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Abstract

This paper analyzes a semiparametric model of network formation in the presence of un-
observed agent-specific heterogeneity. The objective is to identify and estimate the preference
parameters associated with homophily on observed attributes when the distributions of the un-
observed factors are not parametrically specified. This paper offers two main contributions to
the literature on network formation. First, it establishes a new point identification result for the
vector of parameters that relies on the existence of a special regressor. The identification proof is
constructive and characterizes a closed-form for the parameter of interest. Second, it introduces
a simple two-step semiparametric estimator for the vector of parameters with a first-step kernel
estimator. The estimator is computationally tractable and can be applied to both dense and
sparse networks. Moreover, I show that the estimator is consistent and has a limiting normal
distribution as the number of individuals in the network increases. Monte Carlo experiments
demonstrate that the estimator performs well in finite samples and in networks with different

levels of sparsity.
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1 Introduction

People tend to connect with individuals whom they share similar observed attributes. This obser-
vation is known as homophily and it is one of the main objects of study in the literature of social
networks (McPherson, Smith-Lovin, and Cook 2001). Nonetheless, few have investigated the role
of homophily when individuals have preferences for unobserved attributes. Proper policy evalua-
tion requires distinguishing among the contribution of these two factors since each has a distinct
policy implication. For example, students forming friendships might link based on their similarities
on observed socioeconomic attributes as well as on their preferences for high levels of unobserved
ability. Whereas the socioeconomic attributes can be influenced by a given policy intervention,
preferences for ability are harder to change via targeted policies. In this paper, I study the iden-
tification and estimation of the preference parameters associated with the observed attributes in a
model of network formation that accounts for valuations on unobserved agent-specific factors. The
identification and estimation strategies that I develop do not depend on distributional assumptions

of the unobserved random components.

In particular, I consider a semiparametric model of network formation with unobserved agent-
specific heterogeneity. Specifically, two distinct agents ¢ and j form an undirected link according

to the following network formation equation:'

Dij =1 [90(Zi, Z;) Bo + Ai + A; — U;j > 0], (1)

where 1[-] is the indicator function, D;; is a binary outcome variable that takes a value equal to
1 if agents ¢ and j form a link and 0 otherwise, Z; is a vector of individual-specific and observed
attributes, gg is a measurable function that is assumed to be known, nonlinear, finite, and symmetric
on its arguments, 3y is a vector of unknown parameters, A; and A; are unobserved and agent-specific

random variables, and U;; is an unobserved and link-specific disturbance term.

Intuitively, equation (1) says that an undirected link between two agents is formed if the net
benefit of the link between agents i and j is nonnegative. The components in equation (1) can be
classified into three different categories. The first class, given by the vector of exogenous attributes
90(Zi, Z;), captures the agents’ preferences for establishing a link based on observed characteristics.
For instance, this component is known as homophily on observed attributes when it captures
preferences for sharing similar traits. The second class, formed by the agent-specific and unobserved
factors A; and Aj, captures the individual preferences for establishing connections based on agent-
specific unobserved types. Finally, the third class, given by a link-specific disturbance term Ujj,
captures the exogenous factors that influence the decision of forming a specific link. The components

in the last two categories are known to the agents but unobserved to the researcher.

LA link between two agents is undirected if the connection is reciprocal. In other words, two agents are either
connected or they are not. It excludes the case that one agent is related to a second one without the second being
related to the first.



The agent-specific factors in equation (1) allow for unobserved heterogeneity across the indi-
viduals’ decisions; this property enables the model to predict network structures with individual
connections that are heterogeneous. Moreover, under an unrestricted distribution of the unob-
served agent-specific factors, these components could exhibit flexible dependence with the observed

attributes.

This paper offers two main contributions to the literature on network formation. The first
contribution is to propose a new point identification strategy to identify the vector of coefficients
in a semiparametric network formation model with unobserved agent-specific factors. The point
identification result is, to the best of my knowledge, the first generalization of a special regressor
to analyze a network formation model (Lewbel 1998 and Lewbel 2000). This result depends on
the existence of a special regressor and follows from weighting each linking decision in the network
by the inverse of the conditional density of the special regressor given the observed attributes. In
section 3.1, I provide sufficient conditions to point identify the vector of coefficients. In section
3.2, I provide a second point identification result that does not assume the existence of a special
regressor. This result requires that at least one covariate has a full support and consists of finding
a sufficient statistic for the unobserved heterogeneity in equation (1) at the tails of the distribution

of the observed covariate with full support.

As a second contribution, I use the point identification result in section 3.1 to introduce a two-
step semiparametric estimator of the vector of coefficients with a first-stage kernel estimator. As an
appealing property, this estimator has a closed-form and is computationally tractable. In section
4, T provide sufficient conditions to show that the estimator is consistent, and it has a limiting
normal distribution. I perform inference in a setting when only one network with a large number
of agents is observed in the data. Furthermore, I propose an adaptive inference approach to adjust
for varying rates of convergence due to different levels of sparsity in the network (see, e.g., Andrews
and Schafgans 1998 and Khan and Tamer 2010).

In the rest of this section, I relate my results to the existing literature.

This paper is most closely related to the literature that studies dyadic network formation models
with unobserved heterogeneity, (see, e.g., Graham 2017, and Graham 2019a,b for additional sur-
veys). Within this literature, the studies by Charbonneau (2017); Jochmans (2017, 2018); Dzemski
(2019), and Yan, Jiang, Fienberg, and Leng (2019) have analyzed the formation of a directed net-
work.? Their methodologies differ substantially from the one proposed here since they follow a
parametric conditional maximum likelihood approach to estimate the vector of coefficients By. In

contrast, I study the formation of an undirected network and follow a semiparametric approach.

This paper builds on the seminal work by Graham (2017), which aims to detect preferences

2Charbonneau (2017) and Jochmans (2017) study a two-way gravity model, which can be rationalized as a bipartite
network with directed links.



for homophily in an undirected network model with agent heterogeneity. Graham (2017, p. 1040)
introduces a Tetrad Logit Estimator with identification and asymptotic properties that depend on
the link-specific disturbance terms following a logistic distribution. The point identification and
estimation results presented below relax this requirement and can be applied to models where the

distribution of U;; is not parametrically specified.

Since the initial draft of this paper was circulated, recent studies have appeared analyzing
semiparametric or nonparametric variations of a dyadic network formation model with unobserved
heterogeneity; these papers include those by Toth (2017); Gao (2020), and Zeleneev (2020).

Similarly to this paper, Toth (2017) study a dyadic network formation model in which the
distribution of U;; is unknown. However, the author uses a different identification strategy. In
particular, his strategy relies on assuming that each component in the vector of observed attributes
Z; is continuously distributed which is then used to propose an identification strategy similar to
the maximum rank by Han (1987). An estimator for fy is then defined as the maximizer of a U

process of order 4, with a nonparametric first-step estimator.?

Gao (2020) studies the identification of a dyadic network model with a nonparametric functional
form for the preferences on homophily and an unknown cumulative distribution for Uij.4 He
identifies the nonparametric homophily function by introducing a novel identification strategy that
imposes as stochastic restrictions on the distribution of U;;, an interquartile-range normalization

and a location normalization of one of the quantiles.

Finally, Zeleneev (2020) studies the identification and estimation of a dyadic network formation
model with a nonparametric structure of the unobserved heterogeneity. This framework allows him
to account for latent homophily on the unobserved attributes. The author identification analysis
is based on introducing a pseudo-distance between a pair of agents ¢ and j, which allows him to
recover groups of agents with the same levels of agent-specific unobserved heterogeneity. After
conditioning on the matched agents with similar unobserved heterogeneity, the identification of the
vector of coefficients proceeds from a pairwise difference strategy. The estimation procedure follows

the same logic of the identification strategy.

Contrary to the previous studies, the identification strategy proposed here is based on the
existence of a special regressor, (see, e.g., Lewbel (1998) and Lewbel (2012) for a survey). This
paper, to the best of my knowledge, represents the first effort in the econometric literature to
introduce a special regressor to analyze a network formation model. The vector of parameters Sy is

point identified after introducing a transformation that consists of weighting the linking decisions

3Toth (2017) also proposes a variation of his estimation strategy which requires maximizing a U-process of order 2,
with a nonparametric first-step estimator. This moditication improves the computational tractability of his method.

4Gao (2020) also provides several interesting extensions on the functional form of the unobserved heterogeneity;
for reference, see Gao (2020, p. 5) and Zeleneev (2020, p. 6). Those extensions are beyond the scope of this paper
and left for future research.



D;; by the inverse of the conditional density of the special regressor given the observed attributes.
This transformation utilizes features of the distributions of observables and does not represent a
stochastic restriction on the distribution of U;;. Therefore it is not nested in any existing work. As
a restriction on the distribution of U;;, I normalize to zero the conditional mean of the link-specific
disturbance terms given the observed attributes.” In Section 3.1, I provide a detailed discussion on

the sufficient conditions needed to point identify By via the existence of a special regressor.

The second point identification result introduced in section 3.2 is based on a sufficient statistic
argument at the tails of the distribution of a covariate with full support. The identification strategy
shows that within- and across-individuals variation in the linking decisions can be used as a sufficient
statistic to differentiate out the unobserved agent-specific factors in some sets of sufficient variations
of the covariate with full support. The existence of only one continuous attribute with large support
in Z; is sufficient to show this result. The latter assumption is satisfied by many real network
datasets (e.g., household income in the Add Health dataset), and hence it is empirically relevant.
The resulting semiparametric estimator is solved in one step, and it is defined as the maximizer of

a U-process of order 4 with a trimming sequence.

In Section 4, I introduce a two-step semiparametric estimator for 5y based on the identification
result that requires the existence of a special regressor. The estimator has an analytic form similar
to the least-squares, and it uses a first-step kernel estimator to weight the linking decisions D;; by
the inverse of the conditional density of the special regressor. In a recent paper, Graham, Niu, and
Powell (2019) have studied the nonparametric estimation of density functions with dyadic data. I
follow their findings to perform the first-step kernel estimation. In theorems 4.1 and 4.2, I show

that the semiparametric estimator for §y is consistent and has limiting normal distribution.

Finally, the network formation model that I analyze is related to the literature on empirical
games. Specifically, the model in equation (1) can be derived as a stable outcome in a static game.
Papers that study the strategic formation of a network as a static game include Goldsmith-Pinkham
and Imbens (2013); Leung (2015a,b); Menzel (2015); Miyauchi (2016); Boucher and Mourifié (2017);
de Paula, Richards-Shubik, and Tamer (2017); Mele (2017); Candelaria and Ura (2018); Sheng
(2018); Gualdani (2020), and Ridder and Sheng (2020). The authors study network formation
models that account for network externalities. Network externalities generate interdependencies in
the linking decisions that depend on the structure of the network. The identification and estimation
methods used in these papers differ substantially from the ones proposed here as they restrict the

presence of unobserved agent-specific heterogeneity.

The rest of the paper is organized as follows. Section 2 introduces the network formation model
and motivates it as a stable outcome of a random utility model with transferable utilities. Section

3 provides the main identification results of the paper. Section 4 introduced the semiparametric

SIn further research I will explore the informational content of the special regressor in a network formation model
given a quantile or median restriction.



estimator and proves the main asymptotic results. Section 5 reports simulation evidence and section

6 concludes. The appendix collects the proofs of various lemmas and theorems.

2 Network formation model

A network is an ordered pair (N, D,,) formed by a set of n agents denoted by N,, = {1,--- ,n}
and a n x n adjacency matrix D,,, which represents the links between the agents in N,. Let D;;
denote the (i, 7)th entry of the matrix D,,. I assume the network is undirected and unweighted.
A network is undirected if the adjacency matrix is symmetric, that is D;; = Dj;. A network is
unweighted if any (7, j)th entry of the adjacency matrix takes one of two values, where the values
are normalized to be 0 and 1. In other words, D;; € {0,1}, where D;; = 1 if the agents i and j
share a link and D;; = 0 otherwise. Furthermore, I normalize the value of self-ties to zero, that is,

D;; = 0 for any agent i.

Example 1 (Friendships network). A network of best friends is an example of an undirected and
unweighted network. Two agents are considered to be best friends if and only if both agents report
each other as friends. In this case, D;j = Dj; = 1. Also, this example rules out the scenario of an

agent reporting herself as her best friend.

Each agent i € N, is endowed with a K + 1-dimensional vector of observed attributes Z; and
an unobserved scalar component term A;. Common examples of observed attributes that could ex-
plain the formation of a friendships network among high school students are age, gender, ethnicity,
religion, and the students’ interest in extracurricular activities. The component A; captures indi-
vidual i’s preferences for establishing a link based on unobserved and agent-specific attributes. The
unobserved component U;; captures exogenous stochastic factors that influence the pair-specific

decision of establishing a link between agents i and j.

Given the vectors of observed attributes Z; and Z; for ¢ # j, let Zij = g0(Zi, Zj) be a K + 1-
dimensional vector of pair-specific attributes. The function gg is assumed to be a known measurable
function that is nonlinear and finite. Given the undirected nature of the network, gy is assumed
to be symmetric on its terms. The specification of gy varies according to the empirical application
and is chosen by the researcher to capture homophily or heterophily effects. For example, suppose
that Z; is a scalar random variable that represents agent ¢’s gender, then Zij could be defined as
1[Z; = Z;] to capture the preferences for homophily. Under this specification, Z;; equals 1 if agents

1 and j share the same gender and 0 otherwise.

The network formation model described in equation (1) can be obtained as a stable outcome of a
random utility model with transferable utilities. In particular, let ﬂij(ZZ-j, A;,U;j) denote individual

1’s latent valuation of establishing a link with j given their shared-observed attributes Zij, agent j's



unobserved type A;, and their common unobserved factor U;;. It follows that the joint net benefit
of adding the link {i,j} to the network D,, is

wij(Zij, Aj, Uig) + 5i(Zij, Ai, Uig) = Zi;Bo + Ai + Aj — Ui (2)

Notice that the joint net benefit accounts for the preferences based on the observed attributes
ZZ{ ;Bo, as well as preferences for association based on agent-specific factors A;+A;, and for exogenous

factors affecting the decision of establishing a link Uj;.

Equation (2) implies that two distinct individuals 4 and j in N, only have valuations for their
own observed attributes and agent-specific factors. To clarify, in the link formation decision for
dyad {4, 7}, the individuals do not account neither for observed or unobserved attributes of other
individuals in the network, nor for the general forms of network externalities other than dyad {3, j}.
These effects are known as network externalities (see, e.g., Chandrasekhar and Jackson 2014; Leung
2015b; Mele 2017; Menzel 2015; Badev 2018; Sheng 2018; Ridder and Sheng 2020). Some examples
of these effects are preferences for reciprocity, transitive triads, or high out-degree. I leave this

extension as future research.

Next, I introduce the definition of stability.
Definition 1 (Stability). A network D, is stable with transfers if for any distinct i,j € Ny, :

1. for all Dij =1, u;;(Zi5, Aj, Uij) + 6ji( Zij, Ai, Uij) > 0;

2. for all D;; =0, ﬂij(Zij, A, Uij) + Uji(Zij,Ai, Uij) <0.

Notice that this definition adapts the pairwise stability in Jackson and Wolinsky (1996) to allow
for transfer utilities. Intuitively, this condition states that a link within dyad {4, j} is established if

the net benefit of that connection is nonnegative. For a generalization to nontransferable utilities,
see Gao, Li, and Xu (2020).

2.1 Notation

The following notation will be maintained in the rest of the paper. I will assume that the vector
of observed covariates Z; = (v;, X])' is comprised by a scalar random variable v; € R and K-

dimensional random vector X; € R¥X. Similarly, denote by

Zij = (90(vi,v5), 90(Xi, X;)) = (vij, W)’

the observed covariates at dyad level, and let 5y = (1, 6})’.



I will denote the distinct profiles of observed attributes for all the agents in the network as
Z, ={Z; i€ Np}, v, = {v; : i € Ny}, and X,, = {X;:i€N,} . Similarly, let A, =
{A; : i € N,} denote the profile of unobserved attributes. Moreover, let Z_;; = {Z}, : k # 1,7}, and
A_;j = {A; : k #i,j} denote the collection of observed and unobserved attributes for all agents

in the network other than agents ¢ and j.

The identification and estimation strategies introduced in sections 3 and 4 use the information
contained in subnetworks formed by groups of four distinct agents {i1,i2, 71,2}, also known as

tetrads. The following notation is used to describe attributes at the tetrad level. Given a network

n
—
e =)

ordered tetrads with distinct indices 1,142, J1,j52 € N,. Let o be a function that maps these
tetrads to the index set N, = {1, -+ ,my}. Thus, each tetrad with distinct indices {i1, i, j1, 72}

corresponds to a unique o ({i1,72;j1,J2}) € N, -

of size n, there is a total of

Given any o({i1,12; 71, J2}) € Nm,, let v = {vi, v5,,viy, 055}, Xo = { Xy, X, Xin, X, }, and
A; = {Ai17Aj17Ai2’Aj2}‘

Moreover, define the pairwise variations across observed attributes and linking decisions as

follows

U = 6i1i27j1j2 = (Uiljl - Uilj2) - (Uizjl - Ui2j2)
We = Wi1i27j1j2 = (Wiljl - Wile) - (Wizjl - Wizjz)
D, = Diliz,jljz = (Diljl - Diljz) - (Dizjl - Diz]é)'

Finally, given any fixed tetrad o({i1,i2;71,72}) € Nm,,, let wi i, = (v1,, X1y, X1p, Ay, Ar,) de-
note the profile of attributes at dyad-level and py,(wi,1,) = P [Diy1, = 1 | wiy1,] denote the probability
that a link is created for any (I1,12) € {(i1,71), (i1, J2), (42, j1), (2, 52) }.

3 Identification

This section introduces the main identification results for the semiparametric network formation
model with unobserved agent-specific factors. In particular, section 3.1 presents the main point
identification result when a special regressor is available. Section 3.2 introduces a second point

identification result when a covariate with full support is available.



3.1 Point Identification Result: Special Regressor

Using the notation introduced in section 2, the rest of the paper considers the following represen-
tation for the network formation model specified by equation (1). In particular, agents i and j in

N, with ¢ # j will form an undirected link according to the next equation
Dij =1 [Uij + W{QOO + AZ + Aj — UZ']' > 0] s (3)

where the coefficient associated with v;; has been normalized to 1 and 6y is a K-dimensional vector
of coefficients. Given that the network of interest is undirected, U;; is assumed to be symmetric,

i.e., Uj; = Uj;. The vector 0y represents the main parameter of interest.

Assumptions 3.1.1-3.1.5 will specify the underlying structure for the network formation model

in equation (3), which will be used to show the main identification result for 6.

Assumption 3.1.1. The random sequence {Z;, A}, is independent and identically distributed.

Assumption 3.1.1 describes the sampling process, and it is widely used to describe network
data, (see, e.g., Graham 2017; Jochmans 2018, and Auerbach 2019).

Assumption 3.1.2. For any finite n, the following holds.

1. The sequence {Uyj | Zp, Ap}izj is conditionally independent and identically distributed for
any dyad {i,j}. Moreover, Uj; = Uj; for any dyad {i, j}.

2. For any dyad {i,j}, Uij ’ Zn,An i ij ‘ Zi,Zj,Ai,Aj.

Assumption 3.1.2.1 states that conditional on (Z,, A,) the link-specific disturbance terms
{Ui;}iz; are independent across dyads {4, j} and drawn from the same distribution. Furthermore,
Assumption 3.1.2.2 requires that conditional on (Z;, Z;, A;, A;), the link-specific disturbance terms
U;j are independent of any observed or unobserved feature in (Z_;;, A_;;). Assumption 3.1.2 en-
sures that each of the linking decisions in the network is conditionally independent. In other words,

it rules out interdependence across linking decisions due to externalities across the network.

Notice that Assumption 3.1.2 allows for heteroskedasticity of a general form in the distribution of
U;j. Moreover, it allows for a flexible dependence between the unobserved agent-specific factors and
the observed attributes. In other words, Assumption 3.1.2 does not restrict the joint distribution
(Z,,A,). Assumption 3.1.2 is commonly used in semiparametric nonlinear panel data models, for
example in Arellano and Honoré (2001). In network formation models, full stochastic independence
Uy L Z,,, Ay, is usually imposed (see, e.g., Leung 2015b; Menzel 2015; Graham 2017; Toth 2017,
and Gao 2020). Arbitrary heteroskedasticity is also considered in Zeleneev (2020).



Assumption 3.1.3. Given n and any distinct i,j € Ny, let e;; = A; + Aj — U;; and suppose that
eij is conditional independent of vij given (X;, Xj). Let Fg, (eij | Xi, X;) denote the conditional
distribution of e;; given (X;, X;), with support given by S.(X;, X;) and finite first moment.

Assumption 3.1.3 represents an exclusion restriction, and it entails that the regressor v;; is
conditionally independent of e;; given the observed attributes (XZ',XJ-).6 In other words, v;; is a
special regressor in the sense of Lewbel (1998), Lewbel (2000), and Lewbel (2012).

Assumption 3.1.4. Given n and any distinct i,j € Ny, the conditional distribution of v;; given
(X4, Xj) is absolutely continuous with respect to the Lebesgue measure with conditional density
Jole(vij | Xi, Xj) and support given by S,(X;, X;) = [s,,5y] for some constants s, and 5,, with
—00 <5, <0<35, <oo. For any (X;,X;), the support of —Wi’jeo — ei; 15 a subset of the interval

[ﬁv’ EU] .

Assumption 3.1.4 is a support condition, and it ensures that v;; | X;, X; has a positive density
function fy,(vij | Xi, X;) on Sy(X;, Xj). Furthermore, it requires that for any (X;, X;) the sup-
port of (—=W/;0p — e;;) is contained in S,(X;, X;). Notice that Assumption 3.1.4 does not restrict
vi; | Xi, Xj to have full support on the real line. Hence the point identification result introduced in
this section is general enough to include both cases: (i) the full support case, and (ii) the existence
of a continuous covariate with bounded support that contains supp —W{jeo —eij | X5, X j>. More-
over, observe that Assumption 3.1.4 leaves unrestricted the distribution of the observed attributes

(X4, X;). Hence, this identification strategy also allows for discrete covariates in Wj;.
Assumption 3.1.5. Gwen n and any tetrad o € Ny, E[U;; | Xi, X;] =0, and
Io=E [WUVV(’,}
s a finite and nonsingular matrix.
The first part of assumption 3.1.5 represents a stochastic restriction on the link-specific distur-
bance term. In particular, it requires that U;; | X;, X; has conditionally mean zero. The second

part of assumption 3.1.5 is the standard full rank condition on the pairwise variation of the observed

attributes W, and it ensures that 6y is point identified.

The network formation model specified by equation (3) and Assumptions 3.1.1-3.1.5 represents,

to the best of my knowledge, the first generalization of the special regressor to analyze network

5The conditional independence property needs to hold after conditioning on the observed attributes (X;, X;), and
not just the dyad-specific covariates W;;. The intuition behind this insight follows from Assumption 3.1.1, which
allows for unrestricted dependence between X,;, and A;. In particular, the proof of Theorem 3.1 requires that any
stochastic variation left in A; + A; after conditioning on (X;, X;), is independent of Wy, for any k,! € N,, including,
for example W;;. This property no longer holds if the conditioning variable used is Wj; since it is only a feature of
(Xi, X5).

10



data. Following Lewbel (1998, 2000), Honoré and Lewbel (2002), and Chen, Khan, and Tang
(2019), let D}; be defined as
. Dij —1[vi; > 0]

— 4
& folz(vig | Xi, X5) @

for any distinct i,j € N,,.

The following theorem and appended corollary formalize the first point identification result for

fo.
Theorem 3.1. If Assumptions 5.1.3-3.1.5 hold in equation (3), then for any distinct i and j in
Na
E[D:} | Xi,Xj] = Wi/jgo —|—E[AZ + Aj ’ Xz,X]]
Proof. See Appendix A. O

Corollary 3.1. If Assumptions 53.1.1-3.1.5 hold in equation (3), then for any tetrad o € Ny,

E [Wg[);;} - E [WUW;} 0o, (5)
and hence,
b = Tt x ¥ (6)
with Uy = E [Waf);} .
Proof. See Appendix A. O

Theorem 3.1 and Corollary 3.1 demonstrate that 8y is point identified using the information
contained in the joint distribution of {D*,W,} at tetrad level, and with analytic expression given
by equation (6). This result shows that 6 is identified as an average of the linking decisions D,
which are weighted by the inverse of the conditional density of the special regressor given the
observed attributes, f,;(vij | Xi, Xj). The result in Corollary 3.1 will be used as a foundation of

the semiparametric estimator introduced in Section 4.

Given the results in Theorem 3.1 and Corollary 3.1 the average contribution of the unobserved

agent-specific factors to the formation of a link is also identified.

Corollary 3.2. If Assumptions 3.1.1-3.1.5 hold in equation (3), then for any i and j in N,
E[A; + 4;] = E[Dj;] — E[Wy] 6o, (7)

11



3.2 Second Point Identification Result

In this section, I provide a second point identification result for the vector of coefficients 6. This
result does not require the regressor v;; to be conditionally independent of the unobserved terms,
A;+ Aj —U;;. Nonetheless, it imposes a large support condition on v;; and bounds the contribution

that the unobserved heterogeneity A; + A; has on the formation of links.

The following notation will be used to state and proof this result. For any fixed tetrad
o({i,j; k,1}) € No,,, denote the profile of observed attributes at tetrad level as v, = (vik, vir, vji, vj1)
and Z, = (¥, Xy). Moreover, for any o({i, j; k,1}) € Ny, and agent r with r € {i, j} denote the
within-individual r variation of the observed attributes as A,v, = v — vy and AW, = W — Wi,

and the within-individual r variation of the unobserved attributes as A, A = A, — A;.

The following assumptions are sufficient to show this result.

Assumption 3.2.1. For any finite n and dyad {i,j}, Assumption 3.1.2 holds. Furthermore, the

link-specific unobserved term Usj | Z;, Zj, A;, Aj has a positive density over the real line.

Assumption 3.2.1 ensures that the disturbance term U;; has a large support for any value of
(Z;, Zj, Ai, Aj). This assumption is used for simplicity to ensure that the conditional probability
of forming a link is well defined for any value of (Z;, Z;, A;, A;). Notice that any model where the

disturbance term Uj; is logistically or normally distributed will satisfy this condition.

Assumption 3.2.2. The parameter space © is compact.

Assumption 3.2.2 is a standard assumption in the semiparametrics literature, (see, e.g., Manski
1975, 1985; Newey and McFadden 1994, and Powell 1994). This assumption is used to control the

contribution that the variation on W;; has on the formation of links.
Assumption 3.2.3. For any finite n, the following holds for any o({i,j; k,1}) € Nm,, .
1. For all X, Dy is continuously distributed with a positive density over R*.

2. For all X, andr € {i,j}, Ayv, is continuously distributed with a positive density over the real

line, and the supp (—A, W0y — Ay A | X,) = [8.,S:] is known with —oo < s, < 0 < 5. < 00.

Assumption 3.2.3 ensures that the regressor v;; has a large support. Moreover, it requires
that the variation in v;; dominates the contribution that the remaining factors have in creating a
network link. Notice that this condition does not impose that v;; is conditionally independent of
A; + A; given X,. Intuitively, Assumption 3.2.3 guarantees that the information at the tails of
the distribution of A,v, can disentangle the contributions of the preferences for homophily and

unobserved heterogeneity on the creation of network links.
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Assumption 3.2.4. For any finite n and tetrad o({i,j; k,l}) € Np,,, P [Wé*y # 0} > 0 for all

non-zero vectors v € RE.

Assumption 3.2.4 is a rull rank condition.

For any fixed o({i,j;k,1}) € Ni,, and given X,, let V(X,) denote the set of values for which

the variations in A,v; and Ayv; dominates the contribution of the remaining factors. That is
V(Xy) = {05 :A5v; <5, & Ayvj > 5., or Ayv;>35. & Ayvj <5 }. (8)
Notice that this set can be characterized using Assumption 3.2.3. Also, define £(0) as

sign {E@O [f)g | X,, B € V(X,), Dy € {2, 2}}

0 = 25 Vg V XO' d D D
£(6) %1% €V(X,) an #sign {E | D, | X,, 9, € V(X,), Dy € {-2,2}] |

)

which characterizes the set of states for which the sign of the conditional expectation of the pairwise
variations of the links D, implied by 6 differs from the sign of the conditional expectation generated
under 6y. In other words, the set £(f) summarizes the values of observed attributes for which 6 can
be identified from 6, using the information contained in the conditional expectation of D,. Hence,
o is said to be identified relative to 6 # 6y if

PlZ, €&(9)] > 0.

The next theorem and appended corollary formalizes the second point identification result.

Theorem 3.2. Suppose Assumptions 3.1.1, 3.2.1, 3.2.2, and 3.2.3 hold in equation (3). Let
Qo = {20 10, € V(X,) and Wé@o < =0y < V~Vé_9 or Wé@ < =Py < Wé@g}.

If P [ZU € Qg} > 0, 6y is point identified relative to 6.

Proof. See Appendix A. O

Corollary 3.3. Suppose Assumptions 3.1.1, 3.2.1- 3.2./ hold in equation (3). Then 6y is point
identified.

Proof. See Appendix A. O

The results in Theorem 3.2 and Corollary 3.3 can be used to define an estimator for 6y as the

maximizer of a U-process of order 4 with a trimming sequence +, such that v, — co as n — oc.
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In particular, the estimator of 6y can be defined as

0 = argmax H,(0,v,)
0cO

where

1 n
Hn(0:7n) = [4!(29] 3 X Y H(Zotainiad Dottiviiananifiin)

11=1 j1#41 i2791,J1 JeFi1,51,02

H (ZU,DU;Q,%) - [sign {@U +W;9} x D(,] x 1 [y Dy |= 2} < 1] Ags || Agv; |> 7] -

Although point identification of 6y is achieved assuming that the bounds [s.,s.| are known,
notice that they are not needed to define the estimator 6. In other words, it is sufficient to assume
that A,v; has a large support which contains supp (—A,W/0y — A, A | X;) to characterize the

estimator for 6.

Naturally, the asymptotic properties of 6 will depend on the frequency of subgraph configura-
tions that satisfy the restriction 1 [\ D, |= 2] in the sample, and the rate at which v, — oo as
n — 00. The rest of this paper prioritizes the study of the semiparametric estimator introduced in

section 4 since it is computationally more tractable than 9.

4 Inference

In this section, I introduce a semiparametric estimator for 6y based on the point identification
result derived in section 3.1. The estimator for 6y denoted by 571 is a two-step estimator with a
nonparametric estimate of the conditional distribution of v;; given {X;, X;}, i.e., fyo(vij | X4, Xj).
Section 4.1 provides sufficient conditions to study the large sample properties of é\n Theorem 4.1
proves that §n is a consistent estimator of fy. Theorem 4.2 shows that the limiting distribution of

0,, is normal.

4.1 Consistency

The estimator for 6y is defined as the sample analog of equation (6) and is obtained by averaging over
the linking decisions D, for all distinct tetrads o € A, . Given that the inverse of folz(vij | Xi, Xj)
is used as a weight in the definition of ¥, and hence 6y, I introduce a trimming sequence intended

to avoid boundary effects arising from the first-step estimation of f,,(vi; | Xi, Xj).

Recall that D, is defined as the pairwise variation across the linking decisions for a given tetrad

o ({i1,42;j1,J2}) € Nm,. I extend that notation to define as follows the pairwise variation of the
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trimmed network links given a trimming parameter 7

Ty _ * * * *

DO,T - (Dllh, D11]2 ) (Dlzjl, Dlz]z T)
* _ * * * *

DUJ - (DZIJL D11J2, ) <D12J1, D12J27 ) ’

where for any distinct 71 and j; in NV,

D; i — [’UZ > 0] )
D* . _ 1J1 1J1 (’U X ,X )
11J1,T <fv|x(v“]1 ’ i 1) 111 i1
~ D, ; [UZ > 0] )
D* ) —_ 1J1 1J1 (lejl’X“?X )
T <fvw(vl1]1 | 115 )

In the equations above, fy,(vij, | Xiy, Xj,) denotes the true conditional density function of
viyjy given (X;,, Xj, ), and fy|(viyj, | Xiy, Xj,) denotes a kernel estimator of the conditional density
of v; j, given (X, Xj;,). Thus, E;T denotes the pairwise variation of the trimmed network links
assuming that the conditional distribution of the special regressor given the observed attributes
is known. Conversely, lA?f;T denotes the pairwise variation of the trimmed network links when

fole(Viyjy | Xiy, Xj,) is replaced by a first-stage kernel estimator ﬁ,‘x(viljl | Xi, X51)

The trimming sequence I-(vj,; ,Xi;, Xj;) is a function of the observed attributes at a dyad
level, and it converges to 1 as the trimming parameter 7 — 0 when n — oco. Assumptions 4.1.2
and 4.1.5 below describe the conditions imposed on the trimming parameter 7, (cf., Honoré and
Lewbel 2002 and Khan and Tamer 2010).

To ease the exposition, I introduce the following notation for any distinct 41,71 € N,

iy = Ir(vig, Xi, X50)
Jorii = foaing, Xi, Xj,)
feip = fa(Xip, X))

©ii = Dijy —1vi 5, > 0]
Cijiyr = Qi drig-

With this notation at hand, the semiparametric estimator for 6y is defined as
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where

. 1 oo
Ve = o 3 (WD)
and m,, = 4!(2).

The first-stage kernel estimator ﬁ)|:p(vi1 i | Xi, X)) is defined as the ratio of the kernel estima-

tors fuzij, and fg 5, with

1

e = g £ X Kl Yo X X X
k17#41,51 ka2#i1,51,k1
~ 1
Jrin = (n—2)(n—3)ht Z Z Ko [Xiy = Xy, Xy — Xii]

k1#i1,51 ko#i1,51,k1

where h denotes a bandwith parameter and L = 2K. The kernels K, ; and K ) are defined as

h ’ h ’ h
Xk1 - Xil Xk2 - Xj
h ’ h '

Vk1ky — Viyj Xg, — Xi1 Xy — le
Kvx7h [Uklk‘Q - Uiljlanl - Xi17Xk2 - X]J = KU:E |: 2 L 2

K:v,h [Xkl - Xileka - Xj } = K |:

Assumption 4.1.5 below describes the conditions imposed on the kernel functions K, and K, ,

and bandwith parameter h.

The estimator defined in equation (9) represents, to the best of my knowledge, the first effort
to estimate the vector of parameters 6y defined in the network formation model given by equation

(3) using a two-step semiparametric estimator that utilizes the existence of a special regressor.

A semiparametric approach is attractive because it does not restrict the distribution of the
disturbance term to any specific parametric family. Furthermore, it allows for a flexible statis-
tical dependence between the agent-specific unobserved factors and the observed attributes, i.e.,
{X,,A,}. The estimator defined in equation (9) has as an additional appealing property that it
has an analytical form. This characteristic increases its computational tractability compared to the
estimator defined as the maximizer of a U-process and introduced in section 3.2. Regarding the
non-parametric first-stage estimator, Leung (2015b, Supp. Appendix) and Graham et al. (2019)
have studied the properties of kernel estimators for network data. I use their finding to analyze the

asymptotic properties of (/9\71

The following technical conditions are needed to prove Theorems 4.1 and 4.2. For simplicity, the

theorems are stated and proved assuming that all of the elements of X; are continuously distributed.
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However, the results can be readily extended to include discretely distributed variables by applying

the density estimator separately to each discrete cell of data.

Assumption 4.1.1. For any distinct indices i and j in N, the dyad-level covariates (X;, X;)
and (vij, X3, Xj) are absolutely continuous with respect to some Lebesgue measures with Radon-
Nikodym densities fy;; and fuz;;, and supports denoted by S, and S,,. Assume that f.;; and
foz,ij are bounded, fyy;j is bounded away from zero, and there exists a constant M > L+1 (recall
that L = 25, with dim(X;) = K ) such that frij and fuzij are M -times differentiable with respect
to all of its arguments with bounded derivatives. There exist finite constants Cy,1 and Cy2 such
that supgep,, || Wy [|< Cuwy w.p.1 and E [|| W, Hﬂ < Cyp2.

Assumption 4.1.1 ensures that the densities f;;; and fyz;; are continuous and M-times differ-
entiable. Also, it requires the existence of fourth-order moments for W,, for any o € N, . This
assumption has been used in the literature of semiparametric methods, for example in Ahn and
Powell (1993); Aradillas-Lopez (2012), and Honoré and Lewbel (2002).

Assumption 4.1.2. Let 7 be a density trimming parameter defined above. Assume that the support
Svz 18 known, and the the trimming function I, ;; is equal to zero if (vij, X, Xj) 18 within a distance
T of the boundary of S, and otherwise, Ir;; equals one. Also, assume that T — 0 and ™m? =0 as

n — oo.

Due to the weighting scheme used in the definition of ﬁl*l j,» boundary effects could arise from
the density estimation step when computing W¥,, . Assumptions 4.1.1 and 4.1.2 deal with this
technicality by assuming that f,;; ;, is bounded away from zero and introducing a trimming
sequence IT(vm-l X le) that sets to zero the terms in \Tlnﬁ with data within a 7 distance of the
boundary of S,,, (see, e.g., Lewbel 1997, 2000; Honoré and Lewbel 2002, and Khan and Tamer

2010)

Assumption 4.1.1 and Assumption 4.1.2 require that the support S,, is known. The support
Sue 18 identified from the distribution of observables, and hence, it can be estimated in an empirical
application. As an alternative approach, a fixed trimming function that is not n-dependent could
be used instead, (see, e.g., Aradillas-Lopez, Honoré, and Powell 2007 and Aradillas-Lopez 2012).

Assumption 4.1.3. Let M be as defined above. Given any tetrad o{iy,j1;i2,jo} € Np,, let

E(Xll’XZQ) = F |:WO-D;<1[27T ‘ Xl17Xl2]
E(Ulll2’Xl1’Xl2) = E [WJDZ:Zg,T | Ulll27Xl17Xl2]
for any dyad (l1,12) € {(i1,71), (i1, J2), (i2,J1), (i2,42)}. The expectations = (z,z) and E (v, z, x)
exist and are continuous in the components of (v,z,x') for all (v,x,2') € Sy,. Also, Z(z,x) and

= (v,z,7) are M-times differentiable in the components of (v, z,x') for all (v,x,z") € Syz, where

Sye differs from Sy, by a set of measure zero.
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There exist some functions my(x,z) and my; (v, x,2") such that the following local Lipschitz

conditions hold for some (o, () and (vo, o, xy) in an open neighborhood of zero and for all T > 0:

| fox(v +vo, 2+ xo, 2" + 20) — fox(v,z,2') || < mye(v,2,2") || (vo, 20, 25) ||
| fa(@ +z0,2" +20) — fo(z,2") || < ma(2,2) || (0, 70) |

| E(v +vo, 2 + 20, 2" + 20) — E(v,2,2) [| £ mua(v,2,2") || (v0, z0,20) ||
| E(z + 20,2 + 20) — E(2,2) || < ma(z,2") || (zo,zp) || -

Assumption 4.1.3 imposes local smoothness conditions that are needed to derive the Hajek
projection of a V-statistic. Similar conditions have been used in Ahn and Powell (1993); Aradillas-
Lopez (2012), and Honoré and Lewbel (2002).

Assumption 4.1.4. Given any U{il,jl; ig,jg} S Nmn and (ll, lg) € {(il,jl), (il,jg), (ig,jl), (ig,jg)},
let x1,1, = X(X1,, Xp,) = E [Wa | leng]

The following moments exist

sup  x(z,2')
(z,x")ESe

2
11l
(v,2,2")E€Sy,z,7>0 Joe(v,2,2")

* 2
Dl1l2,7’ /
sup El| —F——"— ] |v,z,2"|,
(’U,I,JJ/)ESU’I,TZO fvx (/1)7 T,T )

and the objects

x(z, ")
Pl 2
E 102,T /
(fvx(vax7x/)) | v7$7x]
E

2
Dl*ﬂmT | vz
fUl' (U, x? x/) ’ ’
are continuous in the components of (v,x,x’) € Syz. Moreover, there exists a finite constant C.,
such that

E |l x(,2")° |I] < Cy

for any (x,2') € S,.

Assumption 4.1.4 ensures the existence and boundedness of the conditional expectations defined

above. These conditions are needed to invoke a uniform law of large numbers for V-statistics. The
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last part of Assumption 4.1.4 guarantees the existence of sixth-order moments, and it will be used

to invoke a conditional central limit theorem.

Assumption 4.1.5. Let M and 7 be as defined above. The kernel K, (x,z') : RF = R and bandwith
h used to define the kernel estimator fx satisfy:

1. Ky(x,2") = 0 for all (z,2") on the boundary of, and outside of, a convex bounded subset of
RE. This subset has an nonempty interior and has the origin as an interior point.
2. K.(+,) is symmetric around zero, bounded, differentiable, and bias-reducing of order 2M.

3. There exists 8 > 0 such that n'=9hL+! — 00, nhM — 0, and h/T — 0.
The kernel function K, 4(v,x,z") has all the same properties, replacing (z,z") with (v,z,z").

Assumption 4.1.5 requires the use of a higher-order kernel. This selection is motivated to
control the bias induced by using the inverse of f,,(vi,j, | Xi;, Xj,) as a weighting function. This
assumption has been used by Honoré and Lewbel (2002) and Leung (2015b). Graham et al. (2019)

provides a comprehensive treatment of kernel estimation for undirected network data.

Using the assumptions above, it follows that é\n defined in equation (6) is a consistent estimator

of y. Theorem 4.1 formally states this result.

Theorem 4.1. Let Assumptions 3.1.1-3.1.5 and 4.1.1-4.1.5 hold. Then (§n —0y) 50 asn — .
Proof. See Appendix A. O

The following theorem derives the asymptotic distribution of O,. A key part to prove this result

is to show that
Vil =12 By = B W, Di | vy, Xo, Ao |} = N (0,1),

where I denotes the K-dimensional identity matrix, and T, = n(n—1)Var (lf/n,7>, which is defined

as

v n(nl_1) Z”: S E Hpn(wz'ljl) [1 = p(wij)] } Im’u&} Xiss: Do,

i1=1 j1 i1 fv|5177i1j1

. P 1 ~
Wlth X’iljl = {(77,72)(”*3) ZiQ;ﬁil,jl ng;ﬁil,jl,ig E |:W0'{’L'1,’L'2§j17j2} ’ Xi17Xj1:| } .

The proof of this result follows from showing that
{@m _E [WC,E;T | Vg, X, AU} }
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is asymptotically equivalent to its Hajek Projection onto an arbitrary function of
Ci1j1 = (vi1j1 » X Xj17Ai1 ) Ajl’ Ui1j1)'

The resulting Héjek Projection is an average of conditionally independent random variables at a
dyad level, with conditional mean equal to 0 and a conditional variance that approximates Y, in
the limit. The result follows from a conditional version of Lyapunov’s central limit theorem, (see,
e.g., Rao 2009).

The remaining information needed to derive the limiting distribution of the semiparametric

estimator 6, are the convergence rate of T, which is given by

o = O(T)) =0 (E [{pn(wiljl) [1 — pn(wiyi)] } Im‘m]) 7

Jolz.ivjr

and the following matrix

Y, = Tg'xT,xTyt

The next theorem formalizes the limiting distribution of @\n.

Theorem 4.2. Suppose Assumptions 3.1.1-3.1.5, /.1.1-4.1.5, and n(n — 1)g, ' — oo hold. It then
follows that

At TS (B —0)) = SV xrl S Eir b op1) (10)
( > \/Tzl =17j1=01

with
5i1j177 {Dzljl - ]E [D:(L]l | wiljl] } IT:ille’hjl’
and thus,
Van— 1) 1/2( —00) = N(0,I).
Proof. See Appendix A. O

Equation (10) describes the asymptotic linear representation of 6, The limiting distribution
of §n is derived following a studentized approach as in Andrews and Schafgans (1998), Khan and
Tamer (2010), and Jochmans (2018) to control for the possible varying rates of convergence due
to sparsity of the network. Notice that if o, converges to a finite constant that is bounded away

from zero, @L — 0y converges at a parametric rate \/n(n — 1), with effective sample given by the
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square root of the number of dyads. Alternatively, if o;;! decays as n increases, (/9\,1 — 6y has a slower

rate of convergence given by O, < n(in—1)o, 1).

5 Simulations

This section presents simulation evidence for the finite sample performance of the semiparametric
estimator introduced in Section 4. I explore the properties of the estimation technique under a
wide array of DGP designs that are meant to capture differences in the sample size and in the level
of sparsity of the network (Jochmans 2018; Dzemski 2019; Yan et al. 2019).

The undirected network is simulated according the network model in equation (3). I consider a
single observed attribute in X;, which is drawn as X; ~ Beta(2,2) — % The pair-specific covariate
Wij = go(Xi, Xj) is constructed to account for complementarities on the observed attributes and
is defined as W;; = X;X;. The agent-specific unobserved factor A; is generated such that it is
correlated with X; and depends on the sample size n. This last feature offers a useful approach to

control the degree of sparsity in the network. In particular, I set
A; = AX; —(1—-X)C, x Beta(0.5,0.5)

where the Beta random variable is independent of X; and concentrates mass at the boundary of the
unit interval. This implies that, conditional on X;, the individuals cluster at small or high types
of unobserved attributes. The parameter A € (0,1) controls the degree of correlation between the
agent-specific heterogeneity and the observed covariate X;, which is set to A = %. The constant
C, depends on the size of the network and takes the values C,, € {log(log(n)),log(n)*/2,log(n)}.
Under this design, the choice of C, regulates the degree of sparsity of the network. In fact, for
larger values of C),, fewer links are formed in the network. The special regressor v;; is simulated as
vij ~ N (0,2) for ¢ < j, and thus satisfies the support and independence conditions in Assumptions

3.1.3 and 3.1.4. The link-specific disturbance term is generated as U;; ~ Beta(2,2) — % for ¢ < j.

To simplify the exposition, I focus on the case in which the conditional distribution of v;; is
known and consider a fixed trimming design given by I ;; = 1[| v;; |< 7] with 7 = 2std(v;;). The

true DGP is completed by setting 6y = 1.5 and consider two different network sizes n € {50,100}.

Table 1 summarizes the results of computing the semiparametric estimator over 500 Monte
Carlo replications for all the designs. In particular, I report the mean, median, standard deviation,
and mean square error of §n over the total number of simulations. The final column of Table 1
reports the average degree of the network across the total number of simulations. This information

will be used to describe the degree of sparsity in the network across the different designs.

The top panel in Table 1 shows the results of estimating 6y in a small network with n = 50.
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Both the mean and the median show that the estimator approximates well the true value of 8y = 1.5
independently of the degree of sparsity in the network. Furthermore, these results suggests that the
estimator 6, presents the smallest dispersion in the dense network design, with C,, = log(log(n))
and an average degree of 42%. As fewer links are present in the network, the performance of the

estimator deteriorates.

In the bottom panel of Table 1, I show the results of estimating 6y in a large network with
n = 100. The evidence in this scenario reinforces the previous findings and suggests that the
performance of the estimator 571 improves across all the designs. For example, in the dense scenario
C,, = log(log(n)), the standard deviation decreases by an order of less than one half and the
mean square error by an order greater than one third. A similar conclusion is obtained from the
sparse network case C,, = log(n) where only 28% of the links are formed. Overall these numerical
experiments suggest that the semiparametric estimator @\n yields reliable inference for the preference

parameter 6y in an undirected network formation model.

Table 1: Simulation results for the semiparametric estimator é\n

| Cp | mean median  std MSE  Degree

n = 50
log(log(n)) 1.4764 1.4627 0.9158 0.8393 0.4250
log(n)'/?  1.4680 1.4626 1.0672 1.1400 0.3976
log(n) 1.5217 1.6001 1.3832 1.9136 0.3131
n = 100
log(log(n)) 1.5212 1.5022 0.4809 0.2317 0.4204
log(n)'/?  1.5109 1.5125 0.5687 0.3236 0.3849
log(n) 1.5057 1.4979 0.6916 0.4783 0.2893

L Total number of Monte Carlo simulations = 500.

22



6 Conclusion

This paper has studied a network formation model with unobserved agent-specific heterogeneity.
This paper offers two main contributions to the literature on network formation. The first contri-
bution is to propose a new identification strategy that identifies the vector of coefficients 6y, which
accounts for the preferences for homophilic relationships on the observed attributes. The point
identification result relies on the existence of a special regressor. This study represents, to the
best of my knowledge, the first generalization of a special regressor to analyze a network formation
model (Lewbel 1998 and Lewbel 2000).

The second contribution is to introduce a two-step semiparametric estimator for 6y. The esti-
mator has a closed-form and is computationally tractable even in large networks. I show in Monte
Carlo simulations that the estimator performs well in finite samples, as well as in sparse and dense

networks.

Two different strands of the literature on network formation have highlighted the importance
of accounting for (i) network externalities, and (ii) general forms of unobserved heterogeneity,
(see, e.g., Graham 2019b). In future research, I plan to explore the identification power that the
special regressor has when considering an augmented model of network formation with network

externalities and general forms of unobserved heterogeneity.
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A Appendix

A.1 Proof of Theorem 3.1

Proof. Let e;; = A; + Aj — Ujj and s(w,e) = —w'6y — e. Consider

E[D}; | X;,X;] = E[E[Dj;|vij, Xi, X;5] | X3, X5
_ /8” ) [Dij -1 [’Uz‘j > 0] | Uij,Xi,Xj
s f’u|x(vij ’XZ7XJ)

= / E1[vij = s(Wij, ei5)] — 1[vij > 0] | vij, X, X;] doy;

]
Jolz(vij | Xi, Xj) dvij

2v

= / / {1 [vij > s(Wij, eij)] = 1{vij > 0]} dFejp(ess | vig, Xis X;) dvig
§'u SC(X“Xj)

= / / {1[vij = s(Wij, ei)] — 1 [vij > O]} dvij dFepp(es; | X, X5)
Se(Xi,X;) s,

= / —S(I/Vij, eij)dFe‘x(eij ‘ XZ', X])
Se(X3,X5)

= / (W00 + eij) dFyja (e | Xiy X5)
Se(Xi,X;)

= WZIJQO + F [81‘]‘ ‘ XZ‘,XJ'] .

The third to last equality follows from the next result

/ {1 [’Uz‘j > S(Wij, €ij)] -1 [’Uz‘j > 0]} dUz‘j = / 1dvij — Sy
Sy s(Wij,eij)

= —s(Wij, ei5).

A.2 Proof of Corollary 3.1

Proof. Theorem 3.1 concludes that
ED} | Xi, X)) = Wibo+ E[A+ Ak | X4, Xy
Observe that D}, is a function of (Z;, Zy, A;, Ax, Usi). It follows from the the random sampling

of nodes, Assumption 3.1.1, and the conditionally independent formation of links, Assumption
3.1.2, that the following condition holds for any tetrad o{, j, k,1} € Ny,

EDj, | Xi, Xk] = E[Dj | Xo(ijriyp)
ElAi+Ap | X, X3] = E[Ai+ A | Xoijem]
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since the joint distribution of (v;, vk, A;, Ak, Uix) is conditionally independent of (X, X;), given
(Xi,Xk), i.e.,

Pr(vi, v, Ai, Ak, U | X3, X)) = Pr(Us | Xi, Xk, vi, vk, Aiy Ag) Pr(vi, vg, A, Ay | Xi, Xi)
= Pr(Ui | Xo({ijki})» Vi ks Aiy Ar) Pr(vi, vk, Aiy A | Xo(ggein)
= P?"(’U@', Uk, Aia Aka Uzk‘ | Xo'({i7j7k,l}))7

where the second equality follows from Assumptions 3.1.1 and 3.1.2. Thus, the results above yield

E[D} — D} | Xotiean) = Wi —Wa)'0o + E [Ax — At | Xo(gijrap]
E[D} — Dy | Xogigmap) = Wik = Wi)'0o + B [Ay — A | X (i) -

for any tetrad o{i,j, k, [}, which in turn implies

E[D; | Xo] =Wbo. (11)

The result follows from Assumption 3.1.5. The proof is complete. O

Proof of Theorem 3.2

Proof. First, notice that for any (X,,v,) € Qg
sign{0,} = sign {270 + (AJWi’HO + AJA) — (AUVVJ’-OO + AUA)}
since | U5 |> 5. — s, with probability 1.

Consider a 6 # 0y with P [Z,, S Qg] > 0. Without loss of generality, consider some (X,,v,) €
Qp, with W'0 < —, < W'6y. From the previous observation, it follows that 75 + W’y + Ay A —
AsA >0 and Ayv; > 5., Agv; < s, with probability 1.

Given (X,,9,) € Qq, it follows that ¥, + W’y + Ay A — Ay A > 0 and Ayv; > 5., Ayv; < s,
hold if and only if

Agv; > — (AW[0+ A, A)
Agvj < — (AWl + Az A) (12)

with probability 1. The inequalities in (12) are sufficient conditions for
Py, [Dg = 2| Xy, Ay, By € V(X,), Dy € {—2,2}]
> Py, [Dg = 2| X,, Ay, by € V(X,), Dy € {—2,2}] :
or equivalently, for

Eq, [DC, | Xy, Ay, B0 € V(X,), Dy € {—2,2}] > 0.
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Notice that for a (X,,v,) € Qp, Eg, [Dg | Xo, Ay, Uy € V(Xg),[?g €{-2,2}| > 0 is also

sufficient to conclude that o, + Wé@o + A;A — A;A > 0 with probability 1. Otherwise, if
Vo + Wlby+ Ay A — Ay A <0 with v, € V(X,), it would be the case that 0, < 0, and thus

Apvi < — (AW + Ay A)
Ayvj > — (AW + A A)

with probability 1, which contradicts

Ey, [DC, | Xy, Ay, B0 € V(X,), Dy € {—2,2}] > 0.

Hence,
sign {EQO {DU | Xy, Ay, B0 € V(X,), Dy € {—2,2}}} — sign {ﬁg v W;eo}
for any (X, As, U5 € V(X5)).

The previous result implies that for any (X,,v,) € Qg with P [ZJ € Qg] > 0, it will holds that
W'0 < —0, < W8y if and only if

sign {Epo [DU | X, B0 €V, Dy € {—2,2}]} > sign {]Eg {f)a | X, %0 €V, Dy € {—2,2}} } .
This result implies that 2z, € £(X,), and P [ZU € 59] > 0. Therefore, 6, is identified relative to

0. O]

Proof of Corollary 3.3

Proof. Consider any 6 # 6. It follows from Assumption 3.2.4 that P [W(’T(G —bp) # 0] > 0 for any

tetrad o € N;;,, . Suppose without loss of generality that P [W(’TH < Wé&o} > 0. Under Assumptions

3.1.1 and 3.2.3, for any X,, with Wé@ < VNV;ﬂo, there exists an interval of ¥, = Asv; — Ayv; with
W}0 < —0, < W)6o. This implies that P [Z, € Qg] > 0 , and thus ) is point identified relative
to all 8 # 6. O

A.3 Proof of Theorem 4.1

Proof. Consider 511 = ffl L x (I\ln,T, with

LA
cENmy,
G = S WD

aGNmn
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First, I will show that fn EN I'p and (I\lnﬂ- LN Wo; the result will follow Assumption 3.1.5, the
continuous mapping theorem and Slutsky.

Part 1. Notice that fn —I'y is a mean zero fourth-order V-statistic, without common indices
. 1 . .
T,-To = — Y {[WUW/,} —E[WUW(’,}}.
mpy
O'E/\/-mn

Lemma B.1 implies that I, — I'yp can be approximated by a mean zero U-statistic of order 4 at
a rate y/n. Assumption 3.1.5 ensures that Iy is finite. It follows from Assumption 3.1.1 that a
Strong Law of Large Numbers for U-statisitcs holds, and hence, I';, — Iy = 0p(1), (see Serfling 2009,
Theorem A, p. 190).

Part 2. For a fixed tetrad o = o{i1,i2; j1,52} € Nim,,, let

N 1 = f,l !
Mutelr =~ Z Wobt15,r <m),

n o-e/\/'mn ’U{E,lllg
for (I1,12) € {(i1,1), (i1, j2), (i2, 1), (32, j2) }. Next, observe that \f/n,T can be written as
Unr = (Mgl = Mingalir) = Wizgilir — Miailr)

Consistent estimation of Wq will follow from repeated applications of Lemma B.2. It follows
from Lemma B.3 that 7j,;,) - can be written as

_ 1 . T Frotils —
At = - 3 Wawzle,T{ Jauts N founls = fouta  fouts |, foz it f”’llb}Jrop(l).

n oeNm,, fvx,lllg fv:v,lllg fv:v,lllg fvx,lllg

Then, Lemma B.2 yields

1 . folul . fa
mi Z Wa@hlgﬁ{ fo - } = F |:W090l1l277 R :| +0p(1)

n oENm,, fvx,lllz fvx,lllg

1 < foants ([ foeini . fa
L W, il lile = E|\W,o bl 145 (1),
m Z e >7 {fux,lllg fvx,lllg v fvx,lllg p( )

n O’ENmn

It follows from the previous results and the definition of D}, _ that

Mivial,r = L Z {WaD?}lg,T} +E {VNVJD?}IQ,T} —-FE [VNVUDZZZQ,T] + op(1),

m
n UGN’mn

which is a V-statistic of order 4. It follows from Lemma B.1 that it can be approximated by a
U-statisitcs of order 4. Assumptions 4.1.1 and 4.1.2, and equation (6) ensure that F {WC,DZ 12,7} is
finite. It follows then from Assumptions 3.1.1 that a Strong Law of Large Numbers for U-statistics
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holds, and hence,

Z W" {D71l2 - Dl*1l2,7} = ( Z Z Dlllg - IT,l1l2)} VVhb(J)

l1 la#h

where the equality follows from the definition of Dy,  and

VNVth(O-) = (n_2— Z Z Wa{l1,s1;lz,82}'

s17#11,l2 52711 ,l2,81

It follows from using a Cauchy-Schwarz inequality, that the expectation

2

b ( Z > Dl {1 = Lrgyi,)} Wiy (0)

l1 la#h

is bounded by

Z > E {(Dzlzg - Ir,lllz)}Wzllg(U))z} = 0 (E {Wlllz(U)Q (Di,)* (1 - 17,1112)2]>

Iy la##l
- . 2
< sup <W3) sup (Dhlz) (@) (E [(1 — IT7Z112)2]) :
g 1112
where the inequality follows from Assumption 4.1.1. Assumption 4.1.2 yields

E [(1 - 17,1152)2} = P, =0]=o(7).

Using the results above to conclude that

2
Z Z Dl1l2 IT,lllz)}I/T/lllz (o) < 0(T>7
Iy l2#h
and hence,
1 I~ * T *
3 {WUDMM "y [WUDMQ” = o1).
n O'GNmn

Using similar steps for j;, j,) 7 Migji),r» a0 Tjinjs),7»> Yield
b, — E [VVUD;;} = o,(1).
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The result follows from Assumption 3.1.5, the Continuous Mapping Theorem and Slutsky Theorem.
O

A.4 Proof of Theorem 4.2

Proof. Part 1: Hajek Projection

Under Assumptions 3.1.1-3.1.5, 4.1.1-4.1.5, it follows from the proof of Theorem 4.1 that I',, =
Lo, and from Lemma B.3 that 7j,;,) - can be written as

77[l1lz _ Z ngplle{ ffI?,lll2 fz lils — fx Ll fl“,th % fvx,lllQ - fvl,lllz } +Op(]-)

O'ENmn fva:,lllg fva: Jila fva:,lllz fvx,lllg

for (I1,12) € {(i1,71), (i1, J2), (i2, j1), (42, 72) }-

Hence, ¥, , = (ﬁ[iljl]ﬂ' — ﬁ[iljz]ﬂ') — (ﬁ[inl]’T — ﬁ[iﬂQ]’T), which can be expressed as ¥, , =
Sinr + S2.nr — S3nr + 0p(1) using the expression above, with

1

_ * *
Sl,m’ - m E : W { 21J1T 11]2, ) (DZ2]17 D22J27 )}
n
O’ENmn
S, _ 1 } : W Pirji,r i . Pirja,rJz,i1j2 . Pigjr, 7Sz jing1 . Pigjo,7Jxjings
nro = o
mnp CEN, fvx,iljl fv:(:,iljg fvx,igjl fvx,igjg
n
* o * o * . * o
S - 1 Z W Diljl,vaw»ll.]l Diljgﬂ'f”mﬂl]2 D’ngl vax:ZQJl DinQ,vafEaZQ.]Q
3nr — o - - .
mn O'E/\/m fvx,iljl f’L):E,i1j2 fym,22j1 fvx,izjg
n
Consider
5 I % I Tk
(Unr = B [Wo Dz | 00]) = {Str = B [WaDir | @} + Sainr = Sanr +0,(1),

it follows from Lemmas B.4, B.5, and B.6 that the Hajek projection of
(@W ~E [WUJB;T | QnD

into an arbitrary function of ¢;,;, = (Xi,, Xj,, Ai,, Aj1, vi 5y, Uiyj,) s given by

(For = B[ToD5 190])) = Vito(()o2)
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where

Vi = n—l Z Zflljh

11 1 j1#i1
e * . . . . N
Civjir = {Dnﬁ E [Dnﬂ | "J“Jl] } L7151 Xy
Xiijn = (n—2) § : § : { o{i1,i2;51,J2} ’Xﬁ’le
127'511,]1 JoFi1,51,42

and

TTL,T = n(n_ 1)Var (Vrf) Z Z 11,71

11=1 j1 741

* * 2 — —
Ah,Jl = E [{E [D;klle’Ll]l ’wiljl] - K [D:1J1 ’Wiljl] }Izyilhxhjlxliljl]
V[ — o
On,r = O (’rn,'r) =0 <E [{pn(wzml) [ pn(wn]l)] } IT7i1j1:|) .

Jolz,ivja

Part 2: Bias Reduction

Consider next,

2

n(n —1)o,'E Z W, { —D;} | 2,

Mn c€Nm,
It follows from a Cauchy-Schwarz inequality that the term above is bounded by

n(n — 1o 3 E[(D;T—Dz)QQn} W, W'

m
n O’GNmn

which is equal to

— * * * * / I 1T
@) (n(n - 1)Qn1 {E [D’Lllell]l | wiljl] - K [Dum | wiljl] E [Diljl | wiljl] } (IT:iljl ) Wo )

Assumptions 4.1.1 and 4.1.2 yield

p () (1) 0 (0 gy {msmtmmetnssil e, —)
= O(nn-1)71)=0

since (1,5, —1) as 7 — 0 and n — oo.
0171
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Therefore,

nin Doyl || = 2 Wo{Dir = D3} | 19| = olb),

and so

n(n — 1)opt (E [WJD;T | QU} o [VVUD; | QUD = o1).

Part 3: Limit Distribution of Projection

Given Assumptions 3.1.2, the Héjek projection V' is an average of {&;,;, »}, which are condi-
tionally independent given Q,, = (v, X,, A,), with conditional mean

E [&1]‘1,7 ‘ Qn] =0
and conditional variance

T(Q,) = n(n—1)Var Yo Z > &y |

11=1j1#01

_ % 2 _ —
- n(n — 1 Z Z { 11]1 11]1 ‘ wzlh] -F [Dllh ‘ wz1j1] }IT,zleilleiljl-
11 =1j1#01

Given Assumption 4.1.4, a conditional version of Lyapunov’s Central Limit Theorem holds, and
hence

T ()2 \/7 Z D e ¢ = N(0,1).
n o 11=1 j1#i1
Now, it follows from using 4.1.4 that | T (Q,) =Yy £ 0 as n — oc. It follows then that the limiting

distribution is independent of the conditionally values, and therefore, the limiting distribution
continues to hold unconditionally, with T, replacing Y (£2,). That is,

112 Z > i p = N(0,1).
\/ n_l 11 1 j17#01

Part 4: Limiting distribution of 0,

Consider the matrix ¥,,, defined as ¥, = Fal X Tp X Fgl. The limiting distribution of the é;L
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follows from the definitions of \TJ; L'and ¥, and from applying Slutsky’s theorem. In other words,

Vo= 1), (8, — o)
=Vl MR S WD, B[ WoD; 1 0]}

Mn c€Nm,
1 n
1/2 — —-1/2
= 1jo/ x 112 x Ly % x Z Z Civjur ¢ T 0p (1)
n(n = 1) {5z

= N(0,1).

The proof is complete.
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B Technical Appendix

B.1 Equivalent representation for V statistics

The following lemma provides a U-statistic representation for a V-statistic when the kernel varies
with n. Given n and for m < n, let Z(n m) denote the sum over the (:1) combinations of m
distinct elements (i1, -+ ,im) from (1, ,n), and 3 ;  denotes the sum over the m! permutations

(i1, ,im) of (1,--- ,m).

Let V,, be a V-statistic or order m, without common indices

n

1 1 . .
Vi = nm Z hiL'V(Xiw"'aXim)l[Zl#"'#ZTn]
i1, 5im=1
where h — 0 as n — oo, and v : RL — R.
Let
U, = ( > 117”' 7Xim)
(n,
X X - 1 X
(Zsh( 1,° " m) - mHZL 71'17"'7 ﬂ'm)
Lemma B.1. Suppose that E || v(X;,, -+, X;,,) [|?< oo for all 1 < iy, iy < m and m < n,

and nh?® — co. Then,

Proof. Let

and notice that

nmv, = ZZ% s> X)) (13)

and hence, (U, — V,,) = O(n"1)U,,.

Consider now
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and notice that a Cauchy-Schwarz inequality yields

2

—2
BvY = (”) Bl Y onXu X0
(n,m)

m
n\ 2 /n\?

< E Xig,o, Xi 2

> (m> (m> [¢h( 19 ) m) ]
where

1
E[on(Xiy, X3, )] = 5570 (B [v(Xiy, -+ X3,)7])
1
- ()

since E || (X4, -+, Xi,,) ||?< oo by assumption, and hence,

E [(Un - Vn)Q] < 0 (WLIL)Q> =o(1)
as nh® — oco.

O]

Notice that, unlike Lemma 5.7.3 in Serfling (2009, page 206) and Theorem 1 in Lee (2019, page
183), in equation 13 the average of terms with at least one common index is equal to zero due to
the specification of the V-statistic without common indices.

B.2 Consistency for V-statistics

Lemma B.2. Suppose that the Assumptions in Theorem j.1 hold. Then

1 = f,z ! = Sl
—_ Z Wo’@th,T{ =L } - F |:W090l112,7' el = Op(l)

mny ENm,, fv:z:,l1l2 fv:z:,l1l2
1 Z ~ fonts [ Forin < feul
WO’@th,T shee iz - E Wa'gplllg,T Dt == Op(l)
mp fvx,lllz fv:r,lllg fv:r,lllg
UEN’mn

with (11,1l2) € {(i1,41), (i1, J2), (i2, 1), (i2, j2)} for a given tetrad o{iy, ji;iz,jo} € N,

Proof. This proof focuses on the first result since the second one follows from similar arguments.
Let

> 1 T golllz T 7
Vn — mi Z Wo'f fac,lllgv
n N m,, va,lils
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and recall that the kernel estimator fx,lllz is defined as

. 1
f$,l1lg _— Z Z hTKx,h (Xkl - Xl17Xk2 - Xlz) .

n
( kl#hdl ko#i1,51,k1

Plugging in fm,hlg into V, yields the following V-statistic of order six

—1
" 1 Clils,
o <6> Z ﬁWili%]'le f L2t Kr,h (Xk1 - Xlusz - Xlz) .
i1 FlaFE 1 F#jaFk17#k2 vzl

Assumptions 4.1.1 and 4.1.5 imply that

Plilo, 7
fvx,lllQ

1 =
E [H ﬁWhiz;hjz Km,h (Xkl - Xll’Xk2 - Xlz) H2 < o0,

it follows then from Lemma B.1 that V, is asymptotically equivalent to a six-order U-statistic as
nh* — co. In particular, (Un - Vn> = 0p(1) where

—1
n
Un - (6) Z ¢5‘{’i1,--~,i6},7'

i1<-<ig
1 - Py m, T
_ -1 1, Tlgs
¢5{i1,-~~,i6},T7 - (6') Z hTWﬁlﬂg;ﬂ3W4f K:B,h (X7I'5 - XTrllyXﬂ'G - Xﬂ'l2>
relly, VT, T
where Zil <..<ig denotes sum over the (z) combinations of 6 distinct elements (i1, - ,ig) from

(1,---,n), and 5{i1, - ,ig} is used to denote the 6-tuple {i1,--- ,ig}.

Uy, is a sixth order U-statistic where the kernel ¢z » varies with n as in Powell, Stock, and Stoker
(1989). Using Lemma A.3 in Ahn and Powell (1993), it is sufficient to show E [|| ¢5 ||*] = o(n)

to conclude that U, — E [h%WZ MKWL (X, — X1y, Xky — Xlz)} = 0p(1).

11255172 f’uz l1lg

A Cauchy-Schwarz inequality can be used to show that the expectation

@7{'[171'12, 2
E hL 7717r2,7f37r4 Kr,h (Xﬂs - Xml ) Xfra - Xﬂzg) H

ﬂ’EH@v fvx STy Ty,

is bounded above by

2
SDTI'Z Uyl 2 ~
6|h2L Z < == ) Kx:h (XW5 - X7rl1 ’ X7r6 - Xﬂ'lg) W7r17r2§7r37r4 W7/1'17T2,71'37T4

vr, T, T,
mellg f S
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Let Xo(m o mgy = 1Xm» ++ » Xng ), and observe that

2

1 Spﬂ'l Tlo T 2 ~

1Ml /

E h2L f Kw,h (X7"5 - Xﬂzl?Xﬂa - X7r12> WW17F2;7T37F4W7r17r2,7r37r4
VT, T,

2
Py, w0, T 1 2 .
=E |E (12> | X&{ﬂl,---,ﬂg} hﬁKx,h (XWS - XTFZ17X7T6 - X7Tl2> W7T17F2§7T37F4W7/rl7r2,7r37r4

fvxﬂrllmg

1 - /
S7ap  SUp (Wilz‘z;z‘su) sup (Wilig;i3i4>

111231314 1119231314

2
xFE|FE <<’0”l1ﬂ'l2’7> ‘ X7Tl17X71'l2 Kz,h (X“5 - X“h’XWG - X

fva:,m17r12
1112,T
(2222 X X,
fm:,lllg

1
=0 (hL) X /Ka: [V17V2]2f<Xl17X12>f(Xl1 + 11h, XIQ + VQh)XmlXm?dVldyQ

=h~LO(1) = O(n(nh*)™1) = o(n),

1 ~ - /
Shﬂ Sup (Wiliz;i3i4> sup (Wilig;i3z’4> sup (E
(

111251314 111251314 2,2')€Sg, >0

2
x E [Kx,h (Xrs = Xy Xy = X, ) }

where the first inequality follows from Assumptions 3.1.1 and 4.1.1. The second inequality follows
from Assumption 4.1.4. The second to last equality follows from Assumption 4.1.1, and the change

of variables X;, = X, +1v1h and X;; = X), +19h with Jacobian hL. The last equality follows from
Assumption 4.1.5.

Consequently, E [|| ¢s.- ||?] = o(n) if nh — co. Thus, Lemma A.3 in Ahn and Powell (1993)
implies that

U,—F

1 - ¥ ,
hTWWer;Wzsm {W} Ko <X7r5 B Xﬂll’XWG - XWZg)] - Op(l)

fvx,ﬂ'llmQ

as n — Q.

Notice that

1 = -
E |:hLWi1i2;i3i4 { Phle, }Kx,h (Xis — X1y, Xig — Xlz):|

fwz,lllz
1 T 901112,7'
= hTE E \Wijigiisia Fowiil | X5{7T1,~--77r6} K;n [(Xis — X1y, Xig — X1,]
VT,L102
1

= TE [E {Wiﬂz;%u { Phlar } | Xi17X'L27X137X :| K [Xis - Xll?XiG - Xlz]]
h fownls

= /E [Whimigu {}Dlll?; } | Xllelzles’X }
VI,162
XKy [(Xis — X1y, Xig — Xip] f(XC7{i17"’ ,iG})dXC_T{ilv" Ji6}
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where the second equality follows from Assumption 3.1.1 Next, consider the change of variables
X;. = X;, +hvy and X;, = Xj, + hio with Jacobian h%. It follows then

e Plila,r
/E [Wi1i2;i3i4 {f 1l2l } |X“,X12,X13,X
VT,l1b2
x K [1/1, VQ] f(Xz‘l, ce ,Xm) {f(Xll + hl/l, X12 + hl/g)} dXi1 s ,dXi4dV1dV2.

Assumption 4.1.1 guarantees that f,(-,-) is M-times differentiable with respect to all of its
arguments, and Assumption 4.1.5 ensures that K,(-,-) is a bias-reducing kernel of order 2M. It
follows from an M-order Taylor expansion f(X;, + hvi, X;, + hvg) around f(X;,, X;,), and the
properties of the kernel that

/E [Wiliz;ism {fllll%;— } fx’llb | Xil7X’LQ7 X137X f(Xilv T 7Xi4)dXil o 7Xi4 + hﬁO(l)
vT,l162

7 Syl i
= F |:Wi1i2;i3i490l1l2,7 { 12 + h/MO(].)

fvx,lllg
= E [Whiz;i:suDZlg,r} +0(1)'

The proof is complete. O

B.3 Lemmas for Asymptotic Normality Theorem
Notation

The following notation will prove to be useful to show Lemmas B.3-B.6. For any finite n, let

Q, = {X,, Ap, v, }. Given a fix tetrad o{i1,42;j1,7j2} € N, let

Xa:{XZ17X127Xj1aX2}7 AJZ{AipAzz:AJUAM} Ua:{vilavigyvjwvjé}? QU:{X07A07U0}7

and for any dyad (I1,l2) € {(i1, 1), (i1, J2), (i2, j1), (i2, j2)}, define
Wity = X, Xip, Ay Ay, v, )

TIJEIQ Ty, — E [WUD:',T ’ QU}

for any random variable Tj,;,.

Lemma B.3. Suppose that the Assumptions in Theorem 4.2 hold, and consider

. Ja i
Mul]r = Z Wa(plllm (Az12 :

UENmn fvx olils
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with (I1,12) € {(i1,j1), (i1, j2), (i2, j1), (i2,j2)}. It follows that 7’7\[1112}77 can be written as

e = — 3 Wagnis { Jaut n founls = fouta  Jouts , foa ity = fon ity } +o,(1).

mn ENm,, fvm,hlg fvm,lllg fvm,lllg fvw,lllg

Proof. Given h — 0,and n'=hL*! — oo for any 6 > 0, it follows from a variance calculation
argument that

sup | fva}(va 1:7$/) - fUCL‘(Ua :E,l’/) | = Op (1)
('U,l',afl)eﬁv,x

sup | fx($7x,) — folz,2') | = op (1),
(z,2")EQ

for any 6 > 0. See, e.g., Silverman (1978), Collomb and Hardle (1986),Aradillas-Lopez (2010), and
for applications to network models Leung (2015b) and Graham et al. (2019).

Consider a second order Taylor expansion of fu 1,1,/ fuz 1,1, around fu 1,1,/ fu 1,1,- The quadratic
terms in the expansion involve second order derivatives of f, lllQ/ foei1, evaluated at fgglll2 and

fm 1112 Where fgC 111, lies in between fx 1l and fr ., and sunllarly fmC Ll lies in between fvx 111, and
fuzil,- From substituting a second order Taylor expansion of f;v,lllg/fvac,lllZ around fy 1,1,/ foeiiis
into 7y, 4,),-, I obtain

Foists  Toits = Fomts  foits  Jowists — Foanl
77[11l2 _ Z VVU(‘OM27 { Tyt1l2 + Tyl1t2 210 U0 U B AL U VT,l1b2 + Ry,

mp oEN. f’ux,lllz f’uz,lllg f’uz,lllg fvx,lllg
where R,, denotes the reminder term. The result follows from showing that R, = op(1).

The first component of R, is

~ 2
~ <fvx,l112 - f’t}:t,lllz)
Z WJ@lll2, fr,lllz )

" ceNm,, vx,lile

2
_ -~ 1 ~
sup |fw|] [ supi |fvx3] [ supi |fva: _fvm‘] mi Z H Wa‘Plllz,T H
( (

<
(z,2")EQ 0,2,2")EQuy 0,2,2')EQuy n €N,
2
= Op(1) | sup |fvw_fv:c‘]
(U7x7x/)
= op(1).

The first inequality follows from Assumption 4.1.1. The equality follows from the fact that the
V-statistic inside the parenthesis converges to its expectation given that Assumptions 3.1.1 and
4.1.1. The result follows from the uniform convergence of the kernel estimator.
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The remaining component of R, is

1 = Fowints = forirtn) (Fainta — fain
mi Z Wa@hlg,r{(vle vwlz)(wlz x12)

2
n 0€Nm,, v,lylo
< sup | f1;02 sup | foz — foe | sup | fo— fol
(v,2,2) EQvz (v,2,2) EQuz (z,2)EQ

1 3
“\ - > N Wonnr i

n O'GN'mn

= Op(l)

sup |ﬁ1x_fvx’][ sup |f;:_fm|]
(

('vavx)eﬁvz I7I)€§UI
= op(1).

The result follows from the uniform convergence of the kernel estimators. This completes the proof.

O]

Lemma B.4. Under the same Assumptions of Theorem 4.2, it follows that the Hdjek projection of

SI,n‘r = Slv”T - F [WUE;,T ‘ Qn:|
1 . .
= — 3 {WUD;T—E[WUD;;JQU}}
o : :
aE/\/mn

into an arbitrary function G = (Xiy, Xj1, Aiy, Ajy s Vi, Uiy ) is given by

* 1 .
Vl,m— = m Z Z Sivji,r

i1=1j17#0
and
= 1528 [ (8], = Vi) | X172 = 0l0),
where T, = n(n — 1)Var(Vy,,) and Var(Vy, ) = Op(pat?).
Proof. Step 1. Hajek Projection

Consider the tetrad o{i1,i2; j1,jo}, let

s (o{i1,i2; j1,72})

Il
I
-]

9 *
\]
|
&
S
el
Q%
3
@)
S
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and notice that
Els (o{i iz, jo}) | Gusll = B [Wo {Dir = B[Dir 190} 1G]
- {Dmﬂ — E[Dj g | wivji] } E [W | qul] .

where the second equality follows from the Law of Iterated Expectations, and Assumptions 3.1.1
and 3.1.2. To be precise, observe that for {l1,l2} # {i1, 71} with (I1,12) € {(i1, J2), (i2,71), (i2,j2) } ,

E [Wa {Dl*llg,r -E [bl*llz,‘r | QO}} | Ciljl}
- E [I/T/U {E {f)zlw ] wlll2:| —-E {DZZQ,T \ wlllg]} \ Ciljl}

= 0.

It follows then that the Héjek projection is given by

* J—
Vl,m— - § § 5@1]177"

11 1 j1#41

with

51'1]'1,7' = {DZUl -E [Dz*m | Wiljl] } Im’ljlyim

Y’iljl - (77,—2— Z Z |: o{inyizsfn.ge} ’ X’L“X

19701,51 J2711,J1,02

Notice that E [V*,,,] = E[&j,,-] =0
Step 2. Variance of Hajek Projection

For two different dyads {i1,j1} # {i}, 71} with zero common indices, Assumption 3.1.1 implies
that

E |:€i1j1,7'§i’1ji,r:| = Ellj-E [fi’lji,f} =0

Observe that for two dyads {i1, j1} # {i1,4}} with one common index, the conditionally inde-
pendent formation of links implies by Assumption 3.1.2 yields

E [§i1j17T§i'1j£,T] = F [E Civjrr | ] B [fi’lj{,r ’ Qn“ =0
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Therefore, the variance of V{', . is given by

2 n
Var (Vi',,) = {n(nl_l)} Z Z [5’1]1’75’]1’7]

i1=1 j1#i1
I

_ *

e (B
i1=1 j1#i1

where
* 2 _ .
A’Z,]l = |:{ |:D7,1]1D:<1]1 ‘ wiljl] - E [D;kljl ‘ wiljl] }Ig,ilngille;ljl
Define

Tn,T = n(n - 1)Va7“ (VfinT) = n — 1 Z Z 1,1

11=1 j1#i1

Step 3. Variance of 51 nr
Given two different tetrads o{i1,i2;j1,72} and o’{é},5; ji, j5}, let
Ac = Cov (s ({ir iz j1, j2}) 5 (o' (#1153 41, j2}) )

denote the covariance between s(o) and s(o’) when o{i1,i2;j1,7j2} and o’{i},i%; j1, 75} have ¢ =
0,1,2,3,4 indices in common.

It follows from conditionally independence formation of links, implied by Assumption 3.1.2, and
the conditional mean zero, E [s (o{i1,i2; j1,72}) | Q) = 0, that Ag, = Ay, =0.

Consider
Aoy = E[s(o{ir,iz;ji,j2})s(o’{ir,in; 41,45 })']
- s el e[ 0]

= FE |:{ 11]1 T 11]1 T | wlljl] - [D;klﬁ T ‘ wiljl] }Iz'n]lWUW(T/} :
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It follows from the results above that Var (SLRJ can be expanded as

Var(SLm)
- (L) X X (Bt s i )

m
" 0c€Nm,, 0'ENm,,

SECHD DS S VD DI SIP v S

u=1j17#41 | k17i1,J1 k2#i1,j1,k1 lLi#i,g1 la#i1,01,0

Notice that the term inside the brackets scaled by [(n — 2)(n — 3)] 2 is equivalent to Aj;,, in
particular,

Am:{mfmm_@} )EED DI DR DI
k1#i1,51 ka#i1,51,k1 li#i1,50 la#i1,57,0
. - . 2
= E |:{E |:D;(1j1,TD;;k1j1,T ’ wi1j1:| - E |:D;<1j1,‘l' | wi1j1i| }IE,hﬁXille;ljl] ’
which follows from the definition of x;, ;.
Hence,
1 V&
Var (Sint) =\ Z Z A gy ¢ +o(1),
i1=1 j1#i1
and Var (V') — Var (SLnT) =o(1).
Step 4. Asymptotic Equivalence

To show that

= V2 | (8] = Vi) (SLr = Vi) | 122 = 0l

It is sufficient to prove that Var (‘/1*77”)_1/2 Cov [Vf‘:m,SLm] Var (1/1’fm)_1/2

turn, follows from noticing that

= I, which in

Cov |:‘/1fn77 SI,m—:| = kK [Vl*,m" SI,TLT:|
* t * ! * * !
= F ‘/l,n’r (Sl,nT - Vl,nT) +F |:VY1,nT (‘/I,RT) }
= VaT(Vfim_),
since by construction of the orthogonal projection

Ehﬂ%&m—ﬁmﬂza
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The proof is complete. O

Lemma B.5. Under the same Assumptions of Theorem 4.2, it follows that the Hdjek projection of

T o Xr TNk
SQ,nT - SQJW - K WUDU,T ‘ Qo
g 1 W Oivjirfrinyy  Pirja,r S Pisji,rfxingy  Pisga,r Saisgs
2nt  — T o - - -
mpy, N fvm,iljl fvw,i1j2 fvzﬂéjl fvr,i2j2
oENmMy,

into an arbitrary function G, = (Xs, X1, Ay, Ajy s Vi, Uiy ) 18 given by
1 n
Vine =~ Y e
n(n—1) ~—~
11=1 j1#i1
and

n’I‘;l/?E [(S2,m' - V;m')ﬂ T;1/2 = O(l)a

where Ty, = nVar(Vy, ).

Proof. Similarly to the definition for tetrads, I introduce the function & = {iy,i2;j1, j2; k1, ka}
that maps each unique 6-tuple {i1,2; j1, jo; k1, k2} into an index set N, = {1,---,m,} where
my,, denotes the total number of those 6-tuples. Hence, each distinct 6-tuple {iy,d2; 71, j2; k1, ko }
corresponds to a unique & = 7{i1,i2; j1, j2; k1, k2 } € N, .

Consider a fixed 6-tuple {i1,1i2; j1, j2; k1, k2 }, and define

s (@) = Wiiisjijo {;%Km (X, — Xiy, Xp, — Xjy) — B [D}y, - | Qz‘m,ju‘z]}
s (@) = Wiiisjijo {hlL }i:ﬁ; Ko (Xiy — Xiys Xy — X3) = E [Dj, 7 | Qiri o] }
5517 = Wiiizjijo {;Zii;; Ko (Xky — Xig X, — Xjy) — E [Df, | Qz‘liz,m'z]}
8i5,j20) ﬁ/hiz,jljz {hlL}O:;Z;Kx,h (Xky — Xiy, Xiy — Xjp) — F [ngjz,r | Qilizdlh} } )

and $2,(7) = 84,5, (T) — Si1,j2(T) — Siy,j, (T) + Siy. j» (7). It follows then that S;m can be written as

Sf = [ﬁl(z)]_l Y S2.00(0)

TeNm,

_ [6! (g)] - Jgf;ﬂn {50151 (@) = 50172 (T) — 8i3j1 (T) + 512j(0)} -

Step 1. Hajek Projection

The rest of the proof makes use of the following index notation for dyads. Given the total

46



number of ordered dyads n = n(n — 1), let the boldface indeces w = 1,2, -- index the n ordered
dyads in the sample. In an abuse of notation, also let 7 denote the set {i1, j1}, where 4; and j; are
the indices that comprise dyad . In particular, 7v(1) = 4; and = (2) = j1, when 7 = {i1, 1}

With this notation at hand, Sg can be expressed as

sNT

st

2nr = {6’@)]1 Zn: Yo D {5m(@) = smm@ (@) — Smym2) (@) + 5w (@)}

m1=1moFm w3£m

where @ = 7 {7, w2, W3}.

Let

1 ~ -

Pry,m3 (E) = 7L <(pﬂ-177 Wﬂ’hﬂ'z + oo Wﬂ's,ﬂ'z) Kw,h (Xﬂ':a - Xﬂ'l)
h fvm,‘rrl fvx,ﬂg
-FE [Wﬂ1,ﬂ2D;1,T | Qﬂ'lyﬂ'z} -E |:W7737772D;‘kl'3,7' | Qﬂ'sﬂm]

S . 1 SDTrz,T T SDTrz,T i~

Proy,ms (G) - 3L W7f177f2K507h (Xﬂ's - Xﬂ'z) + WW37W2KSC7’1 (X‘rn - X‘ﬂ'z)
h f’U:C,Tl'Q f’U:C,Tl'Q
—F |:W77177T2D:;'2,T ‘ 97"1,71'2} ) |:W7737772D:I'2,T ’ Qﬂ'mﬂ'z]

- ~ Pr (1)m2(2),7 *
pﬂ1(1)72(2)7ﬂ3 (U) = WL Wﬂ-hﬂ-z { <f ! (1)2 (2)> Km,h (Xﬂ'g - Xfr1(1)7'rz(2)) —F |:D7T1(1)‘l1'2(2),T | Qw177r2:| }
v,y (1)1

1 = Pres(1)ma(2). .
+h7Wﬂ3,W2 {<f Sﬂ_ (1):_ @ Kapn (Xﬂ'l - Xﬂ's(l)ﬂ'z(2)) - FE [ w3(1)mw2(2),7 | Q”377"2]
v,z (1)

_ 1 = Pra(1)mi(2),7 N
Prea (1)1 (2),703 (0-) = hTWﬂl’ﬂQ { (f.Q(l)l(z)Kz,h (Xﬂ'g — Xﬂ-g(l)ﬂl(Q)) - K |:Dﬂ_2(1)ﬂ.1(2)77— | Q‘rrl,ﬂ'g:|
T2(l)T1 T

L = Pra(1)ms(2),r .
+hLW"T3,71'2{<f ’ (1)3 (Q)Kz,h (X = Xry(1)ms(2)) —E[Dm(l)m(z),rmm,m]
vz, wa(1)ms

where K, , (Xr, — Xr, ) denotes K p, (X,rS(l) — X (1) Xry2) — XT‘-I(Q)), Wﬂ-l,m denotes Wﬂ

1{iria},ma{j1j2}>
and

Xmy = FE {Wm,ﬂz ’Xm}
Xﬂ'1 = Z Xﬂ'l'

ToF#T1, T3

Using the symmetry of the kernel,it follows that S;m can be written as

~-1 n
[6'<Z>] Z Z Z {Pris (T) = Doy (1m0 (2) 15 (T) = Pres(1)m1(2),705 (T) + Prrayes () }

m1=1mwg=m1+1 maFm, T3

To compute the Hajek projection of the sum above into an an arbitraty function of (r,, consider
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first E [pr, x5 () | (). To that end, the following results will be useful.

E |:E |:WTV177F2D;;1,T | w7\'1:| |<71'1:| = E [Djrl,r | wﬂ'l] E [Wﬂ'hﬂ'z ‘ Xﬂ'lj| =F [D:l'lﬂ'xﬂ'l |wﬂ'1]

E [E [WmmD;M | wm} yg,,l} - E [E (D%, | wey] E [Wﬂm ]X,,?,H = B [D%, Xms) -

Furthermore,
B - 1
) I:( PmT Wﬂlﬂm + DT W7'r3,7r2> TK:E,h (Xﬂ's - Xﬂ'1) ’ C"T1:|
fvx,7r1 fvx’ﬂ?‘ h
T T T 7 !
= I:{;f‘"l’E [Wﬂ.lﬂm ‘ Xﬂ-1:| B I:}Pﬂ'g, ‘ Xﬂ3:| E |:W7T3,ﬂ'2 | Xﬂ.g} } hTKx’h (X7r3 - X‘n-l) ‘ Gy
VT, VT, T3

T T 1
:/ { P, Xy +F |:4P7r3, Xrs ‘ Xﬂ'3:| } hTKm,h (Xﬂ's - X"Tl) fm(Xﬂ's)dXﬂ'3

fva:,ﬂj fvac,ﬂ'g

where the second equality follows from a Law of Iterated Expectations and Assumption 3.1.1.

Let

(1]

(X‘rrs) = E [D;kl'g,TXTrS |X7T3] )

and consider

/ { PILT e fo(Xy) +

fvm,ﬁl

1 Oy, —_
(X i K (X = X 0y = { £55 () + 2 (i)

fvx,frl

(1]

- / { PTT s fo(Xmy + h) + 2 (X, + hV)} Ko (V) dv — { Py Fo (X)) + (Xm)}

fvm,frl

/ {Zl: X1 (fo(Xm, + h) — fx(Xﬂ'1))} + {2 (Xp, + ) — 2 (X))} Ko (V) dv

= o(hM)

where the first equality follows from a change of variable v = h™! (X, — Xy, ) with Jacobian h%.
The last equality follows Assumptions 4.1.1, 4.1.3, and 4.1.5 which guarantee that f,(Xz,) and
= (Xn, ) are continuous and M-times differentiable with respect to all of its arguments, and K, is
a bias-reducing kernel of order 2M. Observe that

mXﬂqfx(Xﬂj) = 0

fva:,ﬂ'l

holds for any X, within a 7 distance of the boundary S,, and having h/7 — 0 ensures that the
change of variable v = h™! (X, — Xy, ) is not affected by boundary effects.

The previous results, and Assumption 4.1.5, yield

E [pryzs (@) | (i) = D;krl,er + B [D;krl,q-Xm | Xﬂ'l] —FE [D;krl,TXﬂ'l | wm] —-F [Djrl,er] +o(1).
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Notice that for 7 € {(71(1),72(2)), (7w2(1),71(2)), 72},

- 1 .
E [Wm,ﬂz {hL }pws’T K:ﬂ,h (Xﬂ'3 - Xﬂ's) - K ['D‘n's,T | wﬂ's]} | Cm]
VL, TCs

=~ 1 Ts,T *
= F [Wm,m {E [hL}” Kop (Xns — Xr,) | Qo, cm] —E[D;, . | wr,) } \ cm]
- o(hﬁ)

since the expectation

1 Ts,T 1 Ts,T
E |:hL}0 : Kff,h (Xﬂ'a - Xﬂ's) | QU?CW1:| = /hLE |:;f ’ w7‘l’5:| Kx,h (XTF3 - XTFS) fa: (X7r3) dXﬂ':s

— E[Dy, |wn] +0 (n7).

where the second equality follows from Assumptions 3.1.1, 3.1.2, and properties of the bias-reducing
kernel, Assumption 4.1.5.

Similarly, for a given s € {(m3(1),m2(2)), (m2(1),m3(2)), w2}, it follows from Assumptions
3.1.1, 3.1.2, 4.1.3, and 4.1.5, that

1 ()077577' T —
E |:hL ( Wﬁ?”"r?vah (Xﬂ'l - Xﬂ's)) | C‘rr1:| - [X‘Tl'l]

fv:c,‘n's

1 Prs,T =
= F |:hLE |:< X7rs> | X’Tl's:| Kx,h (Xﬂ'l - X""s) | C"'1:| = [X‘"l]

f'ULI?,ﬂ'S

= /{E [ X, + hv] —E[Xn, ]} Ky (v) dv
- o(n').
Using the previous results it follows that

E [pﬂ's,ﬂ'g (@) |¢m] = E [D;krl,‘er | Xﬂ'l] -E [D;krl,er] )

and thus,

E |:p771,7\'3 (E) = Pri(1)w2(2),73 (E) = Pry(1)m1(2),73 (E) + Pro,ms (E) | Cﬂ'l]
= {D;k-rl ) [D;l ‘ Wm] } Ity Xy + o(1)

It follows then that the Héjek projection is given by

* 1 -
‘/2,117' = m Z Z §i1j177+0(1)

i1=1 j1 i1

49



with

Sijir = {Dzm - K [D;km | wm‘l] } Iriyj1 Xy

Y’iljl - (7’],—2— Z Z |: 0{117127-717]2} ’ X“’X

i97#£01,51 J2711,J1,02

If follows from a Law of Iterated Expectations that

EVs] = El&j-=0

Step 2. Variance of Hajek Projection

As in the proof of Lemma B.4, the variance of V{", . is given by

Var (Vi) = {n(nl_l)}Q Xn: > B [l e

11=1j1 701

e E s

i1=1 j1#i1
where
2 2 —
A;k1 g1 = E [{E [D:1J1D2*131 | wiljl] - K [D;kljl | wiljl] }IT,i1j1Xi1j1X;1j1
Define

T, = n(n—1)Var(V,,) =

n_l > Y A,

11=1 j1 741

Step 3. Variance of S5 -
Given two different 6-tuples o{i1, i2; j1, jo; l1,lo} and &' {i},i5; 71, j5; 11, 15}, let
Ac,n = Cov (52,n (U{il)i2;j17j2; I, l2}) y 52,n ( {11’227]17]'2’ 1 /2})>

denote the covariance between s ,(7) and s2,(d’) when & and @’ have ¢ =0, 1,2,3,4, 5,6 indices
in common.

It follows from conditionally independence formation of links, implied by Assumption 3.1.2, and
the conditional mean zero, E [sa,, (0{i1,12; 71, j2; 11, l2}) | Qo) = 0, that Ay, = Ay, = 0.
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Consider

Doy = E[son(@f{ir,i2; 51,2511, la})son (0’ {in, i 41, jas 1, 15})']
_ —\/
= B [sigi (@) is0 (77)'] +0l1)

2
= FE |:{E |:D:<1]1 T‘D’;klle | wi1j1} —FE [D;,kljl‘r ‘ wiljl] } 711]1W W :| (1)

Therefore, the variance of ch"(ST ) can be expressed as

2.nt

() X Pllean(@a@)]
+(4!(Z>)‘iz Y Y Y Y A

i1=1 j175i1 k141,71 /€275i1,]'17k1 li#i1,51 l27'5i17j1,l1

Notice that the term inside the brackets scaled by ((n — 2)(n — 3))~2 can be written as

((71—2)1(71—3)>2 Z Z Z Z Az,

k1#i1,51 k2#i1,51,k1 li#41,51 l2741,51,00
o * * o * L 2 2 o]
= b HE [Dszzm | “’11]1} - FE [Dzm | "Jml] }IﬂthllJthﬁ

*
11,J1°

As a result,

Var[s},,] = (n(nl—l)) ZZAM +o(1),

11=1j17#401

and Var [Vy, | — Var {Sg m] = o0p(1).

The asymptotic equivalence results follows from similar arguments as in the proof of Lemma
B.4. The proof is complete.

O]

Lemma B.6. Under the same Assumptions of Theorem 4.2, it follows that the Hdjek projection of

T

3,nT

I I ' I
IS o 1 W Diljl,vaw)ll.]l Di1j2,7’fvx711]2 D’igjl,vamﬂZ?l DinQ,vamaZQJQ
3,”7— - m 4 . . - . . - . . - . .

Sanr — E [W(,D;;T | QU}

fva:,nﬁ fv:c,u]g fvz,z2j1 fU93112]2

" oeNm,,

51

)



into an arbitrary function G5, = (Xiy, Xj,, Airs Ajr, Vi, Uiy ) 18 given by

VSnT = E[ 3,nT | Cujl} = Z Z Sirjir

11 1 j1741

and
2
= ;28 [ (8], = Vi) | X272 = ol0),

where T, = n(n — 1)Var(Vs, ).

Proof. Consider a fixed 6-tuple {i1,1i2; j1, jo; k1, k2 }, and define

8i1,71 (@) = Witizjijo { T+1 fv:Z;l va,h (Vkiky — Viggrs Xy — Xins Xy — Xjy) — [D;kljl | Qi1i27j1]2 }
811,72 (@) = Wigis jijo { fv:i]: va,h (Vkiky = Vizjas Xy — Xiys Xpp — Xjp) — B [D;kljg - | Qi1i27ju2 }
8i3,j1(@) = Wigis jijo {hL‘H f:f:;; Koz (Vkiky — Vigjrs Xy — Xig, Xp, — Xj,) — F [Dz*zgm- | Qivig, 1o }
3i2,j25) - l1Z2J1J2 {hL'H fvfzz]: vz,h (Uk1k2 - Ui2j27Xkl — Xiy, Xiy — Xj2) - B [D:;jg T ’ Qi1i21j1j2 } )

and s3,(0) = 8,5, () — Siy jo (T) — Sin,j1 (T) + Siy jn (7). It follows then that 51 can be written as

3,nT
St = [6!(2)]_1 Y s2.00(0)

TeN; mn

— [@(Z)]_l > {501 (@) = 50152 (F) = 5095, (F) + 562, (3)} -

TeN; in

Step 1. Hajek Projection

The rest of the proof makes use of the following index notation for dyads. Given the total
number of ordered dyads n = n(n — 1), let the boldface indeces w = 1,2, -- index the n ordered
dyads in the sample. In an abuse of notation, also let 7 denote the set {i1, j1}, where i; and j; are
the indices that comprise dyad 7. In particular, w(1) = i; and 7(2) = j1, when 7 = {i1,71}.

With this notation at hand, S

3.nr Cal be expressed as

S [@(Z)] Z Yo D {5m(@) = sm)m@ (@) — Smaym(2) () + 5my(0)}

m1=1 moFm w3£mL

where @ = 7 {m, wa, 7w3}.
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Let

1 D . D _ .
Prims (0) = RL+1 <f e Wy o + I; T Wﬂsﬂfz) Koz p (Vg — Vmy, Xory — Xoy)
VT, T VT, T3
) |:W7Tl7772D;‘kl'1,T ’ Qﬂ'lﬂm] - F [W‘lfsfrsz:rg,r | Qﬂ's,ﬂ'z}
— 1 T D:FQ,T *
Pry s (U) = pL+1 Wﬂ'l,ﬂ'Q [ ch,h (vﬂ's - v7l'27X7r3 - Xﬂ'z) - E [Dn-g,T ‘ Qﬂ'lﬂ@]
VT,
1 T D;Q,T *
WW‘K&#2 fiKvx,h (Uﬂ'l - Uﬂ'zvXﬂ'l - Xﬂ'2) ) [Dﬂ-z,r | Qﬂ'3m’2]
VT,

- 1 D;kr (1)m2(2),7 5
Prey(1)ma(2),ms (0) = AEs) fwlﬂl(l;(g) Wt o Ko (Vies = Uy (1)m0(2)> Xy — Xy (1)m2(2))

1 D;3(1)ﬂ2(2),f =
hE+1 fvac,7'r3(1)7r2(2)

—K |:W7r177T2D;kr1(1)71'2(2),T ‘ Qﬂ17ﬂ2:| - K [Wﬂ37ﬂ'2D:3(1)w2(2),7 ‘ Qﬂ'sﬂm}

_ 1 Dryme)r
Pra(ymi(2)ms (0) = 57 fm(l) m@) Wt o Kow i (Ve — Uy (1)1 (2)) Xvs — Koo (1)1 (2))
T2 1 T

+

7r3,7r2KU;t,h (Uﬂ'l - vﬂ'3(1)‘7’r2(2)7X7T1 - X7r3(1)7r2(2)>

1 D;krg(l)‘rr3(2),7' 4
hi+1

+ 3,70 Koz b (U7r1 - Q171—2(1)7r3(2)7AX71'1 - Xﬂ’z(l)ﬂ':s(z))

fvx,ﬂ'g (1)ms3(2)

B [Wry i Doy a1 | O] = B [Wosma Dm0 | O

where Kvﬁc,h (Uﬂ'g — Uy, Xy — Xﬂ'l) denotes Kvac,h (Uﬂ'g = Unys X7r3(1) - X7T1(1)7Xﬂ'3(2) - Xﬂ'l(Q))a Wﬂ'l,ﬂ'g

denotes W and

1{inie}me{j142}>
Xﬂ'l = E |:W171,7T2 |X7Tl:|

X, = Z Xy -

ToF#T1, 73

Using the symmetry of the kernel, it follows that S;m can be written as

—-1 n
|:6! <Z>:| Z Z Z {pﬂ'1,ﬂ'3 (5) = Pri(1)mw2(2),73 (E) = Pry(1)w1(2),73 (5) +pﬂ'2,ﬂ’3 (5)}

m1=1m3=m1+1 71'27571'1,7!'3

To compute the Hajek projection of the sum above into an an arbitraty function of (r,, consider
first E [pr, xs () | (] - To that end, the following results will be useful.

E [E |:W7r17772D;k!‘177' ‘ wﬂ'l:| ’ C‘ﬂ'l:| = F [D;krl,r | wﬂ'l] E [Wﬂ'l,‘ﬁz ‘ X‘7Tli| =F [D:rl,TXTrl |wﬂ'1]

FE |:E |:W7r3,7r2Djr3,T ‘ W7r3} ’ Cﬂ'li| = F |:E [D;k-rg,‘r ‘ wﬂ-3] FE |:Wﬂ.37ﬂ.2 ’ Xﬂ's}] = F [D;k'rg,TXﬂ"d] .
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Moreover,

D;‘krl TYY Djl'5 71 1
E : Wﬂ'lﬂfz + 7 Wﬂ’:sm’z WKMEJL (Uﬂ':s = Uy, X — X7T1) | Cmy

fvz,ﬂ'l fvx,ﬂ'g

D;k'rl,‘r i~ D;SJ— T
=F |:W7r1,7r2 |Xﬂ'1:| +E |Uﬂ'37Xﬂ'3 E [Wﬂ's,‘ﬂ'z ‘ Xﬂ'31|

fUz,ﬂ'l f’l):l?,7T3
1

X WKvx,h (Uﬂ'g - U7T17X7T3 - X‘rr1) | C‘rr1:|

= Dreir E Dreyr X LI( — X — X Xra)dvg, dX
= Xy + X | Vg X pLAL vTsh (Vg — Uy s Xy 1) Joa(Vng, Xy ) AUy d X g

fvx,‘rrl fULEJTS

where the second equality follows from a Law of Iterated Expectations and Assumption 3.1.1.
Let
E (Uﬂ'3’ X"TS) = E [D;377X7r3 | Uﬂ'37 X7r3:| 9

and consider

1,7 —_
Xﬂ'1fUI U7!'15X7r1) = Uﬂ'1’

D*
/ {f LLILS X7 fvm(vﬂ';g; X7T3) E Uﬂ'37 } hL+1 ’Um h Uﬂ'3 vﬂ17X7T3 - X7T1) dv‘lrngﬂ'g
VT, T

7r
VT 7'r1
‘l'l'

YT ey for (U, + v X, + hvg) + Z (v, + b, Xo, + huz)} Ky (v)dv

fvx T

{ It X7r1fvx Uﬂ'luXTl'l) +E(U7r17X71'1)}
+{

UCE 7r1

‘rr1, Xy {fv:p(vm + hv1 Xq + hva) — fvoc(UmaXm)}

fvx,‘n'l

E(Umy + hr, Xo, + W) — ZE (V) , X)) }) Koo (v) dv
= o(hM)

where the first equality follows from a change of variable v = (v1,vs), with v1 = h™! (Vg; — Vny ),
and vy = h™! (Xp, — Xor,), with Jacobian h%. The last equality follows Assumptions 4.1.1, 4.1.3,
and 4.1.5 which guarantee that fu.(vx,, Xrx,) and = (vg,, Xx,) are continuous and M-times dif-
ferentiable with respect to all of its arguments, and K,, is a bias-reducing kernel of order 2M.
Observe that

*

D
T meva:(vmaXm) =0

fvx,‘rn

holds for any (vg,, Xr,) within a 7 distance of the boundary S,;, and having h/7 — 0 ensures that
the change of variable v = (v, 1), with 11 = h™! (Ugy — vy, ), and vo = h™1 (Xp; — X, ), is 1Ot
affected by boundary effects.

The previous results yield

E [pm,ﬂ’g (@) | Cm] = X T E [Dm X | Xﬂ'l] —-E [D;krl X | Wm] ) [D;krl TXm] +o(1).
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Notice that for 7 € {(71(1),72(2)), (7w2(1),71(2)), 72},

- 1 Di. . ,
E |:Wﬂ'1771'2 {hLva:;r Kvx,h (U‘n’s - Uﬂ's>Xﬂ'3 - Xﬂ's) —-E |:D7T5,7’ | wﬂ's]} | C‘l‘l’1:|

T 1 D:rsﬂ— *
= E\Wrm E T Kyon (Veg — Vrgy Xy — X)) | Qeyjmy | — F [Dﬂ-s,f ‘ Wﬂ's] e
ht+ fvx,ﬂs
o) (hﬂ)
since the expectation

1 Dr ;
hLi+1

Kvx,h (Uﬂg — Um) Xﬂ's - Xﬂ's) | Qﬂ'l,ﬂ’Q:|

fvm,ﬂ's

1 D
= / hL-i—lE [ et | wﬂ's:| Koz h (Vg — Vg Xey — Xir,) fow (Vmy, Xiry) AUy d X e,

fva:,ﬂ's

= FE [D;.S,T | wm} + 0 (hﬁ> ,

where the second equality follows from Assumptions 3.1.1, 3.1.2, and properties of the bias-reducing
kernel, Assumption 4.1.5.

Similarly, for a given s € {(m3(1),m2(2)), (m2(1),73(2)), w2}, it follows from Assumptions
3.1.1, 3.1.2, 4.1.3, and 4.1.5, that

| (Dh. _
E BT Wi s Koa b (Vm) — Vg, Xy = X)) ) [ Gy | = B [y X ]

fvx,ﬂ's

1 D;krsv‘r )
= F hL+1E X | | Vres X, Koz h (U, = Vrgs Xy — X)) | Gy | — E vy, Xy

fvz,ﬂ's

= / {E (vg, + hv1, Xy + hva) — E (Vg Xiry) } Koo (V) dv
= o(n').
Using the previous results it follows that

E [pﬂ's,ﬂ'a @) |C¢m] = E [D;kn,er ’ Xﬂ'l] —F [D;‘rl,errJ )

and thus,

E [pﬂ'l,wg (E) — Py (1)mwa(2),73 (E) — Pra(1)w1(2),73 (E) + Pro,ms (E) ‘ Cﬂ'l]
= {D;krl - E [D;kn ‘ wﬂ'l] } I’Tﬂflxﬂ'l + 0(1>

It follows then that the Hajek projection is given by

n

. 1
V3,m’ = m Z Z giljl’T +0(1)

i1=1j1#i1
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with

Sijir = {Dzm - K [D;km | wm‘l] } Iriyj1 Xy

Y’iljl - (7’],—2— Z Z |: 0{117127-717]2} ’ X“’X

i97#£01,51 J2711,J1,02

If follows from a Law of Iterated Expectations that

EVi.] = El&j-=0

Step 2. Variance of Hajek Projection

As in the proof of Lemma B.4, the variance of V', ~ is given by

Var (Vi) = {n(nl_l)}Q Xn: > B [l e

11=1j1 701

e E s

i1=1 j1#i1
where
2 2 —
A;k1 g1 = E [{E [D:1J1D2*131 | wiljl] - K [D;kljl | wiljl] }IT,i1j1Xi1j1X;1j1
Define

T, = n(n—1)Var(V,,) =

n_l > Y A,

11=1 j1 741

Step 3. Variance of S3 -
Given two different 6-tuples o{i1, i2; j1, jo; l1,lo} and &' {i},i5; 71, j5; 11, 15}, let
Ac,n = Cov (SS,n (U{il)i2;j17j2; I, l2}) y 83,n ( {11’227]17]'2’ 1 /2})>

denote the covariance between s3,,(7) and s3,(d’) when & and @’ have ¢ = 0,1,2,3,4, 5,6 indices
in common.

It follows from conditionally independence formation of links, implied by Assumption 3.1.2, and
the conditional mean zero, E [s3,, (o{i1,12; 71, j2; 11, l2}) | Qo) = 0, that Ay, = Ay, = 0.
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Consider

Aoy = E[s30(c{ir,i2; 51,25 11, la})ssn (0" {in, i 41, jas 1, 15})']
_ —\/
= B [sigi (@) is0 (77)'] +0l1)

2
= FE |:{E |:D:<1]1 T‘D’;klle | wi1j1} —FE [D;,kljl‘r ‘ wiljl] } 711]1W W :| (1)

Therefore, the variance of ch"(ST ) can be expressed as

2.nt

(7) X Pllesa(@a@)]
+(4!(Z>)‘iz Y Y Y Y A

11=1 j175i1 k1#i1,51 k275i1,j1,k1 l1#41,51 l27éi1,j1,l1

Notice that the term inside the brackets scaled by ((n — 2)(n — 3))~2 can be written as

((71—2)1(71—3)>2 Z Z Z Z Az,

k1741,J1 ke#i1,51,k1 Li#i1,01 lo#i1,51,0
* * * 2 2 —
= E|{E DD | wii) = B [P, | wia ]’} i

!
1151779171 111 7141 Xi g1 X ja

*

i1,51°

As a result,
+ B 1
vorlsho] = (55 1>) Z§ R
7 1411
and Var [V5, | — Var {Sg m] = o0p(1).

The asymptotic equivalence results follows from similar arguments as in the proof of Lemma
B.4. The proof is complete.

O]
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