WARWICK

ECONOMICS

Fixed Effects Nonlinear Panel Models with Heterogeneous Slopes:
Identification and Consistency

Martin Mugnier & Ao Wang

December 2024 No: 1531

Warwick Economics Research Papers

ISSN 2059-4283 (online)
ISSN 0083-7350 (print)



Fixed Effects Nonlinear Panel Models with

Heterogeneous Slopes: Identification and

Consistency™
Martin Mugnier! Ao Wang!
Abstract

We study a class of two-way fixed effects index function models with a
nonparametric link function and individual- (or time-) specific slopes. Our
model alleviates potential misspecification errors due to the common prac-
tice of specifying a known link function such as Gaussian and its tail be-
havior. It also enables to incorporate richer unobserved heterogeneity in
the marginal effects of covariates via heterogeneous slopes across individ-
uals. We show the identification of the link function as well as the slopes
and fixed effects parameters when both individual and time dimensions are
large. We propose a nonparametric consistency result for the fixed effects
sieve maximum likelihood estimators. Finally, we apply our method to the
study of establishing exportation and illustrate the consequences of impos-

ing Gaussian link function and homogeneity on the slope of distance.
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1 Introduction

Nonlinear two-way fixed effects panel models gain popularity in economic re-
search. These models typically feature individual and time dimensions, enabling
researchers to incorporate rich heterogeneity in empirical research, e.g., industrial
organization (Dubois et al., 2020), international trade (Helpman et al., 2008), la-
bor (Abowd et al., 1999), innovation (Aghion et al., 2013) and network (Jochmans,
2018). By allowing both dimensions to increase to infinity, one can reduce the in-
cidental parameter problem in panel data models (Lancaster, 2000; Neyman and
Scott, 1948) to a post-estimation bias correction (Fernandez-Val and Weidner,
2016).

In applied and related econometric works in this literature, researchers often
adopt two restrictions: parametrically specified link function (e.g., probit) and
slope homogeneity across individuals and time (e.g., homogeneous price coefficient
in demand). These restrictions may not be innocuous. For instance, in the setting
of demand, if the true link function has a relatively thick left tail, assuming a thin-
tail link function (e.g., Gaussian) may understate the negative effect of price and
introduce an upward bias in the estimated price coefficient. Imposing the same
price coefficient across individuals may overlook unobserved heterogeneity in price
sensitivity and lead to biased estimates of average marginal effects of price. The
extent to which these restrictions can be relaxed is, however, still underexplored
in the literature.

In this paper, we study the nonparametric identification and estimation of a
class of two-way fixed effects index function models that relax the aforementioned
two restrictions. In this class of models, individual ¢’s probability of choosing y

from a discrete set ) at time t is given by:
Pr (Yie = yl(Xis)s<t, F) = 9(y; XipBi + ai + &), (1)

where X;; are individual ¢’s observed characteristics at time ¢, 3; are individual-
specific slopes, (q,&;) are individual-fixed and time-fixed effects, g is a link func-
tion, and F is the smallest o—field generated by latent shocks common to all
individuals (e.g., {&}¢) and those common to all time series (e.g., {a;};). This
model encompasses settings with a single index, such as binary outcome, ordered
outcome and count outcome, as well as those with multinomial outcomes. Con-

trasting the common practice of specifying a known link function, model (1) allows



g to be nonparametric and estimated from the data. Besides, we allow slope pa-
rameters (3; to be individual-specific rather than homogeneous across individuals
(i.e., B; = B).! This feature enables researchers to incorporate richer (unob-
served) individual heterogeneity in the marginal effects of covariates of interest,
e.g., household’s price sensitivity and trade cost.

First, we lay out the asymptotic framework within which the identification of
(Bi, )iy (&)1, and g(+;+) in (1) is meaningful when both the numbers of individuals
(N) and time periods (T) are large. This framework is characterized by a well-
defined infinite population (Assumption 1) and sequences of increasing consistent
samples (Assumption 2). It allows to construct individual-specific limiting objects,
e.g., the individual-specific probability of observing outcome y;; = y given a vector
of covariate values, from the individual-specific time series. Similarly, one can also
construct time-specific limiting objects from the cross-sectional observations in
each time period. Our identification arguments will rely on these limiting objects.
Such constructions do not require the knowledge of the true parameters. Moreover,
we do not impose stationary distribution over the time dimension and allow for
lagged outcomes as explanatory covariates.

Second, we propose two identification results (Theorems 1 and 2) for (ay, 5;);,
(&)s, and function g when both N and 7" are infinity. In Theorem 1, we adopt the
technique of compensating variable to establish the identification of («, ;) relative
to some individual j’s («;, 5;). Loosely speaking, we require the existence of a

variable in Xj;, say its first component X ](tl ),

that can compensate the difference
in ¢’s and j’s indexes due to (o, 8;)—(a;, B;). This compensating variable can be
a continuous one (e.g., the distance in trade) and does not need to have a large
support. Under some monotonicity assumptions on the link function with respect
to the index, one can back out the amount of the compensation by comparing
identified i’s and j’s limiting objects, giving rise to restrictions on («;, 3;) and
identifying their values relative to (o, 3;). More generally, this pairwise argument
induces a compensating network in which two individuals are connected if and only
if one can compensate the other. The ability of relatively identifying individual-
specific parameters is then translated to the connectedness of the network. Within
its connecting component, one can achieve the identification of (o, 5;) relative to

the parameters of a reference individual in this component. The compensating

network may have more than one disjoint connecting components. In this case, the

'In Appendix E, we also consider the case of time-specific slopes.



corresponding reference individuals’ parameters are not identified without further
conditions.

In Theorem 2, we assume the connectedness of the compensating network
and propose conditions to further identify time-specific parameters (&), and the
link function ¢g. In a similar vein to Theorem 1 and given the identification of
individual-specific parameters, we apply the argument of compensating variable
to achieve the identification of (§;); relative to a reference time period. We then
identify the normalized index for each cell (i, t) (relative to the reference individual
and time period) and g(y; v) by the probability of observing outcome y given index
value v.

Third, we build on the identification results and propose a nonparametric
consistency result for the fixed effects sieve maximum likelihood estimators of
(e, Bi)is (&t)e, and link function g (Theorem 3). The consistency requires N and T’
to increase to infinity and does not depend on their relative rate. Our result implies
the uniform convergences of the maximum likelihood estimators of normalized
(e, Bi)is (&)1, and the sieve estimator of g. Consequently, we obtain consistent
plug-in estimators for individual-level marginal effects of covariates when both N
and T tend to infinity.

Finally, we revisit the study of establishing between-country exportation in
Helpman et al. (2008) to illustrate the consequences of imposing a known link
function and slope homogeneity. The original paper uses a two-way fixed effects
probit model with a constant coefficient on the log-distance between countries.
Differently, we allow the link function to be unknown and the distance coefficient
to be exporting-country-specific. The estimated link function has a thicker left tail
than Gaussian distribution. As a result, imposing the probit specification leads
to a upward bias in the estimates of distance coefficients. Besides, we find non-
trivial variation in the country-specific marginal effect of distance when allowing
for country-specific distance slope. Whether or not we treat the link function as
parameters to be estimated, the slope heterogeneity explains more than 90% of
this variance. In contrast, the homogeneous probit model substantially underes-
timates the variation of country-specific marginal effect of distance by a factor of

20 compared to models with country-specific distance slope.

Related literature. Our paper belongs to the strand of research on panel data

methods in the large-N and large-T" asymptotic framework. In a parametric set-



ting with only individual fixed effects, existing works establish that one can reduce
the Neyman and Scott (1948)’s incidental parameters problem to a post-estimation
bias correction by allowing 7" to increase to infinity (Dhaene and Jochmans, 2015;
Fernandez-Val, 2009; Fernandez-Val and Lee, 2013; Hahn and Kuersteiner, 2002;
Hahn and Newey, 2004). Recent works extend this result to two-way fixed effects
models with known link function (Fernandez-Val and Weidner, 2016, 2018), inter-
active fixed effects (Bai, 2009; Boneva and Linton, 2017; Chen, 2016; Chen et al.,
2021; Gao et al., 2023), and the dyadic network formation (e.g., Graham (2017),
Jochmans (2018), Zeleneev (2020). See de Paula (2020) for a review).

Different from most aforementioned papers, we consider a two-way fixed effects
panel model with a nonparametric link function. We provide conditions for the
identification of link function as well as slopes and fixed effects when both N
and T are large. Our identification arguments (compensating variable) differ from
those in dyadic network formation that rely on specific network features such as
undirectedness, i.e., the “time” and individual dimensions coincide (Candelaria,
2020; Gao, 2020; Toth, 2017; Zeleneev, 2020). Building on the identification, we
further propose a consistency result for the sieve maximum likelihood estimator.
Both results are novel in this literature to the best of our knowledge; they provide a
foundation for the parametric large- N-and-large-T" inference methods that usually
rely on specific properties of the link function such as logit (Charbonneau, 2017;
Jochmans, 2018) and log-concavity (e.g., Assumption 4.1 in Fernandez-Val and
Weidner (2016)).

Besides, unlike most existing two-way fixed effects panel models, ours allow for
unobserved heterogeneity in slopes.? In this regard, our paper speaks to the liter-
ature of random coefficients panel models that aim to incorporate flexible partial
effects of covariates across units. This literature usually studies the identification
and estimation of distributional features of the random coefficients in parametric
one-way fixed effect models mostly in a fixed-T setting (Arellano and Bonhomme,
2011; Chamberlain, 1982; Hsiao and Pesaran, 2004), with few exceptions also con-
sidering a large-T" asymptotics (Ferndndez-Val and Lee, 2013; Swamy, 1970). Our
paper differs from these works by considering a nonparametric two-way fixed effects
model and prove the point identification of heterogeneous slopes when both N and

T are large. This result allows to identify and consistently estimate unit-specific

2Boneva and Linton (2017) and Gao et al. (2023) also consider such heterogeneity but assume
a known link function.



partial effects of covariates, contrasting existing results in the fixed-T" setting that
only the distributional features of the partial effects are identified (Graham and
Powell, 2012). However, we do not tackle the inference about the partial effects
in the presence of nonparametric link function and heterogeneous slopes.

Our identification strategy of compensating variable relates to several works
beyond panel models. Examples include the identification of the average effects
of endogenous dummy covariates (Vytlacil and Yildiz, 2007), testing the exclusion
restriction in the control function approach (D’Haultfoeuille et al., 2021), and de-
mand identification in the presence of railway dynamic pricing (D’Haultfeeuille
et al., 2022). Analogously to these works, our strategy relies on the existence of
an exogenous covariate with sufficient variation to compensate changes in other
covariates or in fixed effects. It does not require this covariate to have a large
support. Besides, the compensating variable resembles conceptually a special re-
gressor (Lewbel, 2014; Williams, 2020). Due to the unobserved heterogeneity in
slopes, the slope of the compensating variable may, however, differ across individ-
uals and cannot be normalized to one as in the method of special regressor. Using
the cross-sectional variation in the compensating variable, we also compensate
the difference in its slopes across individuals, a new aspect the special regressor

method (and previously mentioned works) does not have.

2 Model and Sampling Process

Consider a countably infinite population {(i,t) : (i,t) € {1,2,...}?}. Each cell
(,t) is equipped with an observed vector (Yi, X)) € Y x X that is typically
random. We assume that there exist o-fields F¢ and F* generated by latent
shocks common to all cross-sectional units (the i’s) and all time series (the t’s)

respectively. Let F be the smallest o-field containing F° U F's.
Assumption 1 (Model).

(a) Single index and two-way fized effects: for all (i,t),
Pr (Yie = y|(Xis)s<e, F) = 9y X8 + i + &), (2)

with, almost surely, sup, ||5;|| < Cs < co. Moreover, g is unknown.

(b) Monotonicity and smoothness: there exists y € Y such that the function

v +— g(y;v) is strictly increasing and L-Lipschitz.
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(¢) Cross-section independence and weak serial dependence:

1. Conditional on F, {(Yit, X},) : t =1,2,...} is independent across i.

2. Let u > 1. Conditional on F, for each i, {(Yi, X},) :t =1,2,...} is
a-mizing with mizing coefficient satisfying sup, a;(m) = O(m™*) as
m — oo, where

a;(m) = sup sup |Pr(An B) — Pr(A) Pr(B)|,

t AeAl,BeBi,,.

¢ s the o-field generated by ((Yi, XL,), Yie_1, Xl 1),...), and B} is
the o-field generated by (Vi X5), (Vieer Xl o). ...

(d) Conditional on F, Xy has density p; with respect to the Lebesque measure
on RE that satisfies py (1) < prae < 00 for all (i,t) and x € RX.

(e) Let K denote a bounded kernel function. For all strictly monotonic functions
f:R—(0,1) andz = (zV,2?) € X, almost surely, there exists a constant

Ct 420 nontrivially depending on f such that, for all 1,

s UL K (K2 £(6)
i S K (K

— Cjp2) QS T — 0.

Assumptions 1(a) and 1(b) define the class of two-way fixed effects models we
focus on. In Assumption 1(a), the distribution of outcome Y;; depends on the
observed characteristics X;; and fixed effects («;, 5, &) via a single index and an
unknown link function ¢g. Individual-specific slopes 3; capture heterogeneous effect
of X;; and are potentially unobserved to the researcher.? In Assumption 1(b), we
impose monotonicity and smoothness conditions on the dependence of g on the
single index v at some known ¢ € Y.* Most link functions, e.g., logit, probit, and
Poisson, satisfy these conditions.

Assumptions 1(c)1 and 1(c¢)2 impose dependence restrictions across individual

and time dimensions of the panel; both are standard in the panel data literature

30ne can use an it-specific By and specify B; = yri; to capture observed heterogeneity in
slopes, where r;; is a vector of observed characteristics of individual 7 at time ¢. This is equivalent
to adding x;r; in (2) with common slopes v across individuals and time periods.

iIf v —  g(g;v) is strictly decreasing, one can transform ((ay, B8i,& )i, 9(+7)) to
((—evi, —Bi, —&t)it, g(-;—)) that delivers the same model (2) and v — ¢(y; —v) is strictly in-
creasing in v.



(e.g., Assumption 4.1 in Fernandez-Val and Weidner (2016)). Assumption 1(c)1
requires cross-sectional independence across individuals conditional on common
shocks. Assumption 1(c)2 requires a—mixing properties across time periods condi-
tional on common shocks. It does not impose identical nor stationary distribution
over the time dimension. The model allows for lagged outcomes as explanatory
covariates, though Assumption 1(c)2 may rule out some forms of dynamics.’

Assumption 1(e) requires the observed individual time series to have a
Birkhoft’s almost-sure ergodic property. It is sufficient for constructing the lim-
iting objects from the individual time series so that their true values are known
to the econometrician in the setting of identification discussion (i.e., when 7" and
N are infinity). When, for all 4, the corresponding time series {(&, Xi)}, o3
are strictly stationary with strong mixing conditions (see Hansen (2008)), this
assumption holds as long as the distribution of &|X; = = does not depend on
xftl ), an exogeneity condition that can be qualified in an applied setting. It al-
lows for & and & to be correlated as long as the correlation vanishes as the time
periods are distant enough. It also accommodates some non-stationary (&), such
as deterministic time trends. For instance, if § = ¢ — 1, then {f(&)},_,,  is a
bounded strictly monotonic sequence of real numbers with limit in {0, 1} so that
¢ €10,1}. Another example is periodic time trend: there exists Ty such that
&y = & non-random. Then, Cra@ = Cf.

Lastly, Assumption 1(d) focuses on continuous covariates and rules out discrete
ones. This choice is mainly to simplify the exposition. In the presence of covariates
whose distributions are mixtures of discrete and continuous distributions with
known dominating measure, one can accordingly modify Assumption 1(e) such
that the conditional expectation at point masses is identified in the limit by an
empirical frequency justified by the law of large numbers, possibly combined with
kernel smoothing.

In Appendix E, we present two extensions of model (2). The first one is a

model with time-specific slopes:
Pr (Yie = y|(Xis)s<t, F) = 9(y; XipBe + i + &), (3)

where 3, captures potentially heterogeneous effect of X;; across time periods. The

SFor instance, Andrews (1984) discussed simple autoregressive models that are not strongly
mixing. The nonlinearity in (2) makes it more difficult to link the regressive coefficient to the
a-mixing coefficient and verify the mixing property.



second one is with multinomial outcomes:

Yir = arg max {sz‘j + &y + 1855 — Uitj} ; (4)
j=1,..,J
where (wiy, ..., u;s) are independent of (avj, &, 51']',21%]');]:1 and distributed ac-

cording to density ¢g*. Define v;; = i; + & + xgjﬂij. Then,
J
9(y; v, - vies) = D Wy = 5} Pr(uig — iy < vigg — viggr, for any j' # j),
j=1

where the right-hand side is a function of J indexes v;; = (vitj)jzl and J is known.

Given the data generating process described by Assumption 1, the econome-
trician observes a finite sample of size NT from the infinite population. Denote
by MX7T the indicator of (i,t) belonging to this finite sample, i.e., (i,t) is in this
finite sample if and only if M}Y? = 1. Moreover, 32, 3°, MY = NT and
MAET € {0,1} for all 4,¢. The sequence of infinite binary arrays M = (M)7),,

with NT positive entries governs the sampling process.
Assumption 2 (Sampling).
(a) Independent sampling: MNT 1 (Y, X0,)is, F).
(b) Single increasing panel: [N < N and T < T] = [MYT < MNT V(i 1)].

(¢) Balanced NT-panels: for all N, T,i,t,

S>> MYT =NT

i=1t=1

3

and
MgT =1, Vs:dj, MfXT =1,

' {M;yT:L Vj:3s, MNT = 1.

Assumption 2(a) rules out any dependence between the sampling process and the
joint distribution of population outcomes and latent shocks. This is a “Missing-
At-Random” assumption on the infinite population. Assumption 2(b) is analogous
to the assumption of “staggered adoption” in the causal difference-in-differences
(DID) literature: once a cell (i,t) has entered the sample (“treatment” in the

DID literature), it remains in subsequent ones. By Assumption 2(c), we consider



balanced panels in the subsequent analysis to simplify the exposition. One can
adapt our results and the proofs to allow for unbalanced sampling processes.
Assumptions 1 and 2 provide an asymptotic framework within which the identi-
fication of individual or time-specific parameters (o, 5;, &) is meaningful. Usually
speaking, these parameters depend on sample size and their triangular sequence
may not have a meaningful limit.> Our framework solves this problem by assum-
ing a well-defined infinite population (Assumption 1) and sequences of increasing
consistent samples (Assumption 2). Whether a cross-sectional unit ¢ or time pe-
riod ¢t appears in observed samples only depends on the sampling process MN”

which we assume independent from outcomes and latent shocks.

3 Identification and Estimation

To simplify the exposition, we consider the following rectangular sampling process

that satisfies Assumption 2:

1 ifi<Nt<T
MY =
0 otherwise.

and let N, T — oco. We are interested in identifying and estimating (o, £i)i=12...,

(&)i=12.., and function ¢ in model (2).

3.1 Identification

We present the arguments for X;, = (X(l), Xi(f)) € X C R?. We extend the iden-

)

tification results to the cases of time-specific slopes (3) and multinomial outcomes
(4) in Appendix E.
For any ¢ such that @(1) # 0, we first define:

zi (2 2?) = [x(l)ﬁi(,l) +2® (51(/2) _ 51(2)) +ay — Oéi]/ﬁi(l)- (5)

Intuitively, z_(x(M;2®) is interpreted as a compensating variable, i.e., the

needed value of ) for individual ¢ with z(® to make her and i"’s indexes equal:

SInstead, if some kind of uniform convergence holds, e.g., limy 700 SUp;< 5 y<7 || (&, Bis &) —

(a9, 89, €9 B 0 where (&, i, &) are estimators of the true ones (a2, 82,£%) when the sample
size is NT, then one could identify the distributional features of the fixed effects.

10



a; + &+ ﬁi(l)zmi/ (53(1); 517(2)) + 51-(2):1:'(2) =qap+&+ 51-(,1):17(1) + 55,2):13(2). The following

definitions formalize the idea of compensation in the infinite population.

Definition 1 (Compensable). Individual i’ is said to be compensable by individual
i at point (zM, 2 if and only if (zi_y(xW;23)), 2?) € A,

Note that if ﬁi(l) = 0, then by definition individual ¢ cannot compensate any other
individuals. In Appendix A, we show that the set of individuals with Bz-(l) =0,
denoted by Zy, is identified under Assumptions 1 and 2. For those in Z, that are
compensable, we can identify their parameters using the same arguments in our
main results. Instead, for those in Zy that are not compensable, our identification
arguments do not apply. In the remaining part of the paper, we will focus on the

subpopulation with non-zero ﬁi(l) , e, N\ Z.

Definition 2 (Compensating network). Let G denote the compensating network
with an edge between i to j with i,7 € N\ Zy, denoted i «— j, if and only if
either individual j is compensable by individual © at least at (x(l)k,az(2)k) € X; for

k=1,2.3, with
1 L1 @1
1 g2

1 $(1)3

being nonsingular, or i is compensable by individual j at least at (x(l)k, k) € X,

for k =1,2,3, with the same rank condition.

In general, G induces a partition of N \ Z; that contains at most a countably
many disjoint subsets of N\ Zg. Within each subset, two individuals 7; and i; are
connected via a sequence (i1, i), ..., (i;_1,4;) in which either i;_; is compensable
by ¢, or the other way around for any £ = 2,...,[. It is possible that some
subsets are singletons, i.e., each of them contains only one individual that neither
compensate nor can be compensated by others. The next theorem states a relative
identification result within each subset that contains at least two individuals. The

proof can be found in Appendix A.

Theorem 1 (Relative identification). Suppose that Assumptions 1 and 2 hold.
Denote by {Z, : r = 1,2,...} the partition of N\ Zy induced by G>*. Then,
(v — aj)/ﬁj(-l), 551)/@(1), and (@(2) — 6](-2))/5](1) are identified for any i,j € I, and

any r with L, containing at least two individuals.

11



Intuitively, for a sequence (i1,12),..., (i;_1,%) with i, € Z. for k = 1,...,1, if
individual 7,_; is compensable by i, at the three points in Definition 2, one
can then identify z;, ;,_ (MY 2@ 2 L (2% 2®2) and 2z, ., (23 2(2)3)
by comparing ¢,_1’s and ¢’s choices, v;, .+ and y;, over time. The rank
condition in Definition 2 ensures the unique recovery of (a;,_, — ozik)/ﬁi(kl),
55}331/51(;)’ and (5(2) _ 6;5))/52(;) from Ziwik_lw(l)l;x(zn)’ Zik—>ik_1($(1)2;$(2)2),

lg—1
and z;, i, (z™M3; 23). In essence, the rank requirement rules out the situation
in which one point, say (z(V3 2(?3), lies on the line defined by (zW!, 2(1) and
(M2 222), When (z,2?) € X;

which i;_; is compensable by i, has positive Lebesgue measure, the rank condi-

., are continuous and the set of points at
tion automatically holds. One can apply the same reasoning to the case in which
1 is compensable by 7,1 at the three points in Definition 2 and to all the pairs in
the sequence. Consequently, we achieve the relative identification in Theorem 1.
Theorem 1 relates the ability of identifying individual-specific parameters in
model (2) to the connectedness of G*°, an insight that joins some recent liter-
ature using “overlapping graphs” as a key identifying device (see, e.g., Abowd
et al., 1999; Jochmans and Weidner, 2019; Lei and Ross, 2024). To see this
point, suppose that G contains two connected components that contains in-
dividual 1 and 2, respectively. According to Theorem 1, we can identify ((c; —
an) /B, B /81 (B = 82 /) for i € Ty and ((aj—a) /857, 5 /857, (87
552))/651)) for any j € Z,. However, the magnitude of (al,ﬁg)) relative to
(o, 651)) is not identified. As a result, the magnitudes of (ay, Bi(l), @(2)) relative to
(o, 551), 6(-2)) for i € Z7; and j € Z, are not identified. In contrast, if G has only

j
one component and is connected, we then identify («;, 5(1), 6-(2) — 6{2)) relative to

(ar, V) for all i € N\ Zo.

What determines the connectedness of G*° is the support of Xi(tl), X!, for
i € N\ Zy. When X; has a large support, i.e., X! = R, any other individual
is then compensable by 7 at any point. G is therefore a connected network.
Nevertheless, depending on the supports of other individuals, the large support
condition may be unnecessary for having a connected G*. For instance, suppose
that A is uniformly bounded for i > 2. Because of Assumption 1(a), the required
compensation for 4 > 2 is also uniformly bounded. As long as X} is larger than
this uniformly bounded set of compensation, G* will be connected. In Appendix
C, we provide two examples along the lines of this reasoning and illustrate how

economic restrictions help alleviate the support requirement.
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In the next assumption, we suppose a star structure in G and propose condi-
tions to identify remaining parameters. Let P,(z,2?) = (z,2®)v be the operation

of inner product.
Assumption 3 (Identification).

(a) There exists i* € N\ Zy such that for all j € N\ Iy, there exists an edge
7 +— j in G*™.

(b) Let Z denotes the support of (2 _n(xgtl),mz(t)) ) and Zi" = Niemz, 24 -

T;
For some (t,r) € Nx R, {z €z (5( (z) } is not a singleton.

The star structure in Assumption 3(a) implies that G* is connected. As discussed
previously, we can then identify (ay, 51-(1), @(2)_ 51(*2 )) relative to (a«, 51(*1 )) for any i €
N\Zy. Assumption 3(b) gives the condition under which z;« (z"); 2(3)) compensates
between M) and z® for i*. It is used to identify 51(*2 ) and BZ( relative to 6 D for

i€ N\ .

Theorem 2. Suppose that Assumptions 1-3 hold. Then,

(1) (2)
(aia?f;i* : % §<>) are identified for any i € N\ Zo.

i

. 5;3—1) is identified for all s,t € N such that

(ﬂiEN\IoP(ﬁE*l)ﬁZ(f))(Ziib + 55) N (ﬂiEN\IoP(ﬁz(i)ﬁﬁ))(Zii:) + 5t) #0. (6
o Fort*, let
={t:3 (" t1), (t1,t2), ..., (t1,t) such that (6) holds for each pair in the sequence}.

Then, g(y;ﬁi(})u + i + &) is identified for any (y,u) € Y X
Urer= (ﬂieN\IoP(17B(3>/5_(*1))(ZZ;) + (& — &0/6}9)

In a similar vein to Theorem 1, the second result of Theorem 2 identifies rela-
tively & by compensating the difference & — &, with (BZ* ,6»(*2 ))(zs — z;) for some
zs € ﬂieN\IOZf; and 2, € F‘I,-GN\ZOZZ; . The overlapping-support condition in (6)
is sufficient for applying this compensation argument. In the third result of
Theorem 2, the set 7* gathers time periods that are connected to t* and the

corresponding time-fixed effects are identified relative to &. Together with the

13



1 5@
identification of <aﬁ<1a)*, %, g(U>’ this result implies the identification of sin-

gle index u € Uper (mieN\IOP(LB(E)/Bg))(Zz‘i;) + (& — ft*)/@(})) We then identify
9(y; BZ-(*I)U + ap + &+ ) as a function of any y € Y and w in this support.

Et—&x
8y

for all t € N. Denote §3; = ﬁi/@(}), a; = (a; — ai*)/ﬁi(*l), &= (& — ft*)/ﬁl-(*l), and
9(ys uie) = g(y; 52'(*1)%% + @i + &) where uy = I;tﬁz‘/@(}) + (o — Oéi*)/ﬁi(*l) + (& —
gt*)/ﬁfﬂ). Note that ((as, 5, &)it, g) and ((&i,@,é)i7t,§) deliver the same model
in (2). When i = i*, we have u;«; = x4 and identify §(y; z;) = g(gj;ﬂf}):ﬂi*t +

Normalization. Suppose that 7* = N in Theorem 2. We then identify

a; + &) as a function of z;+; where y in defined in Assumption 1(b). Then,
because g(y;v) is strictly increasing in v (Assumption 1(b)), we can identify the
sign of 51(*1 ) (and of 5;“ for any 7 and k). Consequently, one can normalize a;» = 0,
B = 1{@(*1) >0} — l{ﬁl-(*l) < 0} (or equivalently B = 1{5Z-(k) >0} — 1{62-(k) < 0}
for some i and k), and & = 0 without loss of generality.

Despite the normalization, Theorem 2 implies the identification of marginal effects

ag(y;m’%;-ari-&t)’ by 3@(9@'%;—%4—&) — 8§(y3$/%‘:ai+§t)5i7 and its

average over time for individual i by @Eg’x‘ ) { } . Both are typically

of z;y = x for yu; = v,
0g(ysx' Bi+di+€)
ou
the objects of interest in applied research. Different from those in models with
homogeneous slopes, the marginal effects in model (2) can vary across individuals
due to heterogeneous slopes f;. Our identification results enable to quantify the
extent to which the slope heterogeneity explains the dispersion in marginal effects,

a point we will investigate in the empirical illustration in Section 5.

3.2 Consistency of Sieve MLE

The identification of (o, Bio, £10)ien ter and the link function g (where subscript
0 denotes the true parameter values) in Theorem 2 hints on the potential of con-
sistently estimating these parameters in a large- N-and-large-T" asymptotic frame-
work. In this section, we propose a consistency result for the sieve maximum
likelihood estimation (MLE) of (co, Bio,&w)ienger and g, a natural nonpara-
metric extension of the fixed effects MLE routinely used in the literature. Its
implementation is similar to the parametric MLE and we discuss some novelties
in Section 3.3, e.g., shape restrictions on the link function.

We assume that G is connected and 7* = N so that we can normalize
(Oéz'*o,@g())) = (0,1) (or (ai*o,ﬂf,}())) = (0,—1)) and &+« = 0 for some i* and t*.

14



Accordingly, the parameter space defined in the estimation takes into account
these normalizations. Suppose ) is a set of finite outcomes {0,1,..., L}.” Define
hy(v) :=log (g9(y;v)/g(0;v)) for any y € Y. In the case of logistic link function,
hi(v) = v. It is theoretically equivalent to use (hy(-))i; and (g,(-))}—, under the
restrictions g,(-) > 0 for any y = 0,...,L and ZZ’L,:O gy(-) = 1. It is more of a
practical matter to consider sieve estimates of (h,(-))[_; because they are free of
the aforementioned restrictions.

Denote by €, 3 and Q¢ the support of (o, o) and &, respectively. We

propose the following regularity conditions on the distribution of (g, Bi0) and .

Assumption 4 (Fixed effects). (o, Bi0) and & are continuous random variables
in compact domains Q, 5 C R* and Q¢ C R, respectively. The density functions of
(cvio, Bio) and &g are uniformly bounded away from zero by some ¢ > 0. (oo, PBio)
are independent across i. Let pp > 1. {&§ :t=1,2,...} is a-mizing with mizing

coefficient satisfying a(m) = O(m™") as m — oo, where

a(m)=sup sup |Pr(ANnB)—Pr(A)Pr(B),
t AeAiBeBi, .
and Al is the o-field generated by (&,&—1,...), and B} is the o-field generated by

(&, &t1y - - ). Moreover, (X, ao, Bio, &o) is identically distributed across i and t.

Assumption 4 requires bounded support on (s, 5i0) and &, similarly to the
support condition on f; in Assumption 1(a). It also implies that the density p;(x)
in Assumption 1(d) is written as py(x) = foz (2|0, Bio, &) Where fou(z]or, 5,€) is
the density of X;; conditional on (e, B0, &0) = (o, 8,€). The a—mixing property
on (&): imposes a weak serial dependence on (&);>1. It is compatible with the
ergodic requirement in Assumption 1(e).

First, denote the log-likelihood function by

XNT(QNT = Z Z 1Ogg Yit; O + gt + xztﬁl)

1¢=1 .
L i XT:I exp{hy,, (a; + & + 23,3) } ®)
NT == 1+ ZL p explhy (i + & + 23,8:) }

1 N
NT &

~.
~+

where 6N = ((au, Bi)f;ih (&)?:17 h) and h = (hy>y€y,y7ﬁ0'

"For the case of infinitely countably many outcomes, one can transform the model to a
truncated one with finitely many outcomes.
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Define the sieve maximum likelihood estimators as:

ONT = (ONT BNT . RNTY = argmax  Lyp(0N7), (8)
—_—

e ONTcoNT xoNT
where the compact set O contains the true 03" = (o, Bio, &0)iz1.... Nit=1,...T-
The set ON7 is a subset of ©; = Oy, X -+- X Oy, with O, containing the true
value hy for [ = 1,..., L. Denote by 057 = (087, ho). We need the following
assumption on the sieve space for the consistency of ANT.
Assumption 5 (Sieve space). The closure of Oy, Oy, is compact in the relative

topology generated by some norm || - ||n. Moreover, Ur NONT is a dense subset of
On with respect to || - ||, and ONT c ONT if N < N and T < T.

Assumption 5 is standard in the sieve literature. Examples of ©, and ©Y7 include
Holder class of functions and linear sieve spaces such as polynomials and splines.
We refer to Gallant and Nychka (1987), Chen (2007) and Freyberger and Masten
(2019) among others for more examples of ©, and ©ONT. In Section 3.3, we discuss

some practical issues related to the choice of sieve space in the context of (8).

The challenge in establishing the consistency of é{v T"is its increasing dimension-
ality. The conventional Euclidean distance measure may not be suitable because
of a lack of invariance with respect to the increasing dimension of é{v T The max
norm is invariant to the increasing dimensionality, but the limiting spaces (Qgﬁ

and Q?’ ) are noncompact under this norm.

To circumvent this challenge, we reformulate GA{V T as a collection of mappings

rather than point estimates. In fact, under appropriate regularity conditions (As-

sumption 7 below), ONT s asymptotically close to the maximizer of

LOL(ONT h) = 1%;}% ( explhy, (i + & + 24,8} )

NT =5 I+ 25=1 expihy (o + & + 23,81 }

Tit, o, Bios £t0‘| )

where Eq[-|z, cio, Bio, &) refers to the expectation with respect to y;; conditional

on (i, vio, Bio, Ex0) and given hg. We then can rewrite .£9,(0NT 1) as:

LOUGNT RNT ENTY /Eo dGNT (a, bla, B)dGYT (e|©)dFNT (z, v, B, €),

(9)

»NT 7
exp{hy/ (ft J'rv€+zb)} ‘x,a,;ﬁ,f
1+ 25:1 exp{h;\” (a+e+a'b)}
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where F' is the empirical distribution of (zy, auo, Bio, &10)1<i<na1<i<T:

1

N
NT Z Z Dirac,,, (2)Dirac(a,,,,0) (v, §)Dirace,, (£),

i=1t=1

F (2,0, 8,6) =

and GNT = (GNT GYT). Besides, GN7 is a mapping from (o, 5) € Q4.5 to a prob-
ability distribution in Q4 5, GN7(-|a, 8) with GN7T (|, Bio) = Dirac znr gry for
1 <i< N, and @év T is a mapping from ¢ € Q¢ to a probability distribution in €,
GNT(-|€) with GYT (-|&,) = Diracgyr for 1 < ¢ < 7' Intuitively, if (&, . BNT) con-
verges to (a, Big) in probability for any 4, the mapping GN7T will then “converge”
to the embedding from (a, ) € Q43 to Dirac(a,g), denoted by id;. Conversely, if
GN T converges to id;, we then obtain the consistency of (&N BN 7). Similarly, to
obtain the consistency of ft NT t0 &0, it is sufficient to establish the convergence of
GYT to the embedding from & € Q¢ to Dirace, denoted by ids.

To formalize this idea, we proceed in three steps. First, we construct the space
GNT belongs to. Define 2(Qq5) and C(Qu. 5, P(Qap)) as the set of probability
distributions on €, s and the set of continuous mappings from €2, g to Z(Q.5),
respectively. We can similarly define &2(€)) and C(2¢, 2(§%)). We define met-
rics on Z(Qap), C(Qap, P(Qagp)), P(8k), and C(Qe, P (§)). Because Q5 is
separable, metrizable, and compact, then &?(, ) is separable, metrizable and
compact in the weak topology (Theorems 15.11 and 15.12 in Charalambos and

Aliprantis (2013)):

N /Q fla, B)(dGry = dGr) = 0, ¥ f € Cp(Qass),
o,B

where C5(£2,,5) is the set of bounded continuous functions on €2, g. Using Theorem

11.3.3 of Dudley (2018), the following metric || - || p metrizes the w*—topology:

||G1 _GIHP = Sllp{|/Q Bf(a,ﬁ)d(Gl —Gl> s

Il <1},
where f is bounded and Lipschitz, and ||f||zr = ||fllz + || f]|ec With

Ifllz == s [f(enB) = f@B)|/ll(a—a 8- B,
(0,B)#(&,5),(,8),(6,8)EQa,

HfHOO: sSup |f(avﬂ)|7

(OC,B)EQQ’B

where || - || refers to the Euclidean norm. As a result, &?({2,. ) is compact in the
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metric || - || p.
Denote by Gi(-|a, 5) € C(Q4 3, Z(Q4)) a continuous mapping from 2, g to
P (Q43) and define the supremum metric as: for Gy, Gy € C(Qas, 2(Qap)),

IG1 =Gl = sup  [[Gi(]e, B) = Gi(la, B)]lp.

(OI,B)GQQ’B

Similarly, define Gy € C(€¢, Z(£X)),
1G> — Gall2 = sup [|Ga(+€) — Ga(-[€) ] p-
5695

Note that GN¥T and GY7 in (9) are only defined at (as, Bi0)Y, and (&)L, re-
spectively. We now extend them to any point in €2, g and (2 so that they belong
to C(Qa,3, Z(Qa,5)) and C(Qe, P(Qe)), respectively. For any N and T,

[§

Gi\[T(a b|a 6) — Z Hr;éi,reSN(a,B) ||(O‘7ﬁ) - (ar0>ﬁr0)
iesmtad) iesn(a) Hrsiresy(ap 11 B) = (aro, Bro) I

Dirac,nr gvry(a,b),

A [ssesesre) 1€ = &sol?
G (el) = > 2= Diracgnr(€),
teST(€) ZtGST(E) Hs;ﬁt:sGST(f) |€ - gsO|2 .

(10)
where Sy(a,8) = {i: [, Bio) — (. B)|| < BH} and Sr(€) = {t : |&o -
¢l < T’i}. Under Assumption 4, both Sy(«, ) and Sr(&) are asymptotically
nonempty for any («a,3,§) € Qqp X Q¢ (see Remark 1 in Appendix D). There-
fore, GNT = (GNT ,GNT) is well-defined in Q45 X Q¢ when N and T are large
enough. Moreover, for any 1 < ¢ < N and 1 <t < T, GN"(a, b, e|aso, B0, &) =
(Dirac(&éwﬁim) (a,b), Diracgyr(e)).

Second, we rewrite the large-sample equivalence of £y (0™T) using (G, h) as

in (9) and state the corresponding identification condition. For any h € Oy,

G = (G1, ) € C(Qu s, P(Qug)) X C(Qe, P(Q)):

o0 ) _ ) exp{hy(a+e+2'b)} “ o )
< (G~ h7F0) 7/IE0 |:10g <1+25:1 exp{l@(a—l—c—&-x'b)}) ‘I‘,a7/‘37£:| dGl(a7b7 , B)dG2(€7§)dF0(‘r7 av/jré')

B L exp{hy(a+ e+ 2'b)} exp{hyo(a+ & +2'6)} o ) .
e (s s+ )| T et € £ 00 MR 0.6)

where Fjy is the joint distribution of (X, o, Bio, o). Note that by Gibbs’ in-
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equality, we obtain: for any (o/, §', ¢, (hy)f,:l),

éi Pog ( exp{hy(a’+-§/+-qu)} )] eXp{hyOQX%—f-%aﬁﬁ)}
1+ 25:1 exp{hy(o/ + é’ + Q;/ﬂ/>} 1+ 25:1 eXp{hyo(CY + é‘ + .CL’/B)}

< XL: [lo ( exp{hyo(a+&+2'5)} )] exp{hyo(a + & +2'B)}

= S\ Y expl{hy(a+E+2/8)} )| 1+ X exp{hyp(a+E+2/'6)}

(idy, idg, (hyo)f;) is then a maximizer of L°(G, ()i ;; Fo) in C(Qap, P(Qap)) X
C(Qe, Z(Q)) x Oy. The next assumption states its uniqueness.

Assumption 6 (Identification). LG, (h)E; Fy) is uniquely mazimized at
(id1, Z'dg, h()) m C(Qawg, @(Qa,ﬁ)) X C(Qg, y(ﬂg)) X (:)h-

In Appendix D.1, we show that Theorem 2 implies Assumption 6.
Lastly, we impose some regularity conditions on the log-likelihood function and
ZY(G, h; F). Define

) 1 I exp{hy, (« + &+ 2),0)}
&, B) ((wit, yir)izy; {€ }im h) = argmax — > "log - Z
(&, B) (( ts Yit)1=13 16t Fema ) e s T ; 1+ ijl exp{hy(a + & + 25, 5) }

i.e., the maximizer of the log-likelihood corresponding to individual ¢ given

(yit7 T, ’St)zﬂ:]_, and

> 1Y exp{hy, (o + &+ 2,0:)}
E (it yi fi o, Bi fi ,h) = argmax — log 2 :
(i p)Zas (o 63, 1) geo. N ; 1+ 3L exp{hy (o + &+ 2}, 8:)}

as the maximizer of the log-likelihood corresponding to time period ¢ given

(Yit, Tit, o, Bio) ;.

Assumption 7 (Regularity conditions).

(a) Uniform convergence:

sup Lyr (07, h) = LR (0)T h)| 0, (11)

N N a
elTeQmﬂxQ?ﬁe@h

(b) Stochastic equicontinuity: For any e,m > 0, there exists a random
Anr(e,n) > 0, positive constants T.,, N.,, and 0. such that for any
T >1T., N> N., we have: Pr(Anr(e,n) > €) < n; for any (i,r) with
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| (cvio, Bio) — (w0, Bro) || < 0,

sup (@, B) ((xit»yit)tT:ﬁ {&3iy, h) —(&,5) ((xT'hy?‘t)tT:l; {&3iy, h) | < Anr(e,n);

£1€Q¢ 1<t<T;h€O,,

for any (t,s) with |&0 — Eso| < I,

sup 1€ ((@ie, vin) s {o, BY 0, h) — € (wien vis) i {0, BiY1, 1) | < Anr(e,m).

(04,8:)€Qa,3,1<i<N;he®),

(¢)

Sup LG by BT — 2°(G by Fo)| 0.
(th)ec(gaﬁ”@(ga,ﬁ))XC(Qﬁ”@(QE))Xéh
(12)

where FNT is the empirical distribution of (i, o, Bio, E0)1<i<N1<t<T-

Assumptions 7(a) and 7(c) extend the usual uniform convergence condition in
the sieve setting (e.g., Condition 3.5 in Chen (2007)) to ours. Assumption
7(a) requires the uniformity over an increasing number of fixed-effects param-
eters and h; Assumption 7(c) imposes the uniformity over mapping G and h.
The equicontinuity condition in Assumption 7(b) regularizes the large-sample de-
pendence of individual-specific and time-specific maximum likelihood estimators,
(07,5) ((xit,yit)?zl;{ft}?:1>h) and é((fl?it,yit)fiﬁ{ai,ﬂi}fil,h>, on (ap, Bio) and
&0, respectively. We will use this condition to construct a compact subset of
C(p, P(Qa)) X C(Qe, P(Q)) that contains both GNT and (id,,idy) so that
we can obtain the consistency in this compact subset. As we show in Appendix
D.2, some restrictions on the link function, e.g., the (local) strong log-concavity,
implies Assumption 7(b). In the same appendix, we show that Assumptions 7(a)
and 7(c) can be achieved by additional regularity conditions on covariates X,
(&)e>1, and the likelihood function.

We now state the consistency result. The proof is in Appendix D.

Theorem 3 (Consistency). Suppose that Assumptions 1, 2, /-7 hold. Then,
IGNT —idy||; B 0, |GYT —idy|s 2 0, and ||h — hol|n 2 0 as N, T — co.

The convergences ||GNT —id;||; — 0 and ||GYT — idy|| — 0 in Theorem 3 imply
sup ’(&fVT, BZNT) — (Oéio,ﬂz‘o)‘ 2 0and sup ‘é{VT — &0’ 2 0. When the func-
i=1,..,N t=1,..T

tions in Oy, are uniformly bounded and |- ||, is a stronger norm than the sup norm

on Oy, || — ho||n — 0 in Theorem 3 implies SUp;—o... 1. |91(v) — gio(v)| = 0, where
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91 = exp{hy}/(1 + XL exp{h;}) is the plug-in estimator of g. Consequently, we
9g0(y;2’ Bio+erio+&eo
ox

can consistently estimate the marginal effect ) and its average over

time for individual 7, denoted by

090 (y; 2’ Bio + cvio + &)
ox

AMEZ<y) - E§7$|ai07ﬁi0 (13)

by plugging (&NT, BNTYN  (ENTYT_ | and (§,)F, in the finite-sample analogue. In

Section 4, we use Monte Carlo simulations to verify these implications.®

3.3 Implementation

Restrictions on the sieve space. Along the lines of Theorems 1 and 2 and
Assumption 6 (identification condition), one may need to impose some restrictions
on h to guarantee the consistency, e.g., the monotonicity in Assumption 1(b). As
a result, the sieve space O used in (8) should correspondingly incorporate such
restrictions. For instance, suppose the model is binary and we use the polynomial

sieve of order d to estimate h; in (8):

d
{ZCLTUTZCLTEA, TZO,...,d}.
r=0

where A is a compact subset of R. Denote by D the range of the index. That the
link function g(1;v) (or equivalently h;(v)) is increasing in v amounts to imposing

the following linear inequalities:® for any v € D,
d

Z a,rv" "t > 0.
r=1

Another example is log-concavity of g(1;v) = exp{hi(v)}/(1 + exp{hi(v)}). This

concavity condition amounts to imposing the following nonlinear inequalities: for

8 As previously discussed, we can only identify (and consistently estimate) (B0, aio) and &
up to a shift and scale unless we normalize the (Bfk), a;r, &) to their true values for some i, ', t,
and k. In Appendix G, we report the estimates for (S0, ajp) and &;p under such normalizations
to provide further support for Theorem 3.

9An alternative way to incorporate the monotonicity constraint is to first estimate h without
such constraints and monotonize the estimated link function. See Chernozhukov et al. (2009)
for an example.

21



any v € D,

2

r=0

In practice, one can use a grid of values of v € D to implement these inequalities

as a set of constraints on sieve coefficients (a,)?_,.

Normalization of 61(*1 ). As discussed below Theorem 2, we can identify the sign
of 61(*1 ) and accordingly normalize it to 1 or —1 in estimation. In some settings,
the researcher can derive the sign from economic theory or past research (e.g.,
negative price slope due to the law of demand). Without any prior on the sign
of 51(*1 ), one can practically implement the sieve MLE with the two normalizations

and choose the estimates that generate a higher likelihood.

4 Monte Carlo Simulations

In this section, we first use Monte Carlo simulations to illustrate the consequences
of ignoring slope heterogeneity. Second, we investigate the finite-sample perfor-
mance of the sieve maximum likelihood estimator (8) and verify our consistency
results. For both tasks, we consider a static binary choice model that mimics the
establishment of exportation/importation in trade: for 1 <i < j < N,

Pr(y;; = 1|wij, B, ol Ozj(-Q)) = go(wg)ﬂ(l) + wz(f)ﬁ?) +alV 4 a§2)),

where O‘z(‘l) TR Ul-1,1j, 0‘5‘2) S U[—1,1]. Individual-specific slopes 552) iid.

U[0.2,1.2]. Moreover, wg) = 0.5a" + O.2a§-2) + MS-) with uz(-;) " 1[-1,1] and
w K U-1,00. We set B = 1. (af)X,, (ot (piy)ijr and (wl));; ave
independent. This data generating process and the sampling procedure satisfy
Assumptions 1 and 2. In Appendix G, we report the Monte Carlo results using

another data generating process that violates Assumption 1.

Consequence of ignoring slope heterogeneity. Suppose that go is a logit
(probit) link function. For each sample size N € {50, 100, 200}, we generate
R = 200 sets of outcomes (y;;)1<i<j<n. For each replication, we estimate a logit
(probit) model that restricts @(z) = £® and one without such restrictions. The

former logit (probit) MLE ignores the heterogeneity in the true BZ-(Q); the latter one
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Table 1: Consequence of ignoring slope heterogeneity: Logit and probit cases

Scenario go(4) 1?;23%} (9)
AME!Y  AME® AME!"” AME®
N =50, MLE with 8 = 80 0.2395  0.1928  0.1643  0.1517
MLE with 8" 0.0334  0.2018  0.0401  0.1949
N =100, MLE with 8 = g0 02702  0.1895 02154  0.1675
MLE with 8 00177 01552 0.0221  0.1417
N =200, MLE with 5}” =M 02191 0.1664 0.1536  0.1299
MLE with 8 0.0115  0.1072  0.0152  0.0937
Notes: ~ We estimate the logit and probit models by normalizing agl) to its

true value a%). Each cell corresponds to the average distance metrics between

the estimated object and its true value over 200 repetitions for a given sam-
ple size N, scenario of true link function gg, and the model used in the MLE
(logit, probit). For AMEEk) with & = 1,2, the distance metrics is defined as

J—
\/Zf\;l(AMEE - AMEES)P/N where 0 refers to the true values.

is a special case of Theorem 3 in which the link function is known. For each model,
(1)

ij

wg) across i = 1,..., N (referred to as AMEEl) and AMEZ(?) in (13), respectively)

\/Zi1</@§k)APE§§))2
N

k = 1,2 where 0 refers to the true values. For each object of interest, we report

we compare the distributions of estimated average marginal effects of w,;’ and of

to the true ones by using distance metrics defined as for

the average distance over 200 repetitions.

Table 1 summarizes our results. First, note that the distance metrics for AMEs
based on the MLE without the restrictions Bi@) = 3 (second row in each panel)
decreases as the sample size increase, which aligns with the consistency result in
Theorem 3. Compared to the MLE that restricts 6»(2) = B® (the first row in

)

each panel), the AMEs of wZ(J2 ) predicted by the MLE without the homogeneity

restrictions are more precise when N = 100 and 200. Besides, even though only

2)
ij

rate the precision of the predicted AME&I). In Section 5, we will further investigate

imposed on the slope of w;;’, the homogeneity restrictions 69 = 5 also deterio-

the extent to which the slope homogeneity restrictions may bias the analysis of

predicted AMEs using real data.

Finite-sample performance of the sieve MLE. We consider three sce-
. . . ex R . .
narios of link functions: go(6) = j +e§£{%} (logit), go(d) = ®(4) (probit), and

go(0) = %. For each sample size N € {50, 100, 200} and each sce-
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Table 2: Finite-sample performances: Polynomial sieves

. _ exp{d} exp{2exp{d}}
Scenario go(d) = Trexp{s] D(9) Troxp(2oxp (o]
AME!Y  AMEP g amMe(”?  AaME® g amEl?  AMEP) 4
N =50, Logit  0.0334  0.2018 x 0.0403  0.1707 x 0.0565  0.1696 x
Probit  0.0327  0.2178 x 0.0401  0.1949 x 0.0578  0.1905 x

Poly. sieve, d =1 0.0315 0.2071 0.0677 0.0412 0.1957 0.0571 0.0665 0.1825 0.1821
d=2 0.0375 0.2073 0.0743 0.0419 0.1961 0.0603 0.0497 0.1480 0.1207
d=3 0.0479 0.2261 0.0997 0.0509 0.2188 0.0802 0.0481 0.1508 0.1167
d=4 0.0553 0.2282 0.1199 0.0571 0.2253 0.0926 0.0515 0.1519 0.1157
N = 100, Logit 0.0177 0.1552 X 0.0234 0.1352 X 0.0473 0.1197 X
Probit 0.0169 0.1573 X 0.0221 0.1417 X 0.0469 0.1252 X
Poly. sieve, d =1 0.0171 0.1554 0.0646 0.0239 0.1420 0.0620 0.0520 0.1241 0.1483
d=2 0.0184 0.1555 0.0663 0.0242 0.1420 0.0615 0.0299 0.1072 0.1247
d=3 0.0207 0.1559 0.0665 0.0227 0.1421 0.0614 0.0245 0.1101 0.0890
d=4 0.0285 0.1598 0.0892 0.0234 0.1423 0.0627 0.0247 0.1101 0.0865
N = 200, Logit 0.0115 0.1072 X 0.0166 0.0925 X 0.0483 0.0953 X
Probit 0.0112 0.1074 X 0.0152 0.0937 X 0.0462 0.0957 X
Poly. sieve, d =1 0.0115 0.1072 0.0359 0.0167 0.0940 0.0299 0.0495 0.0962 0.1359
d=2 0.0118 0.1072 0.0362 0.0161 0.0939 0.0303 0.0284 0.0806 0.1417
d=3 0.0121 0.1072 0.0374 0.0153 0.0938 0.0287 0.0145 0.0845 0.0616
d=4 0.0122 0.1074 0.0400 0.0153 0.0938 0.0285 0.0146 0.0845 0.0589

Notes: Each cell corresponds to the average distance metrics between the estimated object and its true value over
200 repetitions for a given sample size N, scenario of true link function gg, and the model used in the MLE (logit,

probit, or polynomial sieves of degree d = 1,...,4). For AMEEk) with k& = 1,2, the distance metrics is defined as

——(k
\/Zi\;l(AMEE - AME%))Q/N where 0 refers to the true values. For the sieve MLE, the distance corresponding to

m=1

the link function is defined as \/2le (§(6m) — 90(8m))%/M where (6;,)M_, is an equal-spaced (by 0.1) sequence

of values covering the true range of the index in the data generating process.

nario, we generate R = 200 sets of outcomes (y;;)1<i<j<n. For each replication, we
implement the MLE using a logit model, a probit model, and polynomial sieves

for function h(d) = In(g(d)/(1 — g(9))) with the sieve space being of order d = 1

to d = 4, respectively. For the logit and probit MLE, we normalize agl) to its true

(

value ozlé). For the sieve MLE, we further normalize 3() = 1 and a?) to its true

value a%). For each model, we compare the estimated distributions of AMEED

N k) (k)y2
and AMEz@) across ¢ = 1,..., N by using distance metrics ¢ Zi:l(AMEZN AME,p )

for k = 1,2. For the sieve MLE, we also compare the estimated link function

to the true one and by the distance metric \/ Zﬁ’f:l@(éﬂ)fgo(am))z where (8,,)M_,
is an equal-spaced (by 0.1) sequence of values covering the range of the index in
the data generating process. For each object of interest, we report the average
distance over 200 repetitions.

Our main results are summarized in Table 2. In Appendix G, we report the
distance statistics for other objects (Bi(l), ozgl), and 0%(2)). First, in the logit scenario,
because the polynomial sieve space contains the true link function, the distance

metric for the link function corresponding to polynomial sieve MLE (columns
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“g”) decreases as the sample size increases, suggesting a convergence towards
the true link function. In other scenarios, the similar pattern holds. Due to
the improved link function estimation, the distances between the distributions of
AMEs predicted by the sieve MLE and the true ones decrease as N increases.
When N = 50, these distance metrics corresponding to the sieve MLE are greater
than those for the correctly specified models (i.e., the row “Logit” in the logit
scenario and the row “Probit” in the probit one). As N increases, the sieve MLE
performs better, achieving similar precision to the correctly specified models when
N = 100 and 200.

When the true link function is %, both the probit and logit MLESs
are misspecified. For all the three sample sizes, the MLE with a polynomial sieve
space of dimension d > 2 outperforms logit and probit models when predicting the
distributions of AMEZ(»D and AMEEQ). These results again confirm the consistency
of the sieve MLE in Theorem 3 and its ability in attenuating the misspecification

errors of the link function in finite sample.

5 Empirical Illustration

In this section, we revisit some empirical study in Helpman et al. (2008). In the
original paper, the authors estimate trade flows and explicitly take into account
firm selection into the export market. They first estimate the probability of es-
tablishing exportation from one country to another using a binary model. One
can then control for the fraction of firms that export (consistently estimated from
the first step) and the selection effect due to zero trade flows when estimating the
gravity equation in the second step. In the empirical application, the first step is

implemented as (see their equation 12 on page 455):
PI‘(T‘U =1 | diStij7wija Ciaé-j) = <—’}/dlbtw + w;j’% + Cz + 6]) 7i7j = 17 ceey N,Z 7é j7 (14)

where Tj; = 1 when country j exports to ¢ and zero otherwise, dist;; is the log
distance between ¢ and j, w;; is a vector of observed country-pair specific variables,
G (&) is an importer (exporter) fixed effect, and @ is the standard normal cumu-
lative distribution function. Parameter v is interpreted as the constant marginal
effect of log distance on the probability of country j exporting to .

Different from the original empirical setting, we allow v to be country-specific
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and the link function to be unknown:?°

Pr(Ty; = 1 | distyj, wij, i, &) = g(—7 Pdisty; +wjjm + G+ &),6,5=1,...,N,i# 4. (15)

Specification (15) relaxes the restriction of constant marginal effect of log distance
in two ways. First, the same country ¢ may react differently when importing
from different countries j and j of similar distances if 77" # 75", Second, two
countries ¢ and j can have different distance effects when exporting to the other
if 7 # 7. Besides, treating the link function as parameters to be estimated
can attenuate potential bias due to imposing a known link function, e.g., the thin
tail of Gaussian distribution.

We estimate (15) using the 1986 worldwide trade data sample of Helpman et al.
(2008) and compare several objects of interest across different models to shed light
on the consequences of imposing Gaussian link function and slope homogeneity.
The data include N = 158 countries. As in the original paper, we remove Congo
as an exporter from the sample because it did not export to anyone in 1986.!
This leaves us with 24,649 observations of directed trade flows (exportation) . We
use the set of controls in the second column of Table 1 of Helpman et al. (2008) as
w;; in (15). Most covariates in w;; are discrete (e.g., whether two countries have
common border) with the exception of a continuous measure of common religion
belief between two countries. To apply our identification argument, one can choose
dist;; as the compensating variable as it is continuous and has a relatively large
range (between —0.151 and 5.661). Such a choice is compatible with Assumption
2(e) when the distribution of the importing-country fixed effect ¢; is independent
of dist;; conditional on w;; (see the discussion below Assumption 1(e)).

In Figure 1(a), we compare the Gaussian cumulative probability function (red;
the link function in probit model) to the estimated link function g in models
(15). Function A(-) = In(g(-)/(1 —g¢(-))) in the latter models is estimated by
polynomial sieves of degree d € {3,5} (blue). We find that the estimated link
functions have thicker left and right tails than Gaussian distribution. As the sieve

dimension increases, the right tail of the estimated link function approaches the

Gaussian one; however, the estimated left tail seems to be still thicker than the

08pecification (15) can be obtained by relaxing some functional-form restrictions in Helpman
et al. (2008). For example, one can relax Tfjfl = Dzje’“” (on page 453 in the original paper)
to T271 = D;Yje_“if where D;; is the distance between i and j and u;; is an unmeasured trade
friction.

HSee footnote 23 on page 459 of Helpman et al. (2008) .
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Figure 1: ESTIMATED LINK FUNCTION AND —7;*"
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Gaussian distribution. This difference in the link function’s left tail may affect
the slope estimates. Intuitively, to fit the same observed link probability in the
data, Gaussian link function may allocate a greater index value than the link
function estimated by polynomial sieves with d = 5. Given a covariate value (say,
distance), this will lead to an upward bias in the estimate of the corresponding
coefficient. The comparisons of the estimated —+;™ in Figure 1(b) align with this
intuition. We find that the distribution of —7;Xp estimated by the probit model
(red histogram) is overall shifted towards the right relative to that corresponding
to the sieve estimation with d = 5 (blue histogram), with the estimated mean of
—;" being —0.0952 versus —0.2578.

We now turn to exporting-country-specific marginal effects of dist;; defined as
di 1 &
AMEF = —= 2; v Osg (=5 Pdisty; + wizk + G + &),
1=

where N is the total number of countries. In Figure 2, each subfigure illustrates
the distribution of AME?iSt estimated by a probit model (14) with homogeneous ~
(first red histogram), a probit model (15) with heterogeneous ;™" (second red his-
togram), and models (15) with heterogeneous ;™ and h(d) = In (g(5)/(1 — g(d)))
being estimated by polynomial sieves of degree d = 1,...,5 (blue histograms).

In the homogeneous probit model, the restriction ;" = v assumes away any

variation in 75", As a result, AME;hSt varies across exporting countries solely due
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Figure 2: ESTIMATED DISTRIBUTION OF AME;"™" ACROSS COUNTRIES
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to the variation in % SN d(—dist;; + wi;k + G + &) where ¢ is the standard
normal density. In the presence of potential heterogeneity in fy;Xp, this restricted
model may mechanically understate the dispersion of AME}hSt. Our findings in
the red histograms align with this intuition. Both probit models with and without
the restriction 7;™” = ~ predict similar distribution means (—0.0285 and —0.0353,
respectively). However, the standard deviation of AME;1iSt estimated by the ho-
mogeneous probit model is more than 20 times smaller than that estimated by
the probit model with heterogeneous VEXP (0.0027 vs 0.0662). Even if we relax
the probit restriction and flexibly estimate the link function, as illustrated by the
blue histograms in Figure 2, we still find substantial dispersion in the estimated
AME;hSt; the standard deviation range from 0.0458 to 0.0545 in these scenarios,
smaller than (but close to) the prediction by the heterogeneous probit model.
Furthermore, we decompose the dispersion in the estimated AME;liSt into

exp

two components: the variance explained by —7; and that explained by
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2N, 959(—7Pdisti; + wi;k 4+ G + ). The results are summarized in Table
3. We find that —v;™ explains most of the variation in AME;liSt (around 94%)
across all models with heterogeneous fy;Xp. Combined with Figure 2, these results

P across countries may substantially

suggest that imposing homogeneity on 7;”‘
restrict the variation in AME?iSt and distort the analysis of marginal effect of

distance on establishing exportation/importation between country pairs.

Table 3: VARIANCE DECOMPOSITION OF AME;?‘ST

Variance Variance explain by —v;™
Var (AMEJ™)  Var (E [AME*|7d5]) i %

Probit with ’y?Xp 0.0658 0.0619 94.12%
Polynomial sieves, d =1 0.0458 0.0375 93.21%
d=2 0.0476 0.0444 93.29%

d=3 0.0470 0.0440 93.69%

d=4 0.0478 0.0446 93.47%

d=5 0.0542 0.0507 93.49%

Notes: We obtain E [AME}“St|’YJdiSt] by regressing AME}iiSt on 7" and its polynomial

terms (up to order 5).

6 Conclusion

In this paper, we study a class of two-way fixed effects index function models with
a nonparametric link function and individual- (or time-) specific slopes in index.
This relaxes the practice of specifying a known link function and the homogeneity
restriction on covariate slopes, both of which are commonly adopted in applied
and related econometric works. We show the identification of the fixed effects
parameters and the link function when both N and T are large. We also propose
a nonparametric consistency result for the fixed effects sieve maximum likelihood
estimators. We revisit the study of establishing between-country exportation in
Helpman et al. (2008) and illustrate the consequences of imposing Gaussian link
function and homogeneity on the slope of distance.

Our identification and consistency results provide a foundation for inference.
Existing results in the literature of two-way fixed effects panel models with large
N and large T mostly deal with inferences when the link function is known. Many

focus on correcting the asymptotic bias in the estimates of objects of interest
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such as the slopes and average marginal effects. The link function in our setting
is nonparametrically specified and estimated. Besides, the number of individual
(or time)-specific slopes increases asymptotically. Both complicate the inference,
leaving the applicability of the existing bias corrections to our setting an open
question. In a recent work, Jochmans and Weidner (2024) propose an inference
framework in which one could view the estimated slopes (and individual- or time-
fixed effects) as noisy measurements around the true ones. A key assumption in
their approach is that the noisy measurements are i.i.d. and shrink to zero with
a uniform parametric rate. One interesting avenue of future research is to adapt

their framework to the case of nonparametric link function.

Appendix

Notation and some useful lemmas. For any p > 1 and any two vectors x
and y in RP, we let (x,y) denote the usual Euclidean inner product of x with
y. Thus, the Euclidean norm is given by ||z|| = /(z,x). For a matrix A, we
denote A’ as the transpose of A. For a real symetric matrix A € R™*", we let

A(A) > -+ > A\, (A) denote its real eigenvalues. For any real matrix A € R™™,

|All, :== /A1 (A’A) denotes the spectral norm (i.e., the operator norm induced
by the Euclidean norm), ||A|lz := /tr(A’A) denotes the Frobenius norm, and
Al = MaXi=1,_nij=1,..m |Ai;j| denotes the element-wise max norm. We use

a.s. to refer to “almost surely” and a.e. “almost everywhere in the domain”.
Define, for all i such that 302, MYT > 1, for all (y,z) € Y x X,

Wzt MR (552) 1{Y = v}
hr 2 MYT 1MNT 2= 1MZJ’5VTK( Zth)

The following lemmas will be used in the proofs of Theorems 1 and 2. Their proofs

can be found in Online Appendix F.

Lemma 1. Suppose that Assumption 1 holds. Moreover, K : R — R is bounded,
JTIE" (u)du < oo for some § > 2/(n— 1) > 0, and hy — 0 and Thy — co.
Then, as N, T tend to infinity, conditional on F,

~

sup
1, TEX;

i) = T4(7,2)| = 0,(1),
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where Uy(Y, ¥) = Cygurpitart) 2@ 0 Assumption 1(e). Moreover, I'y(, ) is strictly

monotonic in x'B; + ay.

Due to Lemma 1, the econometrician knows the true value of I';(y;x) for any

x € X; and i when T and N are infinity.

Lemma 2. i «— i’ in the compensating network G if and only if there exist
(zWF @8 ¢ X, (2WF 22k € Xy for k =1,2,3 such that

Fl(y7 (j(l)ka j@)k)) = Fi’ (y7 (x(l)k:7 $(2)k))7

with
1 ML @1 1 7M1 z@n
1 M2 222 or |1 7MW2 722
1 M3 (23 1 7MW3 723

being nonsingular.

A  Proof of Theorem 1

Recall that {Z, : r =1,2,...} is the partition of N\ Zy induced by G*.
Identification of Z, and G*. For any ¢, we can identify I';(7,z) for =z € A;
by Lemma 1. Because I'; is strictly monotonic in z'3; + «;, then Bi(l) = 0 if and
only if I'; does not depend on z(!) € X;. Since the latter is identified, we can then
identify if Bi(l) = 0 and Zy. Using similar arguments, we can identify if i «— ¢’
and therefore G*=.

Suppose i — " and 4,7 € Z, for some r > 1. Then, 62-(1) # 0 and using Lemma 2,
we can find (z(VF k) € Xy and (2(WF @) € &) with 3VF = 2, (2(DF; 2DF)

for k =1, 2,3 such that the matrix

1 W1 L1
1 02 L2

1 W3 13

is nonsingular. Because of the strict monotonicity in Lemma 1, we have:

L@ oW e —ag) /g (200
e I S N e
1 M3 L3 (@?)_@@)/@(U 713
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and solving this linear system identifies (ay — o)/ B, 6(1) / BY and (ﬁi@ —
BB,

Now for a sequence (iy,1s),. .., (4_1,%) with iy € Z, for k = 1,... 1, by ap-
plying the arguments above, we can identify either (oy, , — ;. )/ Bl(kl l(kl)l / sz
2 1 1 1), 501 2
and <61k)1 - /87,(,9))/61(]‘;)7 or (Oélk - aik71>/5’i(k317 /Bfk)/ﬁz(kzl a‘nd (5’L(k) - ikfl)/ﬁ’ikfl
for k = 2,...,1. Then, we identify 5./8" for k = 2,...,1, and there-
fore (o, _, a,k)/ﬁi(ll) and (6(2) (2))/5“ . This implies the identification of

1k—1

(ay, — Oé,l)/ﬁ“ , i(ll)/ﬁi(ll), and (6;2 — z'1 )/[5’1'1 . The proof is completed.

B Proof of Theorem 2

The first statement. The identification of (ay, Bi(l)) in the first statement fol-
lows from Theorem 1 and Assumption 3(a). We now use Assumption 3(b) to
identify 62(*2 ), which will imply the identification of @(2) for all ¢ given the identifi-
cation of (ﬁi@) — 52(*2))/61(*1) in Theorem 1.

Because of the definition of compensating variable in (5) and Theorem 1, we
identify z;« _ﬂ-(xit), T, ) for any ¢ and ¢. Then, for any t, the distribution of Y;;
is governed by ( (y: BV 2z i (2, ') + BP22 + e +ft))y_ Because of As-
sumption 1(c)1, we then know the true value of g(y; (Bi(*l),ﬁi(*))z + i + &) for
any z € Z!" and t when N and T are infinity. Assumption 3(b) ensures that we
can find a t and 2,2’ € Z! with z # 2’ such that g(y; (ﬁi(*l),@(f))z + o+ &) =

9(y; (BZ* ,5(2))75’4-0(,;* +&;). Then, due to Assumption 1(b), we have (BZ-(}), 61»(*2))2 =
(B-(*l), 51(*2 )2’ and identify B( /6(1) (2 — 2’ M)/ (Z'®) — 22,

7

The second statement. Let s,t such that

{9(ﬂ§5' Z+5 Db+ &) 5(1>75§3),ai*)(2 z? 1) € mzeN\IoP(B(l) @ 4 )(Ziit*a 1)}“

{g(yv zZ+ 61 + Qi + 55) : 5“),5(*2)70%*)(2 23( ) 1) € szN\IoP(B(l) 2) )(Zzls*v 1)} 7& 0.

We can then find (z, 2?) with P
and (2/,z®") with P

(2, x() 1) € ﬂZGNP Z 1) such that

(B0 62 ) <mmﬂwﬂzw

B2+ P2+ + & = B2 + BP2? + i + &,
We then identify (&, — &)/8% by = — 2/ + (8 /8)) (@@ — 2@),
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The third statement. First note that we can identify (§ — &) /ﬁl(*l ) that
satisfies (6) with s = ¢*.  Following the same logic we identify (& —
&*)/ﬁi(*l) for t € T*. Since the set P(l,ﬁﬁf)/ﬁﬁ))(zg) is identified for each
i € N\ Zy, we then identify g(y;ﬁi(*l)u + ap + &) for (y,u) € Y x

3

mieN\IoP(Lg(f)/BF*U)(Zizt )+ (& — ft*)/ﬁi(}) for any ¢ € 7* and therefore for (y,u) €

Y X Upers (ﬁieN\IOP(mgf)/ﬁg))(Z};) + (& — ft*)/ﬁi(*l)) The proof is completed.

C Connectedness of G* and Support X!

Without loss of generality, suppose * = 1. The support of x(ll), X}, plays an
important role in determining the connectedness of G (Assumption 3(a)). When

) has a large support, e.g., X! = R, Assumption 3 holds trivially and G is

z!!
connected. When X} is not the entire real line (e.g., a box), G can still be
connected and Assumption 3 holds. The required support condition on X is
determined by the ranges of (and economic restrictions on) (f;,«;) and &. We

elaborate these points in two examples.

Example 1. Suppose that X; = X = [a, A] x [b, B] wherea < A <0 and 0 <b <
B. Moreover, Zy; = Z; for any (i,t) € N?. This setting can be considered as a
demand model with (V) being minus price of the goods and x? being its quality.
Correspondingly, coefficient Bl-(l) > 0 (downward-sloping demand) is interpreted as
the extent of the disutility of price and @(2) the preference for quality.

In addition, suppose that max{ﬂi(l)} > 1 > min{ﬁi(l)} > 1/max{ﬁi(1)} > 0,
%A(ﬂz) = max{ﬁi@)} — ﬁf) = BF) — min{ﬁi@)}, and %Aa = max{o;} —ag =
a; — min{ay}, i.e., individual 1’s (aq, f1), supposedly equal to (0,1) to simplify
the exposition, is at the center of the range of (o, ;) € [min{«;}, max{a;}] x
min{ 8"}, max{8"}] x [min{8®}, max{8™}], where quantities defined by an
application of the max and min operators are well-defined.

First, Assumption 3(a) holds and G* is connected if for any (o, ;), there exists
x; € X such that ai—kﬁfl)xgl) +m§2) (BZ-(Q) —552)) € (a, A). Because of the connected-
ness of X, continuity of the linear mapping v — z;(z™); x(2)), and the intermediate
value theorem, this is equivalent to

sup 12£{% + 8Mz® 4 2@ (p® — ,6’9))} = max{a;} + min{8" }a + b(max{8?} — 8?) < A,
(0, Bi) ©

ot supfa+ 5720 + 20 (57 — 517)} = minfai} + max{5;"}A + b(min{ 5} - 57) > a.
Qi,Pi) e X

(16)
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Figure 3: Support Condition on (!) and Connectedness of G* in Assumption 3
(b) (a, A) with which Assumption 3(a) holds

(a) Tlustration of Assumption 3(a)
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(d) (a, A) with which Assumption 3(b) holds

(c) Hlustration of Assumption 3(b)
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The geometric interpretation of (16) is illustrated in Figure 3(a). The linear
mapping x — (z;(xzM; 2?)), 2?)) maps the box X to a parallelogram that overlaps
with int(X'), the interior of X (e.g., the red and green ones in Figure 3(a)). The
first inequality in (16) requires the red parallelogram corresponding to the map-

ping defined by (max{ai},min{ﬁi(l)},max{ﬁl@}), which is stretched to the right,
Similarly, the second inequality requires the green paral-

to overlap with int(X)
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lelogram corresponding to (min{ai},max{ﬁi(l)},min{ﬁl@}), which is stretched to
the left, to overlap with int(X). These two parallelograms are the “most distant”

from X in either direction. Inequalities (16) are further equivalent to:

A, + bAP
A > min{gM}a + g,
’ (17)
@)
1 A +bAS

A>

max{ﬁi(l)}a " 2 max{ﬁi(l)} '

The yellow region defined by the blue line (the first inequality in (17)) and red
line (the second in (17)) in Figure 3(b) shows the values of (a,A) that satisfy
(17). In particular, A can be close to zero (the lower bound of the observed price
of the goods is small) and a close to —(A, + bAg))/(Q min{ﬁfl)}), as illustrated
by point S. The size of the corresponding support for V), A — a, is then close
to (Aq + bAg))/(Z min{3™MY}). For any size greater than this length, Assumption
3(a) can always hold with some (a, A). This minimal support requirement becomes

more stringent when the ranges of oy (A,) and s (A(;)) increase.

Second, Assumption 3(b) holds when one further requires that the parallelograms

the most distant from X overlap, as illustrated by the orange region in Figure

3(c). This is because the preimage of P, B(z))(m) =r for anyr € (V',B’) is a line
P21

segment in this region and therefore not a singleton. In particular, this implies

max{a;} + Inin{[)’i(l)}a + b(IIlax{ﬂfQ)} - [ﬁ?)) < min{eo;} + max{[j’,fl)}A + b(min{ﬁf)} - [7’{2))
min{ 8"} ot A, + bAg) (18)
max{8"}  max{g"}"

= A>

Inequality (18) is stronger than the second one in (17) and is represented by the
dashed red line in Figure 3(d). The values of (a, A) with which Assumption 3(b)
holds, the orange region in Figure 3(d), are then more limited than the yellow one
(corresponding to Assumption 3(a)) and the strict lower bound of A — a, (A +
Z)A(;))/(min{ﬁi(l)}) (achieved at S'), is greater than (A, + bAg))/(Q min{ﬁi(l)}).
In other words, identifying further 652) requires a larger support of V) than the
one needed for the identification of ay, Bi(l), and @(2) — BEQ).

Finally, suppose that t* =1 in Theorem 2. For any t, condition (6) in the second
1o (the
segment between b’ and B’ in Figure 3(c)) intersects with itself when translated by
& for any t € T. One can then identify & for |&| < B' — V. To point identify

point of Theorem 2 holds when the projection of the orange region by P(
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& with |&| > B' — ¥, one may need enlarge the support of xV) relative to that
required by Assumption 3(b).

The next example illustrates how shape restrictions on the dependence of pa-
rameters of interest on observed individual characteristics can attenuate support

requirement on (V).

Example 2 (Shape restriction and the support of :13(1)). We wuse the setting in
Ezample 1 but drop z® from the model. Suppose that ﬁi(l), the parameter of
disutility of price, is an unknown continuous function of w;, individual i’s income,
denoted by B(w;), and decreases in wy, i.e., a richer individual is less sensitive to

price change. Moreover, a; is a continuous function of w;, denoted by a(w;).

Start with the individual with the highest income w; whose f(w;) is then the
smallest. Now consider the individual whose income is slightly below, say w; — €.
Then, this individual’s B(w;—e€) is slightly greater than B(w;) and the corresponding
a(w; — €) is slightly different from a(w;). Then, the individual with the highest
income can be compensated by the one with the slightly lower income if there exists

xW € (a, A),
a(w;) — a(w; — ) B(w;)

B(w; — €) B(w; — €)

W € (a, A). (19)

o(w;)—o(w;—e)

Because ~ 0 and 2P 1, the compensating wvariable

3 B B(wi—e) B(w;—e)
a(wé)(zbéﬁf)ife) + B’Zg@i)e)x(l) is always in a neighborhood of M. Consequently, as

long as A > a, (19) always holds.

We can repeat this argument to another individual with a slightly lower income
than w; — € and show that she is compensable by the individual with income w; — €,
forming the required sequence of compensation and achieving the connectedness of
G>. Note that we only require A > a and the size of the support A — a can be

arbitrarily small.

D Proof of Theorem 3

Firstly, we prove that Theorem 2 in section 2 implies Assumption 6 in the setting
of model (2) (Appendix D.1). Secondly, we propose additional conditions that
are sufficient for Assumption 7 (Appendix D.2). Finally, we prove Theorem 3. In
both Appendices D.1 and D.2, we suppose Assumptions 1-5 hold.
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D.1 Sufficient Conditions for Assumption 6

Suppose that the conditions in Theorem 2 hold. Suppose now there is another
maximizer (G4, Gh, (h)E,) € C(Qag, P(Qup)) x C(Q, P(Q)) x Op. Then,
the following equality holds almost surely in terms of the joint distribution of

(a/7/8/7£/7$’a’/87£) ~ G/I(a/7/8/;a7/8) >< G/2(€/7€> X Fo(aj?a’/87£) : for y - 17"'7L7
gy + & +2'0) = go(y; a + £+ 2'P). (20)

Without loss of generality, suppose ¢'(1;v) and go(1;v) satisfy the strict mono-
tonicity condition in Assumption 1(b). Then, the following equality holds almost
surely:

o+ €+ 28 = (¢) (L go(Lia+ €+ 2/B)).

Now fixing (z, o/, 3, i, B) to some values (Z,&, 3, &, 3) in the domain, we obtain:
&= () (1go(l;a+E+7P)) —a — &P

almost surely for (¢/,¢). Consequently, ¢ is a function of £. Denote this function
by ¢3(€).
Now using Assumption 3(i), we can find (V™ 2®™) m = 1,2,3, in the

domain of X such that
1 M1 @1
1 $(1)2

1 $(1)3

is of full rank. Then, fixing & to some value £ in the domain, we have:

g
1 22 g2 = 1(¢) (L go(Lie + £+ (202, 22)3)) — ¢3(

oy [’] (9) 7 (L go(L a0 + € + (a1, 2®1) ) — s
1ol g ()71 o1+ € + (20, 2)8) — 65(8)

We then obtain that (o/, ') is a vector of functions of (a, ), denoted by ¢;(«, 3)
and ¢o(c, ) respectively. We plug ¢3, ¢1, and ¢9 to (20) and obtain: for any

y=1,..., L, almost surely
9'(y; d1(, B) + ¢3(8) + 2'da(a, B)) = goly; o+ § + 2'B).
In other WOI‘dS, a model (2) with (Oéi, Bz) = (¢1 (Oéi07 510), qbg(Oéio, 510)) and
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& = ¢3(&) for all ¢ and ¢, and g¢(y;-) = ¢'(y;-) for all y = 1,...,L is
equivalent to the true model. Note that the normalizations also apply to
(1(ixo, Bixo), (1,0)Pa( iz, Bix0), #3(&i+0)). Then, because of Theorem 2, we ob-

tain that ¢1(uo, Bio) = o, d2(cio, Bio) = Bio, and ¢3(&n) = - Consequently,
g (y;-) = g(y;-) for all y =1,..., L. The uniqueness is proved.

D.2 Sufficient Conditions for Assumption 7

Define

Ap(x) = sup {|10g

(@,8,8)€Q(q, 8y X Qe ,0LILL

exp{hi(a+&+276)} |}
1+ >0 exp{h(a+E+2TB)}H [

Condition 1.
() Bl 0,0,

(b) sup E [A%L(X”O‘?Bag] < My < oco.
hEB,(,8,£)EQ 0, 5) X e

() sup E [h%/(@ +&+ ﬂfTﬂ)} < M, for some 1 < My < oo.
(a,ﬁ,g,Lh)EQ(a,ﬁ)XQgXQIXC:)h

(d) sup  [Ophy(v)] < Ms.
1<y<L,hy €Oy, v
Condition 1(a)—(d) impose regularities on the distribution of X;; and the log-
likelihood function. When X;; has bounded support and the norm ||- ||, is stronger
than the sup norm on h and its derivatives, Condition 1(a) holds and Conditions
1(b)-1(d) can be implied by Assumptions 1, 4, and 5.

Assumption 7(a). For any n > 0, consider a collection of open balls
{B(o, B;nm/(8M3M,)) : (a,8) € Qup} where M, > 1 satisfies w <
M, asymptotically wpl. Because , s is compact, we can then find S%# :=

B(a™, 3y /(8M3M,)),m = 1,..., M, such that Q, 5 C UM 88 Similarly,
we can find a finite number of open balls S5, := B((™;n/(8M3)),n = 1,..., N,

such that Q¢ C N 7,85 and 8" = B(h";n/8),r = 1,...,R, such that
@hCU Sh Define

(o, B) € Sf,‘;’g <= m = the minimal m’ such that («, ) € ng/ﬂ'
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Then, for any (a, 3) € Qq.5, there exists a unique m such that (o, 5;) €* SP.

Similarly, we can define such a relationship €* for £ € )¢ and h € O),.
Define

RO () 4 gt) 1 g g(m)
Ahg) <m7 n) _ lOg ( eXp{ Yit (Oé 5 xztﬁ )}

1+ Ty exp{hy” (alm + &0 + 2, 80m)}
< exp{h{) (™ + £ 4 27, 507))} )
log )}

1+2 1exp{h ( (m) 4 £(n) 4 gl Blm

—E,

Tit, 0, Bio, §t0]

hz(yg( o +£ + xitﬁ ) —Eo [hg(;:t (0‘ +¢ " 4 xitﬁ(m)ﬂl‘m O‘iOvﬁiOagtO} )
and
Ahgy = hy,, (0 + & + 23, 05) — Eq [y, (0 + & + 25,60) | it o, Bio, Ewo -
Then,

gNT(H{VTa h) - Z]E)IT(QNT7 h)
R, M,

ZZ > Z (o, B) € SEVIE, € SE1{h € SYARLD (m, n)

it r=1m=1n=1
R, My

ZZ > Z 1{(o, B;) € So731{& € S31{h € 8P} (Ahiy — Ahy (m,n))
it r=1m=1n=1
(21)
Moreover, for any (o, 3, €, h,z,y) and (&, 3,&, b, z,7), we have

|hy(a+ &+ a'B) = hy(a+ € +2'B)|
< |hy(a+ &+ a'8) = hy(G+E+2'B)| + |hy (G + E+ 2'B) — hy(a + £ + 2'B)
< sup |0hy (0)] X [ — &+ &= E+a'(8 = B)| + [1h =Rl

< My(||(L, )| x [[(@ = @ B = B)|| + 1€ = &) + |7 = hn.

Similarly,

’]EO[ O‘z_‘_ft_{_xﬁz) (O{—FS—FI‘BNJ,‘ azOyﬂangtOH
< Ms(||(1,2")|| % (e = & Bi = B)| + |& = &[) + [[h = |-

Then, the absolute value of the third line in (21) can be bounded by
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NT Dt (M3 ([[(1, zi ) |In/ (8MsM,) +n/(8Ms)) +n/8] < Zn Then,

Pr sup ‘,ZNT(G{VT. h) — L9 (0N, h,)| >
GNJ'EQif»ﬁng ,he€By,
My Ny

Zl{h €* S}}ﬁz > Z 1{(ou, B;) €* 8%P11{&, € SEIARY (m,n)

r=1 i,t m=1n=1

n
>—.
4)

<Pr sup
(i,3:) €Qu, 5,61 EQe 1<i<N,1<t<T,he®),

We now show that for each r =1,...  R,,

Pr (Sllp( i»0i)€Qa,5,66€Qe 1 <IN, 1<t<T ‘NT Zzt ZA[, n= 1 1{((117/.31) €* Sﬁ'ts}l{& c* SE}Ah(T)( )‘ > ﬂ?}?) — 0.
(22)

(07, 1) = Ly (077 )] > ) = 0

This will imply Pr <Sup9{VTeQNBXQg7he®h
and therefore Assumption 7(a).
Define

A (m,yn) = sup W (ARG (m, n)o].
ueRN veRT ||u||=|v||=1

In other words, A sz(m n) is the greatest absolute value of the singular values of
the matrix (Ahgt )it(m,n) given N and 7. Using Conditions 1(c) and Theorem 2
of Latata (2005), we have Eq P\E\T,z‘r(m, n)} < Cv/Mymax{v/'N,v/T}, where C is a

constant that does not depend on N, T, n, mr. Then, for any («;, 3;) € Qas,& €

My Ny

SE DS (e, ) € S3PY1{G € SRS (m,n)

it m=1n=1

1 M, Ny , .
=37 2 Xl € S (ARG (m,n))sl(146 € SEHiL
1 M M
< T >3 A (1 (e B) € SSPHNL ¢ (14 € ST
m=1n=
1 M, N,
< Z )\%)T (m,n).

7

NT =

40



Then,

NTZZ Zl{ (i, B) €* 82PY1{&, € SSYARS (m,n)

i,t m=1n=1

M, N, 0
(FZZANTmn 4Rn)

m=1n=1
_ARE Py pd )\<T>T(m,n)]
nvN
AR, M, N, O/ M, max{f \F}
nvN

Ui
>
)

Pr su
(i,B:) €, 3,6 €Qe, 1<I<N<t<T

This verifies (22) and Assumption 7(a).

Assumption 7(c). We verify Assumptions 2 and 3A in Newey (1991) and then
use Corollary 2.2 in the same paper to prove Assumption 7(c).

For (G', ') and (G, h), we have

L0(G b, Fy) — 2°(G 1 Fy)|
L / exp{hyo(a +§+2'8)}
y—0 I+ 2521 exp{hyo(a + & +2/5)}
exp{hy(¢/ +& +2'p)}
X [/ log (1 + 25:1 exp{hy(o/ +£/ _|_x/6/)}
X dFo(x a, f3,€)
exp{hyo(a + & +2'5)}
1+ ZL 1 eXp{hyO(a +&+ xlﬁ)}

exp{hy(/ + & + 23}
. V tog (1 + X exp{hy(a + € + 25}

X dFO(x 0576 é)

exp{hyo(a + & + 2'6)}
14+ 20 exp{hyo(a + &+ 2'8)}

/ o ( exp{h,(a/ +& +2'08)} ) b ( exp{h, (o’ + & +2'4")} >‘
S\ ey & +o5))) P \T+ Sk, exp{hy (o + € + 25}

X G (€ [6)dG (o, Bav, B)|dFo(w, 0, 6, €)
< (|0 p] % [[Gr = Ghlls + 9] X (|G — Ghlla) E [An(X)] + 2[[h — 1|l

< max{|Qa,sly/ M, [Qely/ M, 2} max{[|G1 — Gy 1, [|G2 — G2, | — Pla}-
(23)

)\ (@G ), 5) = 4G4 (o 7 )G €1)|

)\ (@G(€'€) — A€ 16)4G) o' 7. 5]
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Similarly, we replace Fp in (23) by F'" and obtain:
20(G b, BT = 2GR

e An(Tit) i AnlTir)

Q
NT €2l NT

< {2 2 ma{Gs = G162 ~ Gyl 1= ).
Under Assumption 1(a), Conditions 1(a ), and 1(e), we have 3, Ay(zy)/NT =

O,(1) and therefore max{|Qa5|E on i) \Qg\z : Anti) 72} = O,(1). This im-

plies Assumption 3A in Newey (1991).

For any (G, h) € ©; x O3 X Oy, we have

LG, (h)izy, F9'T)
1 Z Z exp{hyo(aio + &o + 24 Bi0) }
it y—o 1+ Sty exp{huo(cvio + o + 24 Bi0) }

exp{hy (o’ +& + ')} ' B o B /
8 / [log (1 + iy exp{hu(a’ + & + x’ﬁ’)}ﬂ Al Flec opdGa{E o)

= ZTita
it
with
Tit = T(-Tit, 04i0>5i0>ft0)

Z exp{hyo(aio + &o + x5, Bi0) } log exp{hyo(cio + &o + . Bi0) }
1+ Sf exp{hio(io + &o + 24Bi0) } 14+ S expl{hio(io + &o + 744Bi0) }

< 0.

We now evaluate Pr (\ﬁ it (T(@ir, o, Bio, &o) — BT (i, o, Bio, Sto)])] > 6)-
This amounts to evaluating the covariance between 7;; and 7 for any (i,t) and
(¢/,t"). Note that under Assumption 1,

fori #i',t #t': Cov(riy, 7o) = E[Cov(Tig, Tirw| F)] + Cov(E [13¢|F] , E [7300 | F])
= Cov(E [14|F] , E [1y¢| F])
= COV(E [Tit|ai0a 51'0, &0] JE [Ti’t’ ’Cwo, @'/0, ftfo]),

fOI' = Z',OI t = t, . COV(Tit, Ti’t’) =K [TitTi’t’] —E [Tit] E [Ti’t’] S E [Ah(XZt)Ah<X'Lt’>] .

Note that (E [r]c, 8, &w])as define a set of measurable functions of &, indexed

by (a0, 8) € Q4,3. Then, using Rio (1993) and Assumption 4, we have: given any
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|COV(E [Tit|ai07 Bio, fto] JE [Ti’t’ |CW0, Biro, §t'0])|
2a(|t—t|) . .
=2 /0 EE[Titlaioﬁio,&oH (U)FIJE[T 10,809 §t/0]\( )du’

where F,'(-) refers to the quantile function of the random variable Z. Note that
|E [7it|cvio, Bio, &o] | < E [An(Xit)|cvio, Bio, o). Moreover, the latter is smaller or
equal to v/M; according to Condition 1(b). Then,

|COV(E [Tit |ai07 Bio, fto] JE [TM |Oéz"o, Biro, ft/o])|

2a(|t—t'])
1 -1
< /O Bl (oo B0l (T4 (X )08 600 (1)U
<da(|t —t'|) M,

Then, since a(m) = O(m™*) and therefore a(m) < Cm™* for some C' > 0, we

pr< >5)

1 [ /
S N > M1+Za(|t_t|)ZM1}

|i=i' or t=t' t£t! i

have:

NT Z (T(xm a0, Bio, fto) - E[T(%ﬁ, a0, Bio, fto)])

it

1
< N2T +T’NYM, +C S |t — ¢'|""(N? — NYM
< oeps | (VT HTNIM,+ O 3 e =17 )My
M, | = 2 2
M.

Then, Z°(G, h, FNT) & £°(G, h, Fy) for any (G,h). Assumption 2 of Newey
(1991) is verified.

Under Condition 1(b), we have E [Zi,t Ah(xit)/NT} < /M. Then,
E {max {|Qa5| Z”Ah it |Q§|M, H is bounded. Using Corollary 2.2 (and
the discussion below this corollary) in Newey (1991), we obtain Assumption 7(c).
Assumption 7(b). First, define

o N _ 1 exp{hy;, (o + £+ X;,B) }
& <{ai76i}i=17h) argemgax ZE|£1&0 [log (1 +ZL Cexp{hy(a; + €+ X Ztﬁz)})]a

=:Le(& 0,8} h)

(24)
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where E ¢, [] is with respect to (Y, Xit, o, Bio) conditional on &y. Both
Li(&{ay, B}, h) and ff ({ai, BN, h) depend on ¢ via &. Similarly, define

~x % 1 d
(aiv z) ({gt}?:l’h) ‘= argmax TZE-“%‘O»ﬁiO

(@,8)€Qa,p * t=1

llog ( exp{hy, (@ + & + X},0)} )1
1+ 25:1 eXp{hy(Oé + &+ Xz/t6>} ’

=:Li(a,8;{&} 1)

where E o, 3, [-] is with respect to (Y, X, &o) conditional on (cvg, Bio)-

Condition 2.

_ exp{hy;, (a+&+X/,8)}
(a) For anyt, (o, ) € Qa,p) and h € Oy, E ¢, [log 4y GX;{hU(OH_'gJ'_Xz{tB)})

is strongly concave with respect to &, uniformly with some constant A < 0.

1S

. ~ exp{hy,, (a+E+X/,8)}
(b) For any i, £ € Q¢ and h € Oy, E o, 5, llog <1+zjlexia{hy(a+£+xztﬁ>}>

strongly concave with respect to (a, ), uniformly with some constant A\ < 0.

(¢) Oape) fou(|r, B,€) is bounded by some constant Cy uniformly for (z, o, B,§),
where fo. (x|, 5,€) is the density function of x conditional on («, 3,§).

We verify the stochastic equicontinuity for £ using Conditions 2(a) and (c). One
can apply similar arguments to show the the stochastic equicontinuity of (&, B)
using Conditions 2(b) and (c).

Because of the strong concavity in Condition 2(b), & ({ai, BN, h) is the
unique maximizer. Suppose that & ({ozz-, BN, h) is an interior solution. Using

arguments similar to those in the proof of Assumption 7(a), we can show that

1 Y hy., (cu ' B;
sup —Zlog [ eXLp{ v (i + &+ 3,8 ),} ]
(@03,81)EQa 5,1 IS NEEQehEB,; 1<t<T NI L+ exp{hy (o + &+ 2},8:) }

1 exp{hy, (o + & + X},5:)} )]
N ;E [log (1 + iy exp{hy (o + €+ X[, 5:)}

20.

Then,

sup
(@,8:)EQa, 5,1 <i<N;REB;1<t<T

g((l‘itayit)z‘]il; {aiaﬁi}z‘]\ila h) - gt* ({O‘i’ﬁi}ﬁl’ h)‘ 0.

Using the First-Order Condition corresponding to (24), we obtain:

@gj ({ai’ Bi}ﬁ\il’ h) - [a2£t(€; {ah B@ i]\ila h)] ! 82‘67&(5; {aiv Bi}i]\ila h) (25)

85,50 862 aftoa§
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< A7, Moreover, because of As-

-1
Condition 2(b) implies ‘[azﬁt(§§{‘;2a25i}£vl,h):|

sumption 4, we have: for any («, 3, h),

exp{hy (o + &+ X'
Fos e llog (1 + L pfe)q(){h (i +€ —f))}(’ﬂ)}ﬂ

, exp{h,(a+ &+ X'B8)Yoh, (o + &+ X'

e R P s~ v e e )
hy (a+£+X'B)

/Z exp{ hyo(cio + o + @ 510)}}101(0410 + &0 + 510)
1+ E exp{huo(io + &0 + 2/Bi0) }
/Z exp{huo( szo + & + 2/ Bio) Yu(a + €+ 2/ B)

1+ >0 exp{ho(ai + &o + 2'Bi0) }

hu(a + &+ 2'B) f (x| o, Biol&w)d(z, cio, Bio)

a&fo:p(ﬂi; a0, Bio, fto)fO(a,ﬁ) (041'0, 51’0)65(37, A, 51’0)-

Now using Conditions 1(d) and 2(c), we obtain ‘Bl(a +&+ X’ﬁ)’ < M3 and

2 exp{hy(a + &£+ X'B)}
Tewefo [log (1 + S exp{y(a + &+ X'B)}

)H < Mj + M;Cy.

L (&{i, BN 1R 9&; ({i,Bi} 1k
Then, [ZEERtdN] < M2 4 MOy and Pllent IS < g
M;Cp)N L For any (t,s) with [ — &o < 0, we then have
St (Lo B0 h) = & ({ow i1, h) | < (M3 + MyCp)ATs.
Given any €,n7 > 0, we can choose 7 ,, and N, , such that
s 8
Pr sup € (@ y)ios o B3 ) = & ({on B0 R)| > 5 | <

(04,8:)€Qa,3,1<i<N;h€OL;1<t<T

=:(Anr(en)—€/3)/2

Then, for any (¢, s) with |&0 — &l < 0: :=¢/(3(M3 + M3C;)A™1), we have:

|§~ ((ffm yzt)z 1a {Oéz, 6@}1_17 ) g ((xisv yzs>z]\;1a {05% Bi}i\;lv h) |
<2 x (Anr(e,n) —e/3)/2 + (My + M3Cy)N 14,

< Anr(e,n).

Note that Pr(Ayr(g,n) > ¢€) <.
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Proof of Theorem 3. First, we construct a compact subset of C(,,3, Z(Qa,3)),
denoted by Og¢,, which CAT'{V T and id; belong to. The construction of such a set of
C(Qe, Z(2)), denoted by Og,, is similar.

Note that for any (a,5) € Q,.p and |(¢/,0") — (o, B)|| < &, we have
lidi (-], B) — idi(-|es, B)|lp = ||(&/,B") — (o, B)]] < €. Let Og, be the subset
of C(Qup, Z(Q4p)) that includes id; and is pointwise equicontinuous: at each
(o, B) € Q4 p, for any € > 0, there exists d.(a, §) < min{d./3/3,¢} such that

sup 1G1(:|e, B) = Gi(t|e, B) P < & (26)
G1€0g,,||(,8")—(a,B) [ p<e(,)

where 0. is defined in Assumption 7(b). Note that for any (o,8) € Qaz,

{Gi(‘|a, B) : G1 € Og,} is a subset of the compact set Z(§,5). As a result,

{Gi(|la, B) : Gy € B¢, } is relatively compact for any (a, 5) € Q,5. Then, ac-

cording to Arzela-Ascoli theorem, O, is precompact and therefore its closure is

compact in the metric || -||;. To simply notation, we use ©¢, to denote its closure.
The construction of O, is analogous.

We now prove the following proposition.
Proposition 1. G'{VT € Og, and GéVT € Og, asymptotically wpl.

Proof. We prove GNT € O,. The proof of GL € O, is similar. Define

N, B)y= II  Il(a.B) = (o, Bro)[I”
r#i,reSy(o,8)

We will use the following lemma. The proof is in Online Appendix F.

Lemma 3. Suppose that Assumption 4 holds. Then,

2In N
(aﬁs)léga 1I<T%1<11N ||( ) (a107 6@0)” = ¢O,N
and
| 1
gseugp; lrgl<n 5 €t0 T's

asymptotically wpl, where Cy = ﬁ and [ is defined in Assumption /.

5

Remark 1. Lemma 3 implies that for any («,3), when N is large enough so

In N 2In N
VN cCoN

when T is large enough, there exists at least one t such that £ € Sn(§).

>

there exists at least one i such that (o, Bi0) € Sn(a, ). Similarly,
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exp{hNT (a-+ENT 421, 8)}
1430 exp{h) T (a+€NT+al,8)}
Then, according to Assumption 7(b), for any /3,7 > 0, there exist N./3,, 0c/3

Note that (o, 8) = (&7, BNT) maximizes ¥, log

such that for any N > N,/3,,

sup (&N, BT = (@M, BN < e/3
1<4,r<N:[(evio,Bi0) —(0r0,8r0) 1| <0 /3

holds on the event {An7(g/3,1) < £/3} whose probability is at least equal to
1—n.

Fix a (a,3) € Qa5 Now consider any (&, 5) with [|(&, 5) — (a, B)|| < 6./3/3.
Define i* = argmin;eg, (a5 [|(@ — @io, 8 — Bio)|| and i* = arg mine s, a5 (@ —
a0, 8 — Bio)||. Note that:

IGYT (o, B) = GYT(la, B)lp < IGYT (e, B) = GYT (lavivo, Biwo) Il p + 1GYT (-], B) — G (+|ao, Bio) |1 P
+IGYT (-|aivo, Biro) — GYT (-|evio, Bio)ll P
= |GY"(-|o, B) = Diracy, . 5. lp + IGY" (-

&, B) — Dirac(&;ﬂg)ﬂp

+ [IDiracs,, 3. — Diracg. s/ p-

Moreover,
A . A(a, B) . .
IGY" (e, B) = Diracs . golle =l > ; Dirac,, 3, — Diracs . 5. llp
(CI s i Siesmte Na, ) (Dirac, 5, )
Mo, B . A A
= sup > (@ f) (f(as, B5) = (6, Br))

1A 1BLST |ieSy (o B) it 2ieSn(a,B) N (a, B)
- [[(e — vio, B = Bio) ||
o i€SN (a,B) iki* ZiESN(a,ﬁ) H(Oé — Qyp, 6 - ﬂz(])

B (& = éie, B = Bir).

By the definition of Sy(«, 3), when N is large enough, ||(cio — ay=0, Bio — Bixo) || <

N 5. .
| (a—avixo, B—Bi=o) |+ |[(cio — v, Bio—B) || < 2\1/NN < : 3/3 < b3 foralli € Sy(a, B).

As a result,

3 [ (o = vig, B — Bio) || ?

|G (o, B) — Diracy,. 5, -
1 (6=, B=) S (o) ik 2icSn (a,B) | (o — cvio, B — Bio) || 2

p<

<

w| ™
w| ™

holds on the event {Anr(e/3,n) < €/3}. Similarly,

<5
p< -
3

IGY7 (@, 8) — Diracs_ 4.
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holds on the same event. Moreover,

A

[Dirac, , 5.) — Dirac(dzﬁi)ﬂp = ||(&u=, Bi=) — (G5+, B3

and
2In N

VN
Then, ||Dirac(&i*;/§i*) — Dirac(az,B;)HP <~6/3 on the event {A~NT(€/3777) < ¢/3}.
Consequently, |7 (o, 8) — G27(1a, B) | < = for any [[(@. 3) — (a, B)]| < duya/3
and therefore GNT € O, on the event {Anr(e/3,7) < £/3} whose probability is

(@0, Biv0) = (e, Fj-0) || < + (@, 8) = (a, B)I| < deps.

at least equal to 1 —n. This conclusion holds for any n > 0. Proposition 1 is then
proved. O]

For any h € O}, and realizations (y;)s, the following inequality holds asymptoti-
cally with probability 1 (wpl):

L7 h) — Lur (O3] o)
1

SW z [Py, (ctio 4 &ro + 2 Bio) — hyo(io + &ro + 34810
it

L L
log (1 + Z exp{hy(aio + &o + 1&/1:0)}) — log (1 + Z exp{ hyo (a0 + & + ﬂﬂéﬁio)}) |

y=1 y=1

1
AT
1 e / P /
SNT [\hyu(aio + &0+ 2iyBio) — hyo(cio + & + 2, Bio)| + [max, {[hy(ctio + &0 + 2y Bio) — hyo(cvio + & + xéu‘%ﬂ}]
it Sys
2
SfT ; 11%1;1& |y (vio + &uo + iy Bio) — hyo(cio + Eo + 2 Bi0)]

<2||h = holln-
(27)

We now prove Theorem 3. Denote by h{jT the projection of hj on @thT for
I=1,...,Land hYT = (h¥T)L,. By the definition of 07 in (8) and the uniform

convergence in Assumption 7(a), we have for any ¢ > 0,
Lur@) > Lup(00" )T — /3 (28)
asymptotically wpl. Moreover, by Assumption 7(c), we have

LN (O, ho) — Z°(id, ids, ho; Fy)| = [£°(id, ids, ho; F'T) — £°(idy, ids, ho; Fp)|

<e/3
(29)
asymptotically wpl. Besides, by (27) and Assumption 5 we have: when N and T’
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are large enough, ||h)" — hgl|s is so small that

[ LNr (01 o ') — Lrr (01 ho)| < e/3. (30)
Then, combining (28)—(30), we have:

LN (OVT) > L0(idy, ida, ho; Fy) — € (31)
asymptotically wpl. Using the definition of GN7 in (10), we can express (31) as
LY(ONT) = LO(GNT RNT ENTY > 20(idy, idy, h; Fy) — €.

Using Gibbs’ inequality, we have
LUGNT N FNT) < £0(idy, idy, hos By T).
As a result,
LO(idy, idy, ho; Fg' ') = LGN BN FYT) > £0(idy, ida, hoy Fy) — . (32)

hold asymptotically wpl.

Using the compactness of O, X O¢, X O, and Assumption 6, we have: when ¢ is

small enough, we can find d(¢) > 0 such that

LO(idy, idy, ho; Fy) > sup LG, h; Fy) + 3e.
max{||G’1—id1||17||G2—id2Hg,Hh—hgHh}Z(S(a),(G',h)GG)Gl X@G2 Xéh
(33)

Using Assumption 7(c), we then have: for /2,
L0 (idly, id, ho; ') — £°(id, ida, ho; Fy)| < /2 (34)
and

sup LG s FYT) = 2°(G s )| < e/2
max{||G1—id1 [|1,]| G2 —idz |2, |h—hol|n }>(¢),(G,h)€OG, O, X O

(35)
asymptotically wpl. Then, using (34) and (32), we obtain:

LYGNT DT ENTY > 20(idy, idy, ho; FNT) — 3¢/2.
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Moreover,

fo(idl, idQ, ho, FdNT>
> Z%(idy,idy, ho; Fo) — /2 (by (34))

> sup LG, h; Fy) +5¢/2 (by (33))
max{[|G1—id1|1,|Ga—idz||2, | h—ho |} 26 (€),(G,h)€OG, XOc, xOn

- sup (L°(G, s o) = £°(G b FYT) + £°(G b ™)) + 5e/2
max{||G1—id1|1,||Ga—ida|l2,||h—holn }>6(e),(G,h) €O G, XOa, xOn

> sup fo(Ga h; F({VT)
max{[|G1—id1 |1, G2 —idz 2, |h—hol[n} 28(c),(G,h) €O, xOc, x O
- sup )zO(G,h;FQ)*gO(G,h;FéVT)‘+5€/2

max{||G1—id1||1,||Ga—idall2,||lh—hol|n }>5(€),(G,h)€OG, XOa, XOp
> sup LG, by FY) + 2 (by (35)).

max{||G1—id1||1,|Ga—ida||2, | h—holln} >6(€),(G,h)€EOG, XOg, xOp

holds asymptotically wpl. Consequently,

LOUGNT pNT. FNT) > sup LG, b ENT) /2.
maX{||G1—id1||1,HG2—id2||2,||h—h0||h}>5(6),(G,h)€@GlX@GQXéh

Then, we have max{||Gy — idi||1, [|G2 — idz||2, || — hol|n} < d(¢) asymptotically
wpl. This implies

||C?iVT—id1||1=( ;“g |GV (|a, B) — Dirac(q 5 ()| < d(¢),
a,p)elly B

G — ids]lo = Sup IG (-1€) — Dirace ()| < 4(e),
13

and
IANT — holln < 6(e).

The proof is completed.
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Online Appendix

E Extensions

In this appendix, we discuss the extensions of Theorems 1 and 2 to models with

heterogeneous slopes across time and with multinomial outcomes.

Heterogeneous slope across time. The case of heterogeneous slope across
time mirrors the case of heterogeneous slope across individuals in terms of indi-
vidual and time dimensions. We can apply the argument of compensating variable
across time periods to obtain the identification results. To start with, we modify

Assumption 1.
Assumption 1’ (Model).

(a) Single index and two-way fized effects: for all (i,t),
Pr (Yi = yl(Xis)s<t, F) = 9(y; Xi0e + i + &),

with, almost surely, sup, ||B:|] < Cz < 0o. Moreover, g is unknown.

(b) Monotonicity and smoothness: there exists y € Y such that the function

v = g(y;v) is strictly increasing and L-Lipschitz.
(¢) Cross-section independence and weak serial dependence:

1. Conditional on F, {(Yit, X},) : t =1,2,...} is independent across i.

2. Let u > 1. Conditional on F, for each i, {(Yi, X},) :t =1,2,...} is
a-mizing with mizing coefficient satisfying sup, a;(m) = O(m™*) as
m — oo, where

a;(m) := sup sup |Pr(AnN B) — Pr(A) Pr(B)|,

t AeAi,BeBi,,.

and for Zy = (Y, X[,), AL is the o-field generated by (Zy, Ziy—1, .. .),
and B} is the o-field generated by (Zis, Zizi1, - . .).

(d) Conditional on F, X has density p; with respect to the Lebesque measure
on RE such that pi(2) < Pimax < 00 for all (i,t) and x € R,
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(e) Let K denote a bounded kernel function. For all strictly monotonic functions
f:R = (0,1) andx = (2,23 € X, almost surely, there exists a constant
Cr 42 nontrivially depending on f such that, for allt,

iy SN K (K= flan)
i D K (55)

— Cp e as N — oo.

Define a compensating variable:

Zw (W5 2®) = [V + 2D (BP — g2 + & — &/80. (36)

Intuitively, z,_,»(z(; 2?)) is the needed value of 2 for individual ¢ with z(? at
time ¢ to make her indices at time ¢’ and ¢ equal: «o; + & + ﬁfl)ztﬁt/ (zM; @) 4
/Bt@)x@) = Q4 —+ gt’ -+ Bt(/l)x(l) + 5;2)1‘(2).

Definition 1. Time period t is compensable at (z™M,2®) € XY by time period t
if and only if (zy—p (xW; @), @) € Xt .12

With Definition 1’, we can then define a compensating network of time periods and
achieve the relative identification (along the time dimension) similar to Theorem
1. Under conditions analogous to Assumption 3, we can further achieve point

identification similarly to Theorem 2.

Multinomial outcomes. Consider a model with multinomial outcomes: the
probability of individual i from choosing y;; € {1,...,J} at time ¢ is
Pr(yi = j | (ij, Esjs B Tis) ;217 77) = 5(va), (37)
where v;; = (vitj)jzl with viy; = aij + & + 2384, ijl gj(vie) < 1, and J is
known. The residual probability, go(vy) = 1 — Z}le gj(vit), is usually defined as
the probability of choosing the outside option. Model (37) is a common setting in
empirical research such as demand estimation (Berry et al., 2013; Dubois et al.,
2020). Define g(vit) = (gj(vz‘t))}]:h o = (%’j)jj:l, B = (5@')37:17 & = (ftj)}]:y
To extend the identification results to (37), we first replace the monotonicity in
Assumption 1(b) by the invertibility of g(v), i.e., the mapping ¢(-) is a bijection.

The following assumption provides a set of sufficient conditions for the invertibility.

12We assume that X? does not depend on i to simplify the exposition. This holds, e.g., if
{Zit};>o is 1.i.d. conditional on (&, ;) for all t € T.

52



Assumption 1(b)'. The mapping g satisfies the following conditions:
e The support of (Vy1,...,vis), V, is a Cartesian product.

o (Weak substitutes) g;(v) is weakly decreasing in vy for all j =1,...,J and

k¢ {07}

e (Connected strict substitution) For all v € V and any nonempty subset of
{1,...,J}, K, there exists k € K and l ¢ K such that g is strictly decreasing

m vg.

Assumption 1(b)’ is a multi-index version of Assumption 1(b). It is motivated by
sufficient conditions for the invertibility of demand by Berry et al. (2013) and usu-
ally satisfied in the setting of discrete-choice random utility models with separably
additive index and idiosyncratic error in indirect utility. This assumption implies
that ¢ is a bijection from V to g(V). Moreover, it implies that the aggregated
choice probability function, i.e., the integral of g(v;;) over & for a given i, satisfies

" and is therefore a bijection. Both bijection properties enable

Assumption 1(b)
to apply the argument of compensating variable as in the single-index case. As
argued in Berry et al. (2013), Assumption 1(b)’ is convenient in practice due to its
Cartesian support requirement and it applies even when g may not be not differen-
tiable. This contrasts other arguments such as those by Gale and Nikaido (1965)
which require rectangular support condition and differentiability of g. In contrast,
due to the weak substitutes requirement in Assumption 1(b)’, the derivative of g;
(if differentiable) with respect to vy is restricted to be nonpositive for all k # j.
As an alternative, one can require g;(-) to be strictly increasing with respect to
index v; for all j = 1,...,J and the mapping g to have strictly diagonally domi-
nant Jacobian, which will also imply the bijection properties we need to apply the
argument of compensating variable but allows for positive cross derivatives in g.

Second, analogously to the single-index case, we define a compensating vector of

dimension J:
1) 5(1 2 2 2 D\
zinir (@1 22) = (zinir i (@) = (lawy — gy + 208 + 25785 — 82)1/85) i

Zisi(xW; 2?)) is the needed value of 2" for individual i with 2(® to make her

and 7’s indices equal: for j =1,...,J,

iy + &+ B 2y (@0 2®) + B = aiy + 65+ B + B
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The definition of compensation and compensating network should be accordingly
modified. In particular, the rank condition in the definition of compensating
network should now hold for all 7 = 1,...,J: individual ¢ is compensable by
individual 7" at least at (z(V% 22*) € X; for k = 1,2, 3 with

1 x§1)1 ZE§-2)1
1 x§1)2 Jj§2)2
1 $§1)3 $§2)3
being nonsingular for j = 1,...,J. With these modifications, one can readily

apply the arguments in the proofs of Theorems 1 and 2.

F Proofs of Lemmas

MéVTK(—X“‘w) 1{Yi =7}

Proof of Lemma 1. Define A}, := " Z};.EIM“T and A} =
MZ.];’TK<7Xﬁ;$>g@;X{t5i+ai+ft)
hTZZ1 MiI;]T )
First Part. We show:
D (A =A%) = 0,(1). (38)

t
Let Ex (resp. Varz) denotes the expectation (resp. variance) with respect to
the distribution of the data conditional on the unobserved effects F. For all
t, Ex (AL — A%|XE, MNT) =0,

Varz (Z Ailt - A?t)
t=1
—E, lz Vary (A} — AZ|X], MNT)] +23" Covr (Al — AL, Al - A}).
t=1 s<t

(39)
Focus on the first term. We have

MiNTKQ Xit—x
Varr (Az-lt — A%|XT, MNT) —— ( i )25it<Xit)(1 — 0t(Xit)),
hi (£2 MET)

where 0;4(X;) = g(U; X180 + a; + &). Because 0 < §4(Xi)(1 — 6:(Xir)) < 1,
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2

S MYT =T, (2, MYT)" =17, and

X“f_x> ‘MNT} < hyC,

E K2(
f[ hr

where C' 1= ppay [ K?(u)du < oo, we have

hCTE MYT _ C

MNT .
T2h% = Thy

<

Er [Z Vary (A}, — A% X!, MNT)

t=1

Hence, as N, T tend to infinity,

Er [Z Vary (A}, — A} XY, MNT)] —0

t=1

We now turn to the second term in (39). For all (s,t) such that s < ¢, we have
F | AL = ALIXE MVT| = B [A) - AL, MNT] = 0.

Hence, it suffices to show that, almost surely,

Covr (Al = AL, Al = AZ|MNT) = 0.

187

Let G = =K (52) [1{Yi = 7} — 9(y; X8 + i + &)]. We have

Covr (A}, — A

187

Al — ALIMNT)

MNT AT X —x Xi—x
:7Z;2T2Zt Cov;:(K( " )1{Yis:y},K< ;LT )1{}/,L't:y})
T
MNT MNT

o Covr (G, Gl M)

Conditional on F, MNT {(; :t=1,2,...} is a-mixing. Moreover, for all ¢,

2+5>

Er (|<it|2+6 |MNT> =Er ('1K <XihT_ x) 1{Y, =7}

hr
246
o (520

1 Xt —
W i)
< (' < .
By Proposition 2.5 in Fan and Yao (2003), there exists a positive constant C” < oo

h hp
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such that

Covr (Gie, Gial MNT) < Cas(Jt — s])°/*0).
Hence, by majoring the sum of covariances by the sum of covariances for the closest
possible time sequence (all successive periods), we have

Er |y MCOV (C‘ G |MNT) C’” S (|t — s 0
F / T2 F \ ity Sis T2 7 .
s<

1<s<t<T

This shows (38).

Second part. Now given Equation (38), and because

1 Xy —x
A} = WZMZ:VTK< I >:Op<1)a

we have

Alt - A?t
Z ———" =0,(1).
=AY !
It remains to show that

> A
tA3 L =Ty(y, ) +0,(1).

Then, by the continuous mapping theorem, we have

N Al — A2 A?
Fz<y7$) - Fz(ya :U) = Z = = 5

i_.l_
2 a7 X

= A :

Consider the decomposition

58 T MK (%)
N

XL6i + o + &)

NT it— a:)
e S MK (N

| T T i  MYTK (522) 97,2/ + 01 + &)

S T i L MYTE (52)

— 9@, ' B + a; + &)

By Assumptions 1(a),(b), and (e), the second term converges almost surely to
Cogarfirart) o> a0d Ti(F, ) =

Co(g.a' Bi+as+-),2 18 strictly monotonic in 2B+ .
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Let us show that the first term is o,(1).

1 X, — 2
bt | S (5 ) - s
NT hTZtyMNTZ: i ) 190, X0Bi 4 i+ &) — 9(. 5+ i + &)
Xt
NT .
o hTT Z MZt ( hT >’ |(th ZE) 52|
LCs Nt (X a:>
M; R
_hTTZ it hT it ‘,'EH

Then, by similar argument as before, there exists a positive constant := C"” < oo

such that uniformly over N, T, i,¢,

E;HK( L )Mxﬁ—meWﬂfQZCW@.

Then,
LCs = (" &
F [ANT|MNT} < BhT > MyThi = LCs := C"hr = 0,(1).
t=1

Proof of Lemma 2. ( = ) Suppose i <— ¢ in G* and, without loss of
generality, i — . By the first part of Lemma 1, for some (zW* %) € X} for

k=1,2,3 with
1 01 L1

1 02 22

1 03 @3

being nonsingular, we have
Ts(7, (zimys (xWF; 2@k 22k = T (77, (W, 2DF))

with 2y (xMF; 22F) 228 ¢ X, Hence, letting (V% 1= 2, (x(WF; £F) 22)k)
there exist some (2(MF, 3@F) ¢ &, (2(VF @) € &y for k = 1,2, 3 such that

FZ(ﬂ? (j(l)k7 53(2)’6)) = Fi’ (g7 (x(l)ky $(2)k>>7

with
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being nonsingular. When ¢/ — i, we obtain the same equality with

being nonsingular.
(<= ) Suppose that there exist (£, #@F) € X;, (z(VF, 2@F) € X, for k = 1,2,3
such that

Li(g, (3%, 30%)) = Tu (g, (@8, @),

with either

1 M1 @1 1 #M1 @)1
1 M2 @2 or |1 7MW2 722
1 M3 (2)3 1 M3 7(2)3

being nonsingular. By the second part of Lemma 1, 3(V% = z;_; (2(DF; 2(2)k) 2(2)k)
so that ¢ — 4/, or 2MF = z;,_;((WF;, 3@F) k) 50 that i’ — 7. Then, i <— 4’ in

G°. The proof is completed.

Proof of Lemma 3. We prove a more general version of the first statement in
1
Lemma 3 with the dimension of 5 being K > 1. Define §(N) = (%) " where

Cy = % and c is the constant in Assumption 4.

First, given any (a, ), we examine the probability of the event E(a, 8, N) :=
{min<;<y || (e, B) — (o, Bio)|| > (V) }. Under Assumption 4,

N mN\"
Pr (€l 6.3) = [TPr(lf0.5) - (Bl > 500 = (1= ")

Second, because €1, g is compact (say, the unit square), for a given N, we can
always find up to R(Q,3)N/(In N) sets in {Ball ) (0(N))}(a8)e0. s such that
their union covers €, 3 where R({, ) is a constant that only depends on €, 3
and c. Denote by B, each of the finite sets. Now consider the probability of the

event

{ sup  min [[(a, B8) — (o, Bio)|| > 26(N)}

R(Q, g)N
(In N)

C Usy {(aiglglgs nin [(cx, B) — (cvio, Bio)|| > 20(N)}.
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The probability of {sup(, gep, mini<i<y [[(@, 8) — (2o, Bio)[| > 20(IV)} is bounded
by (1 —InN/N)Y that corresponds to the probability of none of the (avo, Bio)
falling in Bs. Then,

Pr( s i 0. 5) = (o )] > 2008 )

(OL,,B)GQ 5 1<’L<N

N
S R(Qaﬁ)N <1 o 1HN> - R(Qa,g)

n N N my Y

The proof of the second statement differs from that of the first one in that &, is not
independent across t, but only admits a weak dependence specified in Assumption
4. Define §(T) = 26;%. Note that for any ¢ and & € Q¢, Pr(|§ — &o| > 6(T)) =
1 —Pr(|€ — &o| < (7)) <1 —2¢6(T). To adapt the proof of the first statement:

. T-1 ia,
PI'(lg}}SHTK*fm\Zl; ) (\5 ol = 8(T), t=1,1+ T30/, ...,1+[WJTW/‘“))
T-1
75 /ut1)
1 T-1 1
SPF(‘f — Gl 2 8(), £ =1+ 270D 1 | TR Pr (16 =€, yngl = 0(T)) Pr (J = a0l = 8(T)

+a(TEED) (14 Pr (€ — &) > 6(T)))

< Pr (1€ = ol 2 6(T), £ = L4 T, 14| TS P (fg = 6uof 2 8(T)) + (T3

a(Té(l/uH))
<Pr (€ =€l 2 6T Pr (16 =€ aamengl Z0(T)) o Pr{1€ =€ vy | 2 6(T) + T
2 E(/n+1) s

L2t ) q(Ts(/mth)
< (1 —2¢ (1/p+1)
< (1= 2e(1)) 7 M)

Following the same strategy as the proof of the first statement, we obtain that

R(Q 1 T /t)
Pr (sup in [~ &ol > 20(7 )) < f%) ((1—2c5(T))L 3<w+1ﬂ+“(>)

o(T) 2¢8(T)
\_ 1T 1 J L
(1 —2¢6(T)) 73 (1/p+1) a(Tg(]./iu“r].))
= 2cR(2
cHe) 2¢6(T) T2 m))
~T/3 exp{—T3(1-1/1)y <o(ria-m)

— 0.

The proof is completed.

G Monte Carlo: Additional Results

Results on coefficients estimates. In the MLE with polynomial sieves in Sec-

tion 4, we normalize (31, agl), af)) by their true values. As discussed in footnote

29



exp{2exp{0}}

Table 4: Finite-sample performances of the sieve MLE when ¢o(0) = TroxpBexp (61T

52-(2) 6y agz)

Polynomial sieve o;
N=50,d=1 1.2807 0.2750 0.4599
d= 1.6370 0.5189 0.8434
d= 1.6271 0.5074 0.7889
d=4 16186 0.5074 0.7750
N =100,d=1 0.8724 0.1918 0.2835

d= 0.8593 0.2807 0.6784
d= 0.8104 0.1796 0.4755
d=4 0.8103 0.1721 0.4627
N =200, d = 0.5692 0.1103 0.1916
d= 0.5509 0.4599 0.8361
d= 0.4147 0.0547 0.1269

d=4 04235 0.0586 0.1326

Notes: Each cell corresponds to the average dis-
tance metrics between the estimated object and its
true value over 200 repetitions for a given sample
size N and MLE with polynomial sieves of degree
d=1,...4.

8, together with these normalizations, Theorem 3 implies that the estimators for
( 5-(2) @ @

2 a7 ) converge to their true values as N increases to infinity. In Table 4,

Z (2) B<2) Z (1) (1))2
we report their distance metrics defined as iz = , and

a<2>_ @)
\/ T , for the scenario go(0) = %. For each sieve dimension

d and each object of interest, the corresponding distance metric decreases as N

increase from 50 to 200.

Results on alternative data generating process. We consider the same
static binary choice model as that in section 4 with a different generating process

for covariates: for 1 <i<j < N,

Pr(yl-j _ 1|w¢j,ﬁi,a§1)70@(~2)) _ go(wg)ﬁ(l) + wg)@(” 4 %(1) + (15,2))7

where wfjl )

U[—1,1] and U[—1,0] across i = 1,..., N. Individual-specific slopes 6( )= 02—
0.1z; — p; where p; are ii.d. U]0, 1]. Fixed effects ag ) = 0.5z + 17i ) and ag ) =

0.5z; + ¥ where n” (m(z)) are i.i.d. U[-0.5,0.5]. We set g1} = ()N,

Ny, (), ()N, and (f”)X, are independent. Note thau U%wﬁ%

)

= |z — 2| and wy;’ = |v; — x;[. x; and z; are respectively i.i.d.
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Table 5: Finite-sample performances: Polynomial sieves

. _ exp{d} exp{2exp{d}}
Scenario go(d) = Trop (5] P(6) Trexp(Zoxp (51T
AamME!Y  AMEP g AME!D  AME® 4 AME!Y  AMEP
N = 50, Logit 0.0426 0.1729 X 0.0493 0.1554 X 0.0720 0.1069 X
Probit 0.0417 0.1804 X 0.0491 0.1676 X 0.0633 0.1223 X

Poly. sieve, d =1 0.0363 0.1744 0.0947 0.0504 0.1678 0.0974 0.0729 0.1321 0.1485
d=2 0.0575 0.1776 0.1042 0.0560 0.1689 0.0991 0.0560 0.1122 0.0992
d=3 0.0729 0.1880 0.1110 0.0742 0.1913 0.1157 0.0586 0.1134 0.0995
d=4 0.0853 0.1968 0.1232 0.0830 0.1975 0.1194 0.0596 0.1162 0.0949
N = 100, Logit 0.0240 0.1188 X 0.0309 0.1075 X 0.0559 0.0859 X
Probit 0.0229 0.1196 X 0.0290 0.1098 X 0.0479 0.0911 X
Poly. sieve, d =1 0.0233 0.1188 0.0700 0.0314 0.1102 0.0658 0.0537 0.0991 0.1245
d=2 0.0264 0.1194 0.0737 0.0323 0.1104 0.0665 0.0383 0.0779 0.0961
d=3 0.036804 0.1272 0.0791 0.0306 0.1106 0.0637 0.0371 0.0774 0.0945

d= 0.0528 0.1353 0.1031 0.0319 0.1112 0.0634 0.0369 0.0777 0.0928
N = 200, Logit 0.0144 0.0784 X 0.0209 0.0723 X 0.0482 0.0714 X
Probit 0.0137 0.0785 X 0.0186 0.0721 X 0.0431 0.0716 X

Poly. sieve, d =1 0.0144 0.0784 0.0413 0.0210 0.0725 0.0358 0.0479 0.0772 0.1145
d=2 0.0151 0.0785 0.0426 0.0210 0.0724 0.0364 0.0278 0.0566 0.1126
d=3 0.0158 0.0786 0.0431 0.0188 0.0722 0.0358 0.0230 0.0562 0.0817
d=4 0.0166 0.0788 0.0473 0.0191 0.0723 0.0353 0.0233 0.0562 0.0780

Notes: Each cell corresponds to the average distance metrics between the estimated object and its true value over
200 repetitions for a given sample size N, scenario of true link function go, and the model used in the MLE (logit,

probit, or polynomial sieves of degree d = 1,...,4). For AMEEk) with & = 1,2, the distance metrics is defined as

——(k
\/Zi\;l(AMEE - AME%))Q/N where O refers to the true values. For the sieve MLE, the distance corresponding to

m=1

the link function is defined as \/Zi\le (5(6m) — go(6m))? /M where (8,,)M_. is an equal-spaced (by 0.1) sequence of

values covering the true range of the index in the data generating process.

are not independent across i’s and Assumption 1(c) is violated. The results are
summarized in Table 5. Despite the violation, the sieve MLE seems to have an
analogous performance to the one under the data generating process in section 4.
One potential reason is that the identification and consistency results could hold
under weaker (or alternative) assumptions than those proposed in the paper. We

leave this possibility for future research.
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