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Abstract

We explore the scope of employing standard assumptions and replicating standard (Kuhn-
Tucker-type) techniques that are used to study the first-best Pareto frontier to the study
of Pareto frontiers of second-best economies. In the context of a simple second-best sit-
uation created by the inability of the government to implement personalized lump-sum
transfers and where the government takes recourse to linear (Ramsey) commodity taxes
as alternative redistributive devices, we identify at least three potential problems that
second-best situations create for obtaining well-behaved Pareto frontiers. We show that
additional conditions are required to ensure that the second-best Pareto frontier of an
economy with H consumers will have the expected structure of a H — 1-dimensional mani-
fold. Second-best Pareto optima, as is well-known, are characterized by consumption and/
or production inefficiencies. In a class of private-ownership economies with Ramsey tax-
ation, we show that, generically, while the jointly production and consumption inefficient
component of the second-best Pareto manifold is a submanifold that also has a dimension
equal to H — 1, the production efficient but consumption inefficient, consumption effi-
cient but production inefficient, and the first-best components are lower dimensional, and
hence negligible in size, submanifolds. Thus, we formally demonstrate that, generically,
in second-best economies, joint production and consumption inefficiencies are prevalent
and, hence, neither producer nor consumer prices reveal the true social shadow prices of
resources. The recovery of unobservable shadow prices from observable data is crucial
for cost-benefit analysis of competing public sector projects. Our results demonstrate the
important need for further research for recovering the true social shadow prices from ob-
servable data in second-best economies.

Journal of Economic Literature Classification Number: H21, D50

Keywords: Ramsey taxation, second-best, production efficiency, general equilibrium, pri-
vate ownership, differential topology, transversality theorem.
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Topology of utility possibility frontiers of economies with Ramsey taxation

by
Sushama Murty

1. Introduction.

Second-best situations are created when there are constraints—informational, institutional,

and behavioral-on the implementation of the second-welfare theorem. In such situations,
the feasible states of the economy are the equilibria that can be obtained through the use
of instruments and policies by the planner that are consistent with the constraints in the
economy. The second-best equilibria are obtained by a Pareto ranking of feasible states
in such constrained economies. A fundamental feature of second-best equilibria is that,
generically, unlike in the first-best economies, all the prevailing (observable) market prices
will not be indicative of the generally unobservable social value (the social shadow prices)
of resources in the economy. Hence, if at a given status-quo, new opportunities (projects)
for development arise, then the planner is confronted with the problem of computing the
true social shadow prices in the economy for performing cost-benefit tests to judge the
merits of and to choose between various competing projects.

Examples exist in the literature, however, of second-best situations where some mar-
ket prices could still be used as perfect proxies for the social shadow prices of the resources.
Where this is possible, this is a big help for cost-benefit exercises involving marginal
public-sector projects. The Ramsey [1927]/Diamond and Mirrlees (DM) [1971] second-
best model is one such example. In that model, a second-best situation arises because
of the government’s inability to implement personalized lump-sum transfers as required
by the second-welfare theorem. In their absence the government uses linear commodity
(Ramsey) taxes and uniform-lump-sum transfers as alternative, albeit second-best, means
of redistribution or raising revenue. Commodity taxes draw a wedge between the prices
the producers receive and the prices the consumers pay for goods, and hence create distor-
tions in a competitive economy. In an economy characterized by such taxes and constant
returns to scale, DM demonstrated that all second-best optimal allocations are production
efficient, that is, the producer prices in the private competitive sector correctly reflect the
social shadow prices in such economies. So, assuming that the planner chooses a status-
quo that is second-best optimal, producer prices can be used in lieu of social shadow prices
for cost-benefit analysis of public-sector projects that are available at the status-quo.!

The problem for cost-benefit exercises will remain for second-best models for which
there exist second-best equilibria where none of the observable market prices reflect the
unobservable social shadow prices in the economy. How likely is it to encounter such
economies? In such economies, what is the generic size and structure of the set of second-
best equilibria where market prices can be used in lieu of the shadow prices? These are

1 See Dréze and Stern [1987] and Boadway [1975].
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some of the questions that this paper aims to tackle in the context of a simple second-best
model. These questions are important for, if the existence of such economies is more a
rule than an exception and if the size of the set of second-best equilibria where market
prices correctly reflect the social shadow prices is generically of measure zero, then we are
led to further interesting and important questions: (i) what is the relationship between
observable market prices and the social shadow prices in such economies? (ii) how can
we recover social shadow prices from data in such economies? These, however, will be
questions to be answered in future research projects.

The income distribution scheme in the DM model involves consumers receiving only
endowment incomes. If this model is extended to allow for decreasing returns-to-scale in
production (and hence the existence of positive profits) and if the consumers own shares
in the pure profits of the firms (as in a Arrow-Debreu private-ownership economy), then

the production efficiency result of DM is jeopardized.?

Though our analysis will be restricted to the study of this simple but more realistic
extension of the DM model that allows for both production and consumption inefficien-
cies, we believe that the methodology that is developed in this paper is common to the
understanding of generic results of most second-best models.3 Moreover, to the extent
commodity taxation is a current reality and is widespread in most economies, cost-benefit
tests have to be conducted in the framework of distortions identified by Ramsey and DM.4

We employ the tools of differential topology to study the generic structure and size
of the second-best frontiers of private-ownership economies with Ramsey taxation. These
tools have been widely used in the study of the structure of equilibria in various contexts.?
To the best of our knowledge the scope of these tools to study Pareto-frontiers of second-
best economies has not been fully explored thus far. A study of the generic structure of
the second-best frontiers of tax economies with one-hundred percent profit taxation was
initiated by Guesnerie [1998], where he highlighted some of the difficulties in employing
these tools to such a study. Precisely, his work demonstrates that difficulties arise on at
least two counts: firstly, in such an analysis, the preferences of the consumers, expressed
in the dual space of the policy instruments that parametrize tax equilibria, are generally

2 Though it is known that second-best production efficiency continues to hold as long as the government
can tax away pure profits at one-hundred percent and redistribute the proceeds as uniform-lumpsum
transfers or if the government can implement firm-specific profit taxation (see Dasgupta and Stiglitz
[1972], Mirrlees [1972], Hahn [1973], Sadka [1977], Guesnerie [1998], Reinhorn [2005], and Blackorby and
Murty [2009]). The assumption that the government can have the power to implement such profit taxes
seems unrealistic in mixed economies.

3 Consumption inefficiencies imply that the consumer prices in tax economies are not reflective of the
social shadow prices.

4 Commodity taxation, which includes VAT, sales, excise, etc. taxes, is an important source of govern-
ment revenue world-wide. VAT accounts for 20-percent of world’s tax revenue and has been adopted in
more than 130 countries. See Keen and Lockwood [2007].

5 See, for example, Debreu [1970] and Balasko [1998] for their application to the case of competitive
equilibria, see Geanakoplas and Polemarchakis [1986], Villanacci et al. [2002], and Carvajal and Polemar-
chakis [2009] for applications to the case of incomplete asset markets, see Guesnerie [1998] and Fuchs and
Guesnerie [1983] for their application to the case of Ramsey tax equilibria.
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non-convex. This leads to the usual problems associated with non-convexities, namely,
discontinuities in the solution mapping of the optimization problem under consideration
(here the second-best Pareto problem) and multiplicity of solutions.® Secondly, the lit-
erature on Ramsey taxation that emanated from the pioneering work of DM works with
models in the dual space of the policy instruments. Though convenient for characterizing
second-best optimal taxes, such models are not helpful for establishing generic compara-
tive static results, as they do not easily allow a rich enough set of perturbations in the
fundamentals (the data) of the economy. Given these two limitations, Guesnerie [1998] was
able to study only the generic size of the set of almost second-best equilibria (these are tax
equilibrium values of the government’s policy variables where the first-order conditions of
second-best Pareto optimality are almost satisﬁed).7 As he points out, his characterization
gives only an idea of the size and not the topological structure of the second-best Pareto
optimal tax equilibria. Moreover, in his model with one-hundred percent profit taxation,
all second-best are production efficient.

In this paper, we study tax economies in the space of both primal and dual variables.
We borrow the modeling framework that has been used to study models of competitive
equilibria in complete and incomplete markets by Geanakoplas and Polemarchakis (GP)
[1986], Villanacci et al. (V et al.) [2002], Citana et al. (C et al.) [1998], and Carvajal and
Polemarchakis (CP) [2009]. Such an approach allows us to identity a class of economies
with a rich set of perturbations in the fundamentals that proves helpful in obtaining our
generic results. In the class of economies that we study, economies differ with respect to the
preferences of the consumers, the technologies of the firms, the endowment distribution,
and the profit shares of consumers. Despite the non-convexities of the indirect preferences
and the associated problems of multiplicity and discontinuity of the solution that have
been identified by Guesnerie [1998], we identify conditions which allow a systematic study
of the second-best frontier and its various subsets.

Our results are that, in the class of economies and under the conditions that we iden-
tify, generically, that is, for almost all of the economies in this class, except on a closed
subset of measure zero, (i) the second-best Pareto (utility possibility) frontiers of private
ownership economies with Ramsey taxation are manifolds whose dimension is H — 1, where
H is the number of consumers and (ii) the production efficient but consumption inefficient,
the consumption efficient but production inefficient, and the jointly production and con-
sumption efficient (that, is the first-best) subsets of this manifold are lower dimensional
submanifolds. These results demonstrate the prevalence of production and consumption
inefficiencies, that is, in almost all economies with Ramsey taxation the subset of the
second-best manifold where market prices can be used in lieu of social shadow prices is of
measure zero. Since this is a generic property, the economies such as the ones in DM and
Guesnerie [1998], where every second-best is production efficient, must have zero measure
in our class of economies. Blackorby and Murty (BM) [2009] provide an example of an

6 Guesnerie [1998] points out that results of the Zeckhauser-Weinstein [1974] type in the context of
public goods, which were based on convexity assumption, cannot be expected in this context.

7 In fact this characterization holds for the stationary values of the second-best problem. The actual
solutions to the problem will be a subset of the set of stationary values.

3
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economy where all the second-best equilibria, other than those that are also first-best,
exhibit production and consumption inefficiencies.®

In Section 2, we provide two examples to motivate and provide the intuition behind
our analysis. In Section 3, we construct the class of economies on which our analysis is
based and define a tax equilibrium in the space of both dual and primal variables. In Sec-
tion 4, we state the second-best Pareto problem and study the structure of the constraint
set of this problem. We identify conditions under which the constraint qualification condi-
tion, required for applying the Lagrange/Kuhn-Tucker theorem, will hold for the second-
best Pareto problem. In Section 5, we identify conditions that, despite the non-convexities
and associated problems identified by Guesnerie [1998], will ensure that the second-best
Pareto frontier will have the usual feature of a continuous H — 1-dimensional manifold.
We also characterize production and consumption efficiencies in terms of the Lagrange
multipliers of the second-best problem. We use this characterization in Sections 6, 7, 8,
and 9, to show that, while the second-best jointly production and consumption inefficient
subset of the second-best Pareto manifold is, generically, a H — 1-dimensional submanifold,
the second-best production efficient but consumption inefficient, second-best consumption
efficient but production inefficient, and the first-best subsets are lower dimensional (and
hence negligible in size) components of the of the second-best Pareto frontier. In Section
10 we conclude. Proofs of our results are relegated to the appendix.

2. Preliminary notation and motivating examples.

There are N commodities indexed by k, H consumers indexed by h, and I 4+ 1 firms
indexed by ¢« = 0,...,I. The firm indexed by zero is the public sector firm. For every
firm i, the net output vector is denoted by y* € RY, and for every consumer h the gross
consumption bundle is denoted by z" € Rf . For every firm ¢, we define a mapping
fi : RV — R such that the production function of firm i is defined implicitly by the
equation f(y') = 0. For every consumer h, the preferences are represented by a continuous
function u” : Rf — R with image uh(xh). Consumers face a price vector denoted by

g € RY, and private producers face a price vector denoted by p € Rf 9" The uniform
lump-sum transfer distributed by the government is denoted by R € R. The profit and
supply functions of firm i # 0 are denoted by 7'(p) and y'(p), respectively. The share
of consumer h in the profits of firm ¢ # 0 is denoted by th > 0, with >, 9? = 1 for
all © # 0. The public sector firm is behaviorally unconstrained and is free to choose any
production vector from its technology. It collects the indirect taxes and uses the receipts
to finance public sector production and to distribute uniform lump-sum transfers. The
endowment vector of consumer A is denoted by e’ € R]JY o Thus, the income of consumer

his R"(q,p, R) = Z#O thﬁi (p) + R + qe”. Consumers maximize utility subject to their

8 Note that the economies studied by DM and Guesnerie [1998] are special cases of our model where
every consumer owns a share 7 in the profits of every firm (see BM).
9 Thus, the vector of commodity taxes is ¢ — p.
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budget constraints. The indirect utility function and the demand function of consumer h
are denoted by Y"(q, R"(q,p, R)) and 2" (¢, R*(q, p, R)), respectively.

We now present two examples. These are not precise numerical examples. Rather,
the spirit is to use them to provide some intuition of our analysis, to demonstrate some
aspects of our methodology, and to give a flavor of our results.

2.1. FEzample 1: nonconvezxily of indirect preferences, discontinuities, and multiplicity of
solutions.

Consider an economy where H = 2 and N = 2. Suppose there is no government produc-

tion. The tax equilibrium conditions are given by the equation system!?

> 2Ma, BMg.p B) =) y'(p)+ e (2.1)

h i#0 h
These are two equations in five unknowns, ¢, q2, p1,p2, and R. Note that the system is
also homogeneous of degree zero in ¢, p, and R. Hence, it admits one normalization, say,
p1 = 1. So, potentially, there are two degrees of freedom in choosing equilibria. Let us
assume this is the case, so that, locally, around any equilibrium, we can solve for ¢; and ¢
in terms of po and R. We obtain functions gi(p2, R) for £ = 1,2 that locally parametrize
the tax equilibria around a given equilibrium. The indirect preferences, restricted to the
space of variables that parametrize the tax equilibria, are easily obtained for h = 1,2
as Y"(q(p2, R), R"(q(p2, R), p2, R)), which we rewrite as functions of ps and R, namely,
Y h(pz, R). In general, nothing can be said about the properties of the functions v" in the
space of py and R. There is no reason why such indirect preferences should be convex in
this space. Guesnerie [1998] gives examples of economies where the indirect preferences
are single peaked and non-convex. This means that cases like those in Figures 1, 2, and 3
are not ruled out.

Second-best optimal points are those that are obtained by maximizing consumer one’s
indirect utility holding the indirect utility of consumer two fixed at various levels. They
lie on the two contract curves AB and CD in Figure 1 and in the shaded region in Figure
2. Both Figures 1 and 2 indicate the multiplicity of solutions to the second-best Pareto
problem. In addition, Figure 3 demonstrates that discontinuities in the solution mapping
of the second-best problem can also occur — though both curves AB and CD in Figure
3 indicate stationary values for the second-best problem, there is a discontinuity in the
solution of the second-best problem when utility of consumer two switches from @2 to 42
When this happens, the solution for @2 level of utility lies only on curve CD.

Our analysis will demonstrate that cases such as Figure 2 are generically ruled out in
the class of economies we will consider in the later sections. Solution to the second-best
problem will generically be locally unique, that is, the solution mappings will be of the
types shown in Figures 1 and 3. In addition, a systematic study of the structure of the
second-best becomes possible if we assume that the solution mapping of the problem is
also continuous, e.g., as in Figure 1.

10" A will be shown later, Walras law will imply that the government’s budget is balanced at every tax
equilibrium.
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2.2. Ezrample 2: the size and structure of the second-best frontier.

Consider an economy where H = 3, [ = 2, N = 2, and with public sector production.
For i # 0, the technology is defined by the production function

Y1 =ta(ya)” + vithy, Yo < 7
(2
5 ' : (2.2)
—Vi i TV
= D) >
44 2¢4

where the signs of the parameters are t; < 0, v; > 0, ¢ = 1,2, The technology of public
firm is defined by the production function

y) = (19", (2.3)

For all h, the preferences of consumers are defined by

uP =9, In x}f + ¢pIn :cg, (2.4)

where the signs of the parameters are ¥, > 0 and ¢, > 0. For all h, the endowments

of consumers are 6}1‘ = 0 and eg = 1. The income of consumer A is, hence, Rh(q, p,R) =
. . N2

Z#O 9?7?2 (p)+R+qep. For all i # 0, the supply and profit functions are yj(p) = % +

(po—v; , o )2
1”(1’22—%1“) and y5(p) = (pg2+z), mi(p) = %. The demand functions of consumer h are

h h
2% (q, R"(q,p, R)) = Inlt (ap.2) q(f’p’R) and 28 (q, R"(q,p, R)) = entt (ap.F) q(Qq’p’R). A tax equilibrium is

defined by the system of equations

9 R"(q,p,R) (p2 —vi)*  vilp2 — vy) 0
SRR () vy
h 1 i£0 ‘ i
h o
Z enlt'(q,p, R) _ _Z (p22 ‘Uz) — 043 and (2.5)
I 42 iz Y
0.5
Wy = (1)

These are three equations in seven unknowns— ql,qg,pl,pg,y?,yg, and R. Because of
the homegeneity properties of the demand and supply functions, the equation system is
homogeneous of degree zero in ¢, p, and R. So it admits one normalization, say, p; = 1.
This implies that there are potentially three degrees of freedom in choosing equilibria. It is
easy to check that, in this example, this is indeed the case and we can solve for the variables
q1, g2, and yY in terms of po, ¥, and R to obtain functions q¢1(p2,y9, R), g2(p2, 33, R), and
y? (p2, yg, R) that globally parametrize the tax equilibria. As in the above example, these
functions can then be used to derive the indirect preferences of the consumers in the space
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of po, 18, and R. Denote the indirect preference of consumer h by Yh(pg,yg,R). The
second-best Pareto problem can be written as

V(u?,u?) == max Y'(p2,19, R)

p272187R
subject to (2.6)
Y (p2,y3, R) > ", h=2,3.
The Lagrangian of the problem is
L(UZ,US,pQ,yS,R, 052,033) any27 ZOZ up —Y p27?/27R)]7 (27)

where o and o? are the Lagrange multipliers of the problem. The first-order conditions
are given by
F(u27u37p27yg7R7 a27a3) = 07 (2.8>

where I' : R x RS — R? is defined by the functions

(i) IL(u? W3 poyd,R,a? )
Jdp2

aL(u27u37p27yg’R’a27a3)

8L(u2,u3,p ,yO,R,az,a?’)
(iii) 57

(iv) ¥2(p2,43, R) — u?
(v) Y3(p2, 18, R) — u?

These are thus five equations in five endogeneous variables po, yg . R,a?, and o' and
two exogeneous variables u? and u3. Let the mapping that solves (2.8) be denoted by
® : R? — R’ with image ®(u?,u®) = (p2,99, R,a?,a3). This is the map that identifies
the stationary values and the associated Lagrange multipliers of Problem (2.6), and T'~1(0)
is the graph of ®.

Generically, that is, for almost all economies in the class of economies that we study
in the next sections, we find that ® is locally unique and continuous. These properties
of ® are established by first partitioning the set I'"1(0) into four subsets and establishing
generic local uniqueness and continuity of the mapping ® in each of the subsets. These
four subsets correspond to the following components of I'"*(0): (a) the production and
consumption inefficient component, (b) the production efficient but consumption inefficient
component, (c¢) the production inefficient but consumption efficient component, and (d)
the production and consumption efficient (the first-best) component.

These components are derived in the following manner. In Section 5.2, we show that,
at a second-best, the social shadow prices of the resources are reflected in the shadow prices
of the public sector. In our case, given the production function of the public sector in (2.3),

these are given by the gradient vector (1, O.5(y8)_0'5). Production efficiency, thus, implies
the proportionality of the private-sector producer prices and the public-sector shadow
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prices at the second-best. Since p' is normalized to one, this implies that, at a production
efficient second-best, we have the condition

—0.5
p2 = 0.5(39) (2.9)
holding, in addition to (2.8). Similarly consumption efficiency requires the proportionality
of the consumer prices and the public sector shadow prices at the second-best, which

amounts to the condition

-0.5

R 0
©(p2, Boyp) _ 0.5(y9) (2.10)

q1(p2, R, y3)
holding at a consumption efficient second-best, in addition to (2.8).
Component (a) of T~1(0) is obtained by solving (2.8) with values of pa, R, 13, a? and
o? such that (2.9) and (2.10) do not hold. We show in Section 6 that, generically, in the
class of economies that we consider, in this component of I'"1(0), the mapping ® is locally
unique and continuous, so that this component of I'"1(0) can be parametrized by u? and
u3. Hence, it is, generically, a manifold of dimension H — 1 (two in this example).
Component (b) of I'"1(0) is derived by solving equations (2.8) and (2.9) simultane-
ously. Note these are six equations in five endogenous variables. In general this system
cannot be solved unless one of the exogenous variables, say u® is converted into an en-
dogeneous variables. This is equivalent to losing a degree of freedom in finding solution
to (2.8), as the solution also needs to satisfy condition (2.9). We show in Section 7 that,

3 o2, and o3 in terms of

when this is done, then, generically, we can solve for po, R, yg , U
u? and the solution is locally unique and continuous. In particular, let u? = u3(u?). The
production efficient component of I'"1(0) can thus be parametrised by the exogenous vari-
able u2. Hence, the production efficient component of I'"1(0) is a manifold of dimension
H — N (one in this example). Thus, along the curve (u?,u3(u?)) in the parameter space
defined by u? and u?, the stationary points of Problem (2.6) are ®(u?, u?(u?)).1!

Component (c) of I'"1(0) is similarly derived in Section 8 by solving equations (2.8)
and (2.10) simultaneously and is, generically, a manifold of dimension H — N (one in this
example).

Component (d) of I'"1(0) is derived in Section 9 by solving equations (2.8), (2.9),
and (2.10) simultaneously. However, in our analysis, we find that (2.9) and (2.10) together
imply the first order condition 220w 2t ha®al) o Thys (2.8), (2.9), and (2.10)
reduce to six equations in five endogeneous variables. To solve this system, we have to
convert one of the exogenous variables u? or u? into an endogeneous variable, and we are

11 Actually, as will be seen, Component (b) of T=1(0) is, generically, either a manifold of dimension
H — N or a manifold of dimension H — I.
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left with one degree of freedom for moving in the first-best subset of I'"1(0), which is,
hence, a manifold of dimension one.12

Note, however, that ® is the mapping of only the stationary values of Problem (2.6).
X
The actual solution mapping, which we denote by ®, will be a subset of ® at every
*
parameter vector (u?,u3). Since, generically, ® is locally unique, so is ®. However, in our

*
analysis, we cannot, in general, establish local continuity of the mapping ®. The reason
being the non-convexities of the indirect preferences. The intuition lies in the case seen in

*
Figure 3, where ® corresponds to both the curves AB and CD, while ® corresponds to curve
CD and only a part of curve AB. However, we show that, despite the discontinuities in the

mapping &k), the value function V(u?,u3) of Problem (2.6) is, generically, continuous, so
that the second-best Pareto frontier (or the second-best utility possibility frontier), which
is the set

U = {(uy,uz,u3) € R3ul = V(2 u?)}, (2.11)

is a manifold of dimension H — 1 (two in this example) in the space of u!, u?, and u?.

*
If we assume that the mapping ® is also locally continuous then, generically, we
show in Sections 6 to 9 that homeomorphisms can be established between each of the four

X
components of I'"1(0) restricted to the graph of ® and appropriate subsets of the second-
best Pareto manifold in the utility space. Hence, each of these four cases corresponds to
a submanifold of appropriate dimensions of the second-best utility possibility manifold.

*
Figure 4, where & is assumed to be locally unique and continuous, is a stylized diagram to
illustrate this point. The mapping ( in the figure is a local homeomorphism between the

*
graph of ® and the second-best utility possibility frontier. Its restriction, for example, to

*
the production inefficient but consumption efficient component de of the graph of ® implies
that its image gh is a lower dimensional (in this case, of dimension one) submanifold of
the second-best utility possibility frontier.

12 Intuitively, as will be seen in Section 5.2, when (2.9) and (2.10) hold in addition to (2.8), then we
are at a tax equilibrium where all the first order conditions for a first-best Pareto optimum are met. We
can interpret this to be a tax equilibrium in a regime with personalized lump-sum transfers R', R?, and
R3 (which consumers receive in addition to R), where these transfers are fixed at values zero. Since this
is a tax equilibrium where first-order conditions for a first-best hold, we find that, starting at such a tax
equilibrium, the welfare gains from introducing non-zero personalized lump-sum transfers are zero, that
is, 8L(“2’“3’p2’y?’§é§1’RZ’RJ’QQ’as) = aYh(méﬁ,;RJrRh) = 0 for all h. Further, for every consumer, the welfare
gain from introducing a personalized lump-sum transfer is the same as the welfare gain from a marginal
change in R, that is, aYh(mélg,;R+Rh) = 8Yh’(ng’li’R+Rh), and hence W = 0 for all h. This
3L(u2,u3,p2,y?,R,Rl,RQ,Rs,OzQ,aL;)

oR

implies that = 0 at such a tax equilibrium.
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3. A class of private ownership economies with Ramsey taxation and the def-
inition of a tax equilibrium.

We first define a benchmark economy E. The class of private ownership economies
&, which we use for our analysis, is derived by perturbing economy E. The technologies,
preferences, and endowments in economy E are as follows. For every firm ¢, the function
f* is smooth with Vy fi>0, sz f? positive definite, and the asymptotic cone of the set

{y € RY|fi(y) = 0} is RN. The technology of firm 4 is defined by the set Y = {y¢ €
RN fi(y") < 0}. Y contains RY and satisfies irreversibility. For every consumer h, the
consumption set is RY, u” is smooth on Rf 4 with Vu > 0and V%xuh negative definite,
and the closure of the indifference curves of v/ do not intersect the boundaries of Rﬂ\_] . The
aggregate endowment vector of the economy is denoted by e € Rf + and the distribution

‘o (Bh HN 13
of endowments is (e") € R4 .

Definition. A feasible allocation of F is a tuple ((z)p, (v*);) € REN x RUFDN guch
that y* € Y? for all 4 and
=Y "y te (3.1)
h i

The set of all feasible allocations of E is denoted by S.
Remark E1. Under the assumptions made above S is non-empty and compact.!4

Pick 5 = ((z"), (#);) € S such that z" > 0 for all h. To derive the class of private
ownership economies £ from FE, we follow GP, C et al, and CP.15 First, for each h and i,
the functions v and f? are perturbed so that the new utility and the production functions
obtained from these perturbations differ from u” and f? only in open neighborhoods N, (z")
and Ny (gjz) of their respective domains for some € and € greater than zero. 10 Next, for
each h and 4, the consumption set and the domain of the (perturbed) production function
in the new class of economies are restricted to be N.(z"*) and Ny (g"), respectively.

The new utility functions are obtained by perturbing «” in its first and second-order
derivatives evaluated at ", while the new production functions are obtained by perturbing
f¥in its zero'”, first, and second-order derivatives evaluated at 7. €, €, and the perturba-
tions can be chosen small enough such that the new functions retain the monotonicity and
curvature properties of the original functions over their entire domains of definition. Such
perturbations in the function u are illustrated in Figure 5, where the dotted indifference
curves are obtained by perturbing the bold indifference curve.

13 Given a" € RN for h = 1,..., H, the notation (a") denotes the vector {a',... aff) € RIN.

14 gee Debreu [1959].
15 We refer you to these articles for all the details on the construction of £.
16 N (z") denotes the e neighborhood around z".
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As in CP, we employ a bump function to define the perturbed functions. For every
¢ > 0, a bump function is defined as a mapping =.: RV — R with image

= (z)=1if |z| <e

(3.2)
=0if |z| > 2e.

N(N+1) . .
Let M C R™ 2 denote the set of all symmetric N x N matrices. For every h and

= Rﬁ ., there exist an open neighborhood of matrices MZ C M around the null matrix
and an open neighborhood N, (0) C R such that for every A € M" and a € N,,(0), we
have V u"(2") +a + Az" > 0 and V%’muh(wh) + A is negative definite.!” Similarly, for
every i and for every y* € R, there exist an open neighborhood of matrices sz cM

around the null matrix, an open neighborhood N f(O) c RY, and an open neighborhood
N, (0) C R such that for every B € MY, b € N, (0), and by € N,(0), we have b+ By"' > 0
and Vz’yfi + B, is positive definite.!8

Employing such perturbations and the bump function, we find that there exist (i)

€, > 0 and e > 0, (ii) an open neighborhood of matrices M, C M around the null
matrix, (iii) an open neighborhood of matrices My C M around the null matrix, (iv)
b >0, and (v) € > 0 and € > 0 such that (i’) Nc(z") ¢ RY, for all h, (ii") No () C RY
for all 4, (iii’) for all h, if U is in the set of functions

U = {U:RY x N, (0) x My, — R| U(z,a,A) = 5.3
u ()4 = (z — 2M[a? (z — 2) + (x — 2T A(x - a‘ch)]}, .

then V,U > 0, and V, .U is negative definite, and (iii’) for all ¢, if F' is in the set of
functions

Fri={F:R" x N,(0) x N, (0) x My — R| F(y,bo,b, B) =
Fr@)+ = (y—3)bo+b"(y—9) + (y—4") " Bly — 9},

then V,F' > 0, and V,, ,F is positive definite.1?
Each private ownership economy in £ is characterised as follows:
1. For each consumer h, the consumption set is X* = N.(z") and the preferences are

(3.4)

given by the restriction of a utility function U"(.,a”, A") € U" to the consumption
space X"

2. For every firm 4, the production function is given by the restriction of F*(., '6, V', BY) €
Fito Na(g'). The technology of firm i is V' = {y’ € Nu(g")|F(., b, b, B') < 0}.

17 The existence follows from the continuity of the first and second derivatives of u”.

18 Although, so far we have placed no restrictions on b, which defines the limits for the perturbations
in the zero” order derivative of f?, later we will assume a value for b that will ensure that the profits of
private firms in the perturbed economies remain positive as in the original economy.

19 Note, since H and I are finite, €,, €, €, €, and b have been taken to be independent of h and 4. If
such such scalers were consumer or firm specific then, for example, we could choose €, = minp—; .., H{eﬁ}.

11
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3. A (H x I) matrix of profit shares denoted by ©, with typical element 02’-‘ such that
@, ....0My € Ay for all i # 0.2

4. The aggregate endowment e is such that its distribution (e”) lies in N,((e")) ¢ REYN
where 7 > 0.

Define Q := [N, (0) x My x [N,(0) x N, (0) x Mg} and W = N ((e")) x AL, 21
The vector of characteristics that characterizes an economy in £ is denoted by (w,w), where
w = {(e"),0) € W and w = ((a"), (A"), (b)), (b%), (B?)) € Q. We denote the vector (w,w)
by r and the set W x 2 by R. An economy in & corresponding to r € R is denoted by
E(r).
Definition. For every r € R, a feasible allocation of £(r) is a tuple ((z")5, (%)) €
RIN x RUFDN guch that y' € Y for all i and 2" € X" for all h and

=Yy ) e (3.5)
h { h

The set of all feasible allocations of £(r) is denoted by S(r).
Remark E2. 1 > 0 is chosen such that for all » € R, S(r) is non-empty. In that case,
S(r) is compact for all r € R.

3.1. Tax equilibria.

We follow the approach of V et al. and CP in defining equilibrium of an economy in
E. This approach employs both the primal and dual variables.
Definition. Let r € R. A tax equilibrium of the economy £(r) is a configuration

(™), ("), p, q, Ry (A), (v)iz0) € REN x RUFDN x R2N x R x Rfjrrl such that 2" € X"
for all b, y* € N(g') N Y’ for all 4, and

(V n UM (2", al, AP) — \g)
(F*(y", bg, b', B'))iz0
(vyZFZ(yZ7b67bZ7BZ) - ’yip)i;é()
FO°, .10, B
thh—Z y' —Zheh
(q o — R~ Zz;éo@h Tyt —q"e )

Let T'(r) be the set of tax equilibria of E(r).

The first and the last set of equalities in (3.6) are the necessary conditions for utility
maximization for consumers, the second and the third set of equalities are the necessary
conditions for profit maximization of competitive firms, the fourth equality is the techno-
logical constraint on the public sector, while the fifth set of equalities are the economy-wide
resource constraints. Note that if ((z"), (%), p,q, R, (\"), (')/i)i7é0> is a tax equilibrium,

20 Where Ay 1 = {0 € RZ |56, = 1.}.

21 Aﬁ_l is the Caretsian product of Ay _; taken I times.
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then so is ((2"), (v"), up, uq, pR, (i)\h), (%vi)#o). The system permits a normalization.
We adopt the normalization p; = 1. Denote the vector of prices of goods k= 2,..., N by
p. Then p € RY~L. The vector p € RN denotes <1,1§).22

An implication of the Walras law is that ,at a tax equilibrium of £(r), the government’s
budget is balanced. To see this, multiply both sides of the second-last equation in (3.6)

by ¢ to obtain

¢ ="+ ")) v+ ") e (3.7)
h i#0 h
Now employ the last equation in (3.6) to obtain
HR=(¢"—p")> v +q"" (3.8)
i£0

(3.8) is the government’s budget balance condition. It implies that the total tax revenue of
the government ([g—p]>_; 4 y") plus the government receipts from sale of goods publically

produced (qy") must equal the total disbursements of the government to the H consumers
in the form of uniform lump-sum transfers (HR).
In this paper, we do not deal with the issue of existence of a tax equilibrium. Issues

23

of existence of tax equilibria have been studied in other papers.”> We assume that tax

equilibria exist.
Assumption E: For all » € R, we have T(r) # 0.

4. The second-best Pareto problem and the constraint qualification (CQ).

Let ne = HN+N(I+1)+2N+H+1. Denote a vector ((z"), (y*),p, q, R, (\"), (v")i0) €
R™ by c. Denote [], X" x [, Ne(7') x Ri]ﬁ_l x R x Rfj_’j C R™ by C. Givenr € R
and a vector of utilities (u?, ..., uf) € R¥~! of consumers h = 2,..., H, the second-best
problem of Ramsey tax economies is:

V(?,... ,uf r) ;== max U'(z!,at, AY)
ceC
subject to (4.1)
ceT(r) and

ul = Uh(xh,ah,Ah) Vh=2,..., H.

Given r € R, we are interested in studying the structure of the second-best utility
possibility frontier of £(r), which is defined as the set

U(r) .= {(@!, ...,y e RE|(W? .. vy e RE 7 and ol = V(u?,... ufl 1)} (4.2)

22 Ty what follows, given a vector a = (ay,...,ax) € RY, a will denote the vector (as,...,an) € RN 71,
so that a = (a1,a). In defining tax equilibria, from now on, we follow the normalization p; = 1. This
means that, from now on, the domain of producer prices has been restricted to Rf;l.

23 See Shoven [1973], Guesnerie [1979], and Geanakoplas and Polemarchakis [2008].
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The definition of U(r) suggests that for U(r) to have the expected feature of a H — 1-
dimensional manifold, it is required that the value function V(r,.) of Problem (4.1) is well-
defined in an open subset of utility profiles of consumers 2, ..., H in R~ for all r € R.
A necessary condition for this to hold is that the set of parameter vectors (u?, ... L uft ), for

which the constraint set of Problem (4.1) is non-empty, is an open subset of R¥~!. In this

section we identify conditions that will ensure this. Define the function G : CxRxR7 -1 —
RH+HN+I+IN+N+H with image

[ (UM (" al, APY — ul) ]
(VUM (2", al, AP) — Ng)
(F'(y', 67bi,Bi))i¢o
Gle,ru?, ... ufl) = (VyiFi(yi, 0,0, BY) — 4'p)iz0 _ (4.3)
FO(yO7 bO7 bO7 BO>
thh — 2y - Zheh

| (¢"a" =R =300y —q"e) |

Define also the mapping G, 2 i : C — REAANFIHINENH with image G, 2 ,u(c) =
G(e,r,u?,...,uff)?* Tt is clear that ¢ € C is in the constraint set of Problem (4.1) for
parameter values (r,u?, ..., ufT) € R x RF~1if and only if G(c,r,u?, ..., u?) = 0.

In Subsection 5.1, we will apply the theorem of Lagrange to solve Problem (4.1).
To do so requires ensuring that the constraint qualification of the problem holds, that is,
for every vector of parameter values (r, u?, .. uf ) €ER X R7~1 the Jacobian matrix of
the function GnuZ,_

G i M0 for every (r,u?, ... ,uH) € R x R¥-126 When this is true then, firstly,

from the theorem of Lagrange, it follows that, at a solution to Problem (4.1), the gradient
of the objective function can be expressed as a linear combination of the gradients of the
constraints (the weights being the Lagrange multipliers) and, secondly, from the implicit
function theorem, it follows that, starting from any tax equilibrium ¢ of an economy &(r)

that results in utilities (u?, ... L utl ) for consumers h = 2,..., H, any utility profile in a

)

.t 1s full-row ranked whenever G, 2, u(c) = 0.2° In other words,

r,uz,.

local neighborhood of (u?, ..., u
a local neighborhood of c.
A condition like Assumption CQ, below, is required to ensure that the constraint

can be realized as a tax equilibrium of £(r) that lies in

qualification holds for Problem (4.1) for all vectors in the parameter space.2T To state

24 Given any mapping f : A x B — C with image f(a,b) = ¢, f, : B — C'is defined as the mapping with
image f,(b) = f(a,b) whenever a € A.

5 See Mas-Colell et al. [1995], pp. 956-57.

26 et f: Ax B — C be mapping with image f(a,b) = c¢. Then f is transverse to zero, denoted by
fmo,if f(a,b) =0 implies V f(a,b) is full-row ranked.

27 Note, in the absence of conditions like Assumption CQ, it can be shown easily by applying the
transversality theorem (see the appendix for a statement of this theorem) that the constraint qualification
will hold for almost all vectors in the parameter space R except on a closed subset of R of measure
zero. However, in this case, we cannot rule out the possibility that the set of parameter vectors for which

14
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Assumption CQ, we define the following perturbations: For all A, given the curvature

properties of U", there exists a matrix X" of perturbations in 2" and A", which we denote
by28

i N i
ch | : :
= ghl o ghN gha | (44)
ARL AN ARA
such that2?
v2, Ul v Ut
ahah g h = Init. (4.5)

vLuh 0

Similarly, for all i # 0, given the curvature properties of F?, there exists a matrix Y!
of perturbations in y* and +*, which we denote by

gty gl
Y' = y% y%V y? , (4.6)
’Yf\l ,%\N 73’7
such that
V2, . F' VI
vy Y Y = T (4.7)

VEFE 0
Y

the constraint set is non-empty lies in this latter closed subset of measure zero, where the constraint
qualification fails. By ensuring that the constraint qualification holds for all vectors in R, Assumption
CQ rules out such a case.

28 ph s strictly concave and hence strictly quasi-concave. Hence, the determinant of its bordered
Hessian is non-zero.

29 1 ~+1 denotes the identity matrix of dimension N + 1.

15
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Assumption CQ: For all » € R and all ¢ € T'(r), we have

Vi%x%Ul_
Vy(l)FO
x%l x’%N Vi%,x;Ul
[VpF® VB o Ve POl | TR | A
x}\} :t}\,N :
Vi U (4.8)
V00
and
e S B S )
: : : is full-row ranked.
T S

The matrix in the second condition in (4.8) is the matrix of net demands of consumers
2,..., H at any tax equilibrium. Assumption CQ requires this matrix to be full-row ranked.
A necessary condition for this is that H — 1 < N. Intuitively, this is because N is the
number of instruments the government has available in the form of commodity taxes and
to be able to realize any direction of change in the utilities of H — 1 consumers, there is a
need for at least H — 1 instruments. From Roy’s theorem, the matrix of net demands of
the H —1 consumers is also the matrix of the derivatives of the indirect utility functions of
these consumers with respect to consumer prices (or taxes). When this has full-row rank,
then it is possible to change the indirect utilities of consumers 2, ..., H independently of
one another by changing commodity tax rates. If, in addition, the first condition in (4.8)
also holds, then it becomes possible to realize any direction of changes in the utilities of
consumers 2,..., H, starting from an initial tax equilibrium, as a tax equilibrium in its
local neighborhood. Intuitively, this condition provides a relation between the preferences
of consumer one and the technology of the public sector that will ensure that the supply
from the public sector and the demand vector of consumer one will adjust to accommodate
the changes in the demands of consumers 2, ..., H associated with the changes in their

utility.30

Lemma CQ: Under Assumption CQ), we have Grju2’m7uH h 0 for all (r,u?, ... u) €
R X RH_1.31

30 Note that Assumption CQ will hold if utility function of consumer one is quasi linear and that all our
results can be extended to strictly quasi-concave utility functions.

31 1t follows immediately that (_}T_i2 _,u(0) is a manifold of dimension 2N — 1 for all (r,u?,...,u’) €
R x RE-1L,
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Though Lemma CQ demonstrates that the constraint qualification of Problem (4.1)
will hold for every vector of parameter values in R x R¥ 1 it is possible that the constraint
set is empty for some parameter values.32 Define the set

P={(ru?. .. u) e Rx RITIZ e = ("), (y'). b, ¢, R, (\"), (1")ino) € T(r)

(4.9)
such that v = UMz" o, APy vh =2,... H}.

This is the set of parameter values of Problem (4.1) for which the constraint set of Problem
(4.1) is non-empty. For all » € R define also the set

P(r) ={@? ..., vy e REY(ru?, ... uf) € P}. (4.10)

This is the set of utility profiles of consumers h = 2,..., H that can be realized as tax
equilibria of economy &(r).

Remark CQ. Assumption E implies that P(r) is not an empty set for all » € R. Hence,
P is not an empty set.

The following theorem and its corollary demonstrate that for all » € R, the set P(r),

2

which is the set of parameter values u?, ..., u where the constraint set of Problem (4.1)

is well defined, is an open subset of R 1.

Theorem CQ: If Assumption CQ holds then P is open relative to R x R~

Corollary CQ: If Assumption CQ holds then, for every r € R, P(r) is an open subset
of RE-L.

5. The generic structure of the second-best (SB) utility possibility frontier and
the characterization of production and consumption efficiencies.

In all the remaining analysis we will restrict the set of parameter vectors of Problem
(4.1) to P. We will assume that N > 1, H > 1, N > H — 1 and that Assumptions E and
CQ hold. In that case, as demonstrated by Lemma CQ, the constraint qualification of
Problem (4.1) holds and the theorem of Lagrange can be applied to obtain the necessary
conditions that characterize the solution of Problem (4.1).

In this section we (i) identify conditions under which the value function V(r,.) of
Problem (4.1) is continuous on the domain P(r) for all » € R and, hence, U(r) is a H — 1-
dimensional manifold, (ii) use the first order conditions of Problem (4.1) to characterize
second-best production and consumption efficiencies in terms of the Lagrange multipliers
of the problem, and (iii) show that the set of Lagrange multipliers and choice variables
that solve Problem (4.1) for all parameter vectors in P lies in a compact set.

32 For any given economy E(r), the set of feasible states S(r) and hence the set of feasible utility profiles
of consumers h # 1 are bounded. So for utility profiles associated with (infeasible) states not in S(r), the
constraint set of Problem (4.1) is empty.
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In the next sections, (iii) is used to show that the results regarding the various com-
ponents of the second-best Pareto manifold hold in open and dense subsets of our class of
economies £ and (i) and (ii) are used for establishing the generic size and structure of the
various components of the second-best Pareto manifold.

The Lagrangian of Problem (4.1) is

L=U!z!al, AY) - Zoz — UM (2", a", AM)) —Z¢h[quh—R—ZﬁzhpTyi—qTeh]
h#1 i
o h aUh )\h ZFZ 1 bz bz BZ . 5F0 bO bO BO
Zfﬁk[a gkl = D Wy b, Z¢k ] (. bo, )
hk v i#0 i#0,k

_Zﬁk Zwk Zyk Zek

(5.1)

In the above, the Lagrangian multipliers (ah)h#, (W), (M), (ui)#o, (qﬁi)#o, 0, and 3

are defined in an obvious manner.33

Define the vector-valued mapping I' : R x RF~1 x C x R™ — R, with image
F((uh)h#, r,c,l) as follows:

V UMzl al, AP) — N

2 l) = Vh 2N 5.2
X((u )h#l)llﬂ; C, ) O[h)\hq . whq . th’thhFdh - /3] ) ( ) ( )

Fi(yi, b, b, BY)
I‘iy((uh)h#br: ¢, l) = vyin( 27 667 bla Bl) /sz Vi 7é 0, (QIN —+ [)
Sop "0t — piy'p = Vi i FigN + B
(5.3)
FO(yO bO bO BO)
0 h - y Y00 Vs
Ly ((w")per,r,c,l) = [ —5VyoF0+ﬁ ] (N+1) (54)
Fﬂ((”h)h?ﬂar’ el) =[Sy =3y =], (N) (5.5)

[ (QSZT )1#0 ]
DRSS AL D DI L
(¢Tah — R =3, 00pTyt — gTeh)

Tpny ("), rye ) = (N=1)+1) (5.6)

Pq)‘,,ﬁ,((uh)h#, roel)= | =30, 0halh — et £ 3T, KA (N +2H) (5.7)
('ihTQ)h

Tr((u")pr1,7,c,1) th (1) (5.8)

I‘u((uh)/wgl,r, o l) = (u — Uh(a: ,a ,Ah)). (H—-1) (5.9)

33 We define 3 = (Bi,...,Bn). For all h, k" = (s}, ... k%) For alli #0, ¢' = (¢t,...,d%).
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Then, the first-order conditions of Problem (4.1) are I'((u"),z1,7,¢,l) = 0. Let
2HN +2IN+4N +3H +2I = n,. This is the number of equations in I‘((uh)h#, r,cl) = 0.
Let HN +IN+2H + N +1I be denoted by n;. The vector of Lagrange multipliers, denoted
by 1= ((a™)pe1, ("), ("), (8%)iz0, (11)i0, 0), lies in R™. We note that ne = n; + ne.

5.1. The generic structure of the second-best utility possibility frontier.

For every r € R, let the choice variables and Lagrange multipliers that solve the
first-order conditions I‘T((uh)hﬂ,c, [) = 0 (that is, let the stationary values of Problem
(4.1)) be given by the map ®, : P(r) — R" with image ®,(u?,...,uf’) = T‘;iQ’m’uH(O).
Let the choice variables and Lagrange multipliers that actually solve Problem (4.1) be
given by the map <>Ik>r : P(r) — R™ with image &;T(vﬂ, ... u'). Clearly, Cfr(uQ, Couth) C
@, (u?, ..., uf) for all (u?,...,u?) € P(r).

For every r € R, Assumption SB1, below, assumes that ®, is non-empty, locally
unique, and continuous, with the cardinality of the set ®,(u?,... v/ ) being finite and
constant (say J) for all (u?, ..., uff) € P(r). This is not a restrictive assumption because,
in the later sections, when we partition the set T, "'(0) into (1) the joint production and
consumption inefficient, (2) production efficient but consumption inefficient, (3) production
inefficient but consumption efficient, and (4) joint production and consumption efficient
components, we find that, generically, local uniqueness and continuity hold for the mapping
®,. in each of these components.
Assumption SB1. For all r € R,

(a) the mapping ®, is non-empty valued and

(b) there exist

(i) a positive integer J and

(i) for every (@?,...,u"") € P(r), a neighborhood Vg zm(r) around (@?,...,a")

that is open in P(r), pair-wise disjoint neighborhoods Oéz -u(r) open in R" and
continuous functions gllt‘,ﬁ27...,ﬁH Viaz  qu(r) — Of_ﬂ,“_ﬂH (r)forje{l,....,J}=J

such that, for all (u?, ..., u'?) € Vi, qu(r), we have

O, (u?, ... ull) = {gri',ﬁz,...,ﬁH (u?, ... ,uH)} (5.10)

jeJ
Remark SB. If Assumption SB1 holds, then for all » € R, the mapping &k)r is nonempty
valued.?4

If Assumption SB1 holds, then for all » € R and for every (@?,...,a'T) € P(r), we
define the set

* . i p— — * — —_
Tar. an(r) = {] eI g o @ ) e b (@, ,uH>}. (5.11)

34 This because the cardinality of the set ®,.(u?,...,ull) is assumed to be finite and constant (J) for all

(w? ... ,utly e P(r).
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% X b
Thus, /42 gu(r) is the cardinality of d,(a?,...,u"). Remark SB implies that Sz, qm(T)

is non-empty for every (@2, ..., u") € P(r).

*
Assumption SB1 and Remark SB imply that the mapping ®, is locally unique. How-
ever, because of the non-convexity problem that we discussed in our examples in Section

*

2, @, need not be continuous, in general. Assumption SB2, which will be invoked in the
later sections, assumes that it is locally continuous.

Assumption SB2. For all » € R and for every (@?,...,af’) € P(r) there exists a

*
neighborhood around (@?,...,u) that is open in P(r) such that ®, restricted to this
neighborhood is a continuous correspondence.

For all r € R, define the set

()= {@?, ..., v c,l) e RE7L x C x RUID(r,u?, ..., utc,l) = 0} (5.12)

This is the graph of the mapping ®,.

Theorem SB establishes the size and the topological structure of the utility possibil-
ity frontier of private-ownership economies with Ramsey taxation. It shows that, if the
mapping @, of stationary values of the second-best Problem (4.1) is locally unique and
continuous, then U(r) is a H — 1-dimensional manifold for all » € R. Note that local

continuity of the solution mapping <>Ik>,n of Problem (4.1) is not required for this result. In
a local neighborhood of any point (a2, ..., u'") € P(r), the solution to Problem (4.1) can

switch discontinuously between the functions g']]r a2 guiorjed 35

If, in addition to being locally unique, the solution mapping of Problem (4.1) is also
locally continuous, that is, Assumption SB2 is also true, then, around a local neighborhood
of @?,...,u"" € P(r), such a switching of the solution is not possible.?6 The solution
)

%
mapping in this neighborhood of (@2, ..., @!) is a union over j € Jyz,. gy (r) of the values

*
taken by the maps g"l i~ Moreover, for any j € Jy2  5u(r), a homeomorphism can

a2,
be established between the graph of g;]'r a2 gu and an open set of U (T).37 We will exploit

this homeomorphism later to obtain the structure of the different components of U(r).

Theorem SB: Let Assumption SB1 hold.
(i) The sets I'(r) and U(r) are H — 1 dimensional manifolds for all v € R.

(ii) If, in addition, Assumption SB2 holds, then for every (u?,...,a") € P(r) there

exists a neighborhood VQQ’W’EH(T) open in P(r) around (@?,...,a") such that, for all
(w?,... ufl) € Vﬁzym’ﬁH(r), we have

5 (2 Hy _ [ 2 H

O, (u,...,u) = {g:'7ﬁ27-~-71_1H<u e U )}jei12 ) (5.13)

aaaaa

35 I F igure 3, for example, the solution switches from the curve AB to curve CD when utility of
consumer two changes from %2 to @°.
36 For example, as in Figure 1.

37 For example, as was shown in Figure 4.
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* .
and, for every j € Jﬁzjl_“ﬁH(T), there exists a homeomorphism (7 between the graph

ofg‘i o2 op Testricted to VTLQ’W’ﬂH (r) and an open subset of U(r).

5.2.  Characterizing production and consumption efficiency.

Note that, from the Lagrangian (5.1) of Problem (4.1), it is clear that the social
shadow prices of the resources are indicated by the value of the vector § at a solution to
Problem (4.1). This is because this is the vector of the Lagrange multipliers associated
with the resource constraints. We can now define production and consumption efficient
stationary values of Problem (4.1) as well as second-best production and consumption
efficiency.

Definition. Let (r,u?, ..., ufT) € P and (c,1) = ((z"), ("), p,q, R, (\"), (1})) €
®,(u?,...,uf!). cis a production (consumption) efficient stationary value of Problem
(4.1) if there exists u > 0 such that p = uf (¢ = pf). If ¢ is a production (consumption)
efficient stationary value of Problem (4.1) then ¢ is a production (consumption) efficient
second-best equilibrium if ¢ € (>Ik>r(u2, Couf),

Note that the first-order condition I‘g(r, e, l,u, ..., ut) = 0 (see (5.4)) of Problem
(4.1) implies that, at a stationary value of the problem, 3 is proportional to the shadow
prices in the public sector (V,0F?). Hence production (consumption) efficiency at a sta-
tionary value of Problem (4.1) implies the proportionality of the private sector producer
(consumer) prices and the shadow prices in the public sector. Lemmas SB1 to SB3 char-
acterize production and consumption efficient stationary values of Problem (4.1) in terms
of the Lagrange multipliers of the problem.

Lemma SB1 relates production efficiency to the multipliers (gbi)#o, Lemma SB2 re-

lates consumption efficiency to the multipliers (ﬁh), and Lemma SB3 relates the first-best
equilibria to the multipliers (¢)").

Lemma SB1: Let <T’ U2, T ’uH> € P and <C, l> = <(xh)7 (yz)7ﬁ7 q, R7 ()\h)’ (72» <
®,(u?, ... ufh).
1. cis a production efficient stationary value of Problem (4.1) if and only if p — % = 0.

2. ¢ is a production efficient stationary value of Problem (4.1) if and only if (¢");2o = 0.
3. If ¢ is a production inefficient stationary value of Problem (4.1) then, for everyi # 0,

¢' # 0.
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Lemma SB2: Let <T,u2,...,uH> € P and (¢, 1) = ((xh),(yi),ﬁ,q, R, (/\h),(vi)) €

®,(u?, ... ull).
1. cis a consumption efficient stationary value of Problem (4.1) if and only if{% —% =0
for all h.

2. ¢ is a consumption efficient stationary value of Problem (4.1) if and only if (k") = 0.
3. If ¢ is a consumption inefficient stationary value of Problem (4.1) then, for every h,

KM £0.

Lemma SB3:  Let (ru?...,u) € P and (c,1) = ((a"),(y').p.q, R, ("), (+)) €
<I>r(u2, e ,uH). ¢ is a joint consumption and production efficient stationary value of Prob-

lem (4.1) if and only if () =0 for all h.

To interpret these results, note that the current tax regime can be interpreted as a
special case of more general regimes where the government can implement firm-specific
changes in private producer prices (pi)i7é07 consumer-specific changes in consumer prices
(¢"), consumer-specific (personalized) changes in lump-sum transfers (R"), or firm-specific
profit taxes (Ti)#o. This is because a tax equilibrium in the current regime can be in-
terpreted to be an equilibrium in these more general regimes where, for all i # 0 and
h, pp =0, ¢ =0, R" =0, and 7° = 0. These additional policy instruments can
be taken as parameters of Problem (4.1), so that the value function of this problem is
V?,. . uflr, (pi)i?go, ("), (RM), (Ti)i?go), and it is evaluated at a point where all these
additional parameters take the value zero.?8 In that case the Lagrangian of Problem (4.1)
is

ouh
L=UYatat, AY) — Zozh [wh — U (2", ah, AM)] — ZRZ[W — Mg —|—q,’§)]
WAl hk Tk

= WM " =R 0"y — 1) — q"e" — R
" ' - (5.14)
=D W FL B0, B = D bl = o (o — p))
i£0 0,k Y

—6F°(4°,69,8°, BY) — Zﬁk[ZxZ — Zy,i, — Zeﬁ].
k h 7 h

38 More precisely, note that (p’);zo does not enter the budget equations of the consumers. The new
regime is one where private firms respond competitively to firm specific prices, p’ + p, and maximize
profits, but the profit incomes that go to consumers are computed using p. The indirect tax revenue to
the government is 3, (g—p—p")y® (the additional indirect tax revenue due to switching to the new regime

is =), £0 py®). Equivalently, the new regime can be shown to be one where each consumer h receives
profit incomes Z#O 0" (p+p')y' and — > £0 ply’ is also distributed back to each consumer h as a transfer
— Z#O 0 piy?, in addition to R, by the govenrment. Consumer h’s income is, thus, R — > 0rpTyt —qTeh
as before. Similarly, we can also make precise the regime with consumer-specific prices.
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Applying the envelope theorem, it is clear that, for all h and i # 0, the derivatives
of V with respect to p’, ¢", R", and 7% are 4i¢!, \'kl, 4", and >on wh@h, respectively.
These derivatives are thus the shadow prices of introducing firm-specific prices, consumer
specific prices, personalized lump-sum transfers, or firm-specific profit taxes, starting from
a situation where the values of these instruments were set at zero.

It is now clear that second-best production efficiency in the current regime (from
Lemma SB1, this is equivalent to ¢* = 0 for all i # 0) implies that there are no welfare
gains in moving to a more general regime with firm-specific prices, or equivalently, a
production-efficient second best in the current regime is also a second-best in the regime
with firm-specific prices. Similarly, we can interpret second-best consumption efficiency
(from Lemma SB2, this is equivalent to " = 0 for all h) in the current regime.

Joint production and consumption-efficiency at a second best in the current regime,
(from Lemma SB3, this is equivalent to Y =0 for all h) implies that there are no welfare
gains from introducing personalized lump-sum transfers or, in other words, we are also at
a first-best.

It is easy to show that if there is zero welfare gain from introducing firm-specific profit
taxes at a second-best of the current regime, that is, if >, whﬁzh = 0 for all ¢ # 0, then
this also implies that ¢ = 0 for all  # 0, that is, the second-best of the current regime
is also production efficient and is also a second-best of a regime with firm-specific profit
taxes.?? Note, however, that second-best production efficiency in the current regime is a
more general phenomenon. It can happen even when there are welfare gains in introducing
firm-specific profit taxation, that is, at such a point, ¢’ = 0 for all i # 0 but there can exist
i # 0 such that ), @Dhﬁf # (0. This fact will be employed later in studying the generic
structure of the production efficient subset of the the second-best manifold.

5.3.  Boundedness of the stationary values and Lagrange multipliers of the second-best
problem.

The following lemma proves that the set of stationary values and Lagrange multipliers
that solve the above first-order conditions of Problem (4.1) lies in a compact set.
Lemma SB4: The sets S := {(c,]) € C x R™|3 (r,u?,...,u") € P such that {(c,1) €
F;iz (0} and 8" = {{c,l,u?,... ,uf) e C x R" x RF7Y T r € R such that

(e,1,u2,... ufy e T 710V} lie in compact sets.

6. The generic size and structure of the second-best production and consump-
tion inefficient (SBPCI) subset of the second-best frontier.

For all 7+ # 0 and h, Lemmas SB1 and SB2 imply that, at a SBPCI tax equilibrium,
none of the vectors of Lagrange multpliers ¢' and x" are zero. Denote the space of all
Lagrange multipliers such that (¢%); o and (k") are each not zero by Rgzﬁ_zl() Define the

39 It has long been known that production efficiency is desirable in a regime with firm-specific profit
taxation. See, e.g., Dasgupta and Stiglitz [1972] and BM.

40 That is, R, = {l € R™| Vi £ 0,¢' # 0 and Yh, x" # 0}.
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. ~ . . . n

mapping I' as the restriction of the mapping I' to the open set P x C x R¢ZK. For every

r € R define the following subset of U(r):

U(r)={!,...,u?) € U(r)|3(c,1) € C x Rgfm such that T(c,l,r,u?, ..., uf) = 0}.
(6.1)
This is the subset of U(r) which is associated with both consumption and production
inefficiencies, that is, these are utility profiles corresponding to second-best tax equilibria,
where the social shadow prices are not reflected by any of the observable market prices. In
this section we study the generic size and structure of this component of the second-best
Pareto frontier.

Lemma SBPCI: T 0.

Remark SBPCI The transversality theorem and Lemmas SB4 and SBPCI imply that
IN‘T M 0 for almost all » € R except on a closed subset of R of measure zero. 1 Further,
if T, h 0 then I:‘; 1(0), if not empty, is a smooth manifold of dimension H — 1.42 Define
R = {r € RIT, 7 0}. R is open and dense in R.%3

The following theorem establishes the generic size and structure of the SBPCI com-
ponent of second-best Pareto frontier in the utility space. The idea is simple. In Theorem

*
SB, using the assumption of local continuity of the solution mapping ®,, a homeomor-

*
phism ( was constructed between the graph of &, and the second-best Pareto frontier
in the utility space U(r). Remark SBPCI can also be used to show that the production

* -
and consumption inefficient component of the graph of ®, for r € R is an open subset
(a H — 1-dimensional submanifold) of this graph. Hence, ¢ maps this open subset of the

*
graph of @, into a H — 1-dimensional submanifold of the second-best Pareto frontier U (r)
in the utility space.

Theorem SBPCI1: Let Assumptions SB1 and SB2 hold. For allr € R, (7(7"), if mot
empty, is a H — 1-dimensional submanifold of U(r).

Lemma SBPCI also indicates the generic local uniqueness of the solution to the equa-
tion system f‘(r, u?, .. uf e, ) = 0. Noting that there are n. equations in n, unknowns
(the endogeneous variables ¢ and [) in the equation system T ru2,...uty (¢ 1) = 0, the proof
of generic local uniqueness follows from a direct application of the transversality theorem.

41 For a statement of the transversality theorem, see the appendix or GP.
42 por example, in the one-hundred percent profit taxation case of Guesnerie [1998], which is equivalent
to the case of a private ownership economy where 6" = % for all h and i # 0, f‘; (0) is empty. On

the other hand, BM given an example of an economy where all second-best (except those that are also
first-best) tax equilibria are production and consumption inefficient.

43 R is open follows from Lemma SB4 and the transversality theorem.
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Theorem SBPCI2 (Generic Local Uniqueness): For almost all (r,u?, ... ,u?) € P,

=1 ) ) . .
except on a closed set of measure zero, we have T, 2 uH>(0) s manifold of dimension
zero.

7. The generic size and structure of the second-best production efficient (SBPE)
but consumption inefficient subset of the second-best frontier.

In this section the generic size and structure of the production efficient but consump-
tion inefficient component of the second-best Pareto manifold is established. In Section 5.2
it was shown that second-best production efficiency in the current regime may or may not
imply positive welfare gains from shifting to a regime with firm-specific profit taxes. The
size and structure of the SBPE component will vary depending on whether or not there
are such gains. Denote the space of all Lagrange multipliers such that (x") is not zero by
R4 Given (r,u?,...,uf") € P, from Lemmas SB1 and SB2 it follows that ¢ € C is a
production efficient and consumption inefficient second-best tax equilibrium if and only if
there exists [ € Ry’ such that {c, ) solves

L(r,u?,...,ufl )
. 3 =0. (7.1)
Bt

Define the mapping I' : P x C x Rj¥ — R N1 with image

V UMz al) AM) — \hg
al g — whq — ththh h

=h

Lo (W) npr, 7y 00) = 6] Yh,  (2HN) (7.2)

' Fi(yi, 6’ bi, Bz)
T, ((uhpr,rc ) = | Vi Pyl by b, BY) — 415 | Vi#0,  (IN+20)  (7.3)
(u'y = P — Zh ¢ 9@' )z;é()

0(,0 10 10 RO
Ty (") g1,y l) = {F_(;/v’;]ﬂ;g J’rBﬁ )] (N+1) (74)
La((Wnprel) = [S,ah = Y00 = e ] (N) (7.5
Tr((u")hs1,7,¢,1) ZWL (1) (7.6)
PO DL
r ul ,rel) = (qTxh B2 elhg qTeh) , 2N +2H —1
gl | = Ut = P+ 30, KA e )
(+"Tq)n
(7.7)

44 That is, R™ = {l € R™| Vh, k" # 0}.
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f‘u((uh);wgl,?", o l) = (uh — Uh(xh,ah,Ah)), (H—-1) (7.8)

I h =p— ﬁ an — .

Lol(whnprmyel) =p = 5, and (N —1) (7.9)
f¢((uh)h7g1,7“, C,l) = (¢Z) ([N) (7'10)

Lemma SB1 showed that ¢ is a production efficient stationary point if and only if the
associated Lagrange multipliers ¢ = 0 for all i # 0. Hence, it can easily be verified that
(7.1) is equivalent to I"((uh)h#, r,c,l) = 0. For every r € R, we define the following subset
of U(r)

U(r) = {@!,..., ") e U(r)|3(c,1) € C x R™ such that T'(c,l,r,u?, ... ufl) = 0}.
(7.11)
This is the component of U(r) that is associated with production efficient but consumption
inefficient second-best tax equilibria. Thus, in this component, the producer prices in the
private sector reflect the social shadow prices. The following lemma will be useful in
understanding the generic size and structure of U(r).
Partition the domain of " into two subsets:

A= {(r,(W")pz1,¢.1) € P x C x RYI[Fi # 0 such that Y "6}, # 0} (7.12)
h
and _
B={(r,(u" )1, c,l) €P x Cx R Y 00} =0 Vi # 0}. (7.13)
h

From Section 5.2 it follows that the restriction of ' to set A is the case where there are
no welfare gains from switching to a regime with firm-specific profit taxation, while the
restriction to the set B is the case where there are such welfare gains.

In Subsections 7.1 and 7.2 we establish generic local uniqueness and continuity of the

map @, in the SBPE component of I'"!(0) and in Subsection 7.3 we establish the generic
size and structure of U(r).

7.1. SBPE and generic local uniqueness and continuity of ®,: 3i # 0 such that
S, vl £ 0.

We denote the restriction of ' to A by T.

Lemma SBPE1: T 0.
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Lemmas SB4, SBPE1, and the transversality theorem imply that, except on a closed

set of measure zero in P, I’ it M0 for almost all (r,u?,... uf) € P. But, given any

ruZ,.
(r,u?,...,uf) € P, the number of equations (ne + N — 1) in T, 2 i () =0 exceeds the

number of unknowns (n.) by N — 1.%5 Hence, from the transversality theorem it follows

that f\ryu2,m7uH h 0 if and only if fr_iQuHa)) is an empty set.

This hints that, in this production efficient subset, there is no (locally) continuous
relationship between (c, ) and the utilities of all the H — 1 consumers and r, that is, it is
not generically possible to change r and the utilities of consumers 2, ..., H independently
while moving in this subset. Let @ = {2,..., H} and let @ denote any H — N-dimensional
subset of ). Let P@ be the projection of P to the space of r and (uh)heé. The number of

equations in the system I:‘T W)ty = 0 is ne + N — 1, while the number of unknowns (¢, I,
’ L€

and (u"), =) is also n, + N — 1.46

heQ

Theorem SBPE1l (Generic Local Uniqueness): If H > N then, for almost all

(r, (uh)he§> € 776—2, except on a closed subset of P@ of measure zero, we have f‘r Mmoo

h _
7(“‘ )heQ
1

and f‘;(uh)he (0), if not empty, is a manifold of dimension zero.

Qi

The proof follows as an application of Lemmas SB4, SBPE2, and the transversality
theorem. Theorem SBPE1 shows that in this case of production efficiency, there is a
(locally) continuous relationship between (r, (uh)hd?} € Pp and (e, (uh)hgé), that is,
moving along this production efficient subset implies that we can change r and only the

utilities of H — N consumers independently.®” This theorem also demonstrates local
uniqueness when the solution to Problem (4.1) is production efficient.

7.2. SBPE and generic local uniqueness and continuity of ®.: >, @Z)hHZh =0 for alli # 0.

In this case one of the equations in f‘((uh)h#,r, ¢,l) = 0 is redundant. This is
because, pre-multiplying the third set of equations in f‘q7 ,\ﬂp((uh) h£1,7,¢,1) = 0 by q’, pre-
multiplying the budget equation (see the second set of equations in f‘q7 M/,((uh) hA1,T,C 1) =

45 The unknown /endogeneous variables are ¢ and I.
46 The dimension of the complement of @ relative to Q is H —1— (H — N) =N — 1.

47 Note, when combined with our maintained assumptions, N > 1, H > 1, and N > H —1, the condition
H > N implies that H — N is either zero or one.
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0) of consumer h by ¢", and adding, we obtain

A I e N I S T R B e il
h h h i
_ _qTth[xh i qTZKh)\h n qTth[mh - szh _ ZpTinwhelh
h h h h 7 h
=0.
(7.14)
The last equality in (7.14) follows from fR((Uh)h¢1, r,c,l) = 0 and the last equation in
f‘q)\w((uh)h?gl, r,¢,1) = 0, both of which hold when f‘((uh)h#, r,c,l) = 0. Thus, without
loss of generality, we can eliminate one equation, say the budget equation of consumer one
(¢'[xt — el = R =Y, 0lpTy'] = 0), from T.
With an abuse of notation, define the mapping T' : B — R™ =N with image
L((u")pp1,7,c,1) as

=h —h
T.()=T"), va (2HN) (7.15)
f“iy(.) ~ (), (IN +2I) (7.16)
IE*S(.) -1, (N +1) (7.17)
Ta() =Tg(), (N) (7.18)
Tr() = Tr(), (1) (7.19)
("2 = R =32, 00p"y' — " eMnp
- B high _ oh h\h
T apl) = 2 ¥ (Kth])+ 2 . (N+2H-141) (7.20)
(> v"05)iz0
Tu(.) =Tul(), Vh#1, (H —1) (7.21)
T.()=T.(), and (N 1) (7.22)
15“¢(.) =Ty (IN) (7.23)

It is easily verified that f((uh)hﬂ, r,c,l) = 0 when T is restricted to B is equivalent to
((uh)h#, r,cl) = 0.

Lo [

Lemma SBPE2: IEﬂ t 0.
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An analysis similar to the one in Section 7.1 can be repeated for this case, when we
note that the number of equations (n. +1 — 1) in I_-‘,,.7u27”_7uH () = 0 exceeds the number of
unknowns (n,) by I — 1. Let Q denote any H — I-dimensional subset of Q. Let 735 be the

projection of P to the space of r and <uh)hec=§'

Theorem SBPE2 (Generic Local Uniqueness): If H — 1 > 0 then, for almost all

(r, (u >heQ> € 73 , except on a closed subset of 795 of measure zero, we have f‘n(uh)he M 0

Qi

(0), if not empty, is a manifold of dimension zero.
€

7.8. The generic structure of U(r).
For every r € R, define the following subsets of U(r):

U(r) :={@',...,u") € U(r)|3(c,1) € C x R™ such that f‘(c,l,r, u?, .. ufl) =0},
(7.24)

[E](r) = {(u}, ..., ufl) e U(r)|3(c,1) € C x R™ such that f‘(c,l,r,uZ, . uth) =0},
(7.25)
Remark SBPE1. From the transversality theorem, Lemmas SB4 and SBPE1 imply that,

for almost all » € R, except on a closed subset of measure zero, I h 0. If T 4 0 then

=1

T, (0), if not an empty set, is a smooth manifold of dimension H — N. Let R := {r €
R|T,  0}. Then R is open and dense in R.

Remark SBPE2. From the transversality theorem, Lemmas SB4 and SBPE2 [imply that,

for almost all r € R, except on a closed subset of measure zero, F m 0. If F M 0 then

L, (0), if not an empty set, is a smooth manifold of dimension H — I. Let R := ={r e

R\I‘  0}. Then R is open and dense in R.

The proof of Theorem SBPE3, below, is exactly similar to the proof of Theorem
SBPCI1. It involves applying the homeomorphism ¢ to lower dimensional submanifolds of

the graph of <>|I;,«. This implies that the images of (, restricted to these submanifolds, are
lower dimensional submanifolds of U(r).

Theorem SBPE3: Let Assumptions SB1 and SB2 hold. If H > N then for everyr & 7:€,
we have U(r), if not empty, is a H — N-dimensional submanifold of U(r). If H > I then
for every r € R, we have (:](7"), if not empty, is a H — I-dimensional submanifold of U(r).

The following theorem establishes the generic size and structure of U(r) (which is the

union of U(r) and U(r)) when we note that R UR is open and has full Lebesgue measure
in the set R.
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Theorem SBPE4: Let Assumptions SB1 and SB2 hold. For almost all r € R, except
on a closed subset of measure zero, U(r) is either an empty set or a union of manifolds of
dimensions H — N and H — I.

In BM it was demonstrated that for any economy r € R, where the rank of the matrix
of shares © was one, every second-best is production efficient, that is, U(r) = U(r), and
hence U(r) is a H — 1-dimensional manifold.*® Since, second-best production efficient sets
are generically of dimensions H — I or H — N, the economies for which the second-best
production sets are of dimension H — 1 must be critical economies. The following result,
hence, follows as a Corollary to Theorem SBPEA4.

Corollary SBPE4: Under Assumptions SB1 and SB2, the set
{r € R|U(r) is a H — 1-dimensional manifold} (7.26)

has Lebesque measure zero in R. In particular,

{r e R|OM = 0" VYh} C {r e R|U(r) is a H — 1-dimensional manifold}. (7.27)

8. The generic size and structure of the second-best consumption efficient
(SBCE) but production inefficient subset of the second-best frontier.

In this section the generic size and structure of the consumption efficient but pro-
duction inefficient component of the second-best Pareto manifold is established. Denote
the space of all Lagrange multipliers such that ((bi)#o is not zero by Rgl.49 Given
(r,u?,...,uf!) € P, from Lemmas SB1 and SB2 it follows that ¢ € C is a consump-

tion efficient and production inefficient second-best tax equilibrium if and only if there
exists [ € Rgl such that (c,!) solves

[I‘(r, uZ, ...,

L l)
q ] =0, (8.1)

>

q1 B1

Define the mapping I' : P x C x Rgl — R TN~1 with image

~h
L (W), e,l) = wib b B (HN +H)  (82)
q1

Vthh(xh,ah,Ah) — )\hq] vh.

. Fi(y',bh, ', BY)
I, (") 1o e 1) = Vi Fi(y', 0, ', BY) = +'p Vi, (2IN+1) (8.3)
S0 = 1y'p = Vs Fi6 + 8

48 Note, the DM case and the case with one-hundred percent profit taxation are special cases of this
rank condition.

49 That is, R} = {l € R™| Vi £ 0,¢ # 0}.
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.0 L B Fo(yo,bo,bO,BO)
Ly (W )npr,r.c,l) = [ 6V, 0F0 + 3 (N+1) (8.4)
Lo nserre ) = [Ty 2" = Xy = 3y et ] (N) (8.5)
a (6"Tp)izo
r , ((uh)h 17T7Cal): |: i I ) ((N_1)+]) (86)
pY a Zhth.ehyz_{_z_gbz )
: —R=3,0!p"y" —q"e")
Ty (s, 0) = {(q a , (N+H) (87)
g % wx o
12‘R«uh h;rélﬂ" c, 1) Z¢h (1) (8.8)
]‘%u((uh)h%ly/ra c, l) = (u - Uh(xh7 ahv Ah))7 (H - 1) (89)
T, ((u" 70 l) = i — ﬁ, and (N —-1) (8.10)
((u")nt1 ) )
Tr((u")hp, 1) = (87). (HN) (8.11)
Recalling that Lemma SB2 said that ¢ is a consumption efficient second-best if and only
if k" = 0 for all h, it is clear that (8.1) is equivalent to I'(r,u2, ..., u® ¢, 1) = 0. Following

methods similar to the previous sections, it is stralghtforward to estabhsh that (i ) Lo,

(ii) for almost all 7 € R except on a closed subset of measure zero, I h 0 and T, (O), if
not an empty set, is a smooth manifold of dimension H — N. Define R := {r e R|fr h 0}.
Then R is open and dense in R, (iii) ®, is generically locally unique and continuous in

the SBCE component of I'"1(0), and (iv) for all » € R, U(r), if not empty, is a H — N-
dimensional submanifold of U(r), where

U(r) = {!, ..., ") e Ur)|3e, 1) € C x Rgl such that T(c,I,r, u?, ... u) = 0}.

9. The generic size and structure of the first-best (FB) tax equilibria.

First-best tax equilibria of private ownership economies are tax equilibria where the
producer and consumer prices are both proportional to the shadow prices of the resources
in the economy (or equivalently, to the shadow prices in the public sector), and where the
wedge (the constant of proportionality) between consumer and producer prices generates
indirect tax revenue to the government, which the government can use to finance public
sector production or distribute as a uniform lump-sum transfer. In the usual competitive
equilibria of private ownership economies the constant of proportionality between ¢ and
p is one. We show that, generically, the first-best subset of U(r) is a one-dimensional
manifold.
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Given (r,u?,...,u") € P, from Lemmas SB1 and SB2, it follows that ¢ € C is
a consumption and production efficient second-best tax equilibrium if and only if there
exists [ € R™ such that (c,[) solves

L(r,u?,...,ufl )
s B
P— 35 = 0. (9.1)
q_ B
a B

Lemmas SB1 to SB3 imply that if ¢ is a production and consumption efficient second-best,
then k" = 0 for all h, ¢* = 0 for all i # 0, and ¢ = 0 for all h. Define the mapping

L:P xC xR — RWwHH=2 with image

vh

Lo (W) hpr, 1) = (HN +H)  (9.2)

thUh(xh, ah, Ah) = )\hq] vh.

hyh h_ B
a)\_¢_(h

. Fl<yl,b6,bl,BZ)
f;((uh)h%lvn Cvl) = vylFZ(yzab67bl7Bl) _’ylp \V/Z, (IN+21) (93)

pyt = B

5 07,0 10 10 RO
Pg((uh)h;ﬂ, roel) = [F_(;’V’;ﬁig f; q , (N+1) (9.4)
f‘ﬂ((uh)h#lar’ o)=Yy =y = 2] (V) (9.5)
L\ (@nzrrel) = [(¢Tah — R =32, 00pTy — qTeM)]] (H) (9.6)
f‘u((uh)haﬂa e l) = (uh - Uh(xh’ ahv Ah)) (H o 1) (97)
f‘Q((uh)h#brv C, l) = ;il - % (N - 1) (98)
Co((W)ppr e, l) =p— 3 (N—-1) (9.9)
Cr((u) s, e, 1) = (K1) (HN) (9.10)
Ly (W), e 1) = (@) (H) (9-11)
f‘¢((uh)h#1’ r, ¢, l) = (le)z#o ([N) (9-12)

It is clear that (9.1) is equivalent to f‘('r’, w?, ..., uf ¢ 1) = 0. It is straightforward to
prove that ' 1 0. From that it follows that, for almost all » € R, except on a closed subset
of measure zero, we have Iv‘r t 0. We define R in a manner similar to the earlier sections.
This set is open and dense in R. For all r € 7u€, by counting the number of equations

and the number of unknowns in f‘r(c, L,u?,...,uf) = 0 and applying the transversality

o1
theorem, we can show that I',. (0), if not an empty set, is a smooth manifold of dimension
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one. We can also apply the transversality theorem, as in the previous sections, to show
the local uniqueness and continuity of the stationary values of Problem (4.1) in the FB

component of I‘_l(()). Moreover, if, for every r € R, we define the following FB subset of
U(r),

U(r) = {@',...,u™) € Ur)|3(c,1) € C x R™ such that T'(c, I, r,u?, ... u) =0},
(9.13)
then for all all r € R, U(r) is a one-dimensional submanifold of U (r).

10. Conclusions.

There seem three main difficulties that make a systematic study of the generic size and
structure of the Pareto frontiers of second-best economies hard (i) the preferences of the
consumers expressed in the dual space of the policy instruments that parametrize equilibria
in second-best economies could be nonconvex. This leads to problems of multiplicity of
solutions and discontinuities in the solution mapping of the second-best Pareto problem,
(ii) second-best problems, when posed in the dual space of policy instruments, do not
easily allow a rich enough set of perturbations in the fundamentals (the data) of the
economy for establishing generic results, and (iii) for the second-best Pareto frontier to
have the expected feature of a H —1-dimensional manifold in economies with H consumers,
a necessary condition is to be able to change, independently and in a manner that is
equilibrium preserving, the utilities of H — 1 consumers, that is, the constraint set of
the second-best Pareto problem should be well defined on an open subset of the space of
utilities of H — 1 consumers, which is the parameter space of the optimization problem.

In this paper we study a simple second-best situation motivated by the inability of the
government to implement personalized lump-sum transfers. Rather, the government has
recourse to linear commodity taxes and a uniform lump-sum transfer in private ownership
economies. We identify conditions under which the second-best Pareto frontier will be a
H — 1-dimensional manifold, despite the nonconvexities in the indirect preferences of the
consumers.

By posing the problem in the space of both the primal and dual variables, we are
able to identify a class of economies which allows a rich enough set of perturbations in
the fundamentals of the economy that yields the required generic results. Precisely, these
perturbations are in the zerot”, the first, and the second-order derivatives of utility and
production functions. This helps in overcoming problem (ii) above.

In order to apply the theorem of Lagrange/Kuhn-Tucker to solve the second-best
Pareto optimization problem, the constraint qualification condition should be met. In
our case, this condition will hold if the government has recourse to at least H — 1 policy
instruments to independently change utilities of H—1 of the H consumers. We also identify
a condition that ensures that such changes in utilities can be realized as tax equilibria.
Thus, if the constraint qualification is satisfied, then it also ensures that (iii) above is met.
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We distinguish between the stationary and solution values of the second-best Pareto
optimization problem. With respect to (i) above, we show that, if the mapping of station-
ary values (that is, those values of choice variables that solve the first-order conditions of
the Pareto problem) is locally unique (even if it is not a singleton set because of noncon-
vexities in indirect preferences) and continuous, then the value function V' of the Pareto
problem is continuous in the utilities of H — 1 consumers, so that the second-best utility
possibility frontier is a H — 1-dimensional manifold. Examining the various components
of the graph of the mapping of stationary values reveals that this mapping is, generically,
locally unique and continuous.

Local continuity of the solution mapping is not required to prove the continuity of V.
However, if the solution mapping is also locally continuous, then our results demonstrate
that, in the class of economies and under the conditions that we have identified, generically
(that is, in an open and dense subset of our class of economies), the production efficient
but consumption inefficient, consumption efficient but production inefficient, and the first-
best subsets of the second-best Pareto manifold are either empty sets or lower dimensional
(and, hence, negligible in size) submanifolds. On the other hand, its jointly production
and consumption inefficient subset is a H — 1-dimensional submanifold. This indicates
that economies such as those that are often studied in the literature, where every second-
best is production (or consumption) efficient, are extremely rare. Most economies and
most of the second-best equilibria in such economies exhibit production and consumption
inefficiencies, so that market prices cannot be used in lieu of the social shadow prices
for evaluating prospective public sector projects. This begs an answer to the following
important question to be taken up in the future for further research: how can one recover
the true social shadow prices in such economies from the data on the fundamentals of the
economy and the available policy instruments?

APPENDIX

Transversality Theorem: Let A, B, and C' be smooth manifolds of dimension m, n,
and [, respectively, and f : A x B — C be a smooth mapping of manifolds with image
fla,b) = c. If f & O then fo t O for almost all a € A except on a subset of A of
measure zero and f; '(0) is either a manifold of dimension n — 1 or is an empty set. If
f~50) € A x K where K is compact and B C K, then f, 4 0 for almost all a € A except
on a closed subset of A of measure zero.

The proofs of most lemmas in this paper often require showing that the Jacobian
matrices of some vector-valued functions are full-row ranked. To demonstrate this, we
take recourse to Lemma FRR, which is proved below. Lemma FRR identifies a set of
sufficient conditions under which the Jacobian matrix of a vector valued function L is full-
row ranked. Most of the vector valued functions in our paper will satisfy these conditions.””

50 Lemma FRR is a formalization of the methodology used in papers such as V et al. and CP to prove
that Jacobian matrices of a class of functions can be shown to be full-row ranked.
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Let L : RN — RM be a vector-valued function with components
L' RN — RM
: (A1)
LT : RN — RMr
Thus, ZtT:l M; = M. Suppose N > M and the set of arguments of Lis {z1,...,znx} = X.

Let ny,...,np be T positive integers such that Zthl ny < N. With a slight abuse of
notation, we define the following 7" subsets of X:

nyi={x1,...,Tn, },
ng = {$n1+1a cee 71:711-"-112}7

(A.2)
np = {JJZZ":—ll petr I nt+nT}‘

Define the set n; = Ui,zlnt/ and the set n® = X \ np. Then the collection of subsets of

X {n1,...,np,n° is a partition of X. For all ¢t = 1,...,T, we define the vector valued
function
L': RN — RM
£t RY & RYv- My = : : (A.3)
L': RN — RM

Lemma Full-Row Rank (FRR): Letx € RN. Suppose forallt =1,...,T, Vy, ,L'(x) =
0 and YV, L!(x) is full row-ranked. Then V L(z) is full row-ranked.

Proof: Lor all t = 1,...,T, since V,,L!(z) is full row-ranked, there exist |n;| x M;—
dimensional matrix of perturbations Z; such that V,, L*(z)Z; = Ty, 2!

We will prove by induction that for every ¢ = 1,...,7 — 1, there exists a |n;| X
Zi’:l My—dimensional matrix Z; and a Zi’:l My x My, q1-dimensional matrix A; such

that®? t t
Vn, L Vi £ Zr ZiAy

=17 ) A4
{vnt Lt—H vnt+1Lt+1 0 Zt+1 Zi’il My ( )
We first show that (A.4) holds for ¢ = 1. In this case £! = L!. Choose Z; = Z;. Since
Vle is full ranked and VleZl = Ty, , there exists a My x Ma-dimensional matrix 4;
such that V,,, L' Zy + V,,, LY Z1 Ay = Vo, L1 Z9 + Ty Ay = 0. (Clearly, Ay = —V,,, L1 75.)

Under the maintained hypothesis of the lemma, anLz = 0. Thus, we have

{vnlcl vnzcl} [zl ZlAl] _ {IM1 0

=T . A5
Val? Vo I?] |0 Z 0 IMJ S, My (A.5)

51 | ¢ | is the cardinality of the set n;.
52 In what follows, to save on notation, we omit writing x explicitly, though it is assumed that L is
evaluated at x.
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So (A.4) holds for ¢ = 1. Suppose it holds for ¢ < T. We show that it holds for ¢ + 1.
Since it holds for ¢ < T, there exists a |nj| x Zilzl My-dimensional matrix Z7 and a

t_/: My x Mj, {-dimensional matrix A7 such that
=1Vt t+1 7

Vn Ll V
Vn{Lt_—H \V4

t
nt_+1£

Zy ZiAg
Lf—i—l

0 Z{+1:| - ZH_l (A6)

LT |

The first matrix on the left-side of (A.6) is Vy, +1£t_+1. Let us denote the second
matrix on the left side of (A.6) by Z7,;. Then (A.6) is equivalent to

Vg, L 20 = (A.7)

it
Therefore there exists a 2?:11 My x Mg, o-dimensional matrix Ay ; such that Vy, +1£E+1Zt‘+1v4{+1+
Vn{+2Lt+1Zf+2 = 0. (Simply choose Az, = —VnHQLtHZﬂQ). Further, under the main-
tained hypothesis of the lemma, V.,  L*? = 0. Thus, for t =+ 1, (A.4) holds as

i+1

i+
el [ 20 ZiaAin ] (A3)
+2 0 Ziio ZHQ '

Vnt_ﬂﬁf—i—l v
v Lf+2 \V4

nyiq Nit2

Thus, (A.4) is true for all t = 1,...,7 — 1. In particular, it holds for t =T — 1 as

vnTlﬁT; 1 vnTET; 1 [ZT_l ZT”AT”} — Ty (A.9)
Vaor L \ 0 Zr
But this is equivalent to
Zr1 Zr1Ara
VapL { 0 Zr =Ty. (A.10)

Hence, VL is full-row ranked. Since Vy, L is a M-rowed sub-matrix of VL, the above
implies that VL(x) is full row-ranked. B

Proof of Lemma CQ: Step 1: We show that G m 0.

Assume, without loss of generality, H = 3, I = 2, and N = 2.53 Let G(c,u?,...,ufl r) =
0. We apply FRR with T =4, My = 6, My =8, M3 = 3, and My = 3, n; = {y°, 2!, A\!},
ng = {22, X2, 23,03, ¢}, ng = {y', 7'}, and ny = {y?,7?},

V AUzt al Al) — g
¢"xt = R =3 000"y —q"e!
FO(y O,bg,bO,BO)

Yt =yt = e

53 Note, the condition H — 1 < N holds in this example.

L) = (A.11)
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V,2U%(2?%,a%, A%) — \2q
U%(22,a?, A?) — u?

5 V,3U3(23,a3, A3) — N3¢
L*() = U3(23,a3, A3) — u? ' (A.12)
722 = R— %, 400207y — qTe?
_qu'g —_R-— Zz;éo efypTyZ o qT€3_

and for i = 1,2,
L= v 2 : (A.13)
F (y » Y0 b 7B )
We now prove that V,,, L' are full-row ranked for all t = 1,... 4.
o2 1 2 1
2 1 2 1
Vo, L' = Q1 q2 0 0 U (A.14)
0 0 0 VyoF" V,F°
1 Y2
1 0 0 —1 0
L 0 1 0 0 -1 |
Consider the matrix of perturbations
_I.%l :t%Q :-U%/\ V;FO 0 0
71
0 S ) AR 0 0
Zt= 1A 512 i g o o |- (A.15)
0 0 0 g ; = -1 0
Y1
L 0 0 0 0 0 -1l
[ Vaal' ]
171
1 0 O Vy?FO 0 0
0 1 0 Vl’O%O 0 0
1,1 Y1
Y1
0 0 0 1 —VoF? =V, F"
ot 120 0 1 0
Lt 2120 0 0 I

If the first condition of (4.8) holds then, by performing elementary row and column opera-
tions, V,, L1 Z! can be converted into an identity matrix. Thus, V,,, L!Z! is non-singular.
Hence, V,, L is full-row ranked.

37



Topology of utility possibility frontiers of economies with Ramsey taxation: Working paper version

ry72 2 2 2 2 .
2 2 2 2 2
VU2 VU2 0 0 0 0 0 0

1 2
2 3 2 3 3
2 3 2 3 3
0 0 0 VgpU> VU3 0 0 0
1 2
q1 q2 0 0 0 0 x%—e% x%—e%
L 0 0 0 q q2 0 :vzl)’—e‘;’ x%—eg_
(A.17)
Consider a matrix of perturbations
(32 322 @22 0 0 0 0 0]
@3 @22 @2 0 0 0 00
ABUAZ A2 0 0 0 000
ZZ=10 0 0 % &2 i 0 0 (A.18)
0 0 0 43t @32 @3 0 0
: ) 2
0 0 0 M A2 M 1o
0 0 0 0 0 0 0 1]
' 1 0 0 0 0 0 =\ 0
0 1 0 0 0 0 0 —\?
0 0 1 0 0 0 0 0
0 0 0 1 0 0 =\ 0
272
Vi, 1727 = 0 0 0 0 1 0 0 —\3
0 0 0 0 0 1 0 0
2 . 2 .
Zk:ﬂkxil Zk:ﬂlkx/zf 1 0 0 0 x%—e% x%—e%
L 0 0 0 Zi:lqlﬂ%l Zi:l%i? 1 x{’—ei’ ffg—@%_
(A.19)
Note that Zizlqka’czk/:()forh:l?) and k' =1,2. So
10 00 0 0 —)\2 0 1
01 0000 0 —\?
001000 0 0
000100 =\ 0
272
Vi l727 = 000010 0 —\3 (A.20)
000001 0 0
00 1 00 0 22—¢2 23—¢3
L0000 0 0 1 a}—e} a3—e3]

w
09)
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By elementary row and column operations, V,,,L?Z? can be converted into

10 0 0 0 O 0 0 7

0100 00 0 0

001000 0 0

000100 0 0

000010 0 0 (A-21)
000001 0 0

00000 0 z3—¢ 23—¢3

L0000 0 0 af—e} a3—edl

It is clear that if the second condition in (4.8) holds then V,,L?Z? can be converted into
an identity matrix and hence V,, L? is full-row ranked. For i =1, 2,

vzi LFZ V2z‘ z'Fi —bh1

YY1 Y1,Ys

7241 __ 2 2 o _
vnQ—HL = Vyi,yéF Vy&y%F P2 | . (A.22)

VF' VuF 0

The matrix of perturbations Y ensures that Vn2+,-L2+i is full-row ranked for i = 1, 2.
Note that Vp, , L' = 0 for all ¢+ = 2,3,4. Thus all the conditions of Lemma FRR are
satisfied and conclusions of this lemma follow. Hence, VG is full-row ranked whenever
G(c,u?,...,ufl r) = 0. Hence, G 0.
Step 2: We show that VGT’uQPN’uH 0 for all (r,u?,...,uf) € R x RE-1

Note that our computations above show that VG = [VCC_} v,,.’u27m’uH(_}:| is full-

row ranked whenever G(c,u?, ... L ult ,7) = 0 precisely because V.G is full-row ranked.
(Recall, no perturbations in r, u?, ..., uM were used to prove that VG is full-row ranked.)
Pick (r,u?,...,u") € R x RH=1. Since G h 0 and V.G(r,u?,...,uf ¢) is full-

row ranked for all ¢ € C such that G(r,u?,...,ul,¢) = 0, the definition of the function
Gr,uQ,...,uH implies that

VG, 2. u(c) = V.G(r, u?, . ufl o) (A.23)
is full row ranked whenever

Gr7u27m7uH(C) = G(r,u?,...,ut c)=0. (A.24)
Hence, sz?m,uzf n 0.l
Proof of Theorem CQ: Let (7, %2, ... ,EH> € P. We show that there exists an open set
in R x R”~! that contains (7, @2, ..., u'’) and is a subset of P. (F,a?,...,a’) € P implies

that there exists & € T'(F) such that " = UMz" a", A" for all h = 2,..., H.5* This im-
plies that G(¢,7,a2,...,a"") = 0. From Lemma CQ, this implies that Véfﬂzw,ﬂH(E),

. h _
54 zh is the 2" component of ¢.
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which is a matrix with n¢ columns and H + HN + I + IN + N + H rows, is full-
row ranked. Let C' = {(a:h,)\h),(yi),(vi)#g,ﬁ,q,R}. Since, VC_}—@27_”7@H(E) is full-row

T

ranked, there exists a H + HN + [ + IN + N + H dimensional subset C; of C' such

that Vo, Gy 42 4m(¢) is full-row ranked. In an obvious way we rewrite ¢ = (¢1,Ca).
Note ¢ lies in no — (H + HN +1 + IN + N + H) = 2N — H-dimensional Euclidean
space. Under the maintained assumptions, 2N — H > 0.°® Then Ve, G(r a2, .. ufl e) is
full-row ranked and an application of the implicit function theorem implies that there

exist open neighborhoods O and V around (é,7, @2, ...,a") in R2V"H x R and ¢
in REFANHIHINTNAH = peghectively, and a smooth mapping ¥ : O — V such that
G(W(r,u?, ..., u co),r,u?,. .. ufl cg) = 0 for all (r,u?,...,u,c3) € O. Let O’ be
the projection of O into R x R¥~1. Since O is open in R*N~1 x R, we have O’ open in
R x R”=1. Clearly, O’ contains (7, @, ...,a") and is a subset of P. W

Proof of Theorem SB:
Proof of (i): Pick r € R. Under Assumption SB1 (a), I'(r) # 0. Pick (¢,1,a?,...,a'T) €
I'(r) € R¥=1 x C x R™. We show that there exists an open set Z in R¥~! x C x R™
such that (¢,[,u%,...,a") € Z and Z NT(r) is homeomorphic to an open set in R 1.
(e,l,u%,...,u"") € T(r) implies that (¢,1) € ®,.(a?,...,u"). Define Vaz, qu(T),
022 (), and giﬁz o forall j € J as in Assumption SB1. Then it follows that
there exists j € J such that g‘;ﬁz’mﬁH(ﬁ% at) = (el e Oé{...,aH(r)' Choose Z =
Va2, qu(r) X OZ_LQW’@H(T). Then (¢,1,a?,...,uf") € Z and, as a Cartesian product of

two open sets, Z is open in R~ x C x R™. Under Assumption SB1 (b), OéQ’m,ﬂH(r) N

OZ_.L;’M’&H(T) = () for all j/ € J such that j" # j. Hence, I'(r) N Z = Gr(gi,ﬁz,...,ﬁH)'56 Z
open in R~ x € x R™ and I'(r) ¢ RE~! x C x R™ implies that Z NT(r) is open in
L(r).

Define the mapping ¥ : ZNT(r) — ¥(ZNT(r)) with image ¥(c, 1,42, ..., ul) =
\I/(g‘i7ﬁ27._‘7ﬁH(u2, coouty )y = P, uf). W is clearly a homeomorphism. We
show that W(Z NT'(r)) is open in R¥~!. This is true as ¥(Z NI(r)) = Va2, gu(r) and
Vi g (r) is a set open in P(r) and P(r) is open in R7~1 (this follows from the Corollary

CQ). This proves that I'(r) is a H — 1-dimensional manifold.
We now show that U(r) is a H — 1-dimensional manifold. Remark SB implies that

U(r) is not empty. Let (@',...,aT) € U(r). We show that there exists an open set V in
R such that (@',...,a"") € V .and VN U(r) is homeomorphic to an open set in R7~1,

*
Since ®,.(@?,...,u") C ®.(u?, ..., u'") and since Assumption SB1 holds, there exists

Juo an(r) C J such that &, (a2,...,a") = {gl , _u(@%...,a")} -

55 Our maintained assumptions include H —1 < N and N > 1.
56 For any mapping f : A — B, Gr(f) is the graph of f in A x B.
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For all j € J define the functions V! : Vi, qu(r) — R with image Viw?, .. ut) =
U2V 2, ... uff), o', AY).5T The continuity of the mappings U’ and gi,ﬁ%...,ﬁH imply
that V! is continuous for all j € J. Further, Vﬂ(fLQ, o aft) = Vﬁl(EQ, ...,u') for all
G.J' € T an(r) and Vi@?,...,a") > Vi (@2,...,a") for all j/ ¢ Joo _uu(r) and
j€e 3@2’.”7@H (r). The continuity of the functions Vﬂ implies that there exists VT:Q,...,ﬂH (r)
open in Viz uu(r) such that for all j € ja%.‘.,aff (r), i’ ¢ ja27.._7aH(T’), and (u?, ... u'l) €

EQ’.."ﬁH(r) we have Vﬂ(uz, Cout) > Vﬂl(u2, ...,u™). In that case, for all (u?,... uf) €

Via au(r), the value function V of Problem (4.1) is

V(w?, ... ufl r) = , max Vi?, ... ufh). (A.25)

Hence, as a maximum of continuous functions, the mapping V restricted to Vz‘:%..,a u(r) is
continuous. Define a mapping p : VéQWmH (r) — p(VéQ’“ﬂH (r)) with image p(u?, ..., u'l) =
(w?,.. o uf, V@?,... v, r)). pis a homeomorphism. V!, _u(r) is open in RHI-1 ag
Vie . g (r) is open in R¥~1 and VéQ’m’ﬁH(r) C Vi, qu(r). ’W'ye prove that p(VéQ’m’ﬁH ()

is open in U(r). Consider any open set V in R such that projection of V into RH~!
is Végw’ﬁH (r). Then it is clear that P(Véz7_._’ﬁH(T)) =V NU(r). Hence p(VéQ’WﬂH (r)) is
open in U(r) and is a H — 1-dimensional manifold.

Proof of (ii): Let (@?,...,u"!) € P(r). Remark SB implies that (>Ik>r(a2, ..., at) is not
empty. For all j € J define the mapping Vi and the set Véz,_“’ﬂH (r) as in the proof of part
(i) above. We show that, under Assumption SB2, 1% (u?,... ufl) =V, ... ufl r)forall
Jj € j,aQ’m’aH (r) and all (u?, ..., u'?) € VéQ,.-.,ﬂH (r). (This would imply (A.5) if we choose
Va2’m’aH(T) to be equal to Vé%“ﬂH (r).) Suppose not. Then there exists j € jﬂzwﬂH (r)
and (@?,...,a") € Véa”ﬂH(T) such that V;(be, oty <v(a?, ..., a4, r). On the other
hand, we know that VI(a2, ..., at) = V(@?,...,a,r) for all j € jﬂ27...,ﬁH(T)' Consider

the line joining @1 := (@2, ...,a’) and 41 := (@?,..., 4, ) with parameterised equation

u_1(t) = (t—1 — u—1)t + u—_y, where ¢ is a scalar. Thus, u_1(0) = u—1 and u_1(1) = u_1.
Define

f= max{t € [0,1] | VI(u(t)_1)=V(u(t)_1,7) = 0and VI(u(t')_1)=V(u(t')_1,7) = 0Vt < t}.

(A.26)

57 Note, (u?,...,u') is the 2™ component of (c,l) = g‘ll, a2 gu(u®, ... uf) and a* and A" are the
respective components of r. Thus, Vi (u?,...,uf) is the value of the objective function of Problem (4.1)
evaluated at the stationary point g _, _u(u?,...,uf).
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Define 41 = u(?)_l and (Ek,l*) =g (fi_1). Note that (Ek,l*> € <>|I<>,«(1>,'Z_1). The

r,a2,..,aH
continuity of the mappings Vi and V restricted to VT:Q,...,a u(7) (see proof of Part (i) above)
imply that there exists ¢ > 0 such that for all ¢ € (2‘,? + ¢), we have Vi(u(t)_1) —
V(u(t)-1,7) < 0. Let {t"} — { with #* > { for all v. Then for all sequences {(c", ")}
such that (¢¥,1") € <>|I<>,«(u(t”)_1) for all v, we have {(c",[")} does not converge to <g,l*>
This is because (1) for all big enough v (that is, for tV € (?‘,? + ¢€)), we have (", ") #
g‘iﬁz’m’ﬁH(u(zﬁ”)_l) and (2) under Assumption SB1, the range of mapping gz,ﬁz,...,ﬁH is
disjoint from the range of all other mappings g‘i a2, gH such that j # j. But this implies

that ®, is not lower-hemi continuous. A contradiction arises.

. *

Choose V2 r(r) to be equal to Végr_ﬂH(r). Forall j € Jg2  zu(r), with an abuse

of notation, call the restriction of the mapping g‘]ﬁz’m’ﬁH to Vi gu(r) also as g‘lﬁ%“’ﬁH.
. x . i . j H—-1 .- .

For all j € Jz2  ;u(r), define the mapping W/ : Gr(g‘]ﬁ2 a) — R with image

Wi, ... ull ;_127.”71_1H(u2, o)) = @ ) for all (u?, ... uf) € Vﬁz,._.ﬂH(r).

Clearly ¥/ is a homeomorphism between Gr(g];_lz o) and \A/ﬂz’“_’aH(r). Define the map-

ping ¢/ = p o W/, where the mapping p is as defined in the proof of part (i) above. Then

¢’ defines the required homeomorphism between Gr(g‘];_lz ﬁH) and an open set in U(r)

foralljej [ |

Proof of Lemma SB1:
(1) This is obvious when one notes that because of the normalization adopted, p; = 1,

so that p — % = 0 is equivalent to p — % = 0.

(2) Suppose ¢ is a production efficient stationary value of Problem (4.1). Then there
exists 7 > 0 such that 7p = 3. The last set of equations in (5.3) implies that, for
every i # 0, vyi’yiFi¢i = [yt — 3, "0k — 7]p. Premultiply both sides by ¢
Then the first set of equations in (5.6) implies that

OV i Fi0h = iy =) 00 —7]¢p =0, (A.27)
h
Since Vi i ¥ is positive definite for every i # 0, (A.27) is true if and only if ¢'7 = 0
for every i # 0. Suppose ¢ = Oy for every i # 0. Then production efficiency of ¢
follows from the last two set of equations in (5.3).

(3) Suppose c is not production efficient and there exists i # 0 such that ¢’ = 0. Then
the last set of equations in (5.3) implies that [— Y, ¥"0F + uiyf]p = 3, which is a
contradiction to ¢ not being production eficient. l

Proof of Lemma SB2: Similar to proof of Lemma SB1.
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Proof of Lemma SB3: First we claim that
ST S0+ Y g =0 (A.28)
h i#0 i#0
This is true because multiplying the A" budget equation in (5.7) by Y and adding over
all h gives
S oyl — M = Ryt =y "y oy =0, (A.29)
h h h i#0

Pre-multiplying the second set of equations in (5.7) by ¢’ and employing the last set of
equations in (5.7) gives

Z¢th[xh —el=o. (A.30)
h
Employing (A.29), (A.30), and (5.8), we obtain
>y oipTy =o0. (A.31)
h i#0

Multiplying the first set of equations in (5.6) by ~%, adding these over all i, and employing
(A.31), we obtain
S 0Ty + > A e =0 (A.32)
h i£0 i£0
Pre-multiplying the second set of equations in (5.6) by p? we obtain
S S T S T = 0 (A.33)
ho A0 i#0
(A.32) minus (A.33) and noting that p; = 1 under our normalization, we obtain
DS O+ > A =0 (A.34)
h i£0 i£0
The second set of equations in (5.6) and (A.34) imply (A.28).
Now suppose ¢ = 0 for all h. Then (A.28) implies
> A =0y (A.35)
i#0
The last set of equations in (5.3) implies
—piy'p = Vi i ¢+ B =0, Vi #0 (A.36)
Premultiplying both sides of (A.36) by ¢’ we obtain
'y T — ¢V i i FIY + ¢T3 =0, Vi #£0 (A.37)
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Employing the first set of equations in (5.6) and multiplying (A.37) by 4* and adding over
all 7 # 0, we obtain

=Y ATV, i Fiet+ 8 AT =0, (A.38)

i#£0 i#0
Since v* > 0 for all i # 0, VyiyiF ' is positive definite, and (A.35) holds, we find that
(A.38) is true if and only if ¢* = 0 for all i # 0. In an exactly similar manner we can

prove that k" = 0 for all h. Lemmas SB1 and SB2 imply that ¢ is both consumption and
production efficient.

Suppose ¢ is both a consumption and production efficient tax equilibrium. Lemmas
SB1 and SB2 imply that ¢’ = 0 for all i # 0 and &" = 0 for all h. (5.2) implies that

0"\ —4")g = 3, Vh (A.39)

(5.3) implies that
D W0} — iy lp = =B, Vi #0. (A.40)
h
Given our assumption on the technologies of firms and the preferences of the consumers,
the second set of equations in (5.4) imply that § > 0. Hence (A.39) and (A.40) imply
that A" — " > 0 for all h and Y, "6 — p'y" < 0 for all i # 0. Define & = oA —y"

\h
i hogh _ i -
and ' = Zhw:# for all ¢ # 0. Consider a set of new vector [ of Lagrange multipliers:

1. " =0 for all h
2. & =0 for all h
3. ¢* =0 foralli#0
4. &M = & for all b
a
5. i = L5 for all i # 0
6. 6 =2, and
B «
T.3=4.

Then the new set of multipliers I = ((&h), (zﬁh), (&M, ((5")#0, 5, (/li)#o, B) along with ¢
H) —

also solve equations (5.2) to (5.9), and hence solve Problem (4.1), i.e., T'(¢, I, 7, u2, ... u
0. But, since the constraint qualification holds, and the Jacobian matrix of the constraints
of Problem (4.1) is full-row ranked, the theorem of Lagrange implies that the vector of
Lagrange multipliers is uniquely paired up with the vector of choice variables. Hence,

[ =1I. Hence, " = " = 0 for all h. W

Proof of Lemma SB4: For all h, C1(X") is compact and, for all 4, Y' N CI(Ng(7)) is
compact.”® This implies that, for all {c,1) € S, ((z"), (y*)) lies in a compact set. At a
tax equilibrium, we have p = ’yivyiF i for all i # 0. Further, p; = 1 implies that, at a

58 For any set A ¢ RY, CI(A) is the closure of A in RY.
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tax equilibrium, v* = ﬁ for all ¢ # 0. From continuity of V' “in y’ over a compact
vi

domain Y N CU(Ng(y")), it follows that, for all (c,I) € S, we have ((7");zo,p) lies in a

I over a compact domain C1(X") implies that, for

compact set. Continuity of V »U hin
all {c,1) € S, we have Mg lies in a compact set for all h. It follows that, for all (c,1) € S,
we have ((A\"),¢) lies in a compact set. From the consumer budget constraint at a tax
equilibrium, it follows that HR = ¢, [z" — "] — >, py’. From the above arguments
and the boundedness of (e) (which follows from the boundedness of R in our definition
of the class of economies &), all terms on the right-side of this equality lie in compact sets,
so for all {(¢,l) € S, R lies in a compact set. The Lagrange multipliers are obtained at
the optimum by first taking the derivatives of the objective function U!() with respect to
the choice variables and then the derivatives of the choice variables with respect to the
parameters of Problem (4.1). Since these derivatives are continuous and bounded® the
vector of Lagrange multipliers [ also lies in a compact set whenever (c,l) € S. So S lies

in a compact set. Noting that (1) for all h, CI(X") is compact, (2) the set U" consists

of continuous functions which are obtained by perturbing «/ in its first and second order
derivatives, and (3) R is bounded, it is clear that the utility profiles (u2, ..., u’) that can

be attained in [], X ") are bounded. Hence, S’ also lies in a compact set. H

To prove Lemma SBPCI, we first prove Lemmas SBPCIL.i to SBPCI.viii below by
employing Lemma FRR.

. ~h
Lemma SBPCI.i: T, 1 0.
Proof: For every h, UM(z" a" A"y = u(2") + a"T 2" + 2T ARz, This implies that

Vi UM) =V pu(a") + o + APz" and

A.41)
h hi .h h (A.
vxh@hU () = vxhﬂzhu (ZL’ ) + A",
where60
r h h h ho ]
ay;  aie ay3 .- OGN "
h h h h a
1o Q9 Q33 ... Gy ;11
a
Al = alig agg a§73 . a?I;L’N and o/ = _2 (A.42)
. . a
h h h h N
| 41N Q2N A3 N --- ON N

From Lemmas SB1 and SB2 it follows that if f(ul, ut rel) = 0 then cis a
production and consumption inefficient tax equilibrium and " # 0 and ¢* # 0 for all h
and ¢ # 0. Therefore, for every h there exists kp, such that “Zh # 0. We now apply Lemma

59 As seen above, the choice variables are bounded due to the compactness of the sets CI(X") and
VN CIU(Ng(g)) for all h and i)

Recall, A" is a symmetric matrix and hence has

w elements.
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~h
FRR with T' = 2, L' being the first set of equations in I',, and L? being the second set
~h
of equations in T'y. This implies that M; = N and My = N. ny = {a},...,a%} and
— h h h h
77,2 - {a17kh7 ey akh,kh’ ak}“kthl, e ,CLkmN}.
Vi L' = Vo U = Iy (A.43)

This implies that V,,, L! is full-row ranked and hence VL is full-row ranked.

Vn2L2 -
_ h h _ h h] _ h h _ h, h
Vaiikh [AhgP] Vaiéh,kh [APRD] Vazhﬁth[A 0 . VaZh,kHN[A K ]]
(R, 0 .0 ]
0 —Kp 0 0

= | sl —kb . -l =R . —RR
0 0 0 —Kp 0

0 0 ... 0 0 . =R

(A.44)
By elementary row and column operations, it can be show that V,,L? can be converted
into an Identity matrix, and hence is full-row ranked. Further, note that Vn1L2 = 0.
Hence, the conclusions of Lemma FRR can be employed to show that VL, which is the

~h
same as VI, is full-row ranked. B

Lemma SBPCIL.ii: P; M 0.

Proof: For every i # 0, Fi(y!, b}, b" B") = bi + fi(y") + b7y + y*T Biy?. This implies

that ‘ o 4 o
Vil"()=V,if'(y') + V' + B'y" and (A.45)
vyi’yiFZ() = vyijyifl(yz) + B,
where
X 7 7 b’L T
Lo bip by By .
o By bhy .. bhy g
B'=|biz bhy iy ... by | andbi=| ? (A.46)
E | by
Oy by D3y o Dy
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From Lemmas SB1 and SB2 it follows that if f‘(ul, ut e ) = 0 then ¢ is a

production and consumption inefficient tax equilibrium and " # 0 and ¢ # 0 for all A
and 7 # 0. Therefore, for every i # 0 there exists k; such that gb}% # 0. We now apply

Lemma FRR with T = 3, L!, L?, and L? being the first, second, and third sets of equations
in T'y. This implies that M; = 1, My = N, and Mz = N. n1 = {by}, no = {b, ..., biy},

and ng = {0 ..+, O p O pog1s > bp, ) Thus, My =1, My = |ng| and My = |ng|.
Vo, L = vbéFi = [1]. (A.47)
VinL? = Vi i F' = In. (A.48)

This implies that V,, L' and Vn2L2 are full-row ranked and hence VL! and VL? are
full-row ranked.

Vs L =
_Vbiki[B%i] _vb’;‘%ki[BiW'] —Vb;;iykﬁl[Biqﬁi] —VbziykﬁN[Bid)i]]
[—¢, 0 ... 0 T
0 ¢, - O
= | - ¢ .. = P - O
0 0 ... 0 —¢. ... 0
0 0 ... 0 0 ... =g

(A.49)
By elementary row and column operations, it can be show that V,,L3 is full-row

ranked, which will imply that VL? is full-row ranked. Further, note that Vy, £ = 0
for t € {1,2}. Hence, the conclusions of Lemma FRR can be employed to show that VL,

which is the same as Vf;, is full-row ranked. W

~0
Lemma SBPCL.iii: Fy M 0.

Proof: Follow exactly similar steps as in the proof of Lemma SBPCL.ii for defining func-
tions L! and L?, proving that VL' and VL? are full-row ranked. Note that Vi, L? is zero.

It thus follows from Lemma FRR that VL, which is equal to Vfg,, is full-row ranked. ®

Lemma SBPCLiv: f‘ﬂ h 0.
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Proof: Consider the following N x N submatrix of Vfﬂ

10 ... 0

~ 0 1 0
Von‘ﬂ = (A.50)

00 ... 1

Thus, Vyof‘ﬂ is full-row ranked. Hence, the matrix Vf‘ﬂ, which has N rows, is full-row
ranked. l

Lemma SBPCI.v: Pp,’Y h 0.

Proof: Note that for all ¢ # 0, The second set of functions in f‘p;y are independent of
¢t. We apply Lemma FRR with 7' = 2, L' and L? being the first and the second set
of functions in f‘p,fy. Hence, M' = I and M?2 = N — 1. Let ny = {#1,...,¢!} and

ng = {43, ..., qﬁ}v} Recalling our normalization p; = 1, we have
VL' =11 (A.51)
and
Vn2L2 = ’)/11']\7_2. (A52)

Thus, both V,,, L! and V,,, L? are full-tow ranked, and hence VL! and VL? are full-row
ranked. Further, since L? is independent of ny, we have V,, L? is zero. Conclusions of

Lemma FRR follow, and VL, which is equal to prgy, is full-row ranked. W

Lemma SBPCI.vi: PP)\,’!& M 0.

Proof: From Lemmas SB1 and SB2 it follows that if f‘(ul, .ut rel) = 0 then c is
a production and consumption inefficient tax equilibrium and &" # 0 and ¢' # 0 for all

h and ¢ # 0. Lemma SB3 implies that there exists i’ such that wh/ # 0. Pick a firm
i # 0. We will apply Lemma FRR. For this purpose 7' = 3 and we define L', L?, and L?

to be the first, second, and third set of functions in fp At respectively. Define the sets

ny = {9},...,«9{1 , Ny = {e?/,...,e%}, and n3 = {x1,...,xiT}. Then
Vi L' = —p"y'Th, (A.53)
Vo, L2 = " Ty, (A.54)
and
Vn3L3 == qle. (A55)
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Clearly, all the matrices above are full-row ranked.%! Hence, VL', VL%, and VL3 are
full-row ranked. Further, Vy, L*! = 0 for all t € {1,2}. Conclusions of Lemma FRR

follow, and V L, which is equal to f’p A is full-row ranked. B

Lemma SBPCLvii: T'r 0.

Proof: This follows from the fact that thfR =1forall h.®

Lemma SBPCl.viii: [y 0.

Proof: Consider the [H — 1] x [H — 1] submatrix of T'y obtained from the derivatives of
T, with respect to u?,...,u’. This is clearly the identity matrix Zz_;. Thus, VI, is
full-row ranked. l

Proof of Lemma SBPCI: We will employ Lemmas SBPCIL.i to SBPCI.viii and Lemma
FRR. Suppose f‘(ul, ..,utl 7 c,l) = 0. We prove that Vf‘(ul, out el is full-row
ranked. In order to apply Lemma FRR, let T'= H + [ + 6. Define

=T
0| s

L) =T ) 0)
LH+I+5() _ f‘R()

LH+I+6() — Fu()

Let ny = {a", A"} for h = 1,...,H, ny; = {b°, B'} for i # 0, ng741 = {09,0°, B},

/! !/
NH+I1+2 = {y0}7 NH+1+3 = {Qﬁ%’ cee 7¢Ia¢%a cee 7¢}V}7 NH4+T+4 = {‘911’ s 791H76? )t ‘76%77
ki ook ngares = {9}, andng 6 = {u?,...,u"}. Lemmas SBPCLi to SBPCI.viii

show that V,, L is full-row ranked for ¢ = 1,..., H+1+6. Further, it can be easily verified

61 Note that, for all ¢ # 0, given our regularity assumptions on the technology Y, in the construction of
our class of economies &, b can be picked so that the perturbations of the zerot” order derivatives of the
production functions can be restricted to those that imply that all private firms continue to make positive
profits in the new economies.
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that Vp, Li*1Vis zero for all t = 1,..., H + I 4+ 5. Conclusions of Lemma FRR follow, and
V L, which is equal to Vf‘, is full-row ranked. Hence, Chno. M

Proof of Theorem SBPC1: Let r € R and let @ = (a',...,al) € U(r) c U(r). We
show that there exists a set V, which is open in U(r) and contains @, such that V N U(r)
is homeomorphic to an open set in R7 1.

Since @ € U(r) € U(r), it follows that there exists (¢, 1) € C x R™ such that (¢,1) €
<>|I<>T(ﬂ2, ...,a"). From Assumption SB1 (b), this implies that there exists j € jﬂgwﬂH ()
such that gi,r@,,..,ﬁﬂ (@?,...,a") = (¢,1). Define the set V;QVWEH(?“) as in Theorem SB and
the set OZ,LQ’M’EH(T) as in Assumption SB1 (b).

From Lemma SBPCI and Remark SBPCI we have T, i 0 and f‘;l(()), which we
denote by I'(r), is a smooth manifold of dimension H — 1. (@?,...,a",¢,1) € T'(r). Hence
there exists an open set O in P(r) x C x R™ such that O N T(r) is diffeomorphic to an
open set in RE1,

Define 77 = VgZﬂH (r)x 0227_“@}, (r). As a Cartesian product of two open sets, Z7 is
open in P(r) xCx R™. As an intersection of two open sets, Z/NO is open in P(r) xC x R™.
Moreover, Assumption SB1 (b) implies that Z/ N O N T(r) = Gr(gljnﬁz’m’ﬁH) Nz’ no.
Define the homeomorphism ¢ as in Theorem SB. Define V := ¢(Z7 N O N T(r)). Then,
from Theorem SB, V' is an open subset of U(r).

Since I'(r) € T'(r), we have Z7NONT(r) C Gr(gjﬁ
Further, since I'(r) is a H — 1-dimensional manifold, we have Z/ N O NT(r) is a H — 1-
dimensional submanifold of Z/ NONT(r). Hence, ((Z? NONTL(r)) is a H — 1-dimensional
submanifold of V and, clearly, ((Z? NONT(r) =V NU(r). W
Proof of Lemma SBPE1l: We need to show that for all (r, (uh)hﬁ,c, [y € A, the

Jacobian VI:"(T, (uM) h+£1,C, 1) is full-row ranked.

=h =0 = = =
Claim 1. For all h, VT, VI'y, Vl’ﬂ, VI'r, and VI'y are full-row ranked: Proofs are the
same as in Lemmas SBPCIL.i, SBPCL.iii, SBPCIL.iv, SBPCIL.vii, and SBPCI.viii.

Claim 2. For all ¢ # 0, Vf‘; is full-row ranked: Lemma FRR can be applied with T' =

)NZIN0 =Z7Nn0oNT(r).

G52
,a4,...,a

3, L', L%, and L? being the first, second, and the third sets of equations in VI:‘; ny =
{th},n2 = {0'}, and ng = {u'}.
Claim 3. Vf‘q AV is full-row ranked: There exists i such that >, ¥"0" # 0 and since we

are not at a first-best, Lemma SB3 implies that there exists A such that " # 0. Without
loss of generality, assume that + = 1 and h = 1. We extract the submatrix of qu At
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obtained by differentiating f‘q At with respect to y!, el, Ii%, cee /{{{, and 0%, e ,0{{. With

no loss of generality assume N = 3 and H = 2. This yields the following matrix.

[V 1F a At v"ﬁ aAt v’ﬁ aA V1F a A V91F a At V02F a A (A.57)

0 X,Uter 0 0.0 0 0 0 Ylyp Py
0 0 St 0 0 00 0 0 Wyl yyl
0 0 0 g 0 0 0 0 0 0
0 0 0 0 ¢ O 0 0 0 0
0 0 0 Mo ot 0 0 0 =:J
0 0 0 o 0 0 ' 0 0 0
0 0 0 0 0 0 0 ol 0 0
—0ip1 —Oip2 —Olps 0 0 —q —@ —@¢ —py 0
| —2p —0?pe —6ps 0 0 0 0 0 0  —plyl]
(A.58)
Define a 10 x 9 matrix of perturbations Z, whose k" column has the structure
gl
dy}
dy%
dli%
k dr?
2¥ = e (A.59)
de;
de%
de%
do]
L db?
Define
TSR TN [ 0] 0]
1 0 0 0
ot 1 0 0
0 >, vher 1 0
0 0 q1 1
2t = 0 , 22 = 0 , 25 = 0/\1 , 2t = %1 , (A.60)
0 0 @yt 22
0 0 0 @t
0 0 0 0
0 0 0 0
0 0 | 0 | L 0 |

o1



Topology of utility possibility frontiers of economies with Ramsey taxation: Working paper version December 11, 2009

[ 0 1 [ 0 T [ 0 T
0 0 0
0 0 0
0 0 0
0 0 0
2° = a1 , 2= 0 , 2 = 0 : (A.61)
wl
0 =1 0
wl
1
0 0 or
_ q1 q1 o q1
d)lpTyl 1/)1pTy1 wlpTyl
i 0 i | 0 | | 0 ]
_ r 1 _ —p3 1 ]
dyt = S2dys W s
1 _ —¢'y 1 11
Ya pTyl Zh th@{L d91 dy% = Ty ;2 yf/)heif d@%
0 o
0 0
28 = 0 , and 2° = 0 (A.62)
0 0
0 0
0
0
1 —1
L 0 . L d@% = p;;1 i

Thus, JZ = Zgxg. Which implies that J is full-row ranked. In the general case, one can
define a 2(N + H) x (2N — 1 + 2H) matrix of perturbations Z and show that JZ is an

identity matrix of dimension 2N — 1 + 2H. This implies that Vf‘q At is full-row ranked.
Claim 4. VT, and Vf¢ are full-row ranked: True as fo‘* =Z(N-1)x(N-1) and V(¢i)i¢0f‘¢ =
IINXIN

Claim 5. T i 0: We apply Lemma FRR with T'= H + I 4+ 7. The functions L!,..., L7

H+1+2 H+3
, L L

correspond to T'y,..., T, L7+ corresponds to I’ y corresponds to F,B’

corresponds to f‘q A LH+4 corresponds to Tr, LH+® corresponds to Ty, LH+6 cor-
responds to f‘*, and LH+7 corresponds to f‘¢ Define n, = {a", A"}, Vh = 1,... H,

npgyi = {p' (0h), (b)i} for i # 0, ngyrp = {00,0°}, ngyre = {4°}, npyrgs =
{e' o, (WDh OO0}, nmrrra = {0} ngares = {u?,. 0}, ngyre = {p} and
NHL[+7 = {(¢i)z‘7é0}- Given Claims 1 to 4, it can be verified that these definitions satisfy
all the assumptions of Lemma FRR and the conclusions of the lemma follow.

Thus, VT is full-row ranked whenever f‘((uh)h#,r, ¢,l) = 0, that is, whenever
<T’, (uh>h5£1> ) l> cA N
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Proof of Lemma SBPE2: We need to show that for all (r, (uh)h#,c, Iy € B, the

Jacobian Vf(’/’, (u)pr1, ¢, 1) is full-row ranked.

=h =0 = = = =i = =
Claim 1. For all h, VIy, VI, Vl"ﬁ, VIR, VI4, VI, VI, and VI‘¢ are full-row

ranked: Proof is the same as in Lemmas SBPCIL.i, SBPCIL.iii, SBPCI.vii, and SBPCI.viii
and Claims 2 and 4 in the proof of Lemma SBPE.1 above.

Claim 2. Vf‘ A\ is full-row ranked: Since, we are not at a first-best, Lemma SB3 implies

that there exists h’ such that whl # 0. We apply Lemma FFR. Let T' = 4 and define the
functions L', L2, L3 and L* to be the first, second, third, and fourth set of functions in

I_‘Q)\AZ" Define ny = {et}, ng = {kl,....kl}, n3={e3,....ell}, and ny = {0},,...,0} }.
It can be verified easily that these choices will satisfy all the assumptions in Lemma FRR

and the conclusions of the this lemma will follow.

Claim 3. VT is full-row ranked: Lemma FRR can be applied, with 7= H4+I1+7. L' to L¥
=1 =H . =i
correspond to functions T' to T, | respectively, L+ for i # 0 corresponds to ry, LA+

=0 = =
to L¥HHT correspond to , Ty, L Tr, T\ > Fu, T, and Ty, respectively. Define ny, =

{ah,Ah} for h = 1, ceey H, N+ = {ﬁ, (b%,bl)wgo} for ¢ 75 0, NH+I14+1 = {bg,bo}, NH+14+2 =

/ /
{yo}a NH+I+3 = {wh}a NH+I+4 = {617’%%7 . '7/{/{[76%7 e 76{{79? ). 0][1 }7 NH+I+5 =

{u?, .. uf}, npgiree = {p}, and npiryr = {(¢)izo}. It can be verified that all the
assumptions of Lemma FRR hold for these choices. Hence, conclusions of the lemma

follow and VL, which is the same as Vf‘, is full-row ranked. W
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