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Abstract

This paper develops a model of opinion dynamics in networks where message
content can be differentiated by target. In contrast to previous approaches, this
model studies the evolution of message content on the edges of the graph, rather
than focusing on how beliefs evolve at nodes. This framework is then used to
explore how opinion conformity, the act of tailoring one’s stated opinion to the
recipient, can impact convergence speed and polarization. Pairwise opinion con-
formity slows convergence to consensus, whereas anticonformity can lead to faster
asymptotic convergence. It is also shown that group conformity can lead to persis-
tent disagreement, even in a connected graph, providing a new perspective on the

causes of opinion polarization within social networks.

JEL codes: D85; D83

Keywords: Opinion dynamics; social networks; conformity; polarization; social
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1 Introduction

The question of whether opinions in a society naturally converge to a consensus or remain
divided lies at the heart of the literature on social learning in networks. The canonical
model of DeGroot (1974) has become a workhorse in this area, providing a tractable
setting in which to study this question. Yet the DeGroot model abstracts away from
an important feature of opinion formation, which is that individuals routinely express
different opinions to different people. This paper relaxes that assumption by moving

from a setting where individuals express a single public opinion to all neighbours, to one
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where they tailor their message to each neighbour. Opinion sharing is modelled as a
linear process on the edges of the graph, which admits a richer class of opinion dynamics
whilst also preserving the structure that makes the DeGroot framework tractable.

This paper examines how differentiated messaging affects both the speed at which
opinions converge to consensus and also the conditions under which persistent disagree-
ment may arise. Since the number of edges in a graph is generally much larger than the
number of nodes, edge-level opinion dynamics can operate in a higher-dimensional space
than node-level dynamics. This allows for novel messaging rules such as the ‘group con-
formity’ rule, where agents send one message to their in-group neighbours and another
message to their out-group neighbours.

Under the standard models of heuristic-based learning in networks, a group of agents
who average the opinions of their neighbours will, under mild conditions, converge to
the same consensus value. This result persists even in highly segregated networks, where
the echo chamber effect of repeatedly hearing similar opinions only slows convergence to
consensus, but does not prevent it. Models such as Golub and Jackson (2012) illustrate
how network structure can increase the time it takes for a society to reach consensus,
but persistent disagreement can only obtain under additional assumptions, such as stub-
bornness (Acemoglu et al., 2013), antagonism (Della Lena et al., 2026), or endogenous
network structures (Polanski and Vega-Redondo, 2023). A key contribution of this pa-
per is to show that disagreement can persist in a connected network where agents listen
to and incorporate the opinions of their neighbours, but tailor their outgoing messages
according to group identity.

Experimental work on learning in networks has drawn a distinction between Bayesian
models of learning and heuristic-based approaches such as DeGroot learning. This experi-
mental work has provided mixed support for the Bayesian model and has tended to favour
heuristic-based models of learning. Results from a field experiment by Chandrasekhar et
al. (2020) lend more support to the DeGroot learning model over Bayesian learning when
viewed across their whole sample, with support for the Bayesian model only in a subset
of the sample. Grimm and Mengel (2020) also find that the naive learning model tends
to be a more accurate predictor of individual choices in their experiment. Interestingly,
they suggest that the results of their experiment can be better explained by naive learning
rules which account for some correlation of signals, but in a less sophisticated manner
than a fully Bayesian learner. Further experimental evidence is provided by Choi et al.
(2023) where subjects’ behaviour aligned closely with the predictions of DeGroot learn-
ing. Choi et al. (2023) also show that conformity to the DeGroot prediction increased
for later rounds of their experiment, suggesting that subjects may have been learning to
behave in a manner more consistent with DeGroot.

Although the DeGroot model is tractable and has experimental support, the restric-



tion to linear updating rules can be criticised as being ad hoc. There have been attempts
to address this by providing both axiomatic foundations (Molavi et al., 2018) and gen-
eralisations to non-linear aggregation rules (Cerreia-Vioglio et al., 2024). In addition to
this concern, two other features of the model have attracted criticism. Firstly, there is a
mechanical echo chamber effect which is introduced by the recursive nature of the naive
learning rule. Secondly, the model has difficulty in accounting for long run disagreement
between agents, despite widespread empirical evidence to the contrary (see Bowen et al.
(2023) and the references therein).

The existence of an echo chamber effect is a well-known consequence of the DeGroot
modelling approach and was described by DeMarzo et al. (2003) as a form of ‘persuasion
bias’ whereby correlated messages are overweighted in the agent’s belief update. Banerjee
and Compte (2024) show how the impact of any transmission errors would be amplified
by this effect in the DeGroot model and how agents may optimally choose to move away
from the DeGroot learning heuristic towards alternative heuristics which anchor them
more closely to their initial belief.

Relatively less attention has been paid to the assumption made by naive learning
models that agents broadcast a single opinion to all neighbours simultaneously. Agents
are assumed to communicate publicly to those who will listen, rather than privately
along pairwise links. Furthermore, existing models often provide no distinction between
the beliefs held by nodes and the messages that are sent. A notable exception is the
paper of Buechel et al. (2015) which examines the consequences of opinion conformity
for learning. They assume that nodes send identical messages to all neighbours, but
that they are motivated to balance the authenticity of their message with conformity
to their neighbours’ positions. A similar model is that of Anufriev et al. (2023), which
considers how incentives to tune message content to the beliefs of the audience can impact
consensus and convergence speed in the DeGroot model. However, these papers do not
allow for differentiation of messages by target.

In contrast to the above, both Galeotti et al. (2013) and Foerster (2019) consider
the case where agents communicate privately in a network and may tailor their message
based on the recipient. However, in those models the communication is strategic and
agents are assumed to be Bayesian updaters.

The paper by Bowen et al. (2023) is closer in spirit to the present paper, but differs
in some important respects. Agents in Bowen et al. (2023) can selectively share incoming
messages based on the content and agent types, which is similar to the present model. The
mechanism for persistent disagreement in their model relies on agents over-attributing
silence to a lack of new information, combined with the presence of uneven friendship
networks, e.g. a homophilous network where similar types are more likely to link. Neither

feature is required in the present model, and therefore this model offers an alternative



perspective on how selective sharing of message content can lead to opinion polarization.

The structure and main contributions of the paper are as follows: Sections 2 and
3 introduce the model and explore cases where edge-level dynamics extend the results
of existing node-level models. Section 4 motivates a particular choice of messaging rule
driven by conformity incentives and then studies the impact of pairwise conformity on
convergence speed. The main result in this section is that pairwise conformity preserves
the consensus opinion but slows convergence, whereas anticonformity can increase the
asymptotic convergence speed. Section 5 then analyses how group conformity can gen-
erate persistent disagreement in messages, even when the underlying graph is connected.
The key mechanism is that group conformity can split the opinion dynamic into multiple
independent ‘conversations’ by filtering messages according to type. Each agent is then

exposed to different conversations based on their connections to different types.

2 Model

A finite set N = {1,2,...,n} of agents are embedded in a network where n > 3. The
network is represented by a graph G = (N, E), where F is the set of directed edges and
m := |E|. Assume that the underlying network is undirected, so (i,j) € E implies that
(j,1) € E. An undirected edge between i and j generates two directed edges which can be
used to send messages. To lighten notation the directed edge (i, j) will be simply referred
to as ij. Let S(ij) = i denote the source of the directed edge ij and let T (ij) = j denote
the target of directed edge ij. For each agent i € N, let Ef" = {e € E: S(e) =i} and
En ={e € E: T(e) =i} denote the set of edges out of i and into i, respectively.

Self links are permitted and therefore the neighbourhood of agent i, denoted by N; =
{j € N :ij € E}, may include agent ¢ themselves. Let d; = |N;| denote the degree of
agent ¢ in the network. We will assume throughout that there are no isolated agents in
the network, that is |[N; \ {i}| > 1 for all i € N.!

A vector v is taken to be a column vector by default, with v?' denoting the transpose
of v. The vector 1,, denotes a vector of 1s of length n, where the subscript is dropped
when it is clear from the context. Matrices are denoted by bold uppercase letters and I,
denotes the n x n identity matrix, with subscripts again omitted if clear from the context.

To model the process of social influence we assume that agents send messages to
their neighbours each period, where time evolves in discrete steps and is indexed by
t € {0,1,...}. A message which is sent from agent i to agent j at time ¢ is denoted by
s;j(t) € R. Let s;(t) denote the vector of messages sent by ¢ and let s(t) = (s1(¢), ..., s,(%))

denote the vector of all messages sent at time ¢. Let r;(¢) denote the vector of messages

Tsolated agents cannot contribute to message sending and therefore we restrict attention only to
those agents who have links to other agents.



received by ¢ at time ¢, where r;;(t) = s;i(t). The vector r(t) = (ri(t),...,r,(t)) is
therefore a permutation of s(¢), where this permutation is encoded by a permutation
matrix P such that r(t) = Ps(t).

Each message s;; can be interpreted as a statement of ¢’s current opinion on some
topic, for example, their level of support for a policy, their level of enthusiasm for a new
product, or their level of trust in a political leader.

A key feature of this model which distinguishes it from past work is that s;; and s;;
need not be identical for j # k. In the classical DeGroot framework, agents are assumed
to broadcast identical opinions to all their neighbours and then to form a new opinion
as a convex combination of the opinions they heard in the previous period (including
possibly their own previous opinion). Agents in the present model are not restricted
to sending identical opinions to each neighbour; rather, they can condition the message
content based on the target node. This approach therefore shifts focus from the evolution
of beliefs at nodes to the evolution of message content on edges.

The DeGroot model imposes a linear updating rule for node beliefs x;(t), such that
a new opinion in period ¢ + 1 is given by x;(t + 1) = >_;y. Tijz;(t). Expressing this
updating rule in vector form gives x(¢ 4+ 1) = Tx(t) where the n x n matrix T is assumed
to be nonnegative and row-stochastic. This approach maintains tractability of the model
as standard results from the theory of nonnegative matrices and Markov chains can be
applied. In the same spirit, we will assume that the outgoing messages from an agent
1 next period are a linear combination of incoming messages received this period. In
particular, if we let w;; denote a nonnegative vector of weights for a given neighbour
j € Ny, then we will assume that s;;(t + 1) = wjr;(t).

In line with the setting of the DeGroot model, we will assume that each vector w;;
sums to 1, so that outgoing messages are a convex combination of incoming messages.
This can be understood as a requirement that agents can only share information that
they heard from other agents (i.e. agents cannot fabricate information). This assumption
allows us to better contrast the outcomes of this model with those of DeGroot and related
models in terms of consensus and polarization.

If we take an agent i and fix an ordering of i’s neighbours, say N; = {7, k, ...}, then
we can arrange the weight vectors w;, wj,, ... as the rows of a matrix W; € R%*%  This
matrix W) shall be referred to as i’s messaging rule, where each W; is square, nonnegative
and row-stochastic. Ordering the set of outgoing edges as E?" = {ij, ik, ...} and the set
of incoming edges as E™ = {ji, ki, ...}, we then have a linear mapping from messages

received at time ¢ to messages sent at time ¢ + 1, given by



A simple example of a messaging rule for an agent with three neighbours is provided
in Figure 1, where row labels denote the outgoing sent message and column labels denote
the incoming received message. In this example, agent ¢ uniformly averages the messages

from all three neighbours and forwards this information on in the following period.

ij ik il

ij [ 1/3 1/3 1/3
WY =ik | 1/3 1/3 1/3
il | 1/3 1/3 1/3

Figure 1: The uniform messaging rule

To formally define the uniform messaging rule, let W; for an agent i be the d; x d;
matrix given by
WY = l1651.15. (1)
d; '
This is consistent with the standard DeGroot model on an undirected and unweighted
network, where each agent uniformly averages incoming messages to form their opinion,
which is then shared identically with all neighbours.

A second example is provided in Figure 2 where agent i only relays information to
agent 7 which does not contain the message content sent by agent j the previous period.
This messaging rule is named the ‘nonbacktracking” messaging rule, taking inspiration
from models of random walks on networks where the walker is prevented from immediately

backtracking along an edge that they have just traversed.?

ij ik il

ij [0 1/2 1/2
W =ik | 1/2 0 1/2
il | 1/2 1/2 0

Figure 2: The nonbacktracking messaging rule

The nonbacktracking messaging rule can be formally defined in the case where d; > 2
for alli € N.3 Letting e and f denote two edges in E?"*, where e corresponds to sent mes-
sage s, and f corresponds to received message s, we can then define the nonbacktracking

messaging rule as

2Nonbacktracking processes have been studied outside of the economics literature in the context of
community detection by Krzakala et al. (2013), and network centrality by Grindrod et al. (2018) and
Arrigo et al. (2019).

3If d; = 1 then this agent only has a single source of messages and so any message out must necessarily
be backtracking. Therefore, such an agent is left isolated when backtracking is forbidden.



1 T #T(f)
WB = W] where W, = (2)

0, otherwise.

This is an example of a differentiated messaging rule whereby different neighbours
receive potentially different messages from node 7 at time ¢. Under this messaging rule,
any backtracking content is filtered out by agents when sending new messages out the
following period.

When considering alternative messaging rules, a natural question is whether the re-
sulting opinion dynamics could also be represented using the existing frameworks. The
following section answers this question and provides conditions under which the edge-level

model will generate novel opinion dynamics compared to the existing node-level models.

3 Node-level vs. Edge-level Opinion Dynamics

To compare the two approaches to modelling opinion dynamics in networks, we will
distinguish between a node-level opinion dynamic and an edge-level opinion dynamic. A
node-level opinion dynamic is a sequence of opinion vectors (x(t));>o with x(¢) € R™ for
all ¢ > 0, where each z;(t) is the opinion of agent i at time ¢. Opinions evolve according

to a linear process

x(t+1) = Tx(t), (3)

where T € R}*" is row-stochastic with 7j; = 0 whenever ij ¢ E. If T;; > 0 then there
is a directed edge from 7 to j (along which ¢ sends a message to j) and Tj; is the weight
which j places on ¢’s opinion when forming their own opinion. The matrix T is often
referred to as the ‘listening matrix’ in the literature, since 7}; = 0 indicates that node
j does not listen to ¢’s opinion. A key feature of node-level models is that each agent 4
expresses a single opinion z;(t) at time ¢ and any opinion shared by i to their neighbours
is the same value.

By contrast, an edge-level model focuses on the evolution of messages, where message
content can differ along the outgoing edges from agent 7. An edge-level opinion dynamic
is therefore a sequence of message vectors (s(t)):>o with s(¢) € R™ for all t > 0, where
each s,(t) is interpreted as the message on directed edge e at time ¢.

To evolve messages on these directed edges through time, begin by stacking all out-

going and incoming messages into vectors s(t) € R™ and r(t) € R™ respectively. Then



collect the messaging rules W; into a block diagonal matrix W which is defined as
W = diag(Wy,..., W,,).
We can then define the edge-level influence matrix as
M = WP.

Since r(t) = Ps(t), it then follows that the edge-level opinion dynamic evolves via the

linear process
s(t+ 1) = Ms(t). (4)

In line with the assumptions of the DeGroot model, the matrix M is nonnegative and
row-stochastic, since both W and P are nonnegative and row-stochastic.

The influence matrix M is the counterpart of the listening matrix T in a node-level
model, since it encodes the influence that messages can have on other messages. Specif-
ically, the element M. represents the direct influence that the message sent along edge
e has on the message sent along edge f next period. For node-level models, opinions
spread across the network by updating the content of the opinions held at each node.
In contrast, for edge-level models, opinions spread across the network by updating the
content of the messages being sent along each edge of the graph.

Whether a message on a given edge can influence the content of another message
depends on both the structure of G and the particular messaging rules used by the agents.

This motivates the following graph representation of message influence:

Definition 1. Let G = (N, E) be the agent graph and let M be the edge-level influence
matrix induced by the messaging rules Wy, ..., W,. The message graph is the directed
graph Gy = (E, E) whose nodes are the directed edges of G, where (e, f) € € if and only
if Mye > 0.

In the original agent graph G, node i is adjacent to node j whenever it is possible
to move from 7 to j in a single step. In the message graph G,;, a message on ij € F
is adjacent to a message on kf € E whenever it is possible to move from ij to k¢ in
a single step. Since a messaging rule only permits influence from message e to f when
T (e) = S(f), the message graph is always (weakly) a subgraph of the directed line graph
of G, which is denoted by £(G).*

For any node-level opinion dynamic, each agent i broadcasts a single opinion x;(t) to

all neighbours, so the influence of i’s opinion is mediated by paths in the agent graph G.

4The directed line graph £(G) of graph G is a graph where the nodes are the directed edges of the
original graph G. The nodes of £(G) are connected by arcs from e € E to f € F if and only if 7 (e) = S(f).
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(a) Agent graph (b) Message graph for the (c) Message graph for the
uniform messaging rule nonbacktracking messaging
rule

Figure 3: Underlying agent graph and two corresponding message graphs.

For any edge-level opinion dynamic, each directed edge e carries its own message s.(t),
so influence is instead mediated by paths in the message graph G,.

A feature of the message graph is that it is induced by the particular messaging rules
chosen, and therefore different messaging rules can remove some arcs relative to £(G).
Figure 3 displays two message graphs for different messaging rules on the same agent
graph G. Panel (b) demonstrates that under the uniform messaging rule the message
on ki can influence the messages on ij and ik in one step, and messages such as j¢ or
k¢ in two steps via intermediate messages in the message graph. Panel (c¢) shows that
if all agents use the nonbacktracking messaging rule then some arcs between edges are
removed relative to the uniform messaging rule. For example, the message on k¢ can no
longer directly influence the content of the message on ik, since it involves backtracking.
Moreover, the message graph is now comprised of two disconnected components which
cannot influence one another.

A directed graph is strongly connected if for every ordered pair of nodes (i,j) there
exists a directed path from i to j. When the graph of positive weights in T is strongly
connected then the opinion of any agent can (directly or indirectly) influence the opinion
of any other agent in a node-level model. Likewise, when the message graph G,; is
strongly connected then the content of any message can (directly or indirectly) influence
the content of any other message.

To prove results on the convergence of edge-based opinion dynamics, let G = (N, E)
and Gy = (F,€) have associated influence matrices T and M. A nonnegative matrix
is irreducible if the graph induced by its positive weights is strongly connected; thus
M is irreducible if G, is strongly connected. As is well-known in the literature, if a
nonnegative and row-stochastic matrix Z is irreducible, then there exists a unique and
strictly positive left eigenvector 7 such that #7Z = w7 and =71 = 1.

A directed graph is aperiodic if the greatest common divisor of the lengths of its

simple directed cycles is 1. A nonnegative matrix is said to be aperiodic if the graph



induced by its positive weights is aperiodic. Thus, M is aperiodic if G, is aperiodic. As
is also well-known, if a nonnegative and row-stochastic matrix Z is both irreducible and
aperiodic then

lim Z' = 177, (5)

t—o0
and so the powers of Z converge to a rank-one matrix. Applying this fact to the edge to

edge influence matrix M gives the following result:

Lemma 3.1. Let M € R™ ™ be a nonnegative row-stochastic influence matriz. If M is
irreducible and aperiodic, then for any initial message vector s(0) € R™

lim s(t) = 1 77s(0),

t—o0
where 1M ==wl, & € R, and 'l =1.
Proof. See Appendix A. O

Under the assumptions of Lemma 3.1, the content of each message converges to a
constant value ¢ = 7w7s(0) where 7 is the unique left eigenvector of M associated with
the eigenvalue 1. The value of this consensus message therefore depends on the initial

messages at t = 0 and the weights of each edge according to 7.
Assumption 1. The graph G is strongly connected and aperiodic.

To guarantee that G, is strongly connected and aperiodic, it is sufficient to assume
that Assumption 1 holds and that each messaging rule W; allows all incoming messages
to influence all outgoing messages. This condition is formalised using the definition and

result below:

Definition 2. A collection W = (Wy,..., W,,) of messaging rules is strictly positive if

every entry of each W is strictly positive.

Proposition 3.2. Suppose that W = (W1y,..., W,,) is strictly positive. If G satisfies

Assumption 1, then M is irreducible and aperiodic.
Proof. See Appendix A. n

Restricting attention to collections of messaging rules which are strictly positive will
ensure that opinions converge to a consensus message whenever a node-based DeGroot
dynamic would converge to a consensus. The following subsection now compares the

edge-based and node-based models in more detail.

10
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Figure 4: (a) The lifting matrix L with labelled rows and columns; (b) lifting node-level
opinions to edges

3.1 Lifted Dynamics

Under a node-level model, agent 7’s opinion at time ¢ will influence agent j’s opinion at
time ¢t +1 if T}; > 0. To translate this dynamic to an edge-based model, one can interpret
agent ¢ as sending a message along every outgoing edge at time t that is equal to their
current opinion z;(t).

The opinion of each node is therefore ‘lifted’ onto their outgoing edges and then
transmitted to neighbours. Let us then define the lifting matriz L € R™*™ as

1 if Se) =1,
Le,i = (6)
0 otherwise.

Since each edge can only have a single source node, each row of L contains a single
nonzero entry. For the node-level dynamic (x(t))¢>o with influence matrix T, its corre-
sponding edge-level dynamic (8(t));>o is found by lifting each node’s opinion onto their
outgoing edges at each t. Figure 4 illustrates the lifting process for a simple graph where

these lifted messages are given by
s(t) = Lx(t).

By lifting these node-level opinions onto edges it is possible to compare the trajectories
of node-level and edge-level opinion dynamics directly. The question is then whether a
given edge-level dynamic is simply a different representation of some node-level dynamic
or genuinely novel. More specifically, if we are given an edge-level dynamic (s(t));>o,
when does there exist a lifted node-level dynamic (8(¢));>0 which represents the same
sequence of messages, given the initial conditions s(0) = §(0)7? The following result gives

necessary and sufficient conditions for this representation.

11



Lemma 3.3. Let (x(t))i>0 be a node-level dynamic with initial opinion x(0) € R™ and

let (s(t))e>0 be an edge-level dynamic with initial opinion s(0) = Lx(0). Then
s(t) = §(t) = Lx(¢)

for all't > 0 and every x(0) if and only if each W, has identical rows with Wy, ,; = T;;
for all j, k € N;.

Proof. See Appendix A. n

Since agents in a node-level model broadcast the same opinion to all neighbours,
each W, must have identical rows to represent the same dynamic. The key insight of
Lemma 3.3 is that once agents begin to tailor their messages by recipient, then the opinion
dynamics can no longer be represented by a node-level model of the form x(t+1) = Tx(t).

Lemma 3.3 provides a way to obtain an equivalent edge-level dynamic from a node-

level dynamic. To do this we construct an influence matrix M such that

Tseysip it S(e) =T(f)
My = (7)

0 otherwise.

Under this construction we ensure that each outgoing message contains an identical mix-
ture of incoming messages. In particular, for an outgoing message on edge ik, the weight
placed on 745 is Wi i; = M,y ji = T;j. Therefore, each outgoing message on edge ik places
the same weight on r;; as agent ¢ places on j’s opinion in a node-based model.

For example, the DeGroot model on an undirected and unweighted graph has influence

matrix T given by

1
d—, lf Z] € FE
T Y = [T79] where T2%=¢ %
0, otherwise.
Therefore, by setting each Wi ;; = % it is possible to replicate the opinion dynam-

ics of the baseline DeGroot model. The sequence of messages generated by the equa-
tion §P9(t) = L(TP%)x(0) would be identical to that generated by messaging rules
WU = (WY, ..., WY) corresponding to the uniform messaging rule shown in Figure 1.
The uniform messaging rule is in that sense equivalent to the DeGroot dynamic on an

undirected and unweighted network, since it replicates the same sequence of messages.

12



3.2 Doubly Stochastic Messaging Rules

When messages are not differentiated by target then any resulting opinion dynamic can
be analysed using node-based models. To explore opinion dynamics which are not rep-
resentable within the existing frameworks, agents must differentiate the content of the
message conditional on the target. This subsection introduces a class of differentiated
messaging rules which proves to be a natural extension of the node-level DeGroot process
on an undirected graph.

The assumption that the influence matrix M is row-stochastic is standard in models
of non-Bayesian learning and opinion dynamics in networks, but now consider the special
case where 17W, = 17 for each W;, so that the columns of W, also sum to 1. This can
be interpreted as a requirement that no source of opinion is over- or under-represented

in aggregate when considering all messages that are sent by i. If each W; is column-

1
d;

to the average message sent by 4 at time ¢ + 1, given by diilTs,-(t +1) = diilTWiri(t).

stochastic then the average message received by i at time ¢, given by +-17r;(t), is equal
Therefore, such doubly stochastic messaging rules will only aggregate messages without
biasing the average message content.

The nonbacktracking messaging rule defined in (2) is one example of a differentiated
messaging rule which is doubly stochastic. This messaging rule addresses a criticism of
the standard DeGroot model, by avoiding the direct echo chamber effect where opinions
from j would be immediately relayed back by i the following period.’

Any doubly stochastic messaging rule can also be extended to include private opinions,
represented by a message contained on a self-loop. Appendix B.1 illustrates such a
messaging rule with private opinions, where a parameter controls the persistence of the
agent’s private opinion relative to the opinions of other agents.

When comparing alternative messaging rules, it is important to distinguish between
differences in transient dynamics and differences in the long run consensus opinion. For
a fixed initial condition s(0), the opinions generated by any two doubly stochastic rules
will generally differ in the short run, for example when comparing the uniform rule with
the nonbacktracking rule. However, as the result in Proposition 3.4 shows, if opinions
converge to a consensus then they will ultimately converge to the same consensus value

in the long run.

Proposition 3.4. Suppose that M is primitive. The consensus message is ¢ = % Y ecr 5e(0)
for every s(0) € R™ if and only if W, is doubly stochastic for all i € N.

Proof. See Appendix A. m

®An indirect echo chamber effect may still arise in this case if there is clustering in the network. If 4
and j have a neighbour in common then the opinions of ¢ and j may already be correlated before any
messages between the pair. The nonbacktracking messaging rule therefore only addresses the direct echo
chamber effect.

13



Proposition 3.4 demonstrates that the lifted DeGroot dynamic discussed in Section 3.1
is a special case of a more general family of doubly stochastic messaging rules where agents
aggregate messages in an unbiased manner. Doubly stochastic rules preserve the mean
message at each iteration, so it follows that the stationary distribution should put equal
weight on all initial messages. The above result does not restrict each agent to use the
same doubly stochastic messaging rule, and moreover any convex combination of doubly
stochastic messaging rules is also doubly stochastic.

Lifting each node’s initial opinion to their outgoing edges means that this opinion is
replicated d; times in the message vector s(0). The influence of each node on the con-
sensus message is therefore proportional to their degree whenever they are using doubly
stochastic messaging rules. This agrees exactly with the result of Golub and Jackson
(2010), where each agent has influence in proportion to their degree. Golub and Jackson
(2010) then show how a large society of agents who aggregate information by repeat-
edly averaging the opinions of their neighbours can end up converging on the true state,
provided that their influence shrinks to zero as n — oo.

Given that each node has the same influence on the consensus message as in Golub and
Jackson (2010), a straightforward extension of their wisdom of crowds result is provided
in Appendix B.2, under the assumption of doubly stochastic messaging rules.

Extending their result to this broader class of heuristics highlights a connection be-
tween the initial seeding of messages and wisdom. Since doubly stochastic rules will
uniformly aggregate all initial messages on edges, the influence of high degree agents on
the consensus message only comes in via their influence on the initial message vector s(0).
Although not explored further in this paper, this suggests that allowing agents to send
different initial messages to different neighbours (e.g. as in Bowen et al. (2023)) may

weaken the restrictions on network structure which are required for wisdom.

4 Conformity and the Speed of Convergence

The previous section demonstrated that unbiased messaging rules lead to a consensus
message which places equal weight on all initial messages. Although these messaging
rules lead to the same consensus opinion, different doubly stochastic rules will typically
have different transient dynamics and different rates of convergence.

Golub and Jackson (2012) show how bottlenecks in the network due to homophily can
limit the convergence speed of the consensus building process. Differentiated messaging
introduces another mechanism which may influence the convergence speed, by affecting
the mixing of opinions in the message graph. Holding network structure fixed, how do
differentiated messaging rules compare to the uniform rule in terms of amplifying or

attenuating the effects of any structural bottlenecks in the network?
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When agents select different messages for different neighbours it is natural to ask why
they might wish to differentiate their messages at all. If agents are simply motivated
to accurately represent what they just heard, then the uniform messaging rule should
be used. One reason to differentiate messages by target is provided by the literature on
audience tuning in social psychology.

Audience tuning is the act of modifying a message to match the attitude of a listener
and is well-studied following the work of Higgins and Rholes (1978).° Economists have
documented similar effects experimentally, where individuals have been shown to tune
their messages in order to ingratiate themselves with the recipient (Robin et al., 2014),
or to avoid punishment (Dvorak et al., 2025). This idea has also been explored within
the context of naive learning models by Buechel et al. (2015) and Anufriev et al. (2023),
however these existing models restrict agents to broadcasting an identical message to all
neighbours. The appropriate audience in their setting is taken to be the whole neigh-
bourhood of each agent, but when agents can differentiate their message by target, then
the appropriate audience is the individual recipient.

When messages are differentiated more coarsely, for example by an agent’s type or
group rather than on an individual basis, then the group’s average opinion becomes the
relevant reference point. Conformity of this type is also well-studied, both in psychol-
ogy and economics, and may be driven by factors such as social pressure (Asch, 1955),
reputational concerns (Akerlof, 1980; Bernheim, 1994) or a direct preference to match
the norm of their reference group (Zafar, 2011). Group identity may also influence which
incoming messages the sender views as credible and therefore which are deemed to be
most informative (Zou and Xu, 2023).

For the remaining sections of the paper we therefore model agents as being driven by
these social and psychological motives to send messages which conform to the opinions
of a reference group. Let 7;(t — 1) := d%- > jien, Tiyr(t — 1) denote the average message
received at t — 1 and let R;;(t — 1) denote a reference opinion which 7 is motivated to
conform to when communicating with j. This reference opinion is defined to be a convex
combination of incoming messages, so that R;;(t — 1) = w'y;" r;(t — 1) where w';; is a
vector of convex weights.

Each agent ¢ € N then has a utility function given by

ui(si(t)) = Z

JEN;

Bij — 7 (s45(t) = Rig(t — 1))” = (1 — 7)) (s55(t) = 7a(t = 1))* [, (8)

6Participants in Higgins and Rholes (1978) were presented with information regarding a fictional
target individual and asked to describe this individual to a recipient. Participants were observed to
tune their messages to different audiences, e.g. by describing the individual as ‘confident’ rather than
‘conceited” when the receiver was known to already view the target individual favourably. These results
were replicated and extended in several further works; see Higgins (1999) for an overview.
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where B;; is an exogenous benefit to interacting with agent j and the parameter +;; € [0, 1]
measures the importance of conformity along edge ij. Maximising (8) with respect to

each s;;(t) then results in
sij () = 75 Rij(t = 1) + (1= 7i)7i(t = 1).

In the baseline case where «,;; = 0 for all 7j € E, agents send messages which replicate
the standard DeGroot opinion dynamic on an undirected network. An increase in +;;
means that the agent increasingly emphasises the tailored mix of opinions R;; over the
mean incoming message 7;(t—1). There are two complementary interpretations of what ;;
measures; firstly, it measures the extent to which agents are deviating from the benchmark
case of uniform messaging towards differentiated messaging; secondly, since 7;(t—1) is the
agent’s belief in the standard DeGroot framework, ;; measures the degree of performative
messaging which agent ¢ undertakes and therefore their preference for conformity over an

accurate representation of the information that they hold.

4.1 Pairwise Opinion Conformity

To study the implications of opinion conformity on convergence speed, suppose that the
reference opinion is R;;(t — 1) = r;;(t — 1) and that all agents have the same conformity
parameter v;; = 7 for all i € E. When v > 0 each recipient j receives a message that
is disproportionately tailored toward j’s own previous statement rather than a neutral
aggregation of what ¢ has heard. As v — 1 the opinions heard from each neighbour are
reflected back (i.e. s;;(t + 1) ~ r;;(t)) and the mixing of opinion across neighbouring
edges is prevented in the limit. For v € (0, 1), let the pairwise conformity messaging rule
be defined as

1
WO () =1 + (1 — V)Eldilzl;'

Here we restrict attention to the case where v € (0, 1), even though a negative v may
still yield a nonnegative WYC(~).7

It is well-known (Golub and Jackson, 2012) that the convergence speed of consensus
dynamics on networks is related to the size of the second largest eigenvalue modulus
(SLEM) of the influence matrix. Existing results, which are closely related to results
in the theory of Markov chains, provide tight bounds on convergence speed in terms of
the SLEM. A key difference between the present edge-based model and the node-based
models of Golub and Jackson (2012) and Cheng et al. (2026) is that now the eigenvalues
of M are determined by both the structure of the underlying network and the structure

of the messaging rules used.

"Discussion of this issue is deferred until Section 4.2.
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Fixing a particular network structure, we may then ask how opinion conformity af-
fects convergence speed and how this interacts with network structure. Proposition 4.1
provides an explicit solution for the SLEM of the influence matrix in terms of the confor-
mity parameter v and the SLEM of the matrix T = TP%. A similar convergence speed
result to Golub and Jackson (2012) and Cheng et al. (2026) is then provided in Propo-
sition 4.3, which directly relates the consensus time to both the strength of conformity
and underlying network structure.

To present these results, let A(Z) denote an eigenvalue of an n X n matrix Z and
when these eigenvalues are real order them such that A;(Z) > M(Z) > -+ > \.(Z).
Let 1 be reserved specifically for the eigenvalues of M with p; > pe > --+ > p,, when
real. For the matrices considered in this section we can then define the SLEM of Z as
M(Z) := max {|\(Z)| : A # 1} and the SLEM of M as pu, := max {|u(M)| : u # 1}.

To determine the eigenvalues governing our pairwise conformity dynamic, define the
matrix

M, = (7114 (1—-)W") P,

where WY = diag(WY,...,W!) and v € (—1,1). Restricting attention to v € (0, 1)

gives us the influence matrix under pairwise conformity.

Proposition 4.1. Suppose that Assumption 1 holds and let \, = \.(TPY). The second
largest eigenvalue modulus (SLEM) of M, is given by

(1= + /(1 —7)2A2 + 4y
2 M

gl
pe(7) =
vVl <7
where
ViR
T o
Proof. See Appendix A. O

Corollary 4.2. pu, is increasing in 7y for v € (¥,1).

The above result provides the SLEM under the more general case of v € (—1, 1), but

if we restrict attention to v € [0, 1) then the relevant solution is

(9)

) = LA \/;1 PN+ Ay

When there is no differentiated messaging (i.e. when v = 0) then u, = A, and so the

speed of convergence is only determined by the network structure itself.
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To establish a direct link between the SLEM provided in (9) and the convergence
speed of the pairwise conformity opinion dynamic, we can follow Golub and Jackson
(2012) in defining a measure of consensus distance. This allows us to quantify how far
the agents are from reaching consensus at any time period ¢, for some fixed influence

matrix M and initial condition s(0). Let the consensus distance be defined as
CD( M, 5(0)) = [Ms(0) — 1]

where, under doubly stochastic messaging rules, the value c is given by ¢ = %].TS(O).
The measure of consensus distance defined in Golub and Jackson (2012) uses a weighted
norm that weights each agent’s distance from consensus by their degree, which is the
number of messages they send per period. The present paper simply uses the ¢5 norm,
but defined over the vector of all messages, which is therefore equivalent.

When M is doubly stochastic then it is a mean preserving transformation at each
t and CD(t; M, s(0)) is exactly the standard deviation of messages at time ¢, scaled by

vm. The worst-case consensus distance at time ¢ is then given by

CD*(t; M) := max CD(t; M, s(0)),
lIs(0)[l2=1,5(0)L1
where the maximum is taken over all initial conditions which are orthogonal to the con-
sensus vector.® Then following Golub and Jackson (2012), define the consensus time

as
CT(;M) := min{t : CD*(t; M) < ¢}.

The measure of consensus time is closely related to the notion of mixing time in
Markov chains, where the most useful bounds typically arise in the case of reversible
Markov chains.” The nature of the message sending process presents some challenges in
determining more general bounds in this directed messaging model, because the associ-
ated Markov chain is generally non-reversible.’

However, by restricting attention to the pairwise conformity case, we can obtain simi-

lar consensus time results to Golub and Jackson (2012) and Cheng et al. (2026) for values

8Setting the initial opinion vector to sum to zero ensures that the consensus message is ¢ = 0, under
doubly stochastic messaging rules. This restriction is without loss of generality and simplifies the analysis
since the initial disagreement at ¢ = 0 is now ||s(0) — 1|2 = [|s(0)|]2 = 1.
9A Markov chain with a finite state space and transition matrix M is reversible with respect to a
stationary distribution 7r if and only if it satisfies the detailed balance condition, that is, if for all pairs
of states (edges) ij, jk we have
mijMij i = kM, ij-

19A message on edge jk can be influenced by ij when M;y ;; > 0, but the message on ij is typically not
influenced by jk. Unless ¢ = k the entry M;; ;i will be zero and the detailed balance condition cannot
be satisfied.

18



of v between 0 and 1:

Proposition 4.3. Suppose that each agent uses the pairwise conformity messaging rule
with v € (0,1). If Assumption 1 holds then lim; . s(t) = c1 and the consensus time
CT(e; M) satisfies

for0<e<1.
Proof. See Appendix A. m

The consensus time of opinion dynamics under pairwise conformity is therefore ap-
proximately given by

o log(1/¢g)
CTEM) ™ e ()

where this approximation differs from the true consensus time by less than two periods.

(10)

This approximation to consensus time is increasing in u,, where from Proposition 4.1 we
recall that u, encodes information about both the network structure and the messaging
rule. Here p,, and therefore the right hand side of (10), is increasing in the strength of
the conformity incentive v due to Corollary 4.2.

A final observation to note is that when A\, > 0 and we evaluate the first derivative
of (9) at v = 0, we see that it is positive and equal to (1 — A2)/\,. This shows that some
level of anticonformity, where agents underweight the previous opinion of the recipient
and amplify the opinions of other neighbours, will lower the SLEM. Whether this lower
SLEM in the v < 0 case can translate to faster convergence to consensus in some broader

sense will be discussed next.

4.2 Asymptotic Convergence Speed under Anticonformity

In this subsection we extend the model to allow for negative 7 in the case of pairwise
conformity. This analysis retains the assumption that row and column sums are equal
to 1, but relaxes the earlier nonnegativity assumption on W;. If agents place a negative
weight on the previous opinions of their neighbour then outgoing messages need not be
convex combinations of previously heard messages. In fact, agents are in a sense able to
manipulate opinions in a simple manner under this extension to the main model.!!

By extending the pairwise conformity rule to the case of anticonformity and allowing

for v to be negative, we lose the connection between pu, and consensus time which is

LA similar approach is taken by Della Lena et al. (2026) in their model of group based antagonism,
where group identity determines whether opinions are conformed to rather than actively opposed.
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provided by Proposition 4.3. Although these finite time bounds on convergence behaviour
will no longer apply, the value of u, can still characterise the asymptotic convergence
speed of the opinion dynamic as ¢t — oo, even when v < 0.

An alternative measure of the speed of convergence which is used in the literature on
social learning is the asymptotic rate at which the error of the learning process approaches
zero. For example, Molavi et al. (2018) measure how quickly the log error decreases as
t grows large, where the error is taken to be the belief which is placed on the incorrect
state of the world. Here we consider the same approach, but instead taking the error to
be CD*(¢; M) which is the worst-case distance from consensus.

Let the asymptotic convergence speed be defined as
.1 «
Pasym -— _tll{go;log (CD (t; M)) ) (11)

where taking negative logs ensures that a faster decay of the worst-case consensus distance
leads to an increase in the asymptotic convergence speed. Therefore, the measure pagym
captures the average exponential rate of decay in worst-case consensus distance over the
long run.

To apply this measure in the case of anticonformity (v < 0), we still need to guarantee
convergence to a unique consensus message. The matrix M could have mixed signs and
therefore the results of Perron-Frobenius theory cannot be applied. The explicit formula
for the SLEM of M provided by Proposition 4.1 is therefore instrumental in deriving the

following result.

Theorem 4.4. Suppose that all agents use the pairwise conformity rule but assume that
€ (—1,0]. If Assumption 1 holds then

e The limit lim;_,.o M exists and is given by lim;_,,o M! = %llT.

o The asymptotic convergence speed is Pasym(IM) = —log(p.).

e The minimiser of () is v* =74 < 0. Moreover, ¥ = 0 if and only if \.(T) = 0.
Proof. See Appendix A. m

Theorem 4.4 guarantees convergence to a single consensus opinion under anticonfor-
mity, provided that |y| < 1. The level of 4 which maximises convergence speed is negative
unless the underlying agent graph already has A\,(T) = 0, in which case the uniform mes-
saging rule is optimal. A key implication of this is that some level of anticonformity is
always optimal unless the network is a complete graph with self-loops present for every

agent.
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To gain some further intuition for why anticonformity can speed up asymptotic con-
vergence, suppose that we have a d-regular graph where d > 3. Then each message

s;j(t + 1) is given by

1—7 14+ (d—1)y 1—7
sij(t+ 1) = yry(t) + —a > ri(t) = Tw(ﬂ T > | rie(t).
kEN; keN;\{j}

By setting

d—1
we can recover the nonbacktracking rule defined in (2). Decreasing v further means the
weight on r;;(t) becomes negative, which can be interpreted figuratively as agents playing
“devil’s advocate” by taking the opposite stance to their neighbour whilst also amplifying
the opinions of all other neighbours.
The special case of a d-regular network allows us to express the optimal v in a simple

way. The optimal v* depends on the SLEM of T in the following manner:

> ANB o f )\ (T) < 24=1

d
YL =8B if )\ (T) = 2%3—1’
<ANB i M\ (T) > 2ve=t,

Graphs which naturally have faster mixing of opinions will have lower A.(T) and
therefore v* is closer to 0, which corresponds to the benchmark case of uniform weights
on each incoming message. On the other hand, graphs which have bottlenecks will have
a high A\, (T), which means that the optimal * is more negative and potentially involves
negative weights on r;;(¢).

The intuition for why negative messaging weights can be optimal becomes apparent
in the d-regular case. First suppose that A\,(T) = Ay(T) and let A denote the unweighted
adjacency matrix of G. Then since T = A and consequently dAs(T) = Ay(A), a high
value of A\o(T) indicates that the network can be partitioned into two groups which have
many links within group and few links across groups.!? Convergence to a consensus is

therefore slowed if the network structure permits the opinions of isolated groups to persist

12This follows from the Courant-Fischer theorem which characterises Aa(A) as

T oy
viAv 2 (i jyeE ViV
A2(A) = max —— = max 7(1’])6152 iy

v1lil,v#0 V'V v11,v#0 i Ui
This means there exists a mean-zero vector which partitions the agents into two groups using the positive
and negative entries of that vector. A high value of Ao(A) therefore implies that it is easy to partition
the network into two loosely connected groups with many links between agents of the same sign under
V.
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for long periods of time.
When the message s;;(t + 1) uses negative messaging weights on r;;(¢) this can lead

to better diffusion of opinions across bottlenecks in the network via two mechanisms:

e Firstly, it reverses the stance of agent 7 and incorporates this into the message which
7 receives and thus forwards on to others. If 7 is mostly surrounded by neighbours
with similar opinions, then this message from 7 disrupts the local consensus within

that isolated group.

e Secondly, it amplifies the opinions of k£ € N; \ {j}. When there is a small number
of shared neighbours between i and j, for example if they are in different groups,

the amplification of these opinions permits faster diffusion.

A similar intuition can be provided for the case where A.(T) = |A,(T)|. As discussed
in Bramoullé et al. (2014), when |\,(A)]| is large then the network is close to bipartite
and can be split into two groups with links predominantly across groups but not within.
Opinion dynamics in these graphs can lead to oscillations, where group opinions are
reflected back and forth with slow convergence. Negative message weights can play a
similar disruptive role in this case, dampening the oscillatory behaviour and ensuring a

faster convergence to consensus.

5 Group Conformity and Polarization

This section focuses on an intermediate case between the pairwise conformity rules studied
in the previous section and the neighbourhood-wide conformity which is studied in the
existing literature. Rather than conforming to an individual’s opinion, conformity may
be driven by group identity, in line with the experimental literature cited in Section 4.
Suppose now that each node i@ € N has a publicly observable type 0; € {A, B}, for
example, gender, age group, political ideology or religious affiliation. When agent i sends
a message to j, the reference opinion R;; in (8) can now be conditioned on either i or
j’s type. For example, when i and j are both A types then i’s message may skew more

towards the average opinion of A type neighbours.

5.1 The Group Conformity Messaging Rule

Partition the set of agents N into N4 :={i € N : §; = A} and N® := {i € N : 6, = B}.
If O; = 6 then N? is agent i’s in-group and N \ N? is agent i’s out-group. Let the number
of A and B neighbours for a node i be denoted by d* = |N; N N4| and d? = |N; N NB|

respectively. Whenever d? > 0 let 7¢(t) denote the average message received by i from
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neighbours of type 6 € {A, B}:

- 1
rf(t)zﬁ > ralt),
v keN;NN?

Suppose that the reference opinion under the utility function defined in (8) is now
given by R;; = FZ-O *, so that for a positive 7;; the message content is skewed towards the
in-group’s most recent opinion.!® Letting p; = dfi /d; denote the proportion of in-group

neighbours, the resulting message is therefore:

[ij + (1= i)l 7 — 1) + [(1 = 5i5) (L — pa)] 7P (¢t — 1), if 6; = A,

i + (1= 75i)pil TPt = 1) + [(1 = vi5) (1 = po)] 7 (¢ — 1), if 0; = B.

sij(t) =

The message sent by ¢ to 7 is a convex combination of the in-group and out-group
average messages, with weights given by ~;; + (1 —;;)p; and (1 —;;)(1 —p;) respectively.
A natural assumption to make is that the conformity incentive v;; should be allowed to
differ by recipient type, for example due to peer pressure or status concerns. Therefore,
define the in-group conformity parameter as 7", so that the weight put on ffi when 7
sends a message to any j € N% is then given by «o; = 4 + (1 — 4i")p;. Similarly,
when i sends a message to any j ¢ NY% the weight placed on ff” can be denoted by
By 1= A2 (1 — A0ut)p,. 14

For an agent i € N4, the message sent along edge ij under the group conformity

messaging rule can then be written as:

airf(t = 1)+ (1 —a)rf(t = 1), 0;=A4,
sij(t) = (12)
Bird(t—1)+ (1 —B,)rP(t—1), 6, =B.

In the case where i € NZ, we can define the rule analogously by interchanging A and
B. Figure 5 below displays an example of this messaging rule for an agent i € N4 with
d# =3 and d? = 2.

Message content is therefore conditioned on both the sender’s type and the receiver’s
type. Since the same message is sent to all out-group members, this can be interpreted
as a single ‘external’ message which is expressed to the out-group, whereas in-group

members receive a single ‘internal’” message.

13We assume throughout this section that each node has at least one same-type neighbour. When
there are no out-group neighbours then the out-group term is omitted and the messaging rule is uniform.

14 An alternative specification would be to consider the reference opinion R;j as the out-group’s opinion,
under a similar ‘audience tuning’ motivation to that presented in Section 4. The results presented in
this section and in Proposition B.2 can be extended to that case.
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Figure 5: Group Conformity Messaging Rule

If yim ~4out € (0,1) for all i € N then WEC = (WEC, ... WEC) is strictly positive and
Proposition 3.2 implies that messages converge to a single consensus value. However, the
matrix W is no longer guaranteed to be doubly stochastic as in the previous sections, so
the influence of each initial opinion on the consensus message (encoded in the stationary
vector 7r) will no longer be uniform across edges. These consensus weights will generally
depend on the details of the network structure, however Appendix B.4 explores a sim-
plified case where d; = d and p; = p for all i« € N and all agents of the same type have
identical conformity parameters.

The main implications for this special case can be summarised as follows: firstly, the
consensus message c is a weighted average of the mean messages sent within and between
groups at ¢t = 0; secondly, the influence of group #’s mean internal message at ¢t = 0,
denoted by 544(0), is increasing in both ;" and 75"*; and lastly, the value of ¢ approaches
506(0) as 9i* — 1. This implies that group 6 can steer the final consensus towards 5g4(0)

by creating strong incentives for in-group opinion conformity:.

5.2 Persistent Disagreement

As discussed in Section 4, opinion conformity may reflect an exogenous preference to con-
form or it may arise due to social pressure and reputational concerns. In this subsection
we consider the case where the incentives to conform to the in-group’s opinion are strong
when sending messages within group, but more moderate when sending messages across
groups. Here we focus on the limiting case where v» = 1 for all agents i € N, while
maintaining the previous assumption that 49" € (0,1). We shall see in this subsection
that disagreement can persist in the long run, even when there is a moderate exchange
of opinions across groups.

For 0,0 € {A, B}, let Egp := {ij € E :i € N j € N} denote the set of edges
between 6 and ¢ types. The vector sgy (t) denotes the corresponding messages on these
edges at time ¢. If 4" = 1 for all agents i € N then no message content on non-AA edges

can influence AA edges, and analogously for BB edges. We can then consider these
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within-group messages as a closed conversation, where no influence on the discussion is

felt from outside that group.

Lemma 5.1. Suppose that v = 1 and 4™ € (0,1) for all i € N. If both Easa and
Egp are nonempty, then the influence matriz M is reducible under the group conformity

messaging rule.
Proof. See Appendix A. n

To analyse the resulting opinion dynamics, maintain the assumption that the under-
lying agent graph is strongly connected so that any polarization in message content is
driven by the messaging rules rather than by disconnectedness of the overall graph. In

addition, we make the following assumption:

Assumption 2. The subgraphs Ga = (N4 E4) and Gg = (NB, Epg) are strongly

connected and aperiodic.

This assumption ensures that absent any influence from the out-group, each in-group
is sufficiently connected that they can arrive at an internal consensus opinion. We can
therefore view this as an assumption on the cohesiveness of each group. Under this
assumption, there can be no group which acts as a bridge between different factions of

the other group.

Proposition 5.2. Suppose that v}* =1 and 4" € (0,1) for alli € N, and that Assump-
tion 1 and Assumption 2 hold. If each agent uses the group conformity messaging rule

then the long run messages on within-type edges are

sa4(00) = caal, spp(00) = cppl,

where

1 1
Cap = S¢(0), CBp = —— S.(0).

eEFE A

Furthermore, the long run messages on cross-type edges sap(00) and spa(00) are convex

combinations of cax and cgp.
Proof. See Appendix A. n

Under the conditions of Proposition 5.2, the process reaches consensus within each
conversation (AA and BB), but these consensus values generically differ (i.e. casa # cpp
for generic initial conditions). Therefore, persistent disagreement in message content
arises across types even if the agents are still communicating with one another.

The internal consensus values c44 and cgp are a uniform average of the group’s

initial messages sent along internal edges. If individuals send the same opinion to all
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Figure 6: Closed Conversations - Stochastic Block Model (n = 60, p™ = 0.35, p°* = 0.1).

their neighbours at ¢t = 0, then their initial opinion carries more weight when they have
a higher degree within their in-group. Proposition 5.2 also demonstrates that the initial
messages sent along cross-group links at ¢ = 0 have no influence on any of the messages
sent as t — oo. Therefore, individuals with a higher value of p; will have a larger impact
on their group’s internal consensus message, holding all else equal.

Agents who use the group conformity rule are still influenced by neighbours from the
out-group, but only when communicating with out-group members. Since the fraction of
an agent’s same-type neighbours will vary by position in the network, they are exposed to
potentially different incoming messages even as t grows large. Therefore the cross-group
messages which are sent in the limit will generally differ both across and within groups.

This variation is driven by differences in the direct and indirect exposure of each agent
to the other group. Agents who have a larger proportion of in-group neighbours (larger
pi) will receive an average message which is close to their reference opinion, and therefore
their message to the out-group is close to their in-group message. Conversely, having
a large proportion of out-group friends means that the agent sends a more moderate
message back along these cross-group edges. There are also indirect effects of having
out-group neighbours who themselves have many cross-group neighbours, which further
moderate the messages sent back and forth along the AB and BA edges.

Figure 7 provides an example of these dynamics, where messages are initialised by
drawing node-level opinions from U[—1,0] for A types and U[0, 1] for B types and then
lifting each node’s initial opinion to their outgoing edges. Within-type messages converge
to separate consensus messages, whereas cross-type messages are non-uniform and deter-
mined by both exposure to the out-group and " which here is set to 1/2 for all i € N.
The second panel displays the average incoming message received by each node, which in
the context of the DeGroot model is the node’s belief. Although beliefs are not explicitly
modelled here, the second panel shows how the average message content to which each

node is exposed can vary, even after many rounds of opinion sharing.
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Figure 7: Message dynamics (7" = 1;749" = 1/2) - Stochastic Block Model (n = 60,
p™ = 0.35, p° = 0.1).

5.3 Comparison to Other Models of Polarization

The persistent disagreement established by Proposition 5.2 relates to disagreement in
messages, since node-level beliefs are not explicitly studied in the model. Existing models
typically study disagreement or polarization in beliefs, and so to compare the results of
this section to those of the prior literature we must focus on the differences in long run
message content. This subsection now discusses the relationship between this model and
previous approaches, in terms of both the observable pattern of disagreement and the
mechanism which drives it.

To identify the sources of disagreement in message content within previous literature,

we can focus on one or several of the following mechanisms:
(i)  Disconnectedness of the network.

(ii) Antagonism.

(iii) Stubbornness.

(iv) Homophily.

Although not their main focus, DeMarzo et al. (2003) show how isolated pockets of
‘extremists’ who are only influenced by each other’s opinion can prevent convergence to
consensus. The results in the present model are distinguished from theirs in two ways:
firstly, polarization exists here even though the underlying graph is strongly connected;
and secondly, agents are still influenced by neighbours from the out-group when sending
their ‘external’ message to the out-group. Therefore communication and internalisation

of opinions across groups still occur.
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The bounded-confidence model of Hegselmann and Krause (2002) provides a separate
explanation of polarization via disconnectedness of the network. There are some simi-
larities to the present results such as the emergence of long run disagreement, however
the model of Hegselmann and Krause (2002) assumes global knowledge of the opinions
of all agents. The present model is entirely local, as nodes only need to observe each
neighbour’s type and the content of their messages.

A related recent contribution is Della Lena et al. (2026). In their model agents have
access to exogenous sources of opinion and use negative weights to actively oppose the
views of their out-group. With no external information sources, the agents in their model
arrive at a within-group consensus which is diametrically opposed to the view of their
out-group. Although their mechanism for polarization differs, the prediction of stable
long run disagreement without anchoring to an exogenous source of information is shared
with the present model. A key distinction is that the present model displays diversity
in message content both across and within groups, precisely because agents vary their
messages by target.'®

Stubbornness is another source of long run disagreement within models of opinion
dynamics. Acemoglu et al. (2013) consider subsets of stubborn agents who never change
their opinion (e.g. media nodes) and who act as sources of opinion flow into the net-
work, in a similar manner to the closed groups of extremists in DeMarzo et al. (2003).
In-group conversations play a similar role to this in the present model, but some impor-
tant differences between the dynamics remain. Firstly, the group conformity rule under
4 = 1 leads the in-group to converge on an endogenous internal consensus, rather than
remaining at their exogenously fixed view. Secondly, all agents in the present model are
repeatedly influenced by the opinions of their neighbours, but only when sending a subset
of messages.

Other models which generate polarization under naive learning in networks rely on
homophily to drive some of the results, such as Melguizo (2019). The result of Bowen
et al. (2023) relies on the combined assumptions that agents systematically misinterpret
messages and have unbalanced neighbourhood compositions which favour certain types.
Although homophily can play a role in increasing the level of message polarization within

the current model, it is not required for Proposition 5.2 to hold.

150pinion diversity both across and within groups is known as ‘strong diversity’ (Grabisch et al., 2023),
in contrast to opinion clustering at the group level. For example, Cookson and Niessner (2020) study
disagreement between different types of financial investors (e.g. fundamental vs. technical) in an online
social network and document disagreement in opinions regarding particular investments both across and
within groups, with across group disagreement larger in magnitude.
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6 Conclusion

This paper has developed a tractable framework for studying opinion dynamics on net-
works in which message content can be differentiated by target. By shifting the focus from
beliefs held on nodes to messages contained on edges, these opinion dynamics take place
in a higher-dimensional state space than existing node-level approaches. This permits
us to study a richer class of messaging rules, such as the pairwise and group conformity
messaging rules. Doubly stochastic messaging rules were taken as a natural class to study,
since these induce the same limiting consensus message as the standard DeGroot model,
extending known wisdom of crowds results.

Pairwise opinion conformity results in the same consensus message as the DeGroot
model, but convergence to this consensus is slower. Further analysis demonstrates that
anticonformity, defined as the propensity to underweight or even negatively weight a
neighbour’s previous opinion in your response, can increase the asymptotic convergence
speed. In cases where the network displays slow mixing of opinion, e.g. due to homophily,
the optimal level of anticonformity has agents negatively weighting each neighbour’s
previous opinion when sending a message back the following period. This suggests that
antagonism in opinion sharing can directly combat the effects of homophily if a society
is slow to reach a consensus.

Lastly, the group conformity rule was shown to lead to persistent disagreement in
message content, under the assumption that agents only relay in-group messages to other
in-group members. There is diversity of message content both across and within groups,
and polarization persists despite the fact that agents continue to exchange and incorporate
messages across groups.

Whether observed polarization, e.g. in the media or in online social networks, reflects
a genuine difference in beliefs or is merely performative in nature is a topic of debate
(Bullock et al., 2015). The second aspect of this debate is less studied in the literature on
networks and therefore this model makes a contribution by providing a formal account
of how conformity to in-group norms can prevent a convergence to consensus, within a
simple model of opinion dynamics.

The notion of an echo chamber is often taken within the literature to be a structural
feature of the network. Levy and Razin (2019) suggest that echo chambers can be thought
of as one consequence of endogenous segregation. This model shows that some features
of echo chambers, such as opinion polarization, can be present without the network
itself being segregated. Even agents in a complete network can experience persistent
disagreement via the selective sharing of messages. These results therefore question the
effectiveness of policy remedies aimed at reducing polarization by increasing integration

within the network.
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A  Proofs

Proof of Lemma 3.1. As is well-known (e.g. Seneta (2006), Thm. 4.2), if a nonnegative
and row-stochastic matrix M is irreducible and aperiodic then it is primitive and the

following holds:
lim M' = 177, (13)

t—o00
where 7”M = 7”7, w € R, and 7”1 = 1. Therefore, by (4) we have that lim, .. s(t) =
lim;_,oo M?s(0) = 177s(0) and the result that lim;_,. s.(t) = ¢ for all e € E follows,

where ¢ = w7s(0). O

Proof of Proposition 3.2. Take any pair of edges e, f € E. A message on e can only
influence a message on f if T(e) = S(f). Therefore My, > 0 implies T (e) = S(f).
Under strict positivity, if 7 (e) = S(f) then My > 0. Hence e — f in Gy, if and only if
T (e) = S(f) and Gy coincides with £(G) the directed line graph of G.

We can apply the following known result to establish that M is irreducible:

Theorem (Aigner (1967), Thm. 4). If G is a directed graph on n > 3 nodes, then G is
strongly connected if and only if L(G) is strongly connected.

Finally, to show that M is aperiodic under Assumption 1, note that every simple cycle
(40,191,192, ...,1k_1,%0) in G corresponds to a simple cycle of the same length in G,;, given
by (igi1, 4142, - - -, ik_190). As there are simple cycles of length 2 in G (e.g. ¢ — j — i) and
simple cycles of odd length (including self-loops of length 1) in G due to its aperiodicity,

then the same must be true of G, and hence M is aperiodic. O

Proof of Lemma 3.53. Suppose that each W, has identical rows with W, ;; = T;; for all
J.k € N;. At t =0, s(0) = Lx(0) implies that s;;(0) = r;;(0) = x;(0). Therefore

sik(1) = Z Wik,ijri5(0) = Z Tijzj(0) = z;(1).

JEN; JEN;

Now suppose that s(t) = Lx(¢) for t > 1. Then r;;(t) = s;(t) = x;(t) and therefore

Szk t + 1 Z Wzkz mru Z t+ 1)

JEN; jJEN;

For the only if direction, suppose that at t = 1 we have MLx(0) = LTx(0). Since
(ML — LT)x(0) = 0 must hold for every x(0) € R" this implies that ML = LT, and
therefore element by element (ML), ; = (LT)e ;.
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For edge e =1k

ML zk ZMzk fo] Z Mzkf - lk,]l)

feE =Jj

where the final equality holds because the only edge with source equal to j that can
influence the message on edge ik is ji.
The eth row of L has a 1 in the ith column if S(e) = ¢ and a zero otherwise. Therefore

for edge e = ik the entry (LT); ; is given by

LT 'Lk] Z sz ETEJ - j—"’L]
(eN
Consequently, MLx(0) = LTx(0) implies that M, ;; = Wi,; = T;;, which holds for
every edge ik € F and every j € N,. O

Proof of Proposition 3.4. This result is equivalent to showing that the stationary distri-
bution 77 = w7 M is uniform if and only if W; is doubly stochastic for all i € .

Recall that M = WP where W is block diagonal with blocks W,. Therefore W is
doubly stochastic if and only if each block W; is doubly stochastic. P is a permutation
matrix which permutes the columns of W to form M. Consequently, M is column-
stochastic if and only if W is column-stochastic, since M is just a column permutation
of W. Moreover, by permuting the columns of W the row sums remain unchanged,
therefore M is row-stochastic if and only if W' is row-stochastic.

For the next step suppose that M is doubly stochastic. Then it is immediate that

T = 7#TM by the definition of column-stochasticity. Conversely, suppose

T = %1 solves
that 7 = =1, then by stationarity 77 = 7w M. This implies that 17 = 17M and hence
taking the fth component yields 1 = > M, ; for every column f. So M is column-

stochastic and therefore doubly stochastic. O]

Proof of Proposition 4.1. The proof of this proposition proceeds in several steps. We first
establish some convenient facts regarding the lifting matrix L. Then we use this result to
solve the characteristic equation for a subset of the eigenvalues of M,. Finally, we show

that the second largest of these eigenvalues (in modulus) is p..

Step 1: Let A denote the unweighted adjacency matrix of the symmetric graph G
and let T = D™ 'A denote the row-normalised version of this adjacency matrix, where

D := diag(dy, ..., d,) denotes the degree matrix.

Lemma A.l. For the lifting matriz L defined as in (6) let R := PL and let J =
diag(di'14,17 ..., d; 14,17 ) . Then:
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(i) L'L =R"R = D,
(ii) LILTL)'LT =7,
(iii) (LTL)"'L"R = (L”L)'R’L = T.
Proof. Parts (i) and (iii) are standard results in the literature (Arrigo et al., 2019), but are

proven here for completeness. By the definition of R it follows that RTR = LTPTPL =
LTL, where the ijth entry of LTL is

di ifi=j,
(L'L)i; =3 LegLey = /

ecE 0 otherwise,
since L.y = 1 if S(e) = k, otherwise it is 0. Therefore LTL = RTR = D, proving part

(i).

For any e, f € E,

1
— £ S(e) =S(f) =14,
(L(L"L)"'L") Z —LeLp;={ di
0

ieEN d; otherwise.

When the directed edges of the network are ordered by their source node then this matrix
is block diagonal, with ith block given by d; '14,1% . Therefore,

L(L'L)"'L” = J,

which proves part (ii).
Lastly for any 7,7 € N,

1 ifijeE,
(L'R);; = 3 LosRe; = /

ocE 0 otherwise,

since R.; = 1 if T (e) = j, otherwise it is 0.
This implies that L'R = A and since the graph is undirected R’L = AT = A. Part
(iii) then follows by the definition of T = D7!A.
O

Step 2: From Lemma A.1 the influence matrix M is given by

M, = (7L, + (1 = 7)J)P =P + (1 — y)L(L"L)'R”.
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This step now follows Kempton (2016) in solving the characteristic equation via the gen-
eralised matrix determinant lemma (see e.g. Meyer (2000)). The characteristic equation
is given by

det(ul,, — P — (1 —v)L(L'L)'R") = 0. (14)

Take the case where p? # ~2. Then ul,, — P is invertible and via the generalised matrix

determinant lemma the left hand side of (14) can be written as
det(uL,, — vP) det(IL, — (1 — 7)(L"L) 'R (ul,, — vP)~'L).
It can be easily verified that the inverse matrix in the second determinant is given by

_ 1
(uL, —4P) " = m(/ﬂm +7P).

After applying this inverse and using Lemma A.1, the second determinant becomes

-~ - -7
@ﬂh—MLJFMFD1RUM%+7EL»:¢MM—MLJWWT+ﬂM)

Taking the factor (u? —~?)~! outside the determinant and collecting terms inside gives

(1* = %) " det((p* — )L, — (1 — 7)uT).

It is well-known that the matrix T = D™ 'A is similar to the symmetric matrix
D~'/2AD~'/2 via the similarity transformation D/2TD~/2. Thus T has real eigenvalues

and is diagonalisable, therefore T = UAVT with UV’ =1,,. This leads to

(1* =y —=(1=7)pNi). (15)

(1 —=~*) " det(U((p® =)L, — (1=7)pA)VT) = (u*—~*) "

n
1=

Therefore, every eigenvalue u of M, satisfying p? # 42 is of the form

o= (1 — '7)>‘i + \/<21 - 7)2>‘12 + 4’7, (16)

for some \;.
Any remaining eigenvalues of M, must therefore be of the form y = 4. For any pair

of solutions (p; ;) to (16), possibly complex valued, it holds that

i ==
e s | = ey | = 1 (17)
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and therefore either |uf| > +/|v| > || or ;| > /|yl > |v|, for v € (—1,0) and
€ (0,1). If v = 0 then this is at least weakly dominated by a solution to (16). As a

result

)\i\/ 2)\2+47

= max
f i>2

Step 3: To find p, consider two separate cases with ¢ > 2 assumed throughout. First
take the case where the discriminant (1 — «)2A? 4 4~ is negative and therefore yu; is a
complex eigenvalue. Any complex eigenvalues of a real matrix come in conjugate pairs,
pi = a+biand 7;; = a — bi. Using the fact that |u;| = |a + bi| = Va2 + b2 is equal to
77| = |a — bi| = \/a? + (—b)2, combined with (17), we see that |u;| = || = /[7] for
any non-real eigenvalues of M.,.

When (1 —7)2\? 4+ 47 > 0 the eigenvalues y; are real. Using (17), either |;1]7| > v/]7],
| > /1], or || = |1 | = /|| Therefore, whenever the discriminant is nonnegative

for some \;, there always exists a real eigenvalue which weakly dominates any non-real

} |

eigenvalue in modulus.

Therefore, if there exists a real u; then

Uy = max{

Recalling that A\, = max {|As|, |A\s|}, we conclude that

)\2—1—\/ Y2A3 + 4| [ (1= 9) A — /(1 —7)2A2 + 4y

2

bl

A +\/ 2)\2—1-47

Vv Il ¥ <7

s =

]

Proof of Proposition 4.3. The approach to the first part of the proof is similar to Golub
and Jackson (2012) but under a different weighted norm. This first part proves a more
general result that if W is positive definite then M is similar to a symmetric matrix and
therefore M has all real eigenvalues.

Note that the block diagonal matrix W is positive definite if and only if each block

is positive definite. If W; = WY for each i, then for any nonzero z € R% we have
1
2z'W!% = yz"z + (1 - V)E(le)z >0,

and so W is positive definite for v € (0,1). If W is positive definite then a symmetric
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W1'/2 exists and is given by

1/2

W2 = (VAVE) " = VAYAVT,

Since vi(W) = 1 and (W) = 1, it follows from symmetry that W'/2 has both row

sums and column sums equal to 1. Now for M := WP we note that
W—l/QMwl/2 _ W1/2PW1/2,

which means that M is similar to a symmetric matrix, since both W2 and P are
symmetric. Hence M has real eigenvalues (ju1, . .., it,,) and under a primitive M we have
pr=1>ps > > pp > —1

If we then define the W~ weighted norm as ||v|jw-1 := VVTW-1lv, it is possible to

prove the standard bound
IM's(0) = cflw-r < p:lls(0) — clflw-1,

where s(0) — ¢1 is the error vector at ¢ = 0. Iterating forward one period, s(1) — ¢1 =
WP(s(0) — c1) since

WP(s(0) — 1) = WPs(0) — 1 =s(1) — c1.
Then letting z(0) := W~/2(s(0) — c1), we can establish that

(1) — c1]j3y-1 = (3(0) — c1)"PWW 'WP(s(0) — cl)

= (s(0) — c1)"PWP(s(0) — c1)
(0)TW12)PWP(W1/22(0))

= z(0)T(WY2PW2) (W 2PW'/2)2(0).

Since 17z(0) = 17(s(0) — 1) = 0, by standard results (Golub and Jackson, 2012) we

have
[(s(1) = cl)[lw-1 = [lz(D)]]2 < pl|z(0)[|2 = ][ (s(0) — 1) [|w-1,

where it is noted that WY2PW1/2 and M have identical eigenvalues. If we iterate on

powers of W/2PW /2 then for any ¢ > 0 we have

I(s(t) = cL)llw-1 = [l2(t)ll2 < pllz(0) ]2 = pill(s(0) — c1)[lw-1. (18)

Then to translate this bound on the error into one in the ¢, norm, note that W~ has

eigenvalues weakly greater than 1, and therefore ||s(t) —c1||s < ||s(t) —c1||w-1. Moreover,
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since s(t) — ¢l = W(r(t — 1) — c1) this implies that ||s(¢) — cl|jw-1 = |[r(t — 1) — cl||w
for t > 1. Since W has largest eigenvalue equal to 1 then

[r(t = 1) = clflw < |r(t = 1) — el = [[s(t = 1) — 1]

where the final equality holds because 17r(t — 1) = 17s(t — 1) when W is column-
stochastic and ||r(t — 1)||2 = |[|Ps(t —1)||2 = ||s(t — 1)||2 since P is a permutation matrix.
Applying this to (18) implies that for ¢t > 1

Is(t) = c1llz < [s(f) — 1w
< i Is(1) — el
= py [[r(0) = c1lw
< e (0) — 1l

and therefore the bound
Is(t) = 1|2 < pi7's(0) — 1]l (19)
Finally, to provide the consensus time result we require that
Is(t) —clfla < e
which, by applying (19), we can guarantee to hold when
e s(0) —clffz < e.

Now rearranging and taking logs of both sides gives

(t —1)log(p) < log (M) -

Since ¢ = 0 for an admissible initial condition, ||s(0) — c1| = 1. Then noting that

log(ps) < 0 we have t > 1+ % =1+ % and we can write the consensus time as

For the lower bound, let v, be a unit right eigenvector with an eigenvalue j1, where

~

71| = py. Then 17v, = 1TMv, = 1Tv, implies that 1Tv, = 0 because i # 1. By
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setting s(0) = v, and noting that ¢ = 0 in this case, we get
CD(t; M, v.) = [M'v, — cll2 = [M'v,[l» = 4,
Then observe that p! < ¢ if and only if

log(1/¢)
"2 fog (1)

and since CT(e; M) is the maximum over all admissible initial conditions, it follows that

log(1/e) W'

OT(eM) 2 Logum;)

Proof of Corollary 4.2. From (9), u. satisfies

2 =y = (1= 7) A = 0.
By implicit differentiation we have

dp-

—1=0.
dry

df
Uty Nty — (1= 7)\,
ud7+ o — (1 —7y)

Then by rearranging and again using (9) to substitute in for 24, we observe that

dy (1= 7)2N + 4y

which is strictly positive for v € (7, 1), since 1 > A, and the discriminant is positive in
that case. O

Proof of Theorem 4.4. If Assumption 1 holds then we know that A\;(T) = 1 and \.(T) <
1. Moreover, irreducibility implies (via the Perron-Frobenius theorem) that A;(T) =1 is
a simple eigenvalue, that is, it appears only once as a root of the characteristic polynomial.
Furthermore, by setting 1 = 1 in (15) and then setting this equal to zero we observe that
i =1 can only be an eigenvalue of M when \; = 1. Since the other root of (16) is —v
when \; = 1, the eigenvalue p = 1 is also a simple eigenvalue of M if v € (—1,1).

By Proposition 4.1, if v < 7 then p,(y) = \/W < 1, whereas if v > 4 then

A=A+ VO —)2A + 4y
_ ; _

1 (7) (20)

Note that p, in (20) is strictly increasing in A, and that A, = 1 would imply that pu, = 1.
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Therefore p, < 1 whenever v € (—1,1) because A\, < 1 if Assumption 1 is satisfied.
Now to show that limy_,oc M* = 2117 note that M-117 = 2117M = L1117 and so

T m

t L7 Lo ' Lo fo T
M=((M-—11")+ —11 =(M-—11 +—11". (21)
m m m m
The limit lim;_,., M* is therefore equal to =117 if p(M — £117) < 1, where p(-) is the
spectral radius.
If v # 0 denotes an eigenvector of M — %11T with eigenvalue v, then the fact that
17(M — £117) = 0 implies that

1
1" (M - —11")yv =v1'v =0.
m
Hence either v = 0, or 17v = 0, and thus for any eigenvector v L 1 we see that
L7
(M- —11")v =Mv =vv.
m

From this we conclude that M and M — %11T share the same eigenvalues for any v 1 1.
As the consensus eigenvalue 1 is simple, subtracting %llT from M therefore changes the
consensus eigenvalue from 1 to 0 and leaves all other eigenvalues unchanged. This implies
that
p(M — l11T) =, < 1
m
and
lim M = %11?

To prove the second bullet point, note that (21) implies that

H <M — %11T)ts(0) = H (Mt - i11T) s(0)

=CD(t:M .
- CD(t; M, s(0))
| llerefore,

2

t
CD*(t; M) = H(M— i11T)
m

2
Applying Gelfand’s formula to CD*(¢; M)/* and taking logs yields the result.
To prove the third bullet point, if v < 7 < 0 then p.(y) = \/m = /—7, which is
strictly decreasing in ~y. If v > %4 then we invoke Corollary 4.2.
Therefore, () is strictly decreasing for v € (—1,%) and strictly increasing for
v € (7,1). When v = 4 then
(1= N +4y=0
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and therefore

Thus the value of p.(7) in the two cases coincides when 7 = 4 and 7 is the unique
minimiser of p.(y) for v € (—1,1).

It remains to note that
1= y/1= A2
T TR
is equal to 0 only if A\, = 0.
O

Proof of Lemma 5.1. From (12), outgoing messages on AA edges depend only on mes-
sages received from other A types. Similarly, messages on BB edges only depend on
messages received from other B types and no influence can enter F44 and Egp from
outside those sets. If both sets are nonempty then the message graph G, cannot be

strongly connected and therefore M is reducible. O]

Proof of Proposition 5.2. To apply insights from the theory of absorbing Markov chains

first permute the rows and columns of M to obtain

0 Mup,pa | Mg aa 0

Mpa an 0 0 Mpa s _ Qv
0 0 M 4444 0 0% )

0 0 0 Mgg.BB

Each nonzero element of Q is the weight placed on an incoming cross-type message
when sending messages to agents of the other type. For an A type, this weight is given
via (12) as (1/d7)(1 = B;) = (1/d7)(1 — pi)(1 = 77").

The maximum row sum of Q is therefore | Qe = max;en(l — pi)(1 —49") < 1
and the spectral radius of Q, denoted by p(Q), must satisfy p(Q) < ||Q|lc < 1. As a
consequence we have that T+ Q + Q? +--- = (I — Q)~'. We then have the following

limit: .
_(Q @ 0 (I-Q)ws™
lim =
tmvoo \ 0 X 0 3

where, under Assumption 2, the powers of the matrices M 44 44 and Mpp pp converge

to rank-one matrices and so

L 117 0
lim B¢ := 3° = [ |Faal .
t—o0 0 I 117

|EBB]
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The weights on within-type initial messages are uniform since M4 44 and Mpp pp are
doubly stochastic matrices.

The long run within-type message vectors are then given by

(SAA(OO)> _ (EiAll]'T 0 ) (SAA(0)> _ <CAA1>
spp(00) 0 ma 117 ) \s55(0) cppl)

For cross-type messages we have

SAB(OO) - - _1 o SAA(O) _ -~ _1 CAAl
<SBA<OO>)—<I Q- 'ws <SBB<0>> 1-q @<1)

It remains to show that cross-type messages are convex combinations of within-type

messages, or equivalently that (I — Q)~!'®¥ is nonnegative and row-stochastic. Each
nonzero element of W is the weight placed on incoming within-type messages when sending
messages to agents of the other type. For an agent of type 6, this weight is given by ;/d?
for all agents with d? > 0. Therefore, (I — Q)~! and ¥ are both nonnegative matrices
since (I — Q)~! is the convergent sum of nonnegative matrices.

To show that (I — Q)~'¥ must be row-stochastic, note that

QlL+W¥1=1

since the matrix M is row-stochastic and these matrices correspond to the first |E4p| +
|Epal| rows of M. Therefore,

and so
I-Q) 'w1=1

as required. N
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B Additional Results

B.1 A Doubly Stochastic Rule with Private Opinions

Self-loops allow agents to retain private opinions at each ¢ which influence (and are
influenced by) external messages. An example of a doubly stochastic messaging rule

which includes private opinions is illustrated in Figure 8 below.

5 1-4§ 1-6 1-6
d;i—1  d;—1 d;—1
1-6
d;—1
r 1-§
Wi - d;—1 di—2+0 W.
. d;—1 4
1-6
d;—1

Figure 8: Augmented block messaging rule with a private opinion.

Here it is assumed that W; is a doubly stochastic matrix corresponding to the external
messages sent and received by agent i. Creating W/ then involves adding a self-loop from
1 to 7 in the agent graph G, which augments W; with an additional row and column. The
addition of a row and column allows for agent 7 to send a message to themselves at each
period and have the previous period’s self-message influence outgoing messages. The
parameter ¢ € (0, 1) then controls the persistence of agent i’s private opinion relative to
the influence of other agents.

Since we assume that W is a doubly stochastic matrix of dimension (d; —1) x (d; — 1),

it is then easily verified that W/ is also doubly stochastic.

B.2 DeGroot Equivalence and Wisdom

This appendix subsection considers the implications of Proposition 3.4 for so-called wis-
dom of crowds results, following the framework and insights of Golub and Jackson (2010).
To extend their results from a node-based setting to the richer class of messaging rules
studied in the present framework we briefly revisit the main features of their model.

In Golub and Jackson (2010) each node starts with the initial opinion z;(0) = w + ¢;,
where z;(0) is assumed to be in the interval [0, 1]. The objective true state of the world
is w, which is unknown to the agents, and ¢; is an independently drawn noise term with
expected value E [¢;] = 0 and variance of at least o > 0.

The authors consider how beliefs evolve on sequences of networks (G,)>° ; with row-

stochastic listening matrices T,, and whether beliefs converge to the true state as n — oo.
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[e.o]

o 1, the vector of consensus beliefs is given by

For each T, in the sequence (T),)

where the vector x(0) is the initial random belief determined by the true state w and the
idiosyncratic errors ;. The final consensus belief is then a weighted average of the initial
beliefs x(0) where the weights are given by 7,, which is the stationary distribution of
their node to node listening matrix T,,. A key result of their paper is that the society is
wise in the sense that each consensus belief z; converges in probability to the true state
w if and only if each agent’s influence on the stationary distribution becomes vanishingly

small as n — oco. In undirected networks this is equivalent to the condition that

max 7;, = MmaX —=— 5~ — 0.
1<i<n 1<i<n Zj di(Gn)
To connect the notion of wisdom in Golub and Jackson (2010) to the setting of

differentiated messaging on edges, we will assume that each agent 7 in graph G, has a
belief map b;,, : R%9) — R such that x;,,(t) = b, (rs(t)) for t > 1.

Assumption 3. The belief map b;,, is a continuous function such that b;,(c1) = ¢ for

any c € R.

Therefore, if i receives the same message from all of their neighbours (including any
message on a self-loop) then 7’s belief must be equal to this message.'® We can now define

a notion of wisdom which is similar to Golub and Jackson (2010):

Definition 3. Let (G,)32, be a sequence of undirected graphs and let (M), be a

n=1
corresponding sequence of edge to edge transition matrices, where each M, is assumed to
be primitive. Let T;, = lim;_,o0 b; n(r;(t)) denote the limiting belief of node i under M,,.

The sequence (M,,)2; is wise if

El_lig Hilgbxﬁri,n —w| =0.
Now consider a sequence of undirected graphs (G, )5 ; where G, is a graph on n nodes
with m,, directed edges. For each n assume that M,, is primitive and doubly stochastic.!”
Initialise the opinion dynamics on edges by lifting x;,,(0) = w+¢; from nodes to outgoing

edges, i.e. by setting
sn(0) = L,x,(0). (22)

16This is referred to as unanimity by Molavi et al. (2018).
1"From Proposition 3.4, each M, is doubly stochastic if and only if each W, is doubly stochastic.
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Since M, is primitive and doubly stochastic, its unique stationary distribution is

uniform on edges. Hence this opinion dynamic converges to the constant message

1
cn = —1% L, x,(0 Zin(0),
Mp " Z Z] 1 )

where the final equality follows from the fact that lifting a node ¢’s initial opinion to their
incident edges replicates their opinion d; times. Therefore, by continuity of b, for each
ke N,

T = tlg(r)lo bin(ri(t)) = bk,n(cnl) = Cp.

Thus the induced limiting belief is the same weighted average of initial signals as in the
DeGroot model on an undirected and unweighted graph G,. A corollary of Proposition
3.4 then follows immediately from Golub and Jackson (2010):

Corollary B.1. Let (G,)32, be a sequence of undirected graphs and let (M), be a

corresponding sequence of edge to edge influence matrices. For each n, suppose that M,

is primitive and doubly stochastic. Initialise messages as in (22) and let beliefs be given

by maps b;,, satisfying Assumption 3. Then the sequence (M), is wise if and only if
d(gn)

max —;———5—~ — 0.

2 S 4;(G)

B.3 Positive Definiteness and Bounds on Consensus Time

As is evident from the proof of Proposition 4.3, the finite time bounds on the consensus
time hold in the more general case where W is a positive definite matrix.!® Since W is
block diagonal, W is positive definite if and only if each block W; is positive definite.
This appendix subsection now discusses the interpretation of positive definiteness of W
within the context of the model.

To understand what positive definiteness of W equates to intuitively, it is helpful to
consider the covariance between messages received by ¢ at period ¢ and messages sent by
i at period t + 1. Letting v(t) := v(¢) — ©(t)1 denote the demeaned form of any vector

v(t), the covariance is given by

Cov(r;(t),si(t +1)) == di 3 (ri () = 7al0)) (st + 1) = 53t + 1))

1zj€A@ (23)
= Efi(t)TWifi(t).

The final equality in (23) comes from the fact that §;(¢+1) = 7;(¢) when the messaging rule

18Here we define a positive definite matrix as a symmetric matrix Z satisfying v’ Zv > 0 for all v # 0.
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is doubly stochastic as unbiased messaging preserves the mean message at each iteration.
If W is positive definite (and thus symmetric) then it must be doubly stochastic under
the assumption that each row sums to 1.

This within agent covariance measure is equal to zero if agents use the uniform mes-
saging rule, since s;;(t + 1) = 5;(t + 1) = 7;(¢) for all j € N;.'% The expression in (23)
also reveals that the covariance between received and sent messages is positive whenever
vIW,;v > 0 for any v # 0. If W, is a symmetric matrix, then Cov(r;(t),s;(t + 1)) > 0 for
any non-constant r;(¢) if and only if W, is positive definite. Therefore, there is a direct
link between covariance of messages sent and received by each agent and the positive
definiteness of each W;.

Furthermore, the pairwise conformity rule WFC(y) is a symmetric positive definite

matrix whenever v € (0, 1]. Indeed we observe for any r;(t) # 0 that

Cov(r:(t), sift + 1)) = dlifi(t)T (ﬂdi (- fy)dlildili ) 5 (1)

= vyVar(r;(t)) > 0.

Therefore the conformity parameter v directly controls the covariance between received
and sent messages, scaling up the covariance in proportion to the variance of messages

received.

B.4 Group Conformity under Identical Neighbourhoods

To solve for each group’s influence on the final consensus in closed form, assume a simple
case where the network is d-regular with an equal number of A and B types, with p; = p
for each i € N where p € (0,1). To simplify further, assume that agents of each type
0 € {A, B} have identical group conformity preferences, so that o; = oy and 3; = By for
each 7 € N.

Under these assumptions the influence matrix M can then be represented in block

form as
s Mya aa 0 (1 —aa)Muapa 0
M 0 1— M 0
M — BaMap aa (1 —Ba)Mup pa (24)
0 (1 —B)Mpa.as 0 B Mpa BB
0 (1 —OéB) MBB,AB 0 ap MBB,BB

Each subblock M in (24) now denotes a nonnegative row-stochastic submatrix induced

by the underlying network structure and the messaging rule defined in (12).

YThe equality Cov(r;(t),s;(t + 1)) = 0 holds for any non-differentiated messaging rule, since all neigh-
bours are sent identical messages and s;;(t + 1) = 5;(t + 1) for all j € N;.
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Proposition B.2. Suppose that Assumption 1 holds. Suppose further that d; = d and
pi = p for alli € N, where pd and (1 — p)d are both integers. If each agent i of type
0; uses the group conformity messaging rule W€ (ay, 8;) with a; = «ap, € (0,1) and

Bi = Pp, € (0,1), then

(i) The influence matriz M admits a unique stationary distribution, given by

T (T T T T
T = (T A4 Tap, WA, TBB):

where stationary weights are constant within each block.

(i1) The limiting consensus message c is given by

1 _ A _ _ _ BB
C:2+ B n s <SAA<0)1—04A+SAB(0)+SBA<0)+SBB<O)1—QB)’

1—ay l—ap
where Sggr(0) is the mean message from type 0 to 0" at t = 0.

Proof of Proposition B.2. Proposition 3.2 guarantees a unique 7w € R, such that 7" M =
wl. Using (24), the stationarity condition w7 M = «T is equivalent to the following sys-

tem:
mha=aam i Maaaa+ Bam i sMap aa, (25)
7hp = (1= Bp) *paMpaas + (1 — ap) TpzMpp as, (26)
Tpa = (1 — aa) mhaMaapa + (1 — Ba) ®hpMap sa, (27)
mhp = B T saMpass + ap TEsMpp 5. (28)
Isolating 7%, , and w55 in (25) and (28) yields
7wy = Bam i zMap aa (I — aAMAA,AA)_l ,
mhp = BT s Mpaps (I —agMpppg) .
Substituting into (26) and (27) then gives
Thp =Tpa [(1 — B)Mpaas + BsMpapp(l —ag) (I— CVBMBB,BB>71 MBB,AB} ,
e = map [BaMuapaa(l — aa) (I— aaMuaaa)" Maapa+ (1 — Ba)Mug,pal -
Then from (26) we have
mhp =Thp [BaMap aa(l —ay) (I— aaMuaaa)" Maapa+ (1 — Ba)Map pa) (20)

[(1 — Be)Mpaap + BsMpaps(l —ap) (I— OCBMBB,BB>_1 MBB,AB] .
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The matrices Mua a4, Mpp s, Mappa and Mpy ap are doubly stochastic, since
they provide an unbiased aggregation of messages from one group back along the same
undirected edges. The assumption that d; = d and p; = p for all ¢ € N means Map a4

and Mgy pp contain nonzero entries equal to dip and these matrices therefore have column

d(1— _ . . )
sums 22720 — =2 \[oreover, the matrices M 1484 and M pp ap contain nonzero entries
dp p ? ) )
1 : dp . p
—=— which leads to the column sums =2
d(1-p) d(1-p) 1-p

It can then be observed that the matrix

11—
%MAB,AA(l — ) (T — asMuga4)"" TPMAA,BA

is doubly stochastic, since for a4 € (0,1) we have

x
-1 ke k
(I—aaMagan) = E aa" Mg an;
k=0

1

and therefore both the rows and columns of (I — aAMAAVAA)fl sum to =5~

The matrix in the first square bracket of (29) is therefore a convex combination of
doubly stochastic matrices. An identical argument applies to the matrix in the second
square bracket, which is also doubly stochastic. Therefore a constant 7% is a left
eigenvector of the matrix in (29) with eigenvalue 1.

Since M is irreducible, a constant eigenvector is the only positive solution to (29) and
consequently,

T _ 4T
T = k1

for some r # 0. If w5 is constant, it then follows that

= K17 [BaMap aa(l — aq) (I- aaMyaaa)" Maapa+ (1 — Ba)Map pa)

= k17,

Substituting into the equations for 7%, and w5, gives

T ﬁA 1— P T
= — =kl

Taa=1_ a1 p kL™,

k. = L —1 — p/{lT

Therefore the stationary vector 7 is constant within block. To pin down the constant x,

assume the normalisation w71 = 1. The group sizes must be equal since |N4|d(1 — p) =
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|Eag| = |Epal = |NP|d(1 — p), and so

1—pn n n b 1—pn
1= ba ——dp+ =d(1 — —d(1 — ——d
™ e 5dp + 5d(1—p) + 5d( p)+1_aB P

which gives

_ (m(-p) Ba Bp -
,i_( 2 (2+1—QA+1—CXB>) ’

To solve for the consensus message ¢ we then find

_ _ Ba B N\ _Ba 1Tsas(0)
C_WTS(O)_(Q—Fl_aA-l-l_aB) (1_aA (m/2)p

17s45(0) | 17spa(0)  Bs 1TsBB<0>)'

+

m2)(1—p)  (m2A—p)  1—ap (m/2p

This can be rewritten as

c:<2+ b + Pe )_1 (EAA(O)

1—0[,4 1—0(3

—a, +545(0) +554(0) + 533(0)1 fBaB> ,

]

The influence of group €’s initial messages depends on the parameters ay and [y in
an intuitive way. A stronger focus on conforming to the in-group norm leads to a higher
influence of g9 on the final consensus. The mean internal message Sgp(0) at t = 0 has a
larger influence than the mean cross-group message Sgg/(0) at ¢ = 0 whenever Sy > 1— ay.

Equivalently, by writing the weight on Spe(0) relative to Sp¢/(0) as

B p+(l—p" 15t
l—ap 1—p—(Q1-p)y 1-%

I

the within-group average has more influence on the final consensus value when

p in %
4 > 1 . _ ou
1—p Yo — Vs

This condition holds whenever the network displays homophily (p > 1/2), with the
relative influence of 5p9(0) increasing in both in-group conformity (yi') and out-group

out

conformity (v9""). Furthermore, holding all other parameters fixed, the consensus message

¢ approaches the mean internal message 5g9(0) as 73" — 1.
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