sl + 
tl 'twt  / 	tl yt-1 t~lyt-lwt 	t~l  xtyt-1 

T  T 	2  2 T 	2 
E 

t=1 
xt 	E 	

y 	
- 

) ( 

t=1 	t-1 t=1xt yt-1 

where 	wt  = et + U  Slvt 	Slut-1 

T 
plim 1 	E xtwt  

T 
= plim T 	E 

(Xt+vt)(Et+ut-Sl
v
t-Slut-1)  - -Slav t=1 t=1 

T 
plim T 	E 

T 

yt-lwt = plim T 	E (fit-l+ut-1)(et+ut-Slvt-Slut-l)
ar._S

2
a
u 

 
t=1 t=1 



Hence, 

,. 	_-Sl6v(m~~ + ou)  + S2QumX~_t  plim (~1  - Bl) = 	 t9) 
(mXX+ov)(mEE u 	X+e  - m 

C-1 

and plim 
(S2 

 - (32) is derived analogously. 

Mcment formulae (11) 

(i) Xt  = (YXt-1 + nt)2 

2 2 	2 
- Y Xt_1  + nt  + 2YXt-lnt 

E(Xt) = E(X2_1) = m 	where E denotes the asymptotic expectation 
xx-) 

Thus, 	m
XX = Y2 mXX + ~ 

2 

2 

m. 	— 
XX 1—Y2  

(ii) XJt-1 = Yxt—lit-1 + nJt-1 

— Y~1xt-1 + YR2Xt—lit-2 +(YXt—lEt-1 + Tit t-1) 

E(Xt~;t-1) = E(xt—lit-2) 	X _1 

_> mXX-1 Y~ 
xx 

 + YR2mx, 

Y ~1  

1-Y S2  mXX 

26. 



	

2 	 )2 

	

t 	
($1Xt + R2 t-1 + et  

2 2 	2 2 	2 R1xt  + R2 t-1 + Et + 2R1R2xt t-1 + 2(R1xt  + R2 t-1 )Et 

	

m 	Rime  + 
R2m  + Q£ 

 + 2R1R2mX_ 
1 

yR 

	

- 1_02 Rl + 2R1R2 1-y
$

1 	
mxx + ve 

2 	 2 

using the previous result to substitute for m x ; 
_ 1  

_ 	1 	
R2(1 -yR2  + 2yR2) 	

+ 
2 m. 	v
E 

 

	

mCc 	
1-R2  ~ 	1 - yR 	 xx 

I~ 	 2 

	

1 	 y 1 + R 
= 	 2 	

Rl XX 
~ + Qe 

1-R2 1 - R2y 

27. 



28. 

R F 4'EREN CES 

I1] Box, G.E.P., and Jenkins, G.M., (1970), Time Series Analysis, 

Poreca:sting and Control, Holden Day. 

[-2J Cochran, h(. G., and Cox, G.M. (1957), Experimental Designs, (2nd Ed.), 

John Miley. 

[A Grether, D.M., and Maddala, G.S., (1973), "Errors in Variables 

and Serially Correlated. Disturbances in Distributed Lag 

lViodels", iOconometrica, Vol. 41, No. 2.. 

1.41 Hendry, D.P., (1973) "Users' Manual for GIVE: General Instrumental 

Variable Estimation of Linear Equations with Lagged 

Dependent Variables and First Order Autoregressive 

Errors", mimeo, London School of Economics. 

[5( 	 , (1974) "Users' Manual for NAIVE (Numerical Analysis 

of Instrumental Variable Estimators): Monte Carlo Analysis 

of GIVE estimators", mimeo, London School of Economics. 

[6] 	 , and Harrison, R.W. (1974) "Monte Carlo Methodology 

and the Small Sample Behaviour of Ordinary and Two Stage 

Least Squares", Journal of Econometrics, Vol. 2, No. 2. 

17J 	 w, 	Trivedi, P.K., (1972), "Maximum Likelihood 

Estimation of Difference Equations with Tiloving Average 

Errors: A Simulation Study", Heview of Economic Studies, 

Vol. XXXIX (2). 

1,8j 	Lipsey, 3.G., and J.-axkin, J.Ni. (1970), "Incomes -,olicy: A Ie—

appraisal", Economics, Vol. XXXVII, 145• 



29. 

[9] Mikhail, 4.k., (1972), "Simulating the Small Sam-,~le Properties of` 

Econometric Sstimators", Journal of the American Sta.tistica,l 

Association, 67, 620-624. 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32

