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Abstract

This paper examines the cooperative bargaining approach to intrahousehold
distribution. The 2-person symmetric Nash model is extended to a gener-
alized model for several household members. Also a model employing a
generalized utilitarian solution is proposed and the intrahousehold models
suggested by Chiappori (1992) are reviewed. It is argued that the traditional
model is a special case of Chiappori’s efficiency model, in turn a special case
of the generalized utilitarian model which is in turn a special case of the
generalized Nash model. The demand functions and comparative statics of
these models are obtained and a structure of nested hypotheses is derived.
These results extend those of McElroy (1990). It is also argued that the
sharing rule and Pareto efficiency models proposed by Chiappori are not
equivalent as has been suggested. The distinction between exogenous and
endogenous household sharing rules is emphasized. Two further cooperative
bargaining solutions, namely the dictatorial and the egalitarian solutions,
are examined and applied to the intrahousehold bargaining problem. The
demand functions implied by these solutions and the comparative statics of
the models are obtained and discussed. The analyses in this paper show that
different cooperative bargaining solutions yield different predictions for de-
mand functions and for the response of individual and household demands to
parameter changes. The choice of an appropriate bargaining solution cannot
be settled theoretically and is therefore essentially an empirical question.



1 Introduction

Models of intrahousehold resource allocation rely primarily on the coopera-
tive bargaining framework to analyze intrahousehold distribution. The main
questions addressed are:

(i) What are the processes, mechanisms or rules by which resources are
allocated among members of a household?

(ii) What intrahousehold distributions (in terms of consumption and
leisure/labour supply outcomes, health outcomes, human capital investment
outcomes, etc.) are predicted by different cooperative bargaining solution
concepts?

(iii) Are there significant differences in the outcomes for different mern-
bers of a household? Specifically are male members treated differently from
fernale members, adults from children, the elderly from the young, relatives
from non-relatives? How much intra-household inequality is there?

(iv) How do intrahousehold interactions affect the design of policies to-
wards specific household members and the response of individual household
members to a given policy?

The use of a cooperative bargaining approach presupposes the existence
of an enforceable and binding agreement on the members of the household to
accept some particular bargaining solution. How such an agreement might
have come about is not considered.

This paper examines the demand systems and comparative statics for an
individual household member predicted by a selection of cooperative bar-
gaining solutions. Section 2 reviews intrahousehold distribution in the tradi-
tional model of the household. This model is well-known and the individual
demands and comparative statics are sumiarized only so as to facilitate
comparison with cooperative models. Section 3 examines the cooperative
bargaining approach to intrahousehold distribution. The most commonly
used bargaining solutions are summarized and extended. In particular, the
2-person symmetric Nash model is generalized so as to take account of asym-
metries in the bargaining power of household members. Also, a model em-
ploying a generalized utilitarian solution is put forward. The Pareto effi-
ciency model proposed by Chiappori (1992) is reviewed and it is shown that
this model is identical to the generalized utilitarian model with the disagree-
ment points set to zero. Finally the sharing rule model, also proposed by
Chiappori (1992), is reviewed and is shown not to generate the same results
as the efficiency model, as suggested by Chiappori (1992). In section 4, a
whole structure of nested hypotheses is proposed: it is shown that the tradi-
tional model is nested within the efficiency model which is nested within the



generalized utilitarian model which is in turn nested within the generalized
Nash model. It is also shown that the sharing rule model is not nested within
any of these preceeding models. The results of this section are an extension
of those of McElroy (1990) in which the traditional model is shown to be
nested within a symmetric Nash model. Section 5 argues that each of the
models discussed so far imply an intrahousehold sharing rule. However the
distinction is made between pre-determined sharing rules, as implied by the
sharing rule model, and endogenously determined sharing rules, as implied
by the remaining models. Sections 6 and 7 examine two further cooperative
bargaining solutions, namely the dictatorial and the egalitarian solutions,
and their application to the intrahousehold bargaining problem. The de-
mand functions implied by these solutions and the comparative statics of
the models are obtained and discussed.

The analyses in this paper illustrate that the choice of bargaining solution
is important as they yield different predictions for demand functions and for
the response of individual demands to parameter changes. Since theory
does not enable us to choose one solution over another (except as required
for analytical convenience), the choice of an appropriate bargaining solution
must egsentially be an empirical question.

2 The traditional household model

The traditional model of the household, including the restrictions on de-
mands and empirical specifications, has been extensively analyzed and is
now well-known (see Goldberger (1967), Barten (1977), Leuthold (1968),
Ashenfelter and Heckman (1974) and Wales and Woodland (1976)). Its de-
mands and empirical restrictions are summarized here only so that they can
be compared with those of the cooperative bargaining household models.
The traditional model is commonly referred to as the classical model,
the common preference model or the unitary model. Where there are H
household members, h = 1,..., H, each consuming a vector of n private
goods, X" = (X{‘, ...... , X,’:)’, and leisure, N*, the traditional model implies
that the household maximizes a well-behaved household welfare function

U (xl, W XH N NH)
subject to a household budget constraint

PX+WN=Ii+WT,



where X =Z‘,’f=1 X" represents the n-vector of private goods consumed
by the household, i.e. aggregated over each member of the household;
P'=(P,,......, P,) represents the n-vector of private goods prices common
to each member of the household; W' = (Wl, ...... JWH ) is the h-vector of

wage rates of each household member; N’ = (N . ,NH ) is the h-vector

of leisure hours enjoyed by each household member; I' = (I L ,THY) is
the h-vector of nonwage incomes of each household member; T is the time
endowment available to each household member for leisure, N*, and for
market work, [*; and T' is the h-vector of T"s.

In such a model, the opportunity cost of household membership is ir-
relevant since household members are not regarded as having the option
of leaving the household. Also the question of intrahousehold bargaining
does not arise. The familiar commodity and leisure demand functions of
individual h are given by

H
xt = xtlpwnsr|,
h=1
H
N* = N" [P,W",ZI"},
Vh = 1, H,
= P~ , T

In this model, the total cross-price effect for person h consists of a sub-
stitution effect and an income effect:

oxk oxh oxXh
9P, 0P, Hz oI (=Xk),
where E
o I
Xk = T 8P,

The effect of another member’s wage on h’s demands are given by

axk ax?h
8?/([/ HZ or (T NJ)

where

O, E
(r-n) = 7



The effect of a change in non-wage incomes on person hA’s demands are
given hy
axh
ar
where g; is the i-th element in the (n + 1)-vector g of the inverted bordered
Hessian matrix

= —g;#0,Vj=1,.. H,

a g
(n+1)x(n+1))  ((n+1)x1)

q
(1x(n+1)) 1"1
In this model, a change in person h’s income has the same impact on h’s
demands as a change in person j’s income:

oXP  OXP -
th - aI] = —g - (—g‘l) =0.

This is referred to as income-pooling.

3 Cooperative bargaining approaches to intrahouse-
hold distribution

Cooperative models of intrahousehold resource allocation employ the basic
structure and concepts of cooperative bargaining theory. In an intrahouse-
hold bargaining model with H household members, there are H agents who
face a set of possible utility allocations,

UCR¥Z,

as long as they are members of the same household. Each agent’s util-
ity, UM (.}, is defined over a n-vector of private consumption goods, X" =

!
(X oy ,X,,’:) and own-leisure, N*. Each agent faces a time and full in-
come budget constraint given respectively by

T =Ny 1"

and
P'X" + WhNE = [ L WhT,

uh (Xh, N ") is taken to be quasiconcave, twice continuously differentiable
and strictly increasing in all of its arguments. As long as the H agents are



members of the same household, then the set of possible utility allocations
U, can be defined as

U= {U — (U1 (xl, Nl) e UH (XH, NH)) PX +WN=Ti+ W’T} .

This guarantees that the utility possibility set is convex. Each agent may
have different preferences over these alternative utility allocations. If they
agree on a particular allocation, then that is what they get. Otherwise, they
get a pre-specified alternative in the utility possibility set,

called the disagreement point. V" (P, I" Wk, a”') represents the maximum

utility available to h if not a member of the household (the opportunity cost
of household membership). In such a case, h maximizes

Uh (Xh, Nh)
subject to
T=NM4 0P

and
P'X* t WhN? = 1" L WhT,

This yields individual demand functions given by
X = x (P, wh, I") ,
N* = N (P, wh, I") ,
and indirect utility functions given by
Uh (X (P, W",I") N (P, W",I")) = Vh (P, mwh ah) .

The parameter o is included among the other exogenous parameters which
affect the disagreement point. This parameter is regarded as a shift para-
meter (also called an efficiency parameter or extra-household environmental
parameter) since it affects the level of utility obtained as a non-household
member for any given price-income combination. A key example of a shift
parameter would be any systematic differences in the prices and nonwage
incomes of those living alone and those living as part of a group. This might



be the result of the tax and benefit system which treats single people differ-
ently from those living as a group. For instance married persons allowance
which is not received when single would constitute a shift parameter. Like-
wise, benefits received by single mothers which are not payed when married
is another example. Also, private income transfers from parents or other
family members which are conditional on family status should be treated
as a shift parameter. In general, any government or private transfer that is
available in one state but not in another should be treated as a shift parame-
ter. Another source of shifts in the utility level may be the psychic benefits
or costs of living alone or with others. If a person values companionship in
itself, then the utility from being single may be lower for any given price-
income combination. On the other hand if a person is of a more solitary
nature and values privacy quite highly, then the shift parameter may result
in a higher level of utility for any given set of prices and incomes.

In a bargaining problem, the utility possibility set is bounded and closed
(contains its boundary). The boundary is the utility possibility frontier
which is the set of all U = (U (X!, NY),.....,UH (X¥,N¥)) € U which

are Pareto optimal. (U L(X1,NY,....., UH (XH ,NH )) is Pareto optimal
if there exists no other (U txt NY, L U (XH ,NH )), in U such that

(v (x, VY., UE (XE, NH))' > (Ut (X4 NY) o, UH (XE, NH))
for all h = 1, ....., H. For a bargaining problem to exist, there must be at
least one point of U which strictly dominates V', that is which yields a higher
utility to each agent than that obtained at the disagreement point. This is
necessary since no one would agree to an allocation which left them worse
off than if they were not a member of the household.

What are the sources of the gains to household formation? Gains may
result from the presence of household shared goods, from economies of scale
in the production of household goods and from the benefits of love and com-
panionship. If such potential gains do not exist, there can be no bargaining
problem. If there are potential gains, then the agents have an incentive to
become or to remain members of the household. The bargaining problem
involves choosing a feasible level of household consumption and leisures,
and distributing the gains from household membership among household
members. Cooperative bargaining models try to predict the compromise
the agents will reach. A solution to a bargaining problem is a rule that as-
sociates with each bargaining problem, (U,V), the compromise which will
be reached, f(U,V). Each solution satisfies a set of properties or axioms
which represent what is thought to be sensible or fair. Several solutions



have been explored in the literature on cooperative bargaining. The first
axiomatic characterization of a solution is the Nash solution. This solu-
tion maximizes the product of utility gains from the disagreement point,
e, (U = Vh), where U,V € U, and U > V. Other solutions include
the Kalai-Smorodinsky solution, the egalitarian solution, the dictatorial so-
lution, the utilitarian solution, and others (see Thomson (1994) for a review
of cooperative bargaining theory).

The early models of intrahousehold allocations which explicitly adopt a
cooperative bargaining framework are those of Manser and Brown (1978,
1980), Brown and Manser (1977, 1978), McElroy and Horney (1981) and
McElroy (1990). In those papers, the authors explore extensively the de-
mand functions and comparative static properties of the 2-person, symmet-
ric Nash model. The 2-person dictatorial and Kalai-Smorodinsky models
are also briefly considered. They also examine the empirical distinctions be-
tween those models and those of the traditional approach outlined above. In
later papers (Chiappori 1988, 1992), the author departs from the coopera-
tive bargaining framework and proposes a model in which the intrahousehold
allocations are assumed to be Pareto efficient (and this is the only assump-
tion made). However it is shown later on in this paper that this model is
in fact identical to an intrahousehold model employing a generalized utili-
tarian bargaining solution, the only difference being that the disagreement
points are set to zero. Chiappori (1992) also proposes another approach to
intrahousehold modelling, the sharing rule approach, and suggests that this
is equivalent to the efficiency model. However it is also shown later that
this model yields predictions which are different from those of the efficiency
model.

3.1 Derivation of comparative statics and demand systems

In what follows, person h’s preferences are represented by the utility func-
tion U (Xh, N h) which is twice continuously differentiable, quasi-concave
and strictly increasing in all of its arguments. In each model discussed be-
low, the household’s objective and constraint functions are taken to be real-
valued, twice continuously differentiable, quasiconcave functions defined on
R where R is the number of choice variables in the model. The household’s
problem is to choose

(lel*)-.-,X}z*yNI*a """ 7X{I*""’XTI'I*’NH*) < RR

so as to maximize the overall household objective function. The assump-
tions on the objective and constraint functions ensure that the first-order



conditions derived below are necessary and sufficient for a global maximum.

In order to derive the demand systems and the comparative statics for
each model, the fundamental equations of comparative statics need to be ob-
tained. This is done by totally differentiating each first-order condition for
a particular household member with respect to each choice variable and ex-
ogenous parameter, re-arranging and solving simultaneously for the compar-
ative static equations. It is assumed that the solutions are interior solutions
and that the household budget constraint is in effect at

1% 1% 1% Hx Hx* -H %
(X1 sy X3 N1 XER L XHY N )

The bordered Hessian matrix is evaluated at given levels of the exogenous
parameters.

In matrix notation, the fundamental equations for a particular member
h are given by:

(n) Xb Xh,. Xhoo. Xk XA X XB
B B A h h i A
(1) Np N, N&_. NP NEONROOND

r) Y2 Ywr YWwr M WV Ya
(n) (1 (=1 () k) *) *)
(n) Lx;'xg Lxnnn Lxgq B
(1) LN"'X:' LNhNh LNh.1
(T) L»*/X:‘ L’yN" L’Y'_T
(n) (1) (r)

(n) Lyxrp Lyspyn Lxrwn Lxsp Lxny Lxng Lxna

% (1) Lyrp Lyrwr Lyrw-r Lysg Lyny Lyhg Ly
(r) Ly Lypr Lyw-r Lig Ly Lya Ly
n) @D (h=1) () () () (b

where 7 is the number of constraints in the optimization problem; X%, for
h
instance, represents the matrix [%"—} in which the number of rows is the

number of elements in the vector X", and the number of columns is the
number of elements in the vector P; the superscript —h to a vector rep-
resents that vector with the h-th term omitted; A represents the h-vector
of intrahousehold bargaining weights (described later); L represents the La-
grangian of the problem; Lxy = [ﬁa%?] is a matrix in which the number of
rows is equal to the number of elements in the vector X and the number of



columns is the number of rows in the vector Y; and h)= (1,1,1,....,1,).

The numbers in parentheses indicate the number of rows and columns in
each matrix.
The matrix
(n) Lygnxr Lgnyn Lxny |7
(1) Lth? Lynyr  Liyny
(r) Lxr  Lynr  Lyy

(n) @ (r)

is the bordered Hessian matrix evaluated at given levels of the exogenous
parameters and can be partitioned as

A G
((n+1);<("+1)) ((n+1)x(r))

((r)x(n+1)) ('r()?r)

It is assumed that:

A G
et | (D) (@D | g,
(@x(+1)  (rxr)

and

Rank G =,
((n+1)x(r))

These assumptions along with the existence of a local maximum ensure that
the second order sufficient conditions for a maximum hold, namely:

AL <O
for all
£40
such that
G¢ = 0.

From this we have that

A G
(("+1);<(ﬂ+1)) ((n+1)x(r))

((r)x(n+1)) (r?r)



exists and is given by

(n+1) a g
(r) g g |,
(n+1) (r)

and by the Caratheodory-Samuelson theorem, is symmetric and

a
((n+1)x (n+1))
negative semi definitie.

The solutions to the fundamental equations are derived in the appen-
dix. In the following sections, the demand functions and some of the key
comparative statics are presented.

3.2 A generalized Nash bargaining solution

In this section, the 2-person symmetric Nash model of intrahousehold distri-
bution is extended to a generalized Nash model for H household members.
The possibility of an asymmetric distribution of bargaining power is explic-
itly allowed, and the demand functions and comparative statics of the model
are presented. In a generalized Nash model, each person’s utility is assigned
a bargaining weight \" (P, W, I, a), where the sum of these weights add up
to one. The weights may be thought of as representing the degree of bargain-
ing power that each member has, and the distribution of bargaining power
is taken to be a function of the exogenous prices, wages, incomes and shift
parameters. The generalized Nash problem is therefore one of maximizing

1 [Uh (X",N") . (P, " wh ot

AB (P, W La)
AL )

subject to
PX+WN=TIi+W'T.

Taking logs, the resulting Lagrangian is
H
L=3 X (P,W,I,a)Log [Uh (Xh,N") _yh (P, ™ wh, ah)] +7[Ii+ W' (T - N) -P'X],
h=1

where 7 is the Lagrange multiplier, and the first-order conditions are given
by:

oL 1 8U*
— = MPW,Ia) — — 4P, <0,X2 >0,
h o= 1,....H
10



oL . 1 Ut .

— = —_——— < >

svi = XV (®WLa)—orm — Wi <0N" 20,
A= 1, H

aL N

where
g =U" (xh, Nh) v (P, rwh, ah) .

3.2.1 Demand functions and comparative statics of a generalized
Nash model

The generalized Nash commodity and leisure demand functions for person
h are:

X} = xt[p,wh v (P, W™, 1", o) X" (P, W,La)|,
N* — N [P,Wh,vh (P,W",I",a"),)\"(P,W,I,a)],
Vi = 1, , N
o= 1, H

where
H

ANP,W,La)=1-> N (P,W,La),j#h.
i=1
The total uncompensated effect of a price change in this model is different
from that of the traditional model. It is given by:

axk oaxt faxtovh oaxtaxt] 1 |&(ox:F oxtoit\ axhovh
= +| 5 +— +=1> el (—Xx).
OF; OP, g |8V" OF; AN OF or O\ 817 ovh 814,

H

From this one can see that apart from the usual substituion and income
effects of the traditional model, there are two additional effects which have
consequences for individual demands. These are (i) the change in the in-
trahousehold distribution of bargaining power due to the price change, and
(ii) the change in person h’s disagreement point brought about by the price
change.

A change in person j’s wage affects h’s demands via an income effect
and via the redistribution of intrahousehold bargaining power:

oXh _oxt ot 1 [f: (axgl axP a,\h) ox" avh] (r— ).

j=t

oW, ~ o ow, " H 51 oaF 911 | _ BVh oIh

Jj=1

11



Non-wage incomes affect individual demands as follows:

axh aXPovh  oXh oAt

" ~ aviark T owarm %
axh dXP o )
Eﬁ = 6)\h BIJ guv] ,-",Hv.? 7& h.

In addition to the usual income effect, there is also a change in the intra-
household distribution of bargaining power which affects demands. In the
case of a change in person h’s income this also affects person h’s demands
via their disagreement point.

The impact of a change in the disagreement points are:
oxh oxkt
# 0,
gvh avi
While person h’s disagreement point affects h's demand, a change in j’s
disagreement point has no such effect.

The effect of the shift parameters on individual h’s demands are given
by:

=0,Yj=1,..,H,j#h.

oXP _ axPovh  oXl ot

dol — BVE ol T 9AF Bal’

axh oxXr ot

dad 9P B’ Vi=1.Hj#h

Finally, as one would expect, an improvement in h’s bargaining power
has a positive effect on h’s demands while an improvement in j’s bargaining
power has a negative effect:

oxkh oxXh o\t

o >0 oy <OVi=1 Hj b o=l

3.3 A generalized utilitarian solution

Before discussing the contributions of Chiappori (1988, 1992), first a gener-
alized utilitarian model is proposed. It wiil then be shown that the intra-
household model suggested by Chiappori based on the assumption of Pareto
efficiency is a special case of the generalized utilitarian model in which the
disagreement points are set to zero. The generalized utilitarian bargaining
solution implies that the household maximizes the weighted sum of individ-
ual utility gains:

55 28,10 [0 (5,39) VP (B, 1% %)
h=1

12



subject to the household budget
PX+WN=Ti+WT.
The resulting Lagrangian is:

L= i (B, W,1,a) [U* (XP, Nh) — vt (e, 1" W, ah)]+fy [Ii+ W (T - N)-P'X],
h=1

where + is the Lagrange multiplier, and the first-order conditions are given
by:

h
%é; = )\h(P,W,I,a)g)UqL——7Pi§0,Xi"20,
h o= 1,uu, H
=[P STy
h
—8% = Ah(P,W,I,a)g%E—'yWhS_O,N"ZO,
h = 1, H
oL

5 = I'i+ W (T -N)-P'X>0,v<0.

3.3.1 Demand functions and comparative statics for the general-
ized utilitarian model

The commodity and leisure demand functions of the generalized utilitarian
model for individual b are:

Xt = XxP [P,W", B (P, W1, a)] ,

N* = NP [P,W",/\"(P,W,I,a)],
Vi = 1,eenn
ho= 1, H

where

H
NP, W, La)=1-> ¥(P,W,La),j#h
j=1
In the generalized utilitarian model, the total uncompensated effect of
a price change consists of the usual income and substitution effects and an

13



additional effect which reflects the impact of price changes on the intra-
household distribution of bargaining power and the effect this has on A’s
demands. This is given by:

8P, 8Py O\ OB tH 2 oIl ~ o)\l B

oxF 8xF  8XPoN* 1 [H (aX,.h oxP a,\h)} ()
- ety -
j=1

The effect of individual j’s wage on h’s demands consists of an income
effect and an effect via the distribution of bargaining power:

h H h h
oxp _oxPox* 1 [Z (ax,. s )] (r- ).

aw;  axhow,;  H ~\ 8l  9x* ol

The effect of a change in non-wage incomes on individual demands are
given by:

oXP  axXPox"

87— oAM oI

The disagreement points in this model have no impact on demands:

- g,;,Vj = 1, ,H

oxh
Vi

=0,Yj=1,..H

The shift parameters affect individual A’s demands via their impact on
the bargaining power distribution:

axXt axhoa* .
= - Vj=1,.., H.
30:-7 3Ah 6(1-7, .7 17 7H

Finally, as in the Nash model, an improvement in kh’s bargaining power
has a positive effect on A’s demands while an improvement in j’s bargaining
power has a negative effect:

(i),
%

3Xih ) . ANt
- < 0,Vj=1,..,H, h, — =
PYY; J J 7& "N

> 0,

-1.

3.4 Chiappori’s model of intrahousehold distribution
3.4.1 The efficiency approach

In Chiappori (1992), a model of collective decision making for a 2-person,
3-good household with egoistic agents is proposed in which the only assump-
tion made is that the chosen intrahousehold allocation is Pareto efficient.

14



No restriction is imposed a priori on which point of the Pareto frontier the
household chooses. The Pareto efficiency assumption is formally expressed
as:
Maximize
Uh (Xh, Nh)
subject to
Ui (XJ',NJ’) > ol (P,W,I),Vi=1,...,H,j#Hh,

and
PX+WN=TIi+WT,
for some given utility level

W (P,W,I),Vj=1,..,H,j#h.

For any given price-income combination, the chosen Pareto efficient outcome
varies as v/ (P, W,I) varies within its domain.

Although Chiappori argues that this characterization of the problem is
more general than those which employ a specific cooperative bargaining so-
lution, it is shown in this section that this approach is equivalent to the
generalized utilitarian setting with the disagreement points set to zero. The
demand functions and comparative statics implied by the efficiency approach
are identical to those of the generalized utilitarian approach when the dis-
agreement points are zero. As a result, this efficiency approach is in fact
nested within the generalized utilitarian model. It is also shown later that
the generalized utilitarian model is in turn nested within the generalized
Nash bargaining model.

First note that Chiappori correctly points out that the efficiency model
may equivalently be written as:

Maximize

H
Ut (XM NM) 4 Y p (B W DT (x4, M)
j=l,g#h
subject to the household budget, where the p;’s represent the Lagrange
multipliers of the first H — 1 constraints in the previous specification of the
problem. If this new maximand is multiplied through by the constant 11— + o
where = 3_; p;, then the maximand becomes

p@®WI)

_._Uh (Xh Nh)+ Z 1+u

T = (XJ‘, NJ’) ,

15



where the utility weights now sum to one. The problem may now equiva-
lently be written as maximize

i A (P, W, T) U (X", N")
h=1

subject to
PX+WN=Ii+WT,

where

H
S a@PW,I)=1
h=1
This is exactly the generalized utilitarian bargaining solution, the only dif-
ference here being that if the agents fail to reach a compromise, they receive
nothing.

Demand functions and comparative statics for the efficiency model
Derivation of the first order conditions for the efficiency model show that
they are identical to those of the generalized utilitarian model. Likewise the
demand functions and comparative statics of the efficiency model are the
same as those of the generalized utilitarian model. The only difference is
in the role of the shift parameters which Chiappori did not include in the
efficiency model, hence

oxh
Aol

=0,¥j=1,.., H.

Recall that the generalized utilitarian approach implied that

oxt _ oXxP ot
da3  OAF Bod

£0,Yj=1,..., H.

3.4.2 The sharing rule approach

Chiappori (1992) points out that an alternative way to think about the
efficiency approach is to assume that the decision process is a two-stage
budgeting one. Household members first divide the total nonlabour income
received by the household among themselves, according to some predeter-
mined sharing rule. Once household income has been allocated in this way,
the household members then carry out their individual constrained utility
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maximizations. This approach may therefore be characterized as each agent
maximizing
Uh (Xh, Nh)

subject to

P'XP + WhNP = " + WPT + 6" (P, W, 1) = " (P, W,]I),

where

H

Y ¢"@®,W,I) = 0,

h=1

H H
Y@ wI) = 3 (I"+W'T+¢"(PW, 1)
h=1 h=1

H H
= Y I"+TY Wt
h=1 h=1

In this problem, the predetrmined sharing rule is represented by " (P,W,I)
and is a function of the given exogenous parameters. Any solution to these
H individul constrained maximization problems is Pareto efficient. As the
exogenous prices and incomes vary, the sharing rule varies and a set of Pareto
efficient outcomes is generated.

The Lagrangian for any of the H problems is given by:

L=U" (X", N") +7[¢" (B, W,D) +I" + W" (T — N*) - P'X"],

where ~ is the Lagrange multiplier, and the first-order conditions are:

h
a?;(ih = gg(ih_’)’ﬂ<o7xz>0’
h = 1,...H
=] P— ) T2y
h
a(z\lrlh = g][\]rh—nyhSO,N >0
ho= 1, H
oL

5 = " (P, W,I) + I" + Wh (T — N*) - P’X" >0,y 0.
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Demand functions and comparative statics for the sharing rule ap-
proach An examination of the demand functions and comparative statics
of the sharing rule approach shows that they are different from those of the
efficiency approach (recall that the latter were identical to the generalized
utilitarian demands and comparative statics). The sharing rule demand
functions are given by:

X} = XI'[p,w" ¢, WD),
NP = NP[P,Wh¢"(P,W,I)],
Vh

(] , 1.

[
=

The total uncompensated effect of a price change consists of a substitu-
tion effect, an income effect, and an effect due to the intrahousehold redis-
tribution of income which occurs:

axh axr  oxp (a¢" P
3Pk 8Pk T 3¢h 3P k k
axr . oxtoe"  oxh
= — £ 90 O% (-x2).
0Py g O¢" 0P 8¢
The effect of individual j’s wage on h’s demands are given by:
oxPh _ oXh dgh
W, ag" OW;’
As in the efficiency model, j’s wage affects h’s demands by changing the
intrahousehold distribution of bargaining power. However unlike the effi-

ciency model, the income effect of a change in j’s wage on h’s demands in
this model is zero.

The effect of a change in non-wage incomes on individual demands are
given by: '

oXxr  oxlog"
oI gt oI’
Recall that there were no disagreement points nor shift parameters in

the sharing rule model, and so the effects of these parameters on individual
demands are zero:

Vji=1,.., H.

ox! .
sy = OVi=1l..H,
(0.4
t = 0,Vj=1,..,H
an 1 .7 H ’
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Finally, while there are no bargaining weights in the sharing rule ap-
proach, the sharing rule itself may be taken as a measure of the intrahouse-
hold distribution of bargaining power. In this case, the comparative statics
for the sharing rules are similar to those for the bargaining weights in the
efficiency model. Recall that in the efficiency model we have:

axh axXh . . AP
>0, —+<0,Vj=1,...,H, h,— = —1.
n O ON 7 %R o
In the sharing rule approach we have instead:
h h hy.
6‘:1(’ >0, 8)'(1 <0,Vi=1,...,H,j#h, 3¢.() = —1.
8¢" () 94 () 9¢’ (.)

4 Nesting structure of traditional and cooperative
bargaining models

In McElroy (1990) it is shown that the comparative statics of the traditional
model were nested within those of the 2-person symmetric Nash model. In
the preceeding sections of this paper, the demand functions and comparative
statics were derived for the traditional approach as well as for certain co-
operative bargaining approaches to intrahousehold resource allocation. The
results of McElroy (1990) can now be extended to show that the compara-
tive statics of the traditional model are nested within those of Chiappori’s
efficiency model which are in turn nested within those of the generalized
utilitarian model which are in turn nested within the comparative statics of
the generalized Nash model. (To see clearly the nesting structure which is
suggested, substitute the proposed restrictions into the fundamental matrix
equations of the relevant model in order to obtain the restricted model. See
the appendix for the fundamental matrix equations).

More specifically, restriction of the generalized Nash comparative static
equations so that:

V=V, =Vh=Vh=0g¢"=1and g} =0

yields the generalized utilitarian comparative static equations. Restriction
of the generalized utilitarian comparative static equations so that:

A =0

yields the comparative statics of Chiappori’s efficiency model. Finally, re-
striction of the comparative static equations of Chiappori’s efficiency model
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so that:
M =2, =\ =0, M =c,const.Vh=1,... H,\} =0

yields the comparative statics of the traditional model.

The discussion so far shows that the generalized Nash solution is the
most general of the solutions discussed so far, and this contradicts Chiap-
pori’s (1992) claim that the efficiency model is more general than the Nash
model. Chiappori also argued that the efficiency approach to intrahousehold
allocations was equivalent to the sharing rule approach. Again the analysis
of the preceeding sections would suggest that this was not the case. The
comparative statics of both the efficiency and the sharing rule approaches are
distinctly different from each other, and neither one is clearly nested within
the other. Likewise, the compartive statics of the sharing rule approach are
different from those of the generalized utilitarian and the generalized Nash
models and are not nested within the latter.

However, when the sharing rule approach is compared to the traditional
approach, one can see that imposing

¢ =0,¢%n = 0,0f =i, and ¢, =T —-N7"

on the comparative statics of the sharing rule model yields the comparative
statics of the traditional model. Note that

o=t

implies that
ot =1,Vi=1,.., H,

and hence

H
"= F,va=1,..,H.
—
From this point of view, the restriction
P =T —N~¥
can be interpreted as

o" _ oyl
Wi~ Wi

which is what one obtains in the traditional model.

=T-N Vj=1,..,Hj#h,
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It is interesting to note that by imposing the restrictions
AR =B =B, = A =0, A" = ¢,constVh=1,...H,A\} =0

on the generalized utilitarian model, one obtains the same comparative sta-
tics as in the traditional model. Hence maximizing

o3 [ (0, ) v (1o ).

which is additively separable, subject to the household budget constraint
implies the same restrictions on the demand functions as maximizing

uh (Xl, o XH N NH)

which is not additively separable. The reason for this is that the first-
order conditions of the restricted generalized utilitarian model and of the
traditional model are such that in the fundamental matrix equations, while
the matrix

(n) Lyrxnr  Lxayn Lxny
: (1) Lthiu LNhNh LN"‘Y
(r) Lox» Loyt Lyq

(n) (1) ()

differs in each case, the matrix

(n) Lyrp Lxewr Ixpw-n Lyxpr Lxpv Lxra Dxpan
(1) Lysp Lyrwr Lyrw-n Lysr Lyny Lyng Liyaxs
(r) Lyp  Lypr Low-n Ly Lyv Lya L,
CONNCY (-1 ® *) KR ()
turns out to be identical in both cases. When solving for the comparative
static equations, the former matrix is inverted and then substituted out

entirely so that the fact that it is different for both models does not matter
for the solved out comparative static equations.

5 Intrahousehold sharing rules

Chiappori’s sharing rule approach explicitly thinks of the household decision
as consisting of two stages: first, an intrahousehold distribution of household
income takes place, and then second, each household member maximizes his
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or her own utility subject to the income available to them after the shar-
ing rule has been determined. However in this model, the intrahousehold
sharing rule is pre-determined and the focus is placed on the second stage,
i.e. maximization of each individual utility subject to the sharing rule. It
should be noted that this is not the only model which implies an intrahouse-
hold sharing rule. Chiappori’s Pareto efficiency model (PE), the generalized
utilitarian model (U) and the generalized Nash model (N) also imply the
existence of an intrahousehold sharing mechanism. In these cases however,
the sharing rule is endogenously determined. This can be seen by recalling
that each of these models will lead to an intrahousehold allocation that is
Pareto efficient. The structure of the models all imply that any allocation
on the Pareto frontier can be achieved for some appropriately chosen dis-
tribution of bargaining power; likewise any distribution of bargaining power
will lead to the choice of a unique allocation on the Pareto frontier. The
intrahousehold sharing rule in PE, U and N can therefore be taken to be
represented by the intrahousehold distribution of bargaining weights. The
latter are choice variables of the models and hence depend on the exogenous
parameters. (Note that the models can be rewritten so that the bargain-
ing weights are equivalently treated as Lagrange multipliers and hence are
choice variables of the models). Chiappori’s sharing rule model therefore re-
stricts the chosen intrahousehold allocation to that which would be chosen
under some pre-specified sharing rule. Chiappori’s Pareto efficiency model,
the generalized utilitarian model, and the generalized Nash model, on the
other hand, allow the intrahousehold sharing rule to be determined within
the model.

6 The dictatorial model

In this section, an intrahousehold model is developed in which one house-
hold member has the power to determine the distribution of the gains of
household membership among the remaining members. Such a model was
considered in Manser and Brown (1980) for the 2-person household. In
that paper, it is suggested that the Shutsky matrix need not be a symmet-
ric negative semidefinite matrix. In this section, the demand functions and
comparative statics are systematically derived and it is shown in the appen-
dix that the Slutsky matrix is indeed symmetric and negative semidefinitie.
Clearly the dictatorial solution may appear to be an extreme assumption to
adopt, however whether or not it may be appropriate in specific contexts is
an empirical question.
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According to the dictatorial solution where person h is the dictator,
h maximizes her or his gain while constraining the remaining household
members to their disagreement points and satisfying the household budget.
The problem is therefore to maximize

U (xh,Nh) —vh (P, il Wh,ah)
subject to
U* (X",Nk) =V* (P,I",W’“,ak) Vk=1,..Hk#h

and
PX+WN=ri+WT.

The Lagrangian and first-order conditions are respectively

L = U" (Xh,Nh) —v* (P,Ih,Wh,ah)
+ i Pr [Uk (X’“,N’“) vt (P,Ik,Wk,ak)]
k=1,kh
+y [li+ W' (T - N)-P'X],

where the p’s and v represent Lagrange multipliers, and

oL Ut
i i
= Pp—— , M,
oL aU*

= — AW, <0,N* >0,

NP NP

oL _ k k k k k k k

B = U (X,N)—V (P,I,W,a)zo,pkgo,
k = 1, Hk#h

% = Ti+ W (T-N)-P'X>0,7<0.

6.1 Demand functions and comparative statics of the dicta-
torial model

In the dictatorial model, the dictator’s leisure and commodity demand func-
tions are given by
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[ H
X = XPP,WY IV (P,Wj,Ij,aj),jz1,...,H,j7éh
=1

H
N = Nt|lP,WE S FBVvi(P,W! F,o?),j=1,..Hj#h
7

j=1

while those of the other household members are given by: U
X! = xJ (P,IJ',WJ’,aJ’) j=1,..H,j#h,

NI — N9 (p,p‘,wf,af),j=1,...,H,jaéh,
Vi = 1,.... 0.

The total uncompensated effect of a price change on the dictator’s de-
mands consists of a substitution effect, an income effect and a further effect
which is the impact that a price change has on the disagreement points
of each household member and the impact of the latter on the dictator’s
demands:

axr  oxPh 2 axtovi oxh
= ~ - + A (——X k) .
8P, 0Py Vi 8P, ' 81

j=1,j#h

The effect of individual 7’s wage on the dictator’s demands consists of
an income effect and also an effect via the change in j’s disagreement point:

oxXt oxhovi  oxl .
= , T—-N).

owW;  oVi ow; U oIk ( )

The effect of a change in non-wage incomes on dictatorial demands con-

sists of the regular income effect as well as an effect via the impact on j’s
disagreement point:

axt

th = -G

oxXh  oxhovi :

aIi an—a_IT_gi’VJ—lv"'aH,J7éha

where g7 is the i-th element in the vector g% (see appendix).
((n+1)x1)
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The dictator’s own disagreement point has no impact on his or her own
demands. However, a change in the disagreement point of the other house-
hold members will affect the demands of the dictator:

ox? _ ox}
vk~ Vi

#0,Vj=1,..,H,j#h.
The impact of the shift parameters on dictatorial demands is given by:

dal ) Bad BV Had’

n n h oV
OX; 0% _OX OV i Hj#h

Finally, since the dictator possesses all the bargaining power in this
model, there is no question of a possible change in the intrahousehold distri-
bution of bargaining power. The only options available to the other house-
hold members are either to accept the level of utility consistent with their
disagreement points or to leave the household.

7 The egalitarian model

The egalitarian solution has so far not been applied to the analysis of in-
trahousehold resource allocation. According to the egalitarian solution, the
gains to household membership are distributed equally among the members
of the household. The problem is therefore to maximize

Uh (xh, N") _yh (P, " wh, ah)
subject to
Uh (xh, N") —vh (P, " wh, ah) =U* (xk, Nk) _VF (P, I* Wk, ak) Nk=1,..H k#h

and
PX+WN=Ti+WT.

The Lagrangian is given by
L = U" (Xh,Nh) —vh (P,Ih,Wh,ah)
+ i Pr [Uh (Xh,Nh) —Vh (P, ™ wh, ah) _U* (xk,Nk) v (P,Ik,Wk,ak)]

k=1,k#£h
+4[Ii+ W' (T - N)-P'X],
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where the p’s and ~y represent Lagrange multipliers, and the first-order con-
ditions are

h H h
o - o YR <OXI >0,
aX] oxXT " S
t = 1,.... )
8L Ut auh
= = Wy, < h >
BNF aNh+“Z,:«¢h”’°aNh W <O N" 20,
oL _ h h h h h h _h k k k k k k _k
3 = U (X,N)—V (P,I,W,a)—U (X,N)+V (P,I,W,a)zo,pkgo
k = 1, Hk#h
8L .
> = I'i+ W (T-N)-PX>0,7<0.

7.1 Demand functions and comparative statics of the egali-
tarian solution

The egalitarian demand functions for person h are:
X! = Xi[p,Wh VI (P,W/, F,a),j=1,..H],
NP = NF[P,WMVI(B,WYF,o),i=1,..H],
Vi = 1,.uyn.

The total uncompensated effect of a price change on person h’s demands
consists of a substitution effect, an income effect, and an effect caused by
the change in the disagreement points of each household member:

oxt _ oxt Z aXxh aVJ oxt oxhovh (=)
8P, 0P g aviop, T | B~ avr o1t LS

As in the dictatorial model, the Slutsky matrix is symmetric and neg-
ative semi-definite. The arguments are exactly analogous to those of the
dictatorial model.

The effect of individual j’s wage on h’s demands consists of an income
effect and an effect via the change in j’s disagreement point:

axt oxhovi |oxP oaxpovh (T B Nj)
oW, ~ ovView; | 81+ 8vh BIh '
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The effect of a change in non-wage incomes on individual demands is
given by:
BX{‘ 6Xih A% 2 -
517 ~ Vi 8l - gi’V] =1, "')H’
where g2 is the i-th element in the vector g? (see appendix).
((n+1)x1)
The impact of the disagreement points on the demands of person h is
TNONZETO:

axh
ovi
The impact of shift parameters on individual »’s demands is given by:

£0,¥j=1,... H

axr oXhovi .
Bod — V7 Baj’vj_l’m’H.

Finally, in an egalitarian model, as in the dictatorial model, there is no
role for bargaining weights since the household members agree to equalize
the gains to household membership.

Examination of the fundamental comparative static equations for both
the dictatorial and the egalitarian models suggest that there are no set
of restrictions which, when imposed on the egalitarian model, allow the
egalitarian model to collapse to the dictatorial model. Neither model is
nested within the other. Instead, these two models suggest two sets of non-
nested hypotheses which need to be tested as such.
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APPENDIX: Solution of the fundamental equa-
tions of comparative statics

Following the method outlined in section 3.1, the fundamental equations of
comparative statics for each of the models discussed in the paper are derived
and solved below.

Generalized Nash model

In deriving the comparative statics and demand system predicted by the
generalized Nash solution it is noted that:

Xh [ Lyn h
iVh - _ XV _ L
[ N"}h ] 2 i Lpryn ] g[ '7Vh]
i h
85 ()00
h
g“'N-—h _;lg ’\h(_l)

and

LNh')\h

A out
gh OX!

5] - <[z e

A Bu
gn ON*M

Also solving for g in the Nash model, note that

x’.;{,, x%_,,
NIh NI_h
] Lxgzh Lxgl—h
| Lyapr Liyap-n
dul 1 h{_avk ah
o (-3 ) [\ (5) — o0 (85)

Ec | @@
g (-2) [ (-30) - (38)] 85 (2) (85)
Xk, ) (28) + (X2 (25) (X2,) (&5

- [ ENé33)<(z—§’é’>)+ <5vs?5 )(z—fﬁ") EN:T)éii) ] a



Post-multiplying both sides by 1 yields
h avh h Ak h .
% - L B
{3 3 U )
Ik I-h
and

[T ] [ ) () (x2) (8) (50 (25 11,
=5 [ M- R ]

It is now possible to solve the comparative static equations. The total
price effects are:

X?P X’.‘Wh
i

Lth Lxhwh
= —3 i 4 — L L |
a | Lth Lthh g [ 'YP 7Wh ]

= ayl
L[ B R -] 8 () 18 -0 (8
8 (1) D )] 8 () D0 ) - ()
-g:—X’ T—Nh]

while the cross-wage effects are given by:
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The impact of changes in nonwage incomes are:
h h
b

Lxnm  Lgnp-n
| Lynpn Liyag-s

Also
Ih I
is given by
X%h X1
Ny N 1
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h av:
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The impact of person h’s own disagreement point on his or her demands
are:

[ ﬁ@’ ] = :ﬁ‘; ] &[]

[ 5.h
5“75, “;15 A (=1)
D Y 1\ 2 #9,
| ane (g ) A (D)

while the impact of another member’s disagreement point is given by:

Xh Liyhy—n
v-h — _ X'V _ _ —
[ N" ] a[ Lymy ] g [L,YV h] 0.

Person h’s shift parameters affect their own demand functions as follows:

h
X%ah — . Lxh N
N oh LNhah '7&
i 1 _avh aA"
T g W W
= -—a
1 _avh a,\" g
aNh ) 8k gh dah



while person j’s shift parameters affect person h’s demands as follows:

_a[

sz‘a‘h
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[Nt:a—h :l Lyha-h
)
_ axk \yg S Y
| B e
— Xz)‘h (5%
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Finally, the intrahousehold distribution of bargaining power affects per-

son h’s demands as follows:

h
N AR N Lynyn
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— gh 8X;
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Also the following must be true:
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Generalized utilitarian model
In this model, the matrix
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Again, in order to solve the matrix equations, note that:

haAh
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NP i = —a P i—gii
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The total price effects are given by:
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and the cross-wage effects by:
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Non-wage incomes affect person h’s demands as follows:

h h
h Sut O
Xai| = _al| oxFor | _gy
Nbh - aul ak gt
L ONF of

- [ (a1

and person h’s income may affect demands differently from person j’s in-

ENIEE 2Rt
- [ ]iw wiL]e

Disagreement points have no impact in this model:

Xiv | =
|-

Shift parameters affect demands as follows:

h dul a\"
xwx‘ BX,F Jda
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ONB O

h
- [l

Finally, the bargaining weights enter individual h’s demand functions as
follows:

X’.‘)‘h Xh —h fo»‘h Lx)_;A—h
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since
H
S =1
h=1

Also the following must be true:
Xh Xh aN Xh .
AR — i — == W oIVi£h
7 .
=L (o] [ e
Chiappori’s efficiency model
In Chiappori’s Pareto efficiency model, the matrix
(n) Lxrp Lxpwr Lxpw-n Lxry Lxsy Lxia Lxra
(1) Lth Lthh Lth—h LNhI Lth LN"a LN"'A

(7') L.-.,p L,,,Wh L‘yw —h L.yl L'yV L1a L,y A
(n) () (h=1) () ) () (&

is given by
duh Nty out ot oul _oxk auh x* g g
(n) oxwop axF dWF 9XFOW-F  BxP oI
(1) Bul ah Bul gt — Bul _aah sut A o
X 7 ON" oP ONP oWh ONk oW -h  gNh 01
1 x T — N T-N—" § o o
(n) (1) (h—1)  (h) (h) (h)
First solving for g in the matrix equations, note that:
g g €q
h Bul ot
Xali = —a| T & |5 g
Nh - ault 9)P g
I BNF o1

- [ [l e

and so,

Also note that

xh Bul gk Buh
ok | — axPaxt | _ _ axP

NE TR ot | TR ab |
A NP aNF NP

The total price effects are given by:
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BNF
h
1 XA _aJ—L—h B
+5 %]+a["’xg}[@—] i| X' TN ]
N O o1
H[L ! oNF
[ X", h aan
— by oAt 9
= anl+ Nzlh ][ 9P W ]
1 -X'};I X}'L)\h N : 7 h
e[ ] - |3 1]sl = -],
and the cross-wage effects by:
h oAk
Xh o
Wk | — _o| 9XPOW _ NN
[N%v—h] - a{auh oAk ] g(TI = )
ONF W R

1L e e

The non-wage incomes affect person h’s demands as shown below:

= | e

oul
X?I _ 8?{"? !
N} auh oan | T8
NP ol
Xh
= Ak Q': 3/
[ NP, ] [ ar ] g

Also person h’s income may affect demands differently from person j’s in-

h. ’.Lh h h
e 0] - [ )i 1]t ]-s0 L]
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Ah

unless
o _ox
aIk — 8’

Disagreement points and shift parameters do not enter the individual
demand functions:
X?V X?a
h = n | =0
Ny, N}

The distribution of bargaining power affects demands as follows:

X;‘Ah X;A_h — _a LX?)\" in;A—h
NAh NA—h LNhAh LNh'A-h

duk duk
axk " axk
_a{ ox] ax! } £0,

du _ 6uf'
8Nk T 9Nk

since
H
S oa=1
h=1

Also the following must be true:

X", . U RN X",
At = A — | = A | V] # h.
[ N } [ N ] [m"} [ Ny |77
Chiappori’s sharing rule approach
In this model, the matrix

(n) Lxnp Lxnpyn Lxnw-n Lxr1 Lxny Lxra Lxna

(1) Lth Lthh Lth—h LN"'I Lth LN"a LN""A

(’I‘) L.Yp L’YWh qu-h L.-.,I LryV L,ya L., A
m) (@) (h=1) () (H) Hm ()

is given by
(n) —I 0 0 0 0 0 0 O
1) o — 0 0 0 0 0 O
1) B-xr 2+(T-N) H= % 0 0 0 O
(n) (1) (h=1) (R) (B) () () (R-1)
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First solving for g in the above matrix equations, note that

X’.Lh L h 4h

i _ Xi9 —

[Nh,, ] = a['LNW 8 Lo |
= —-gl=-g.

The total price effects are

3 M| = el -] -

= wons (30 ) 118 % (8-,

and the cross-wage effects are
X%”"” = —g 89"
Ny¢-n OW—h
- N gh IW—h’

The non-wage incomes affect person h’s demands as shown below:

X% X2\ 8¢"
o= w5 70
Ny N JAS o1
Also person h’s income may affect demands differently from person j’s in-
come:

D, G Xf’ 1 X?QS,, PYUSIRPYE 1
e N[5 ]-0 ) wi[s] e

Disagreement points, shift parameters and bargaining weights do not
enter the individual demand functions:

xt, 1 [xe ][ Xha
-] e

Dictatorial model

Proof that the Slutsky matriz is symmetric and negative semi-definite:
In the dictatorial model, the fundamental matrix equations are given by
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(n) X% X"lWh X"Lw~h X% X X2, XA
(1) N5 Ni. Nho. M Ny N M
(h—1) pp  pPwr Pw-+ Pr PV Pa  Px
(1) Y Ywr Ywr 1V Ya M
m @) (-1 B () K @)
[ (n) Lxgxf Lngh Lxgp Lxry 17
(1) Lth'r; Lysnr Lynp Ly
=—| ®-1) Lyxr Lpv Lpp Ly
(1) Lixr Lyvn Ly Ly
| n @ (h=1) (1) ]
(n) Lyrp Ly Lxpw— Lo Dxpv Ixpa Lxia
(1) Lywp Lyswn Lnrw-r Lyngy Liyey Lyha Lnry
X (h—l) Lpp LpWh pr—h LpI va Lpa Lp)‘
() Lp Lyr Lws Lg Ly La Ln
n @) (=1 () *) *H) ®)
The matrix
[ (n) Lyrxr Lxine Lxnp Lyny ]
(1) L NhXE Lysyn  Lyn, Lyn,
(h—=1) Lxr Ly Lpp Ly
(1) qug Lyn» Lyp Ly
i m @ (-1 Q) |

is the symmetric bordered Hessian matrix evaluated at given levels of the

exogenous parameters and can be partitioned as

It is assumed that:

and

det

e!
| (@yxnt1)

A G
((ﬂ+1);<(n+1)) ((n+1)x(h))

(hxh)

A G
(n+1) x (n+1))  ((n+1)x(R))

e

G
| (B)x(n+1)) (h?h)
Rank G =h
((n+1)x(h))
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These assumptions along with the existence of a local maximum ensure that
the second order sufficient conditions for a maximum hold, namely:

&AL <0
for all
£#0
such that
G¢=0.

From this we have that
A G -
((n+1) ;< (n+1)) ((n+1)x(R))

((r)x(n+1)) (h?h)

exists and is given by

(n+1) a g
(h) g g |,
(n+1) (h)

and by the Caratheodory-Samuelson theorem, is symmetric and

a
((n+1)x(n+1))
negative semi definitie.

Solution of the comparative static equations:

In first solving for the matrix g, note that g has (n + 1) rows and (h)
columns which can be partitioned into two matrices g! and g2, where gl
has (n + 1) rows and (h — 1) columns, while g2 has (n+1) rows and (1)
column. So

1 2
g = 8 :

Also note that

X%Vh X’-,;y_h — — LX’:’V" Lx?v—h _ g vah va—h
th NV"" Lthh Lth—h L’)’V" L,Yv—h

B gl g2 vah va—h
(n+1)x(h-1) (n+1)x1 vah L,Yv—h

[— gl Lyyn— 82 L7Vh]
(n+1)x(h—1) (n+1)x1
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1 2
S g Lyr— g Lyy-
[ m+D)x(h=1) P¥ " w1 T h]

= 0 —gl . —I ,
[ . [(n+1)§(h—1) (h—l)x(h—l)] ]

and
X;:Ih X"é[—h - e Lx:l-l’h Lx:ll—h _ g LpIh. Lpl—h
NIh. NI—h LNhIh LNhI—h Lrylh Lryl—h
0 —1 v
gl 9 (=1)x1 (h=D)x(r=1)p_ 5001
- [ (n+1)x(h-1) (n+1)x1 ] .
lx(flz—l)
2 1 vk 2 .
= —g-.1 -g ~1 S —-B i
_ [ ] i (=1)x(h=1)(p_1 55 (1) (lx(h—l))] ]
[ [ Xh k
— 2 V-—h v 2 .
= —g°.1 ) ) Bk —g ( 1 ) ’
i [ ] -( Nv—h (h—l)ag((h—l) ].X(h—l)
where %‘I’—: is a diagonal matrix with ‘g—‘g, k=1,..,Hk # h on the

(h=1)x(h~1)
diagonal and zeros on the off-diagonals.
From this it is clear that

Xk
—g2l1= LA
‘ (N?h )

2 . X", Xk vk
—8 ( 1 ) = ( Nﬂ: - N}LV W
1x(h—1) 1-h v-h (h—1)>{(h—1)

The total price effects are:

O

Il

Lxrp Lxawn Lop Loy
—a T T — g

Lysp  Liynypn Lyp Lywn
= ayl



1 2 -1 OV 0
— (n+1)gx(h_1) (n+g1)><1 ] ((h-1)x(h-1)(hff)'xn) (h-1)x1
) =X/ T —N"
= anl
+ —gl -1 ) avk g2 (=X’ [_ g (r—-nh
_((n+1)x(h—1)(h—1)><(h—1) (h_af)'xn (n+1)x1 ) (n+1)x1 ( )
= ayl

} xn k Xh Xh
+ v O +( I") X' [( I") T—N"] ,
_( N;hf“" ) (h—all),xn N}h (=X) Nz‘h ( )

and the cross-wage effects are:

X;L‘w_,,
Ny -
— _a Lx?w—h —g pr—h
Lth—-h L'YW"h
S g' g2 ] (r=1)x(h=1)(p_1)x (h—1)
(n+1)x(h~1) (n+1)x1 (T_h_N_h)l
k
- - g . 9 a > _ @2 (T-* N
(n+1)x(h—-1) (h—1)x(h—1)

k
(h_?)‘zh_ p (D

Xk ovk Xh ’
- Vv—h TR —-h_wN—h
= (Nf‘,_h) oWE +(Nf‘h)(T N~),

(h=1)x (h—1)
where g—‘%— is a diagonal matrix with g—v‘(,';-, k=1,....H k+# h on the
(h=1)x(h—1)

diagonal and zeros on the off-diagonals.
The non-wage incomes affect person h’s demands as shown below:

[ ﬁ%h ﬁ%_h ] — _a[ Lx::tIh Lx::tl—h ] _ g [ LpIh LpI—h ]
I-h

2 Lynpm Lyap-n Lop Tygon
0 - o
gl 9 (h—1)x1 (h—l)x(h—l)(h—l?i(h—l)
| ()x(r-1)  (n+1)x1

o)
1x(h-1)



2 1 avk 2 .
( (h—1)x(h-1)(h_1§’>{(h_1) (lx(llz-l))) :I
I Xh
= | —g21 (N;V g ) e —gz( i ) :
| V-h (h-—l)X(h—l) ].X(h—].)

where %—‘I/,; is a diagonal matrix with 2 W’ k=1,..,H k # h on the
(h—=1)x(h—1)
diagonal and zeros on the off-diagonals.
Also ., .
Xom | | X . .
[Nzlh ] [N’E ],Vj 1,.,.H,j#h
is given by

fva ) Vi gz 1 [ 1 ]
h a1+ - .
N (h—a{;xl —1

- (X ) WV
Ny, 3 ori
(h—1)x1
The impact of the disagreement points are as follows:

[ X;:V"' X’.;y._h ] — _a[ Lx:svh Lx::sv—h ] _ g [ vah va—h ]

NV" NV“" Lthh Lth—h L"yV" L’yV"‘

- g' g2 Love  Lyy-n
(n+1)x(h—=1) (n+1)x1 I‘ny" L7V—"

= |- gl vah - g2 L'yVh
(n+1)x(h—1) (n+1)x1
1 2
- g Ly-+x— g L,y
mDx(=1) "Y1 Y ]

i (n+1)x(h—1) (h—1)x(h—1)

The impact of the shift parameters are given by:

X-;:ah th —h - _a Lx?ah Lx:la —h —g Lpah Lpa —h
N3 Lynor Lpyrg-r Lyop Lyg-n
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1 2 0 -1 e
= - [ (n+1)g><(h—l) (n+gl)x1 ] [ 0 g"l)"("‘l)(h—l)x(h—l) ]

= |0 [- g . Sex
(n+1)x (h—1)(h=1)x(h=1) (1, _1y5 (h—1)

h
= 0 ( ]}\(]—%V_h ) ?9_‘;; :I } ’
| V-h (h—1)x(h—1)
where % is a diagonal matrix with %‘5’ k=1,..,H,k # h on the
(h—1)x(h~1)
diagonal and zeros on the off-diagonals.

Egalitarian model

Proof that the Slutsky matriz is symmetric and negative semi-definite:

The argument is exactly analogous to that for the dictatorial Slutsky
matrix.

Solution of the comparative static equations:

First solving for the matrix g, note that g has (n+ 1) rows and (h)
columns which can be partitioned into two matrices g! and g2, where g!
has (n+1) rows and (h — 1) columns, while g? has (n + 1) rows and (1)
column. So

1 2
g = g )
(n+1)xh [ (n+1)x(h~1) (n+1)x1 ]
Also note that

I: ngh X’;';V_h ] — _a[ Lx:tvh Lx?v—h ] _g [ vah va—h :I

Nv—h Lthh Lth—h L,yvh L’yV_h

- | & g’ || Lovr Loy
(n+1)x(h—1) (n+1)x1 L’YV" L'yV—h

= l:— gl L vh— g2 L,Yvh:I

(i)x(-1) ©  (nt1)x1
- 1 L n— g2 | e
[ (n+1)g>< n-1 PV " wepaa TV
(n+1)x(h—1) \(R-1)x1 (n+1)x (h—1)(h—1) X (h~1)
and
X,’;{h X%—h — —_a Lx?]h LX?I_" _ g LpIh LPI—h
NI" NI_h LNhIh LNhI—h L,th L’)‘I*h
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(r-1x1) T (a1)x(h-1) sy
1x(h—1)
[ ovh
1 . 2
= |- —i — —g°.1
. (<h—1>><1> o~ ° ]
ovk
_ (h-—l)x(h—l)(h_l)x(h_l) 1x(h—1)
i Ny, ) o1 Ny - (h-—l?f((h-—l) 1x(h~1)
where %—‘;}k— is a diagonal matrix with %—‘I/:, k=1,..,H k # h on the
(h=1)x(h—1)
diagonal and zeros on the off-diagonals.
From this it is clear that
X* Xh ovh
2] = | _ A\ R
s1=(3 ) - (3 ) o
Xh_ Xh _ ovE
-+, %1)=(N’*f)‘(N"vf> T
x(h=1) - v- (h—1)x (h—1)

The total price effects are:

X% Xhn
Nj N}
_ Lxrp Lxawn Lop
= —a i i —-g
Lth Lthh L'7P
= anvl
gl 2 (
_[ (n+1)x (h—1) (n+1)x1]

ayI+
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(h—1)x1
!

L pWh
L'yWh

)

|

U TR ( _
(1a><Pn) (h——l)x(h—l)(hflr),xn (h—1)x1
T — N*h

avh

-1 oWy,

)



h k
o (65 5 s 2 )
i (n+1)x(h—1) |\ \(A-1)x1 (ixn) (h—l)X(h—l)(h_l)xn (n+1)x1
I avh
= ) i | =—- g (T-N"
| (wryxa) ((h—l)xl) W (nﬁm( )
= avyl+
X", ) avh (xf} _h> vk [( X", Xk, O\ avh ,
-5 Tl AW ey -0 W Sl (X
N% NI 8 N N h
( v ) G5 v " v ) O
[( x» .\ v Xk X, \ avh
vk | £V YL Vh | — Nh
(3 )a (3 )- (M ) 5 @3],

while the cross-wage effects are given by:

X;lyv—h
NE
_ —a Lxh.w-—h pr—h
Lth—h L’yW‘h
7 I oy
_ _[ g g ] (=D (=1 Dh 1y
(n+1)x(h-1) (n+1)x1 (T_h_N_h)l
] k
_ 1 vt 2

¢ (1)

g I | -
(n+1)x (h—1)(h—1)x (h—1) (n+1)x1

OWFk
(h=1)x (h~1)

X ov* X Xk, \ ov* :
= v —h - Ih = vh AT —h_N—h
(Nz;_,, ) oW* +[( NP, ) (N?;h ) azh] (Th-n)' |

i (h—1)x(h—1)
where aiv‘% is a diagonal matrix with 367‘(,’%, k=1,...H k# h on the

(h=1)x (h—1)
diagonal and zeros on the off-diagonals.
The impact of the non-wage incomes are described by:

—a LX?I"' LX?I_" _ g LpIh Lpl-h
LNhIh LNhI—h L’)‘Ih L’)‘I_h

5t
[
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gl
- [ (n+1)x(h=1) (n+1)x1

[ avh
= |—g!| i | —g21
- (<>) o~ ® ]

1 ) vk 9 .
& (h-1)x(h—1)  OI* & 1x(h=1)
i

(h=1)x(h—1)

| Xh ) h ] ( Xk ) k
— iVh oV 2 iV —h 1%
= h -g°1 h ¥
i [( Ny ot [ Ny - (h—1?>1<(h—1)

- &z
g2 ] (h—1)x1 Gl
1

where %—‘I’; is a diagonal matrix with %—‘{;, k=1,..,H,k # h on the
(h—1)x(h—1)

diagonal and zeros on the off-diagonals.
Also note that

X7 Xh
A | | E | =1 H,j£h

is given by

— vh avr 21 AL avs 2 1
[ ( Nz}h ) o 8 ( Ny, ) (h—aﬁxl ¢ ] [ -1 ]

. )
- (M)W ) 5=
vh Vi /] w1

The disagreement points affect h’s demands as follows:

_a[ Lx:«.vh Lx?v——h ] _ g [ vah. va—h ]

Lthh Lth-—h L’yVh' L,.Yv—h

- _ g’ g Lova Loy
(+0)x(r=1) x| | Lyn Loyos
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(h—l)x(h—l)(h_1ﬁh—1)

o)
1x(h—1)
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= |~ gl I-pvh— 82 quh]
(n+1)x(h-1) (n+1)x1
1 2
- g L v-r— Lv-r
| e Y (n-l-gl)xl g ]
— _ gl _i _ gl I
L (n+1)x(h—1) \(A—1)x1 (n+1)x(h—1)(h—1)x(h—1)
# 0.
Finally, the shift parameters affect person hA’s demands as follows:
X%!h X%!—h S Lxﬁ‘a" LX?a B g Lpa"‘ Lpa-"
N} N, Lyngh Lyng-r Lyor Loyg-n
avh vk
1 2 -1 | 5k I Bk
- [ (D RG-1) (i1 ] (("-1)*1> SR U TP b
0 0

[_ (n+D)x(h=1) \(h=1)x1) %> (n+1)x(h_1)(h—1)><(h—l)(h_1§§(h_1)_

_ [ [( X;: A ) avh] (x;'y—h ) avk
- ah ak :
I th ? Nv-h (h—l?x(h—l)
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