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Abstract

We evaluate the ability of the Lucas [25] tree and the Alvarez-Jermann [3] models, both with
homogeneous as well as heterogeneous beliefs, to generate a time series of excess returns that
displays both short-term momentum and long-term reversal, i.e., positive autocorrelation in the
short-run and negative autocorrelation in the long-run. Our analysis is based on a methodological
contribution that consists in (i) a recursive characterisation of the set of constrained Pareto
optimal allocations in economies with limited enforceability and belief heterogeneity and (ii)
an alternative decentralisation of these allocations as competitive equilibria with endogenous
borrowing constraints. We calibrate the model to U.S. data as in Alvarez and Jermann [4]. We
find that only the Alvarez-Jermann model with heterogeneous beliefs delivers autocorrelations

that not only have the correct sign but are also of magnitude similar to the US data.
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1 Introduction

Over the last several years, a large volume of empirical work has documented that excess returns
in the stock market appear to exhibit short-term momentum, that is positive autocorrelation, in the
short to medium run and long-term reversal, that is negative autocorrelation, in the long run (see
Moskowitz et al [26], Poterba and Summers [29] and Lo and MacKinlay [24]).

There is a tendency to interpret these properties of excess returns as a rejection of standard models
of asset pricing and so they are known as financial markets anomalies.! Although this interpretation
might be correct, it is not apparent why standard models of asset pricing cannot generate the pattern
of autocorrelations found in the data.

In this paper we evaluate the ability of two standard general equilibrium asset pricing models
to generate a time series of excess returns that display both short-term momentum and long-term
reversal. We consider both an economy without frictions, the Lucas [25] tree model adapted to allow
for stochastic growth as in Mehra and Prescott [27], as well as an economy where credit frictions arise
due to limited enforceability, the Alvarez-Jermann [3] model. For each of them we analyse both the
case of homogeneous and heterogeneous beliefs. We say that a model’s predictions are qualitatively
accurate if the sign of the predicted autocorrelations coincide with that of their empirical counterparts
for some preferences parameters. We say that a model’s predictions are quantitatively accurate if its
predicted autocorrelations are both of the same sign and order of magnitude as in the data when
one sets the discount rate and coefficient of risk aversion to match the average annual risk-free rate
of 0.8% and equity premium of 6.18%. We calibrate the stochastic process of individual income and
aggregate growth rates of a two-agent economy to aggregate and US household data as in Alvarez
and Jermann [4]. For each case, we first ask whether its predictions are qualitatively accurate. If the
answer is positive, we study whether the model’s predictions are quantitatively accurate as well.

The autocorrelation of excess returns is zero when the expectations are computed using the so-
called equivalent martingale measure or, as we call it, the market belief. Yet, as it has been noticed
long time ago, the empirical excess returns could be autocorrelated.? This is because (i) the empirical
autocorrelations converge to the autocorrelations computed with respect to the true probability mea-
sure and (ii) the market belief, typically, differs from the true probability measure.® Loosely speaking,
short-term momentum and long-term reversal occurs if the conditional equity premium is pro-cyclical
in the short-run but counter-cyclical in the long-run.

We consider a pure exchange economy where the state of nature follows a finite first-order time
homogeneous Markov process. There is a finite number of infinitely-lived agents who are subjective

utility maximisers and have heterogeneous beliefs regarding the transition probability matrix.*

IFama and French [18] suggest this interpretation as a logical possibility, while Poterba and Summers [29] argue that

these properties of excess returns should be attributed to "price fads."
2See Leroy [23] or Lucas [25], for example.
3Note that (ii) is true even if some agents have correct beliefs because the market belief adjusts the true probability

to take into account the effect of time and risk on the marginal valuation of future consumption.
40ur framework is general enough to accommodate bounded or unbounded aggregate growth and priors with and



We first consider the Lucas tree model and its competitive equilibria (CE), i.e. full risk sharing
equilibria. Under some mild assumptions, CE prices and excess returns converge to those of an
economy where only agents with correct beliefs have positive wealth (see Sandroni [31] and Blume
and Easley [10]). Thus, we restrict attention to the case where everybody has correct beliefs.® We find
that the predictions of the Lucas model are qualitatively accurate, its failure is only of a quantitative
nature. Indeed, the autocorrelations are of an order of magnitude smaller than in the data.

Next we consider competitive equilibria with solvency constraints (CESC) that prevent agents to
attain full risk sharing, an equilibrium concept very close to the one used in Alvarez and Jermann
[3]. Following Alvarez and Jermann [3] and Kehoe and Levine [20], we say that an allocation is
enforceable if agents would at no time be better off reverting permanently to autarky. We say that an
allocation is constrained Pareto optimal (CPO) if it is optimal within the set of enforceable allocations.
Our analysis of CESC allocations is based on a methodological contribution that complements the
techniques developed by Spear and Srivastava [32] and Abreu et al [2]. Indeed, we first provide a
complete recursive characterisation of the set of constrained Pareto optimal allocations and a version
of the principle of optimality for these economies. We also show how to decentralise a CPO allocation
as a CESC using a suitable adaptation of the methodology that Beker and Espino [5] develop to
decentralise a Pareto optimal allocation of an economy with belief heterogeneity as a CE.

When both agents have homogeneous beliefs, i.e. the Alvarez and Jermann [3] model, the pre-
dictions are qualitatively accurate. However, they are not quantitative accurate and the failure is
even starker than that of the Lucas model since not even the signs are correct. The different quan-
titative predictions of the Lucas and Alvarez and Jermann models arise because the calibrated labor
income shocks display counter-cyclical cross-sectional variance, as Krueger and Lustig [22] point out.
In particular, this counter-cyclical property of the labor income shocks makes the conditional equity
premium counter-cyclical in the short-run as in Chien and Lustig [16].

To assess the impact of belief heterogeneity on CESC, we assume agent 1 has correct beliefs and
agent 2 has dogmatic beliefs that are pessimistic about the persistency of the expansion state and
correct otherwise. The presence of solvency constraints ensures that the consumption of every agent
is bounded away from zero, i.e. both agents survive. We set the beliefs of the pessimistic agent so
that the time series of returns matches the historical short-term momentum and we found that the
model does a very good job explaining long-term reversal as well.

The main lesson is that if one insists in that some agents must eventually have correct beliefs,
then perpetual pessimism, belief heterogeneity and limited enforceability are three ingredients that
together give a quantitative explanation for short-term momentum and long-term reversal in a general
equilibrium setting. Pessimism makes the market more pessimistic at expansions than at recessions
which makes the conditional equity premium pro-cyclical in the short-run. This is the main driving
force to explain both short-term momentum and long-term reversal. Belief heterogeneity and limited

enforceability make the welfare weights change as time and uncertainty unfold and so it increases

without the true transition matrix in its support. If some agent has the truth in his prior’s support but others do not,

belief heterogeneity does not vanish.
5Note that since we are interested in asymptotic results, this restriction is without loss in generality



the volatility of the stochastic discount factor. This excess volatility does not vanish because limited
enforceability makes the pessimistic agent survive. Consequently, the average equity premium can be
matched for levels of risk aversion more moderate than those that would be necessary in an otherwise
identical economy without limited enforceability or belief heterogeneity.

We are not the first to use pessimism to explain asset pricing puzzles in general equilibrium.
However, most of the previous papers are representative agent models. Abel [1], assumes the belief of
the representative agent is characterised by pessimism and doubt and he shows that these effects reduce
the risk-free rate and increase the equity premium. Cogley and Sargent [13] focus on the quantitative
effects of pessimism on the equity premium. However, neither of these authors tackle the effect of
pessimism on the autocorrelations of excess returns. Cecchetti et al [12] explain several anomalies,
including long-term reversal, but they are silent about short-term momentum. Our approach differs
from theirs in one important aspect. In their model the stochastic discount factor has a non stationary
behaviour because they assume not only that the representative agent is pessimist but also that she
believes the endowment growth follows a peculiar non-stationary process. In our model, instead,
the agents correctly believe the true process is stationary while the non stationary behaviour of the
stochastic discount factor arises endogenously due to changes in the wealth distribution.

Cogley and Sargent [14] combine both pessimism and belief heterogeneity but they focus only on
their effect on the market price of risk on a finite sample. Although the pessimistic agent ends up
learning, they show that, for a plausible calibration of their model, it takes a long time for the effect
of large pessimism on CE asset prices to be erased unless the agents with correct beliefs own a large
fraction of the initial wealth.

Finally, Cao [11] and Cogley et al [15] also combine the same three ingredients to study the
dynamics of asset prices. Cao focuses on survival and excess volatility of asset prices. Cogley et al
focus on the wealth dynamics of a bond economy when solvency constraints are exogenously given
and proportional to the agents’ income.

This paper is organised as follows. Section 2, describes the model. Our methodological contribu-
tion is introduced in sections 3 and 4. Section 5 provides a statistical and economic characterisation
of short-term momentum and long-term reversal. In section 6, we evaluate the ability of CE and
CESC allocations to generate short-term momentum and long-term reversal. Section ?? provides a

final discussion. Proofs are gathered in the Appendix.

2 The Model

We consider a one-good infinite horizon pure exchange stochastic economy. In this section we establish

the basic notation and describe the main assumptions.

2.1 The Environment

Time is discrete and indexed by ¢ = 0,1,2,.... The set of possible states of nature is S = {1, ..., K}.

The state of nature at date zero is known and denoted by sy € S. The set of partial histories up to date



t > 1, St is the t—Cartesian product of S with typical element s* = (s, ..., 8¢). S is the set of infinite
sequences of the states of nature and s = (s1, $2,---), called a path, is a typical element. For every
partial history s’, t > 1, a cylinder with base on s’ is the set C(s*) = {5 € S : 5 = (s, 541,--)}
of all paths whose ¢ initial elements coincide with st. Let F; be the o-algebra that consists of all
finite unions of the sets C(s!). The o-algebras F; define a filtration Fy C ... C F; C ... C F where
Fo = {0, 5>} is the trivial c—algebra and F is the o-algebra generated by the algebra | J,-, F;.

Let AK=! be the K — 1 dimensional unit simplex in €. We say that 7 : S x S — [0,1] is
a transition probability matrix if 7(-|¢) € AK=! for all £ € S. If {s;} follows a first-order time-
homogeneous Markov process with a K x K transition probability matrix 7, then P™ denotes the
probability measure on (5>, F) uniquely induced by 7. Let II¥ denote the set of K x K transition
probability matrices and Hf 4 be the subset consisting of all K x K transitions probability matrices
with strictly positive entries. B (HK ) are the corresponding Borel sets and P(IT¥) is the set of
probability measures on (HK B (HK )) The following assumption will be used for the characterisation
of the dynamics in Sections 5-6 where we need to be explicit about the true data generating process

(henceforth, dgp).
A.0 The true dgp is given by P™ for some 7* € H§+~

Definition. A state of nature £ is strongly persistent if 7 (£|€) > ¢* (€), where ¥* is the invariant

distribution assoctated with w*

2.2 The Economy

There is a single perishable consumption good every period. The economy is populated by I (types
of) infinitely-lived agents where i € Z = {1,...,I} denotes an agent’s name. A consumption plan
is a sequence {c;}2, such that ¢g € Ry and ¢; : S — Ry is Fy—measurable for all ¢ > 1 and

SUp (¢ €t (8) < 00. Given sp, the agent’s consumption set, C(so), is the set of all consumption plans.

2.2.1 Beliefs

P; is the probability measure on (S°°, F) that represents agent i’s prior. Throughout this paper, we
assume that each agent i assigns positive probability to every partial history st, i.e., P;(C(s')) > 0
for all s*. We say that agent i believes the dgp consists of draws from a (fixed) transition probability

matrix if for every event A € F
Pe(A) = [P A) o ).
K

where ;0 € P(ITIX) is agent i’s belief over the unknown transition probability matrix. Let uo =

(1,05 -+, f1,0) denote the collection of beliefs of the agents at date zero.

A1 Agent i believes the true dgp consists of draws from a transition probability matrix and either
a. {; 0 has countable support.
b. ;0 has density f; o with respect to Lebesgue that is continuous.



Assumption A1 implies that posterior beliefs depend on the history only through the prior. Indeed,

Bayes’ rule implies that beliefs evolve according to

_ fD 7T(St+1 |3t) i st (dﬂ-)
Jiixe T(Seq1 I8¢) pa st (dmr)

i st+1 (D) for any D € B(ITX), (1)

where p; o0 = p;,0 is given at date 0.

The following assumptions when coupled with A1, impose more structure on the agent’s prior.%

A2 Agent ¢ has the true transition probability matrix in the support of her prior. That is, either
a. ;0 (m*) > 0 if p; 0 has countable support.
b. fio () > 0if p; 0 has density f; o with respect to Lebesgue.

We say that agent i is dogmatic if his belief is a point mass probability measure on some 7; € IT1¥,
ie, ul* : B(IIX) — [0,1] is given by
1 ifm, eB

pi' (B) =
0 otherwise.

Agents with dogmatic beliefs satisfy A.1 but they satisfy A.2 only if m; = 7*. Let 7 = (7q, ..., 71)
and p™ = (p7',...,7"). The following assumption defines a large class of heterogeneous dogmatic

beliefs that we use In Proposition 4.

fata £F w1 (E°]€7) mi(£7]ET) sk
A3 There exists £* € S such that N GIERE N GaTD) # 1 for some £** € S.

2.2.2 Preferences

Agents’ preferences over consumption plans have a subjective expected utility representation that

is time separable, i.e., for every ¢; € C(sg) her preferences are represented by

oo
Uli(c;) = B (Z Pit ui(ci,t)> J
t=0

where u; : R — {—oco} UR is continuously differentiable, strictly increasing, strictly concave and

lin% 8”577(;@) = +o00 and p;; is agent i’s multi-period stochastic discount factor recursively defined by
T—

pit+1(8) = B(st, pi,st)pie(s) for all ¢ and s,

where p;o(sg) € (0,1) is given and B(&,-) : P(IT¥) — (0,1) is continuous for all ¢ and uniformly
bounded above by 8 € (0,1).7-8 If agent i has dogmatic beliefs, we write 3;(¢) = B(&, u") for all &.

2.3 Feasibility, Enforceability and Constrained Optimality

Agent i’s endowment at date ¢ is a time-homogeneous function of the current state of nature that we
denote by y;(£) > 0 for all £. The aggregate endowment is denoted by y(&) = Zf:l yi(§) <Y < o0
Let y;: (s) = yi (s¢) and y¢ (s) = y(sy).

6We adopt the convention of writing u; ({7*}) as p; (7*).
"We allow for utility functions unbounded from below.
8In the standard case where 3(&, ) = B for all £, p; +(s) = B¢ for all t > 1 and s.



Given a consumption plan ¢; € C(sp), the agent’s utility from the consumption plan can be

recursively defined as

Ui(ci)(s") = ui(ei(s')) + B(st, i st) Z Thy ot (€ [s¢)Ui(ei)(s',€') for all t and ',

¢
where 7, (£ [s¢) = J (€ |s¢) pi(st ey (dm) where pi; (g1 ¢ry is obtained from pi; o+ using (1). When ¢;
is the endowment of agent i, we simply write U;(sq, i1, 5¢) to make clear that the utility attained from
consuming the individual endowment forever can be expressed as a function only of s; and p; .

Let Y (so) be the set of feasible allocations. Given (so, o), a feasible allocation {cl-}iI:1 is enforce-
able if U;(c;)(s') > Ui(st, pist) for all ¢, st and i. Let Y (so, o) C Y (so) be the set of enforceable
allocations. A feasible allocation {ci}f:1 is Pareto optimal (PO) if there is no alternative feasi-
ble allocation {Ei}le € Y (so) such that U (¢;) > U (¢;) for all i. An enforceable allocation
{ci}le is constrained Pareto optimal (CPO) given (s, uo) if there is no other enforceable allocation
{61»};:1 € Y (s0, o) such that U (&) > Ul (c;) for all i.

Given (so, lg), define the wtility possibility correspondence by

U(so,po) ={a € R : 3 {e;}i_, €Y (s0), & < U (c;) Vi),

and the enforceable utility possibility correspondence by
UF (s, o) = {u e R! : 3 {Ci}le € Y¥(s0, o), Uilso, o) < @i < U (e;) Vil

Given (sg, po), the set of CPO allocations can be characterised as the solution to the following

Pl . . I .
planner’s problem with welfare weights o € R :

I
v* (80, @, fio) = sup Zai EF (Z Pit ui(ci7t)> - (2)
t

{ei}l_1€Y B (s0,m0) =1

It is straightforward to prove that (2) can be rewritten as

I
v*(s0, @, 1) = sup Z o Uy (3)

@ € UB(s0,0) -1

The maximum is attained since the objective function is continuous and the constraint set is compact.

2.3.1 An Economy with Aggregate Growth
Let g: S — Ry and ¢; : S — (0,1) denote the (stochastic) growth rate and income share of agent 4,
respectively. Then,

yi(s) = g(st) yi—1(s) and y; 1(s) = €;(se) yi(s) for all 4, t and s. (4)
Definition. An economy where the aggregate endowment satisfies (4), the discount factor is non-

stochastic and preferences display constant relative risk aversion is called a growth economy. A baseline

growth economy is a growth economy where I =2, K =4, g(1) =g (3) and g(2) = g (4).

Our specification of the discount factor let us accommodate growth as in Alvarez and Jermann [3].

Indeed, we now argue that the set of enforceable allocations of a growth economy can be characterised



by studying the set of enforceable allocations of an economy with constant aggregate endowment and
an stochastic discount factor.

Let € ¢ (s) = ¢t (8) /y (8), Uie(8) = yit(s)/ye(s) = €i(sy) for all 4, s and ¢t. Notice that g;(s) =
Zle Uit(s) =1 for all s and ¢. Then,

~

Us(@)(s) = wi(@4(s)) + B(st, i,st) Z Ty o0 (€ 15:)U; (@) (s", ¢) for all ¢ and s,

f/
where

% (fl |S ) — 7rl‘i75t (EI |5t )g(é’/)l,(’_
P st t Zé Ty ot (g ‘St )g(é)l—a

As in Mehra and Prescott [27], expected utility is well defined if

and B(Staui,st = Zﬂu,g "|se)g(€) 7.

sup Zmﬁlé &)<l (5)

Let ¢; = {Git},o, for all i and § = {5}, We define the normalised stationary economy

€T
Finally, {ci}le is an enforceable allocation in the growth economy iff {Ei}le is an enforceable

associated to the growth economy by (ﬂ, {@7 ﬁl}

allocation in the normalised stationary economy. Also, the preference orderings are identical in the

two corresponding economies and the discount factor is stochastic if and only if the growth rate is.

3 A Recursive Approach to CPO

In this section, we provide the recursive characterisation of the set of CPO allocations and a version

of the Principle of Optimality for economies with heterogeneous beliefs and limited enforceability.

3.1 The Recursive Planner’s Problem

In Appendix A we show that v* : S x RE x P(II) — R solves the functional equation’

v = x> I i wile) +5(f,l~ti);7ﬂu(§/ €) wi(€) ¢, (6)
subject to
@20, Y =y, (7)
wi(ei) + B ) D, i (€11€) wi€)) = Uil&, pa), (®)
wj(€) = Ui i m)(§))  forall €, (9)
i 0766600 = 01, wi(€)] 2 0 or it ¢ (10)

9In section 3.1 we abuse notation and let ¢ to be a non-negative vector and ¢; its it” component.



where

Jp (€ 1€) pi (dr)
J(&1€) pi (dr)

(& m)(€) = (r (6 )€ (€ r)(E1)),

15(&, 1) (€) (D) for any D € B(ITX),

and o/(¢’) is the solution to problem (10) for state of nature &'
In the recursive dynamic program defined by (6) - (10), the current state of nature, £, captures the

impact of changes in aggregate output while (o, 1) summarises and isolates the history dependence
J (€ 1€ (€ (&) (dm)
S (€1€) )y (&, m) (&) (dr)
and limited enforceability.'® The planner takes as given (£, a, u) and allocates current consumption

introduced by the B-margin of heterogeneity, , introduced by Beker and Espino [5]
and continuation utility levels among agents. The optimisation problem defined in condition (10)
characterises the set of continuation utility levels attainable at (&', ' (€, 1) (£')) (see Lemma A.1 in
Appendix A).'! The weights o/ (&, a, i)(¢') that attain the minimum in (10) are the weights that
support next period allocation.

Any (c,w’, o') that satisfies (7) - (10) will be referred as a set of policy functions. Given (sg, g, o),

we say the policy functions (c, o) generate an allocation {c;};, € C(so)! if

ci,t(s) = ci(staat(s))a
ap1(s) = a/(smat(s)aust)(stﬂ),
Mg st+1 = ,U;(Sta,ui,s‘)(St-i-l)a

for all 4, ¢ > 0 and s € S°°, where ag(s) = ag and 1; 50 = pi .
It follows by standard arguments that the corresponding optimal consumption policy function,

¢i(&, ), is the unique solution to
oup\ " a; Oui(c (€, a
& a)+) <8c:) (ah (ag))) =y().

-1
where (g%f) denotes the inverse of the function %}h.
The following Theorem states our version of the Principle of Optimality. It shows that there is a
one-to-one mapping between the set of CPO allocations and the allocations generated by the optimal

policy functions solving (6) - (10).

Theorem 1. An allocation (c})!_; is CPO given (&, a,p) if and only if it is generated by the set of
policy functions solving (6) - (10).

10To be more precise, Beker and Espino define the B-margin as the ratio of the priors about the states of nature in

the following t periods while here it is the ratio of the priors about the realisations of next period state of nature.
1 To understand condition (10) notice that the utility possibility correspondence is convex, compact and contains its

corresponding frontier. The frontier of a convex set can always be parameterised by supporting hyperplanes. Thus, a
utility level vector w is in the utility possibility correspondence if and only if for every welfare weight « the hyperplane
parameterised by « and passing through w, aw, lies below the hyperplane generated by the utility levels attained by
the CPO allocation corresponding to that welfare weight «, attaining the value v(&, o, ). This is why we must have

ow < v(€, a, p) for all a or, equivalently, ming [v(¢, &, pu) — aw] > 0.



Given a_; € Rfl, define

(& p)(a—i) = minqa; € Ry 2 us(es (€, (i i) + B(E, i) D T (€16) wi, (e, aa), w)(€) = Ui(§, 1)
i o
where ¢; (¢, ) and w}(€, (a;,a_;), u)(€') are the maximisers in problem (6) - (10). For I = 2, we
simply write a; (£, 1) and a,(&, p).
The following Proposition shows that constraint (8) can be ignored by restricting the welfare

weights to lie in A(&, p) = {a € A7y > (&, p)(a_;) for all i}.12

Proposition 2. Let (&,p) € S x P(IX). (i) If « € A(&, ), then constraint (8) does not bind at any
solution to (6) - (10). (i) If o ¢ A(E, ), then there exists some & € A(&, u) such that c(§, ) = ¢(&,a).

The (normalised optimal) law of motion for the welfare weights, o ., (€, o, 1)(§'), follows from
the first order conditions with respect to the continuation utility levels for each individual. In the

two-agent case, the CPO law of motion for agent 1's welfare weight is

Ql(glau) if O/l,po(§7a7u)(§/) < Ql(glaﬂ)
A epol§s s 1) (€)= ¢ 1 —ay(¢,p) if & po(§s 1) (€) > 1 —ay(&', )
0 (€0 )(€')  otherwise

where

ar [ (& 1§)m (& p) () (dr)
ay [ 7 1E)pi (& p) (&) (dr) + az [ m(&[€) (§7) pa (&, 1) (drr)

A po(§ 1) (€) =

is the PO law of motion for agent 1’s welfare weight that depends only on the extent to which beliefs
are heterogeneous as captured by the B-margin. The CPO law of motion for agent 1’s welfare weight,
instead, combines two effects: belief heterogeneity and limited enforceability. To understand the
impact of each effect we discuss them in isolation. If beliefs are heterogeneous but enforceability is
perfect, the CPO law of motion for agent 1’s welfare weight becomes the PO law of motion. Therefore,
the changes in agent 1’s welfare weight are purely driven by changes in the B-margin. If beliefs are
homogeneous and enforceability is imperfect, the case analysed by Alvarez and Jermann [3], the CPO
law of motion requires the next period welfare weight to be equal to the current one unless that conflicts
with the need to provide incentives to avoid the agent to revert to autarky, i.e. there is some state of
nature for which the current welfare weight does not lie in the interval defined by the corresponding
minimum enforceable weights. Therefore, the changes in agent 1’s welfare weights are purely driven
by the need to satisfy enforceability. If agents have heterogeneous beliefs and enforceability is limited,
both effects might interact. Consequently, changes in agent 1’s welfare weight are driven by the

B-margin unless that conflicts with enforceability.

3.1.1 Discussion

There are at least two alternative approaches to solve recursively the problem defined by (3). To

simplify the exposition we assume there are only two agents. The first alternative was developed by

12The proof of Proposition 2 is included in the supplementary material.



Thomas and Worral [35] and Kocherlakota [21].13 Instead of using welfare weights to parameterised
the allocations, the planner chooses current feasible consumption and continuation utilities for both
agents in order to maximise agent 1’s utility subject to three restrictions: (i) agent 2’s utility is above
some pre-specified level, (ii) feasible allocations are period-by-period enforceable and (iii) continuation
utility levels lie in the next period utility possibility correspondence. Very importantly, these last two
conditions imply that the value function defines the constraint set. The second alternative, developed
in Beker and Espino [5], studies directly the operator defined by (6) - (10).

Since both approaches use the value function to define the constraint set, it is not clear that any
of the associated operators satisfies Blackwell’s discounting (sufficient) condition for a contraction.
When enforceability constraints are ignored, Beker and Espino [5] show that discounting is satisfied
if the operator is properly restricted. With enforceability constraints, however, their approach cannot
be applied. The difficulty can be explained as follows. For any function v that defines the constraint
set, there might be some positive constant, a > 0 such that v + a enlarges the feasible set of choices of
continuation utilities with respect to v. Although v 4 a is still an affine linear transformation of v, it
gives some room to deal with enforceability and that conflicts with discounting. As a matter of fact,
uniqueness is not satisfied since the function f(&, o, ) = 21‘1:1 ;U (€, ;) is also a fixed point of the
operator defined by (6) - (10).

Our strategy relates to the seminal idea pioneered by Abreu, Pearce and Stacchetti [2] (discussed
in Alvarez and Jermann [4] in a setting with limited enforceability). They construct an operator
that iterates directly on the utility possibility correspondence and then the value function (and the
corresponding optimal policy functions) are recovered from the frontier of the fixed point of that
operator. Our approach follows their idea but it iterates directly on the utility possibility frontier
parameterised by welfare weights. To implement this strategy, it is key that the utility possibility
correspondence is convex-valued, a property that is not assumed in Abreu, Pearce and Stacchetti [2]

since they are interested in non-convex problems.'*

3.2 Computation

For many purposes it is important to have an algorithm capable of finding the value function v*. Let
¥ be the value function solving the recursive problem when the enforceability constraints are ignored

(see Beker and Espino [5]). Evidently, v*(&, o, u) < 0(, v, ) for all (€, e, ).

Proposition 3. Let vg = 0 and v, =T (v,—1) for all n > 1. Then, {v,} is a monotone decreasing

sequence and lim,, o v, = v*.

13Thomas and Worral [35] study the efficient distribution of risk between a risk-neutral firm and a risk-averse worker
in a partial equilibrium setting without commitment. This simplified framework let them describe the Pareto frontier
recursively. Kocherlakota [21] consider a general equilibrium setting and claims that their same technique can be applied

to his problem.
14 They study bang-bang solutions for problems where non-convexities arise due to incentive compatibility constraints.
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3.3 The Welfare Weights Dynamic with Dogmatic Beliefs

In this section we assume there are two agents who have dogmatic beliefs. Q = {(£,a) € S x Al :
a € A(E, u™)} is the state space and G its o—algebra. For t > 0, Q! is the t—cartesian product of
Q with typical element w® = (&, ag, ..., &, ) and Q> = Q x Q x ... is the infinite product of the
state space with typical element w = (wo,w1,...). G_1 = {&,Q>} is the trivial c—algebra, G; is the
o—algebra that consists of all the cylinder sets of length ¢. The oc—algebras G; define a filtration
G 1CGyC...CG C...CG*>®, where G =G x Gx... is the o—algebra on Q.

/

cpor coupled with 7% define a time-homogeneous

The law of motion for the welfare weights, «

transition function on the states of nature and the welfare weights, Fp, :  x G — [0, 1], given by

Fopo [(6,0),8 x Al = > (€ |€) for all (S x A)eg
€1€S, al,, (E.)(E)eA
The transition function Fi,, together with a probability measure ¢ on (€2, G) induces a unique prob-
ability measure PFero (1),-) on (2°°,G%°). We define the operator T* on the space of probability

measures on (£2,G) as
T (S, A) = /Fcpo ((£,0),8 x A)dip for all (Sx A)€G

We use standard arguments to show that T* has a unique invariant measure on (£2,G) and that the

distribution of states converges weakly to that measure.

Proposition 4. Suppose I =2 and A.0, A1 and A8 holds for both agents. Then there exists a unique

invariant measure Yepo : G — [0,1]. Moreover, 1cp, s globally stable and non-degenerate.

Actually, Beker and Espino [6] show that CPO allocations are never PO for a large class of het-
erogeneous priors in any two-agent economy. Moreover, our numerical simulations led us to conjecture

that, typically, the support of the invariant distribution has a finite number of points.

4 Competitive Equilibrium with Solvency Constraints

In this section we define a competitive equilibrium with solvency constraints (CESC). In Section
4.1 we show that CPO allocations can be decentralised as CESC and study the determinants of the
financial wealth distribution. In section 4.2 we study the limit distribution of wealth and consumption
in a CESC.

Every period ¢, after observing s, agents trade both the consumption good and a complete set
of Arrow securities in competitive markets. Security & issued at date ¢ pays one unit of consumption
if next period’s state of nature is & and 0 otherwise. We denote by qf/ (s) and afjt(s) the price of
Arrow security & and agent i’s asset holdings, respectively, at date ¢ on path s. Let afj_l = 0 for all
&, ai = (a},t, ey aft) and a; = {a;1-1}i2, for all 4. Prices are in units of the date—¢ consumption
good and a price system is given by ¢ = {qtl, s @F }zo' Agent i faces a state contingent solvency

constraint, Bf,t (s), that limits security &' holdings at date ¢ and B; = { B}, ..., B, toio for all i.
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Given q and By, agent i’s problem is

o0
max ED <Z Pit uz(czt)>

(ciraq) =0

. cie(s) + 2 e qf/ (s) af:t(s) =yi(s¢) +aj,_1(s) for alls and t.
s.t. s ,
cit(s) >0, aj,—1 =0, af’t(s) > Bit(s) for all ¢, s and t.

Markets clear if
Zle cit(s) =wy(s;) forallsandt.

Zle ai/t(s) =0 for all ¢, s and t.

Definition. A competitive equilibrium with solvency constraints (CESC) is an allocation {c;}icz,
portfolios {a;}icz, a price system q and solvency constraints {B;}iez such that:

(CESC 1) Given q and B, (c;,a;) solves agent i’s problem for all i.

(CESC 2) Markets clear.

Of course, a CESC need not be CPO (see Bloise et al [9]). In what follows, however, when we
refer to CESC we always mean a CESC that is CPO. A Competitive Equilibrium (CE, hereafter) is
a CESC in which the corresponding allocation is PO.

4.1 Decentralisation

Now we study the determinants of the financial wealth distribution that supports a CESC allocation.
First, we construct recursively the date zero-transfers needed to decentralise a CPO allocation as a
time invariant function of the states (&, a, ). Afterwards, we employ a properly adapted version of
the Negishi’s approach to pin down the CPO allocation that can be decentralised as a CESC with
zero transfers.

We begin defining A; (£, a, 1) as the solution to the functional equation
Az(gv «, /’(‘) = Ci(§7 CY) - yl(g) + Z Q(Ea a, M)(fl) Ai(fla O/a ,U//)7 (11)
5/

where

Q€. ) (€) = mpx { 56, ) m (¢ f6) PLEOTEIEN 00 |

dup(cn (€, ) /dep
Expression (11) computes recursively the present discounted value of agent i’s excess demand at the
CPO allocation priced by the implicit state price Q(&, o, ) (€'). Let R (€, a, ) = (ZE’ Q& a, u)(§'))

be the (implicit) risk-free interest rate

Definition. We say that a CPO allocation generates positive risk-free interest rates if R¥ (€, o, i) > 1
for all (&, o, ).

Proposition 5 shows that positive risk-free interest rates guarantees that A; is well-defined and

there exist a welfare weight o such that A; is zero for every i. The allocation parameterised by «y is

12



the natural candidate to be decentralised as a CESC.1®

Proposition 5. Suppose Al holds for all agents. If the CPO allocation generates positive risk-free
interest rates, there is a unique continuous function A; solving (11). Moreover, for each (s, o) there

exists ag = a(so, o) € Ri such that A;(so, o, o) = 0 for all i.

We follow the Negishi’s approach to decentralise the CPO allocation parameterised by o as a
CESC. For each s, t and £, we define recursively

aSy(s) = Ay (€, alpo(50u(s), ier) (€) s pgstery) (12)
@ (5) = Q(s0,04(s), pet)(€) (13)
Bf,/t(s) = Al (6/7 a::po(sfw at(s)nu’st) (6/) 7:“/(5‘,6’)) ; (14)

with ;-1 = po and o for ¢t > 1 is generated by ai,, and ag = a(so, fio)-

In a decentralised competitive setting with sequential trading, A;(s¢, ar(s), ust) can be interpreted
as the financial wealth that agent i needs at date ¢ on path s to afford the consumption bundle cor-
responding to the CPO allocation parameterised by a:(s) given (sq, ust) (see Espino and Hintermaier

[17] for further discussion).!6

Theorem 6. Suppose that A1 holds for all agents. If the CPO allocation parameterised by ay =
a(so, o) generates positive risk-free interest rates, then it can be decentralised as a CESC with port-

folios {a;}icr, price system q and solvency constraints {B;}icr defined by (12)-(14).

4.2 The Limiting Distribution of Wealth and Consumption

Theorem 6 shows that the dynamics of the individuals’ wealth and consumption in a CESC allocation
is driven by the dynamic of the welfare weights. Proposition 4 shows that welfare weights have a

non-degenerate limiting distribution. The following Proposition couples these two results.

Proposition 7. Suppose [ =2 and A.0, A1 and A3 holds for both agents. The limiting distribution

of wealth and consumption in a CESC' is non-degenerate.

An important implication of this result is that every agents’ consumption is bounded away from
zero regardless of whether her beliefs are correct or not (see Cao [11] for an alternative discussion).

Therefore, the so-called Market Selection Hypothesis does not hold in this setting.

151n the literature studying competitive decentralisation of PO allocations in growth economies with homogeneous
beliefs, the positive risk-free interest rate condition is ubiquitous to make utility levels bounded and, thus, to establish
the existence of a competitive equilibrium. Since Q(£, 1, ) (€') = B(€) F(€'|€) = B w(£'|€) g(€¢')1 =7 is the state price

of the normalised stationary economy, the positive risk-free interest rate condition is equivalent to condition (5).
160ur equilibrium concept does not rely on solvency constraints that are not too tight, see Alvarez and Jermann

[3] and [4]. In our decentralisation, individual asset holdings are always at the solvency constraints by construction.
However, as discussed in Alvarez and Jermann [4, pp 1131], some of these are "false corners", i.e., if the solvency

constraints were marginally relaxed, the agent would not change the optimal choice of consumption and asset holdings.
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5 Short-Term Momentum and Long-Term Reversal

In Section 5.1 we introduce a formal definition of short-term momentum and long-term reversal in
terms of the empirical autocorrelations of the equity excess returns. In Section 5.2, we argue that in
any CE or CESC, the empirical autocorrelations can be approximated using the population autocor-
relations. In Section 5.3 we provide a statistical characterisation of the population autocorrelations
in terms of the reaction of the conditional equity-premium to the realisation of the excess returns.
Finally, in Section 5.4 we reinterpret the equivalent martingale measure as a market belief. We char-
acterise the changes of the conditional equity premium to the realisation of the excess return in terms

of how market pessimism changes as the market updates its belief.

5.1 Definitions

We are interested in the asset that Mehra and Prescott [27] study. Let dy (s), p; (s) and r{ (s) be the
dividend of the asset, its ex-dividend price and the (gross) risk-free interest rate, respectively, at date
t on path s.

For t > 1, ry 444 denotes the excess return (the return hereafter) of investing one unit in the asset
and holding it four periods (quarters) as:

Pi+4 (5> + dt(s) + ...+ diyg (3) ot (s)
2 (5) tt+4

Tt4a(5) =

where for each ¢ and s, d; (s) = y: (s) and ri ++4(8) is the return from investing one unit in the risk-free
bond in period ¢ and holding the investment for 4 periods.

We imagine an econometrician who observes data on returns for T consecutive periods. Let

T T
1 1 _ 2
s) = T ;rmﬁ (s) and 0% = ; Tiiva (8) =T (8))

be the empirical average and variance of the returns. Let

covy, 7 ()
or (8) or (S)

covg,r (8) = Z Tetra (8) =71 (8)) (Peshtrha () —Tr (s)) and prr (8)

be the empirical autocovariance and autocorrelation coefficient of order £ > 1.

Now we give a formal definition of the so-called financial markets anomalies that we explain.

Definition. The asset displays short-term momentum on a path s if Tlim prr(s) >0 forT <3. The
— 00

asset displays long-term reversal on a path s if Tlim pr1(s) <0 forT>4.
—00

5.2 Asymptotic Approximation

The empirical autocorrelations are continuous functions of the return and (CE or CESC) equilibrium
returns are continuous functions of a Markov process with transition function F. on (£2,G), where

e € {po,cpo}.'" That is, there exists a G,— measurable function R,. : O — R and a function

17When allocations are PO, with some abuse of notation, we define Q = S x Al and G its c—algebra.
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R.: S x Al x S — R such that

Ripya (W) = Re (& (W), 0 (W), prerw)) (G (@) 55 Erpa (W) = Teeqa(s),

where w and s are related by w; = (s¢, ar(s), pst).
If one argues that the Markov process is ergodic with invariant distribution ., then standard

arguments show that the following asymptotic approximation holds for 7 € {1,2}

lim cov, 1 (s) = cov™ (Rye, Rry1.e) and lim or (s) = o™ (Ry.), P™ —a.s., (15)
T—o00 T—o00

where P, = Pt (1., ).

Theorem 8. Assume A.0 holds, A.1 holds for every agent and A.2 holds for some agent. Then the
asymptotic approximation (15) holds if

(a) Allocations are PO or

(b) Allocations are CPO, I =2 and both agents have dogmatic beliefs satisfying AS3.

Theorem 8 can be intuitively explained as follows. For the case in which allocations are PO and
the dgp is iid, Beker and Espino [5] show that if A1l holds for every agent and A2 holds for some
agent, then the vector of welfare weights associated with a PO allocation converges to a fixed vector
almost surely. An analogous result can be proved in the case that the dgp is generated by draws
from a time-homogeneous transition matrix as in this paper. This result coupled with the well-known
consistency property of Bayesian learning implies the ergodicity of the Markov process with transition
F,,. For the case in which allocations are CPO and agents have dogmatic priors satisfying A3, the

result follows directly from Proposition 4.

REMARK: The well-known result on convergence of posteriors implies that if every agent satisfies
A1, there exists m = (71, ..., mr) such that p; s converges weakly to u™ for P™ —almost all s € §°.18
That is, posterior beliefs converge to some dogmatic belief p”i. Since the rest of the paper is devoted
to asymptotic results, in what follows we restrict attention to the case where every agent i has a

dogmatic prior p™. Accordingly, we omit the state variable p™:.

5.3 Statistical Characterisation

For 7 > 2, the law of iterated expectations implies that
cov’™ (Rie,Rre) = E [EL@ EP (Rr.cl gl)} ) (16)

where Ry . (w) = Ry (w) — B¢ (Ry,) is the abnormal return and Ef¢ (R, .|G1) (w) denotes the
T—period ahead conditional equity premium. We refer to Ry . as the short-run return if ¥ < 3 and
as the long-run return if & > 4. Likewise, Ef* (Ry |G1) (w) a is the conditional short-run equity

premium if k < 3 and the conditional long-run equity premium if k > 4.

18Where 7; € II¥ is the point in the support of agent i’s prior which minimises the Kullback-Leibler divergence with

respect to m*. See the seminal work of Berk [8] for the i.i.d. case and Yamada [37] for the Markov extension.
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Condition (16) makes clear that the sign of the autocovariance of order 7 depends on how the
conditional equity premium reacts to abnormal returns at date 1. The important question is what
kind of reaction of the conditional equity premium leads to short-term momentum and long-term

reversal. The following definitions will be used in Proposition 9 to provide an answer to that question.

Definition. Consider w™,w™ € Q such that Ry ¢(w™) > 0 and Ry (w™) < 0. The return under-
reacts by date T if EFe (R .| G1) (wh) > Efe (R, ¢|G1) (w™). The return overreacts by date T if
E" (Rre|G1) (W) < ET* (Rre| G1) (7).

This Proposition provides a sufficient condition for both short-term momentum and long-term

reversal that follows immediately from (16) and the definition above.

Proposition 9. If the return underreacts by date T, then the T—order autocorrelation is positive.
If the return overreacts by date T, then the T—order autocorrelation is negative. That is, (i) if the
conditional short-run equity premium is positive, then the asset displays short-term momentum and

(i) if the conditional long-run equity premium is negative, then the asset displays long-term reversal.

5.4 The Economics of Predictable Returns

To explain when the hypothesis of Proposition 9 are met we have to understand the behaviour of
EFe (RrelG1) (w).

Definition. Returns are unpredictable if E¥< (R, .| G1) (w) is Go—measurable for all T € {2,3}.

Returns are unpredictable if Ef¢ (R, .| G1) (w) does not change with the information released at
date 1, i.e. the conditional equity premium coincides with the (unconditional) equity premium. Our

next result follows immediately from (16) and the definition of unpredictable return.
Proposition 10. If returns are unpredictable, the asset does not display financial markets anomalies.

The case we are interested is when returns are predictable, that is Ef¢ (R, .| G1) (w) varies with
the information released at date 1. Unfortunately, this case is more complex because returns can be
predictable in many different ways.

For e € {po, cpo}, let M, : G>= — [0, 1], be the equivalent martingale measure on (2°°,G>°) and
let me : G — [0, 1] be given by

QUEDNE) o e o oot 0,
ZEESQG(Eaa)(g) e (57 )Qe(gv )(£)>

Then M.(C (w™,&)|G;) (w) = me (£ |&r (W), ar (w)) and so m. can be reinterpreted as the market

belief about the states of nature next period.

me (§'¢,a) =

The rest of this section is devoted to provide conditions on the market belief so that the conditional

equity premium either trends or reverts to the mean. Note that

*
7TT

EPE (Rr,e| gl) = EMe ( RT,e

G ) (1)

T,€
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where m, e (W) = me (& (W) |61 (W), 01 (w)) and 7F (w) = 7 (& (w) |&1 (w)). When the ratio %

is identically equal to one, then the 7—period ahead conditional equity premium is equal to zero.

When the ratio 7:: - is different from one with positive probability, typically, the 7—period ahead

conditional equity premium is different from zero. For example, if the ratio 7:: is greater than one
when the return is positive and smaller than one otherwise, a situation where we say the market belief

is pessimistic about the return, then the 7—period ahead conditional equity premium is positive.

6 Financial Market Anomalies?

In this section we evaluate qualitatively and quantitatively the ability of CESC allocations to generate

short-term momentum and long-term reversal.

6.1 Asset returns with Aggregate Growth

To facilitate quantitative analysis, in this section we define asset returns for a growth economy with
dogmatic beliefs. The particular form of the growth process we assume in (4) makes the state prices

in the growth economy, Q., independent of current output. Indeed,!”

Qul€,0)(€) = B max {ma(¢'|¢) CLELHEDENT g(e) ™ = Qu(€,a)(€)) 9(€) !

The price-dividend ratio in the growth economy, PP, is the solution to

PP(¢&a) = D Q& a)(€)g(&) (14 PP, (¢ ) ZQe & a)(&) (1+PP(E &, a)(€))
%

Therefore, the price of the asset can be written as PP (¢, a) = PP (£, a)¢

6.2 Returns

The method used by Shiller to construct quarterly returns, imply a simple relationship between r ¢14

and Tt4+1,t+5-

Piys +dipo+ ... +diys g

Tt4+1,t45 = Pert T Vi1t 44
_ Dtys —Pirat+digs —dipr | py f Pt f Pt f
= + Toitd — Tipl4a T Tiers — Tit+3
Pt+1 Pt+1 Pt+1 Pt+1
B ¢ Pt+5 + dits — Prta diy1 Pt f f
= Tt t+4 T - + Tit+3 — Tir1t+4
Pt+1 Pt+1 Pt+1 Pt+1
Hence,

P. pF P, ( Phs+éiis— —RY,
BT (Resversl Fera) = ph RepvatE ( — ptEH“ .

t PfE
-Ft+4) — géll + ( Ptfil R5t+3 - Rf+1,t+4)
(18)
where PF(w) = PE(&(w), ar(w)) for all (¢,w).

19Note that (5) reduces to maxgs {B e mil€ |§)g(§/)lfo'} <1
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6.3 Calibration

We set S = 4 to allow for both aggregate and idiosyncratic risk while respecting symmetry across
agents. We specify the endowment process with four values for the income of each agent and two
values for the growth rate. Even and odd states correspond to high and low, respectively, growth
rates. Agent 1’s income share is high in state 1 and 2 and low otherwise. Because of symmetry, there
are 10 parameters to be selected: six for 7*, two for y; () and two for g (-). We calibrate these 10 free
parameters using the same 10 moments describing the US aggregate and household income data that
Alvarez and Jermann use (see Appendix C for the calibrated parameters.)

In Table 1 we report our computations of the annual averages of the risk-free interest rate and
equity-premium and also the empirical quarterly autocorrelations up to order 8 (two-years) for the

US stock market using Shiller’s dataset .

Table 1: (Shiller’s Quarterly Data 1871-2012)

Risk-Free FEquity

1st 2nd 3rd 4th 5th oth Tth 8th
Rate Premium
2.36% 5.91% 0.823 0.559 0.278 -0.009 -0.132 -0.177 -0.188 -0.142

If a model generates a time series of returns that displays both short-term momentum and long-
term reversal for some values of 8 and o, we say that it’s predictions are qualitatively accurate.
Afterwards, we set 8 and o to match the average annual risk-free rate of 2.36% and equity premium of
5.91%. If for those parameters the model can generate autocorrelations that are both of the same sign

and order of magnitude as those in Table 1, we say that its predictions are quantitatively accurate.

6.4 CESC Allocations: Heterogeneous Beliefs

In this section we report the results of our numerical simulations for CESC when agents have hetero-
geneous beliefs. We first report the autocorrelations of returns for the calibrated economy and then
we explain the role played by belief heterogeneity.

Agent 1 has correct beliefs and agent 2 believes the transition matrix belongs to the a family

parameterised by eg € (—7* (1]1),7* (2|1)) and e € (—7* (1]2),7* (2|2)) given by:

—ER ER 0 0
T+ EE —E€E 0 0
0 0 —E€R ER
0 0 €E —€E

In this parameterisation, agent 2 has (possibly) incorrect beliefs regarding the persistency of
recessions and expansions, i.e. my (1]1) = m2(3|3) = 7#*(1|1) —ep = 0.1146 — e and 73 (2|2) =
7o (4]4) = 7 (2]2) —ep = 0.7831 — eg, and correct beliefs otherwise. In particular, he has correct

beliefs regarding the idiosyncratic state. Clearly, this parameterization satisfies A3 for all eg,eg > 0.
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Autocorrelations Autocorrelations

Autocorrelations

6.4.1 Qualitative Predictions

We first argue that optimism can generate autocorrelations of the same sign and order of magnitude
than those in Table 1. In Figure 1 we set ¢ = 0.8020 and 5 = 0.9520 and plot the autocorrelations of
the excess returns generated by the model for different optimistic beliefs that agent 2 might hold.
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Figure 1: Autocorrelation Coefficients in CESC for ¢ = 0.8020, § = 0.9520 and Optimisitic Beliefs

To simplify we restrict |eg| and |eg| to take values in the set {0,0.06,0.10} representing correct,
moderate and highly optimistic beliefs, respectively. Each cell of Figure 1 plots the autocorrelations
of order 1-8 in the data (full red circles), for the case of correct beliefs (blue and white circles) and
for one combination of (egr,eg) (black squares). In the first line of Figure 1 we assume agent 2 is
optimistic only in state 2, in the second row he is optimistic only in state 1 while in the third line we
allow him to be optimistic in both states. As can be seen in the second column of lines 1 and 3, the
asset return displays both short-term momentum and long-term reversal when agent 2 displays high
optimism. Interestingly, the model with correct beliefs can neither generate short-term momentum
nor long-term reversals. We conclude that it is the interaction of belief heterogeneity, optimism and
limited enforceability that generates short-term momentum and long-term reversal when o = 0.8020,
and 8 = 0.9520.

To understand how short-term momentum arises, in Figure 2 we plot the cumulative distribution
of the conditional equity premium after a negative (the dashed blue line) and a positive abnormal
return (the full black line), respectively. For completeness we also plot the unconditional cumulative
distribution of the conditional equity-premium (the full red line). We see that the conditional equity

premium is negative with very large probability (above 70%) after bad news and positive with very
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Autocorrelations

large probability (around 70%) after good news. In light of Proposition 9, it is not surprising that

short-term momentum holds.
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Figure 2: Conditional equity-premium cumulative distribution for (¢, 3,er,eg) = (0.8020,0.9520, 0.02, —0.06)

Next we ask what is the set of heterogeneous beliefs for which the sign of the autocorrelations

coincide with the data for some values of 0 and 3. For each element in that set of heterogeneous beliefs,

we choose ¢ and 8 to minimise the distance to the the observed risk-free rate and equity-premium.

Figure 3 plots our results.
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Figure 3: Autocorrelation Coefficients in CESC for calibrated o and

Once again each cell of Figure 3 plots the autocorrelations of order 1-8 in the data (the full red

circles), for the case of correct beliefs (the blue and white circles) and for one combination of (¢g,eg)

(the black squares) for which the signs are as in the data. We conclude that only if agent 2 is highly
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optimistic about expansions the model yield the right signs. Neither the model with correct beliefs
nor with pessimistic beliefs can generate both short-term momentum and long-term reversal.
Figure 4 plots the values of the risk-free rate and the equity-premium for the calibrated parameters.

The model predicts a high interest rate and a negative equity premium.

Figure 4: Average Risk-Free Rate and Equity-Premium in CESC for calibrated o and

6.5 Quantitative Predictions

We also ask whether the model with heterogeneous beliefs can account for the risk-free rate and the
equity-premium in Table 1. To address this, we consider a range of values for (e, egr) and we choose

o and (8 to match the observed risk-free rate and equity-premium. We plot our results in Figure 5

0.0591

2 00236

—0.0148 1 1 1 | | | 1 |

01 008 0.06 0.04 0.02 0 0.02 0.04 0.06 0.08 01 °F

Figure 5: Average Risk-Free Rate and Equity-Premium in CESC for calibrated o and g

We can see the model does a good job in matching the historical average risk-free rate but it needs
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substancial pessimism to generate a significant equity premium.
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Although the model generates short-term momentum, it fails to generate long-term reversal both

optimistic as well as pesimistic beliefs as can be seen in Figure 6
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Autocorrelations for heterogeneous beliefs and calibrated values of ¢ and 8 in CESC

20Figure 7 in Appendix C plots the calibrated values of o and 8 as a function of (eg,cR).
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Appendix A
In this Appendix we prove the results in Section 3. We begin with some definitions.
Let f: S xRL x PII) = Ry, ||f] = SUD (¢ o | F(& )t a € AT~ | and

F

{f: S xR, xP(II )—>]R+' f is continuous and ||f| < oco}.

Fy

{fEF f&ap) — Zal (& i) > 0 for all (&, a0, pu), HOD 1 w.r.t. a}

where HOD 1 stands for homogeneous of degree one. Fp is a closed subset of the Banach space F
and thus a Banach space itself. Continuity is with respect to the weak topology and thus the metric
on F is induced by |||

Given (&, a, p) € S x RL x P(II), we define the operator T on Fy as follows

(Tf) (& p) = <cf3%§))éai uq(c;) +ﬁ(£,ui);7fm(£’ 1€) wil€) ¢ (19)
subject to
¢i >0, zj;c = (&), (20)
ui(cs) + B(E, i) ;m (€'16) wi(€') = Ui(€, pa), (21)
wi(€) 2 Vi€, mi (€, m)(€))  forall &, (22)
F(E€ a1 (& p)(€ id (23)

for all @ € AT~! and all ¢'.
Now define

UP (& 1)(f) = {w € RL : 3(c,w’) such that (21) — (23) are satisfied

and w; = w;i(c;) + B(E, i) ZWM (€' 1€) w;(f')}
I’

The following Lemma characterises the utility possibility set and follows from a reasoning analo-

gous to the one in Lemma 14 in Beker and Espino [5].

Lemma A.1. u € UP(&, ) (f) if and only if u; > U (€, ;) for all i and

Tf(E a,pu)— Zaz Uu;

for all « € AT71,
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It is easy to see that condition (A.1) is satisfied if and only if

aénAiln—l T a,pu)— Zal u; | > 0.

Theorem 1 follows from Propositions A.2 and A.3. We say that f € Fy is preserved under T if
f(&a,p) < (Tf) (& o, p) for all (€, a, p).

Proposition A.2. If f € Fy is preserved under T, then (Tf) (&, a, p) < v*(&, a, p) for all (£, a, ).

Proof. Let f € Fy and define W(§, u)(f) as the constraint correspondence defined by (20)-(23)
evaluated at f and (&, p).
Take any arbitrary (EO, (W} (&), a) (f’))g,) € W(&, u)(f) and notice that this implies, by (23) and

Lemma A.1, that
I

Za/w;,l(sl) < f(sla O/7/’L81) (24)

i=1

for all o’ € AT=1. On the other hand, since f is preserved under T, it follows from (23) that

f(slaallvﬁbsl) < (Tf)(slvallvﬂsl) (25)
for all o € AT-T,

Hence, as we couple conditions 24 and (25), we conclude that

Zaw Tf)(slvala,ufs ) (26)

for all o/ € AI=! and therefore @} (s1) € UF(s1,us)(f) as a direct implication of Lemma A.1.
Therefore, there exists some (51 (s1), (Wh(s1,&"), 6/2(51,5’))5,) € W(s1, pis1)(f) such that

fa(s1) = wi@n (51)) + Bs1, ) D, 1 (€ [51) W] o(51,€)) for all i
5/
Following this strategy, one can construct a collection of functions {¢ (s'),w; (s*)} for all s* and
t > 1. Define, {¢;:}52, € C(€) as follows:
co = Co, ¢t (8) =64 (st) for all sand t > 1,

wy (8) = Wy (sf) for all s and ¢t > 1.

Since {¢;}$2, is feasible by construction, we show it is enforceable. By construction, we have that

[Uie)(s") =, (sH)] < Zm &lse) (Uilei) (s, €) = 0 (5", €)))
< 5821/10 |Ui(ei)(s*, &) — @) (%, &)
< B s (U)o 6 ) — (" 6 )
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Since U;(s¢, pi,st) < wj, < ||f]| < oo for all i and ¢ and U; (+) is uniformly bounded, it follows that

{Ui(ci)(st)—ﬁzg’t(st” < lim sup Bk sup
k—oo (€,--€})

Ui(ei)(s', &1, &) — wi (8", €1, ~~£;2)|}
= 0.

and consequently U;(c;)(s*) = wj,(s") for all i and all s*. Finally, since by construction @j ,(s") >
Ui(st, pi st) for all 4, we can conclude that {c;}72, is enforceable.

We conclude that for any arbitrary o € RE

I
D i | wil@io) + BE ) Y (€116) w1 ()

i=1 ¢
I I
= Zaiui(ci,o) + ZaiEP'i (Pzgo wh)
i=1 i=1
I T I
= Z%’EP"’ (Z Pit Ui(ci,t)> + Z%EP”’ (pir+1 wigy1)
i=1 t=0 i=1
I T o
< ZaiEP" (Zpi,t Uz(czt)> + £l
i=1 t=0

where the inequality follows from the first inequality in (25). Taking limits, we obtain

I 1 [eS)
> o | wil@io) + B pa) D mu (€11€) W1 (&) | <Y aB" <Z Pit ui(¢i,t)> < v (& a, p).
i=1 g i=1 t=0

where the first inequality follows because weak inequalities are preserved under limits and 8 € (0, 1)

and the last one because {c¢;}22, is enforceable.

Since (ao, (@ ("), a/l(g'))g,) € W(E, u)(f) is arbitrary,

I
D i | wil@o) + B pa) Y mu(€1€) @)1 () | < v (€ a,p),
z

i=1

for all (&0, (11)’1(5’),6/1(5'))5,) e W(&, p)(f). Therefore,

I
TG = e S o uz-(ci)w(g,ui);m(ﬁ’s)w;@’)
< v (& a,p).
as desired. O

Proposition A.3. v* € Fy is preserved under T and v*(&, o, p) = (Tv*) (§,a, p) for all (€, o, ).

Proof. Given (£, , ), take any u € UF (&, ) and let ¢ € C(¢) denote the corresponding enforceable
feasible allocation. For each &', ¢¢; € C (') given by

{’Ci(st) =c;(¢,s") for all t > 1,
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denotes the £’ —continuation of ¢;. For every ¢t > 1, let
Pi(C(s))
Pi7€,(8t) = / )
Wﬂi,st (g |St )

and note that

1
3ol (e Zal wies0) + B(E ) 3 s (€ 1)U (ercs)
i=1

i=1 &’

I
Since (UiP“' (5/Ci))z':1 e U, 1 (& p)(E)) for all &, it follows by Lemma A.1 that

Za U (ere) <™ (€, 1/ (&, n)(€),0/) for all € and o/ € AT~

and so

Zal ) < (Tv*) (€,a,p) for all ¢ and o/ € AT

We conclude that v* is preserved under T since

vt (€, p) = sup Zaz ) < (Tw*) (&, ) for all (€, p).

c€Y°°

It follows from Proposition A.2 that (Tv*) (£, o, 1) < v*(§, o, ) and so v*(§, o, b)) = (Tv*) (&, , )
for all (&, a, ). O

Proof of Theorem 1. Since Proposition A.3 shows that v* is a fixed point of T', the rest of the proof
is analogous to that of Theorem 2 in Beker and Espino [5]. O

Proof of Proposition 3. Note that T™ is a monotone operator for all n > 1 (i.e., if f > g then
T"f > T"g.) Let T be the operator when the enforceability constraints are ignored. Theorem 2 in
Beker and Espino [5] show that T has a unique fixed point, say o.

Let {v,}52, be the sequence of functions defined by vy = ¥ and v, = T (v,—1) for all n > 1. Next
we show that v, > v,41 > v* for all n. Indeed, since T (0) < T(ﬁ) = 7, it follows that v; < vy and

Up41 = Tn+1 ('Z}) = Tm (T’i}) =17T" (Ul) < " (U(]) = Un for all n,
vpy1 = T (o) > T (vF) = for all n.

Since {v, }52 is a monotone decreasing sequence of uniformly bounded functions bounded below
by v*, there exists a uniformly bounded function v., > v* such that lim,,_, . v, = vo,. To show that
Voo < 0™ we argue that vy, is preserved under T and apply Proposition A.2.

Given (&, o, ), voo(& a,pt) < vp(€,a,p) for all n and so there is (En, (w), (&), d;(.f/))g,) €
W (&, i) (vy) such that

I
v (& o, p) = Zai wi(Cin) + B(&, i) Zwu(fl 1€) @i, (&) |, foralln. (27)

i=1 &’
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Since (&n, (), (&), an, (& ))5/) lies in a compact set, it has a convergent subsequence with limit point

(& @' (€),a€)e ).

Note that

v
k=)

I
un (€' 0/ (&, ) (€, 1/ (& m)(€) — Zai W; (&)

I
Voo (&, 0/ (&, ) (&), 1/ (&, m)(€)) = Do @i(€) > 0,
i (&) = Ui(& i) = 0,

and, therefore, (6, (d/(é’),d’({“’))g,) € W(&, 1) (vso). Consequently,

I
(Tvse) (G ) = D o | wil@(€)) + B(E 1) Y mu, (€16) wi(&)
i=1 I

= voo(ga O‘hu)'

where the equality follows by (27) and continuity. O

The following Lemma will be used in the proof of Proposition 4

Lemma A.4. If A1 and A3 holds, there exists N and o* such that (§n(w), an(w)) = (£%, a*) for all
w € {W : & () =& for t even, &(0) =& for t odd, 1 <t < N}.

Proof. Let § = :;EE:E; :;EEIE . Consider the case in which § > 1. Note that without loss of
generality we can assume :;Eg g*) > 1. Let of = max ) (", a,u")(£7). Let N* be the

a€EA(E™",p7)

smallest n € NU {0} satisfying

gl(f*,u”) > Oﬁf >6n71 gl(g*hu“ﬂ—) )
L—ay(§*pm) — 1-aj 1 —ay (&%, 1)

For any o € A(£*, u™) such that oy < of

O/l,cpo(g*aaauﬂ—)(g**) — max a&,po(f*,a,/ﬂ)(f**) Ql(ﬁ**;,u/ﬂ-)
1- O/l,cpo(g*v Q, :uﬂ)(g**) 1- all,po(g*v «, Nﬂ)(g**) 11— (&3] (5**a :u'ﬂ)

and 50 & (£, a, ™) (E7) > af 1,0 (§%, a, p™)(§7%). Tt follows that

0 epol€7°, AL (€7, 0, H7)(E7), 17 (€7) 0y (€5l (€ i) (), 1) (€
L= 0 ey (6, Ol (€, 0, ) E ) HNET) = L= ) (€7, (€ 0t ) (€77), 17
TEJE™) | Ohpol€, @ i) (E™)

(E167) T ), (€ ) (€7
mi(§F[E) m(§IET) e
T2(€1€7) ma(€[€) 1 - an

aq

5”

)
£*)

Y

2

].—Ckl.
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Let N = 2(N* 4+ 1). Consider w € Q* = {@ : &(@) = £* for t even, &(@) = & for t odd, 1 <t <

N}. The sequence {a¢(w)} generated by o, satisfies o (§*, u™) < a1¢(w) < af and, therefore,

o}

01,1+2(w) > daq 4(w) for all even ¢ such that 2 <t < N. Thus, for any even ¢ such that 2 <t < N

arp(w)  of }

l—aaw)’ 1—af

a1, (w) > min {6152

and so it follows by the definition of N* that ay(w) = a*.

If § < 1, we define aj = AI(I?H )0/1 epo(€ 5, ™) (€7) and the proof is analogous to the case
NG R

o> 1 O

Proof of Proposition 4. The existence of a unique invariant distribution that is globally stable

follows by Theorem 11.12 in Stokey and Lucas [33]. It suffices to show that F,,, satisfies the following

condition:

Condition M: There exists € > 0 and an integer N > 1 such that for any A € .7, either PN (s, A) > ¢,
all s € S, or PN(s,A°) > ¢, all s € S.

Define N and o* as in Lemma A.4 and € = (rnslnﬂ*(ﬁ*ﬂf))(W*(f*\{**)ﬂ*(f**|£*))N >0.Let Ae .

and (£,a) € Q be arbitrary. If a* € A, then PN ((¢,a),A) > PN((£,a),a*) > € by Lemma A.4. If
a* € A¢, then PV ((€,a), A°) > PV ((€,a),a*) > e by Lemma A.4 . To show the invariant distribution
is not degenerate note that af must be part of the support. If af ¢ A(£**,u™), the result follows

triViaHY- It OéT € A(ﬁ**a /J/Tr)a either all,cpo(f**7 a*aﬂﬂ-)(g*) 7é o or O/l,cpo(g*aa*vuﬂ')(f**) 7é a’. O

Proof of Proposition 5. Since risk-free rates are assumed to be positive and (&, a, i) lies in a com-
pact set, it follows by continuity of R¥ that RL, = mingq ) R (& a,p) > 1. Let m (¢ [€, o, p) =

Q(&, o, ) (€)RF (€, o, 1) be the equivalent martingale measure.
Let f € F and consider the operator T; defined by

N e m (&€, a, ) F(E, (& o, p)(€1), 1/ (€ 1) (€)))
RF (&, a,p) '

(Tlf)(ga Q, M) = Ci(£7 a) - yz(g)

Step 1: We check that T; : FF — F.
Suppose that f € F. Since o and p’ are both continuous, then

Zg’ m (5/ |£7 Q, :U’) f(gla a/cpo(gv Q, :U/)(g/)7 /‘L/(gv M))
RF(gaauu’) 7

is continuous in (&,«,pu). Also, (28) is bounded because f and RY are both bounded. Since

(28)

lei(€, @) — yi(€)] is uniformly bounded, we can conclude that (T} f) € F.

Step 2: We check that T; satisfies Blackwell’s sufficient conditions for a contraction mapping.

Discounting. Consider any a > 0 and note that

ﬂ(f—l—a)(f,oz,,u) :cl(f,oz)—yz(g)—&— Zg’m(g |£aa7:u‘)f(€aacpo(£?anu‘)(€ ),H(f,ﬂ)(g )) a

RF(f,a,,u) + RF(g,a,p,)
< (T (E o) + (RE,)  a
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Monotonicity. If f(& a,pu) > g(€ a,u) for all (§,«,pn), it is immediate that (T;f)(&, o, p) >
(T39)(§, v, ) for all (&, a, p).

Thus, we can apply the Contraction Mapping Theorem to conclude that T; is a contraction with
a unique fixed point A; € F and that the fixed point is the unique solution to (11) for each i. Finally,
the same arguments used in Espino and Hintermaier [17] show that there exists oy = (s, f0) € Rﬂ_

such that A;(so, o, po) = 0 for all . O

Proof of Theorem 6. Given ¢q and B;, we argue that (¢;, a;) satisfies (CESC 1).

First, we argue that (¢;, a;) is in agent #’s budget set. Note that the solvency constrains are satisfied
by construction. Since afle = 0 for all ¢, it follows by construction of (¢;,a;) and the definition of A;
that the sequential budget constraint is satisfied.

Next, we argue that (¢;, a;) is optimal given ¢ and B;. Notice that (13) implies that

3 _ / u;z(ch,t-‘rl(sl)) / /
q; (s) = max {ﬁ (St, fth,st) LT (& ‘St)iu%(ch’t(s)) } where s’ € C (St’g ) ’ (29)

> B(stsHiyst) Ty, (&It )W

for all ¢ (with equality if U;(¢;)(s*) > Ui(ss, i st-1)). Consider any alternative plan (¢;,a;) in agent
1’s budget set. It follows by concavity that

wi(ci) — ui(Cie) = uilcie) (Cip — i) (30)

while

’

Cials) = Eaa(s) = a3l () — @551 (9) + 0 af (5) (505) — af()) = —bials) + b (s),
~

where b; o = 0 and
bie(s) = af,tt—1(5) - af,tt—l(s) = &f,tt—1(5) — A(st, au(s), pst) = &fft—l(s) - Bi's,tt—1(5) fort > 1,

bia(9) = Y af () (af(5) — af(s) for t > 0,
E/

Note that

/ ’

wiend(s)bi, = uileia(s) Y af () (a5,(5) — af(s))
-

> uileia(s)af () (afi(s) - af(9))
5/
> BV [Buj(ciiin)bi| Fil- (31)

where the inequality follows from (29). For T' < oo, let A = B (ZtT:O pr (ui(eir) — ul(élt))) Then,
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T
A>EP (Z peui(ci) (i — 5i7t)>
T
=EF (Z prus(cit) (_bi,t + b;t))

T A
=—E" Y puf(cin)bir | + B Zptug(ci,t)bzt]
Lt=0

r T
= -—EP meé(q,t)bi,t + EF Z p T [u;(ci,t)b;‘k,t‘ ]:75]1
L t=0 i Lt=0

S

T 7] T
—EPi Z ptug(Ci,t)bi,t + EPi Z Epi [thrl U; (Ci,t+1)bi,t+1| .Ft]‘|
Lt=0 i Lt=0

Y

[T 1 [T
= —B" | pei(ci)bii| + E” ZPtHU/i(Ci,tH)bi,tH] ;
t=0 ] Lt=0
where the first line uses (30), the fourth and last lines follows from the law of iterated expectations

and the inequality in the fifth line follows from (31). Since b; o = 0,
T

A=E" Zﬂt (ui(cie) — ui(Gy)) | = EP [proauj(cirea(s))bizi] .
t=0
Now we argue that b;; is uniformly bounded. Since P(IT1¥) is compact (in the weak topology),
the continuous functions o, (&, 1) and A;(€, a, u) and, therefore, Bf/t is uniformly bounded for all &’.
So it suffices to show df:t is uniformly bounded for all ’. Note that &gt(s) is bounded below by Bf/t(s)
and market clearing implies it is bounded above by —Bit(s) for j # 1.

It follows from the Dominated Convergence Theorem that

T

Zpt (wileie) — wi(@iy))

T—o0
t=0 t=0

E" ZPt (ui(ci,t)ui(&i,t))] = lim B5

> lim E [priyu)(ciri1)biri]
T—o00

= 0.

since B(&, 1) < B € (0,1) for all (&, ). Consequently, given ¢ and B;, (c;,a;) solves agent i’s problem.
Finally, note that {a;} satisfies (CESC 2) since Zle A;(& a,p) =0for all (&, o, p) (see (12)). O
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Appendix B

In this Appendix we prove the results of Section 5.

Theorem B.1 (Stout [34] and Jensen and Rahbek [19]). Assume {z},o, is a time homogeneous
Markov process with transition function F on (Z,Z). If there exists a unique invariant distribution
Y Z = [0,1], then for any 2o € Z , any integer k and any continuous function f : ZF — R,

T
o1 . - -
Th_f)lgof E [ (s eos 2t4) = g ) (f 2o,y Zk)) P (29,") —a.s.

t=1

Proof of Theorem 8. For the case of CPO allocations when agents have dogmatic priors, the result
follows directly from Proposition 4. So we only deal here with the case of PO. Under our assumptions
PO allocations can be parameterized by welfare weights. Let agent h be some agent whose prior
satisfies A2. A straightforward extension of Beker and Espino [5] to handle Markov uncertainty can
be used to show that the welfare weights associated with a PO allocation satisfy that for every agent
1 and every path s € §°°
a0 Piyi(s)
i (s) = IOéz‘,o Pials) IOéh,o Pt (s)
> i1 @0 Py (s) aio Piy(s)
=1 ano Pht(s)

and so the limit behaviour of the welfare weights depends on the limit behaviour of the likelihood

ratio
a0 Piy(s)

ano Pny(s)

If A’s prior satisfies Al.a then one can use Sandroni’s results to show that, P™ — a.s.,

aio Pit(s) _, Qi p ()
ano Pri(s)  apopn (%)
while if A’s prior satisfies Al.b then one can use Phillip and Ploberger’s [28, Theorem 4.1] results to

show that, P™ — a.s.,
a;0 Pii(s) a0 fi (%)
— )
ano Phni(s) — ano fn(m*)

It follows that ot (S) = Qoo P™ — a.s.

Since every agent’s prior satisfies A1, it is well known that there exists some 7 = (71, ..., 77) where
7; € II¥ such that i st converges weakly to p™ for P™ —almost all s € §°° and 7; is the element of
1’s support which is closer to 7* in terms of entropy. By assumption A.2, 7w, = 7*.

Since convergence almost surely implies convergence in distribution, we conclude that, P™ —a.s.,

the marginal distribution over welfare weights and beliefs converges to a mass point on (s, ™). O
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Proof of Proposition 9. We need to show that

EFe [Ri.c E" (R, G1)] (w) >0 if the return underreacts by date 7, (32)
E* [Ry,e EP* (R:(|G1)] (w) <0 if the return overreacts by date 7. (33)

Let O = {&: Ry (®) >0} and @~ = {@: Ry (©) < 0}. Note that

EY [Rie B" (Rr|G1)] (w) = Po(QF) EP [Ric E™ (Rrc|G1)| Q] +
P. () B[Ry E™ (Rre|Rie)| Q7]

and so EP [Ry . EP* (R;.|G1)] (w) is bounded below by

P.(Q%) EP (Ri| Q") inf B (Ryc|Gi) (@) + P (Q7) EP (Rie|Q7) sup B (Rr|G1) (@)

wet wen-

and above by

P.(Q%) E" (Rie| Q") sup E™ (Rye| Gr) (@) + P (27) EP (Rye|Q7) inf EF* (R, |G1) (@)

weQt e
If EP¢ (R, .| G1) (w) underreacts by date 7, then

inf BT (R, .|G1) (@) > sup EP* (R, .|G1) (@)
LweQt HeQ-

and so (32) holds because

EP [Rie E™ (Rre|G1)] (w) > (P (Q%) EP* (Ry|QT)) sup EF* (R | Rie) (@) +
weQ—

(P. () EP (Ri|Q7)) seué{EPe (Rre|Rie) (@)

= g (El,e) sup ETe (RT,6|R17€) (@)
oeQ-
= 0.

If EP< (R, .| G1) (w) underreacts by date 7, then

sup EP (RrelG1) (@) < wiGIg;EPE (RrelG1) (w)

weNt

and so (33) holds because
Ef* [Rie B (Rre|G1)] (w) < (P () E™ (Ri.| Q")) ~ie%f_EPe (Rre|Rie) (@) +
(P (27) B (Rie|Q7)) inf B (Rre|Ric) (@)
wel2™
= E"(Ric) inf B™ (R Fic) (@)
wel2™

= 0.
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Appendix C

Calibrated parameters:

0.1146
0.1334
0.0318
0.0130

0.7150
0.7831
0.1386
0.0705

0.0318
0.0130
0.1146
0.1334

C.1 Calibrated § and o

0.1386
0.0705
0.7150
0.7831

s; Endowments Growth Rates
1 0.8178 0.9926
2 0.6298 1.0071
3 0.1822 0.9926
4 0.3702 1.0071

Figure 7 plots the calibrated values of o and /8 as a function of (eg,eR).

Figure 7: Calibrated values of ¢ and g in CESC
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Supplementary Material

Let ¢;(€,a) and w)(€,a, 1) (€) be the maximisers in problem (6) - (10) and let A;(, a, ) be the

Lagrange multiplier associated to constraint (8). Let

ﬁl(g) «, ,LL) = ui(ci(é-a a)) + B(ga /u'z) Z Ty (5/ |€) w:(g’ «, /1’)(5/)
¢

Claim 1. @;(§, o, p) is nondecreasing in o; for all a € R .

Proof. Let &, € Ri be such that &; > «o; and &; = o  for every j # i. To get a contradiction,

suppose 4; (&, &, p) < U; (€, «, p). Since the constrained set is independent of the welfare weights, then

D an (an (& @, p) —an (€ a,p) = 0 and Y ap (i (& a, p) — an (€@ p)) = 0

h h

and so, on the one hand,

> (@n —an) (i (& @, p) — in (&, @, 1)) >0

h

But, on the other hand,

> (an — an) (i (& @, ) — in (& 0, 1)) = (&5 — o) (i (€, @&, 1) — s (€, 1)) <0

h

a contradiction. ]

Let ¢; (¢, o) and W} (€, o, 1) (€') be the maximisers of the relaxed problem where (8) is ignored. Let

ﬂ(Ev «, ,u) = ui(Ei(Ev a)) + 6(57 MZ) Z ﬂ-,U«i (gl |§) w;(ﬁa «, H’)(gl)
I

Claim 2. Let a« € RL. If a; < &; and ap, = &y, for all h # i, then u; (&, o, ) < ; (€, &, p) -

Proof. Note that ¢;(¢, «) is the unique solution to

Ouy, a; Ouic) _
Gt Z ((%h ) (ah oc; = y()-
and so it is strictly increasing in a;. Therefore, ¢;(€, &) > ¢;(€, a). Note that

ai [7(& )€ p) (&) (dm)
Ehahf (&8, (&, p) (&) (dm)

(& o, 1)(€) =

Thus, @}(&, o, 1)(¢') is nondecreasing in ;. Since W,(€, o, ) (€) satisfies (9) and (10), it follows by
Lemma A.1 and Theorem 1 that w}(€, v, p)(€) = W (&, (€, v, ) (€)), 1/ (€, 1) (€')). Thus, Claim 1
implies that @, (&, &, p)(€) > W€, o, pu)(€) for all €. We conclude that @; (€, v, ) < T (€, @, ), as
desired. O



Proof of Proposition 2 . (i) Suppose o € A(§, ). Consider first the case where o; > @, (&, 1) for all
i. By the definition of @; (&, a, ), we have that @; (£, a, u) > U;(€, 1) and Zf it (&, a,p) = v* (&, a, ).
It follows by Lemma A.1, that (i (&, o, p)...7 (€, a, 1)) € UB(E, ). Since ZZI ;i (& oy p) = v* (€, o, ),
it is easy to see that (uq(§, a,p)...ur(&, a,p)) € HE(g,,u). Then, @;(&, o, p) > U; (&, ;) for all ¢ by
definition of a; (&, p). Thus, A;(§, o, u) = 0. Let o € A(&, ) be such that o; = o;(§, ) for some i.

Then there is a sequence {a”}5 ; such that af > «,(&, 1) for all ¢ and n and o™ — «. It follows that
)\i (57 «, /1“) = )‘z(ga nli)ngo s, ,u‘) = nll)rlgo >\’L (Ea «Q 7”) - 07

where the second equality follows by continuity of A;(§, o, ) in « and the last one because weak in-
equalities are preserved under limits. It follows that, @;(§, o, u) = w; (€, o, p) and so ¢; (€, a) = ¢ (€, o),

i.e. ¢;i(§, a) solves the relaxed problem.
(ii) Let @ € RY and o* = (f‘illa f) If a* € A(E, p), then ¢;(§, o) = ¢;(€,a*) because

4;(&, o, p) is homogeneous of degree zero in . If a* & A(E, ), there is ¢ such that o < a; (€, p) (a* )

—1

e First, we show that \;(¢, «, ) > 0. To get a contradiction, suppose \;(&, «, ) = 0. It follows that

g (&, (i, g) , ) =y

where the first equality follows because u; is homogeneous of degree zero in «, the second one is
due to the assumption that \;(¢,«, u) = 0 and the homogeneity of degree zero of \;(§, a, p) in a,
the third and fifth follows by homogeneity of degree zero of %;(+) in «, the inequality follows by
Claim 2 and the last equality follows by definition of the minimum enforceable weights. But then,

U; (&, (o, o), 1) < U; (€, p) which contradicts constraint (8).

e Second, note that problem (6) - (10) is equivalent to maximising

1
D (e + i) S wiled) + B, ) mel& (DR

i=1

subject to constraints (7), (9) and (10).

e Finally, the latter is equivalent to the relaxed problem with welfare weights & given by
- i + Ni(§s o, p)
Yo (an + An(€ 0, p))]

Thus, @; (§, 6, ) = @; (&, a,p) > Ui (&, 1) =45 (€, a;, ). Tt follows by Claim 2 that &; > a;. Therefore,
&€ A(&, ) and ¢; (€, @) =€, &) = ¢;(€, &) as desired. ]
2




