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Uncertainty

Choice under uncertainty is modeled by treating commodities
consumed in different possible states of the world, s = 0, 1, ...,S ,
as different goods, qs .

Interpret qs more generally as a description of any feature of s, not
only quantities of commodities consumed.

Let q = (q0,q1, ...,qS) be the vector of outcomes.
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Uncertainty

The budget constraint links what can be consumed in different states.

It is determined by means for transferring wealth between states of
the world such as insurance, gambling, risky investment.

The relative prices on consumption in different states of the world are
then set by the premia in insurance contracts, betting odds and so on.
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Expected utility

The probabilities πs of states s = 0, 1, ...,S , enter not the budget
constraint but preferences.

Define preferences over combinations of vectors of outcomes and
probabilities known as lotteries, gambles or prospects.

A simple lottery L = (q, π) is a list of outcomes q and associated
probabilities π.
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Expected utility (2)

This is a context in which separability assumptions are often regarded
as extremely persuasive

Consider the choice between two lotteries:

L0 =
(
q00,q1, ...,qS , π

)
, L1 =

(
q10,q1, ...,qS , π

)

The outcome is the same in states other than s = 0.

These outcomes should not matter to the choice.
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Expected utility (3)

If L0 ⪰ L1, then this should be so for any q1, ...,qS .

This is the sure thing principle (because it says choice should ignore
outcomes in states of the world where the outcome is a “sure thing”)

The sure thing principle is a strong separability assumption

The sure thing principle implies that preferences have an additive
utility representation

u (L) =
∑
s

vs (qs , π) .
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Expected utility (4)

The sure thing principle implies the MRS between outcomes in two
different states be independent of outcomes in any third state.

The sure thing principle rules out considerations such as potential for
regret.

The assumption is incompatible with behaviour in examples such as
the Allais paradox.

Assume that the preference relation is continuous in the probabilities.
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Expected utility (5)

Let’s consider combinations of lotteries known as compound lotteries.

Let π ◦ L0 + (1− π) ◦ L1 denote the lottery which gives a chance π of
entering lottery L0 and a chance (1− π) of entering lottery L1.

The betweenness axiom says that

if L0 ⪰ L1 then L0 ⪰ π ◦ L0 + (1− π) ◦ L1 ⪰ L1.

Any compound lottery mixing the two lies between them in the
consumer’s preference ordering.
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Expected utility (6)

This implies linearity of indifference curves in probability space since

if L0 ∼ L1 then u
(
L0
)
= u

(
L1
)
= πu

(
L0
)
+ (1− π) u

(
L1
)
=

u
(
π ◦ L0 + (1− π) ◦ L1

)
If we combine the betweenness axiom with the sure thing principle
then we get the strong independence axiom:

L0 ⪰ L1 if and only if π ◦ L0 + (1− π) ◦ L2 ⪰ π ◦ L1 + (1− π) ◦ L2 for
any third lottery L2
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Expected utility (7)

Given strong independence, preferences are both additive across
states and linear in probabilities, and take the expected utility form:

u (L) =
∑
s

πsvs (qs)

If we add the assumption that the description of the state of the
world s is irrelevant to the utility gained from the bundle qs , then

u (L) =
∑
s

πsv (qs)
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Risk Aversion

Suppose the outcomes are monetary amounts, ys , so that

u (L) =
∑
s

πsv (ys)

Attitudes towards risk are captured through the Bernoulli utility
function v (·)

One is risk averse if she prefers to take the expected monetary value
of a gamble with certainty to participating in the gamble.
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Risk Aversion (2)

Thus a person is risk averse if

Ev (ys) =
∑
s

πsv (ys) ≤ v (Eys) = v

(∑
s

πsys

)

for any monetary lottery.

Taking a case with two outcomes, for 0 ≤ π ≤ 1,

πv (y0) + (1− π) v (y1) ≤ v (πy0 + (1− π) y1)
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Risk Aversion (3)

Risk aversion is represented by concavity of the Bernoulli utility
function v (·).

Concavity is not a property preserved under arbitrary increasing
transformations of v (·).

If two alternative expected utility functions represent the same
preferences then it must be that the Bernoulli utility functions are
affine, i.e. linear, transformations of each other
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Preferences Under Uncertainty

Wealth$0 $90

12
U($45)

U($45) > EU ⇒ risk-aversion.

2

EU=7

$45

MU declines as wealth
rises.
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Preferences Under Uncertainty

Wealth$0 $90

12
U($45) < EU ⇒ risk-loving.

2

EU=7

$45

MU rises as wealth
rises.

U($45)
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Preferences Under Uncertainty

Wealth$0 $90

12
U($45) = EU ⇒ risk-neutrality.

2

$45

MU constant as wealth
rises.

U($45)=
EU=7
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Certainty Equivalent and Risk Premium

We can evaluate the degree of someone’s risk aversion by asking how
much they would be prepared to pay to avoid a gamble.

The certainty equivalent to a monetary gamble, M, is the amount
which if received with certainty would give the same expected utility
as the actual gamble: v (M) = Ev (y).

The risk premium, m = Ey −M, is the difference between the
expected monetary value of the gamble and the certainty equivalent.

The risk premium is what one would pay to avoid the gamble.
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Coefficient of Absolute Risk Aversion

Taking Taylor expansions:

v (Ey −m) ≈ v (Ey)−mv ′ (Ey) .

Ev (y) ≈ v (Ey) + E (y − Ey) v ′ (Ey) +
1

2
E (y − Ey)2 v ′′ (Ey)

= v (Ey) +
1

2
Var (y) v ′′ (Ey)

so that m ≈ −1

2

v ′′ (Ey)

v ′ (Ey)
Var (y) .

The ratio R(y) = −v ′′ (Ey) /v ′ (Ey) is the Arrow-Pratt coefficient of
absolute risk aversion.
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Risk Aversion (4)

Three equivalent definitions of risk aversion ranking:

1. the more risk averse individual has a Bernoulli utility function
which is an increasing concave transformation of that of the other

2. the more risk averse individual has a higher risk premium for any
gamble

3. the more risk averse individual has a higher coefficient of absolute
risk aversion at all y
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Risk Aversion (5)

The coefficient of relative risk aversion is r (y) = R(y)y .

Just as m ≈ 1
2R (y)Var (y) , it is also the case that

m/Ey = 1
2 r (y)Var (y) / (Ey)

2 .
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Producer Theory

So far, we have considered consumer choice.

Consider now the other side of the market: the production side.

Individual agent = the firm.

The firm ⇐⇒ production activity.

The firm produces outputs by using inputs (both measured in terms
of flow amounts per unit time).

Both outputs and inputs are commodities.
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Net Outputs and Inputs

In particular let:

yoj = quantity of commodity j produced by the firm as output,

y ij = quantity of commodity j used as input,

zj = yoj − y ij is a net output/input depending on whether the sign of
zj is positive/negative.
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Production Plan

Production plan = vector of net outputs and/or inputs of all available
commodities

z =


z1
z2
...
zL



Without loss of generality we assume that:

the first h commodities are net inputs

the remaining (L− h) commodities are net outputs.
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Production Plan (2)

Define:

x1 = −z1, . . . , xh = −zh, y1 = zh+1, . . . , yL−h = zL

A production plan is:

z =



−x1
...

−xh
y1
...

yL−h



Francesco Squintani EC9D3 Advanced Microeconomics, Part I August, 2024 24 / 45



Production Possibility Set

Definition

The production possibility set Z ∈ RL is the set of all technologically
feasible production plans.

All vectors of inputs and outputs that are technologically feasible.

Z provides a complete description of the technology identified with
the firm.
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One Input x and One Output y : z = (−x , y)

6

-

Z

z2 = y

z1 = x
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Short Term and Long Term Production Plan

Sometime it is possible to distinguish between:

immediately technologically feasible production plans Z (x l , . . . , xh);

eventually technologically feasible production plans Z .

If the input x1 is fixed at the level x1 then we can define a short-run or
restricted production possibility set:

Z (x1) =

z =

 −x1
−x2
y

∣∣∣ x1 = x1


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Input Requirement Set and Isoquant

A special feature of a technology is the input requirement set:

V (y) =

{
x ∈ Rh

+

∣∣∣ ( −x
y

)
∈ Z

}

This is the set of all input bundles that produce at least y units of
output.

We define also the isoquant to be the set all input bundles that allow
the firm to produce exactly y :

Q(y) =
{
x ∈ Rh

+

∣∣∣x ∈ V (y) and x ̸∈ V (y ′), ∀y ′ > y
}
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Input Requirement Set and Isoquant (2)

-

6x1

x2

V (y)

Q(y)

O
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Production Function

Definition (Production Function)

In the case of only one output, define the production function f (x)

f (x) = sup
y ′

{(
−x
y ′

)
∈ Z

}
as the maximal output associated with the input bundle x .

A production function identifies the maximum output associated with a
given level of output.

Francesco Squintani EC9D3 Advanced Microeconomics, Part I August, 2024 30 / 45



Technological Efficiency

Definition (Technologically Efficient Production Plan)

The production plan z =

(
−x
y

)
is technologically efficient, if and only if

there does not exist a production plan z ′ =

(
−x ′

y ′

)
such that z ′ ≥ z

(z ′i ≥ zi ∀i) and z ′ ̸= z .

If z efficient it is not possible to produce more output with a given input
or the same output with less input (sign convention).
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Examples of Technologies

Cobb-Douglas Technology:

f (x1, x2) = xα1 xβ2 , α > 0, β > 0

or

Z =


 −x1

−x2
y

 ∣∣∣y ≤ xα1 xβ2


and

Q(y) =
{
(x1, x2) ∈ R2

+

∣∣∣y = xα1 xβ2

}
and

V (y) =
{
(x1, x2) ∈ R2

+

∣∣∣y ≤ xα1 xβ2

}
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Examples of Technologies (2)

Leontief technology:

f (x1, x2) = min{ax1, bx2}, a > 0, b > 0

or

Z =


 −x1

−x2
y

 ∣∣∣y ≤ min{ax1, bx2}


and

Q(y) =
{
(x1, x2) ∈ R2

+

∣∣∣y = min{ax1, bx2}
}

and
V (y) =

{
(x1, x2) ∈ R2

+

∣∣∣y ≤ min{ax1, bx2}
}

Efficiency imposes: x1 = y/a, x2 = y/b.
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Examples of Technologies (3)

Perfect Substitutes:

f (x1, x2) = ax1 + bx2, a > 0, b > 0

or

Z =


 −x1

−x2
y

 ∣∣∣y ≤ ax1 + bx2


and

Q(y) =
{
(x1, x2) ∈ R2

+

∣∣∣y = ax1 + bx2
}

and
V (y) =

{
(x1, x2) ∈ R2

+

∣∣∣y ≤ ax1 + bx2
}
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Production Possibility Set Assumptions

Conditions we impose on the set PPS Z :

1 Z is closed (it contains its boundaries).

Important property for the definition of production function (sup is a
max).

2 0 ∈ Z

Uncontroversial property in the long run, not necessarily in the short
run (inputs used with no outputs).

3 Free disposal, monotonicity: if z ∈ Z and z ′ ≤ z then z ′ ∈ Z .

Alternatively: if x ∈ V (y) and x ′ ≥ x then x ′ ∈ V (y) .

Given a production plan if either one increases the quantity of inputs
or reduces the quantity of output the new production plan is still
feasible.
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Production Possibility Set Assumptions (2)

4 Additivity: if z , z ′ ∈ Z then z + z ′ ∈ Z .

For f (x) this property implies f (x1 + x2) ≥ f (x1) + f (x2).

5 Convexity of V (y): if x , x ′ ∈ V (y) then tx + (1− t)x ′ ∈ V (y) for
every 0 ≤ t ≤ 1 which means that V (y) is convex set (rescaling of
production processes).

A similar condition may (or may not) be imposed on the Z: if
z , z ′ ∈ Z then tz + (1− t)z ′ ∈ Z for every 0 ≤ t ≤ 1, or Z is a
convex set.

Notice: the latter condition is stronger than the former.
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Convexity and the Production Possibility Set

Result

The convexity of Z implies the convexity of V (y).

The opposite implication does not hold.

Result

The convexity of V (y) implies that the f (x) is quasi-concave.

Proof: By definition V (y) = {x | f (x) ≥ y} is convex if it is convex for
every y , let y = k then f (x) is quasi-concave.
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Convexity and the Production Possibility Set (2)

Result

The convexity of Z implies that f (x) is (weakly) concave.

Proof: Consider

z =

(
−x
f (x)

)
∈ Z , z ′ =

(
−x ′

f (x ′)

)
∈ Z

Convexity of Z implies that for every 0 ≤ t ≤ 1

t z + (1− t) z ′ =

(
−(t x + (1− t) x ′)
tf (x) + (1− t)f (x ′)

)
∈ Z

By definition of f (x) this means:

tf (x) + (1− t)f (x ′) ≤ f (tx + (1− t)x ′)

for every 0 ≤ t ≤ 1, the definition of a concave f (x).
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Returns to Scale

Decreasing Returns to Scale: (DRS) if z ∈ Z then t z ∈ Z for every
0 ≤ t ≤ 1.

Increasing Returns to Scale: (IRS) if z ∈ Z then t z ∈ Z for every
t ≥ 1.

Constant Returns to Scale: (CRS) if z ∈ Z then t z ∈ Z for every
t ≥ 0.
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Returns to Scale (2)

Result

0 ∈ Z and Z convex imply DRS.

Proof: follows from the definition of convexity applied at z ′ = 0.

Result

A technology exhibits CRS if and only if the production function f (x) (if
available) is homogeneous of degree 1.

Proof: Assume CRS: this implies that if z ∈ Z then t z ∈ Z , for all t ≥ 0.

By definition, z ∈ Z means y ≤ f (x) and t z ∈ Z means t y ≤ f (t x).
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Returns to Scale (3)

By definition of f (x) choose z , and hence x and y , so that y = f (x).

We can then re-write the condition above as:

t f (x) ≤ f (t x)

We need to prove that the equality holds.

Suppose it does not. Then there exists y ′ such that

t f (x) < y ′ < f (t x)

Now y ′ < f (t x) implies by definition of Z that(
−t x
y ′

)
∈ Z
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Returns to Scale (4)

and by CRS we get

1

t

(
−t x
y ′

)
∈ Z or

(
−x
1
t y ′

)
∈ Z

which means
(1/t) y ′ ≤ f (x)

or
y ′ ≤ t f (x)

This latter inequality contradicts t f (x) < y ′.

The opposite implication is an immediate consequence of the definition of
homogeneity of degree 1.
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Returns to Scale (5)

Weaker conditions apply for DRS and IRS technology.

Result

Consider a technology characterized by a homogenous of degree α < 1
(α > 1) production function. This technology exhibits DRS (IRS).

The opposite implication does not hold.

Result

Assume that f (0) = 0 then we can prove:

f (x) concave implies DRS;

f (x) convex implies IRS;

f (x) concave and convex implies CRS.
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Few Definitions

Marginal Product of input xi :

MP =
∂f (x)

∂xi

Average Product of input xi :

AP =
f (x)

xi

Marginal Rate of Technical Substitution between input xi and xj :

dxi
dxj

=
∂f (x)/∂xj
∂f (x)/∂xi

the slope of the isoquant.
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Few Definitions (2)

The set of output bundles that are efficient for a given technology is
the Production Possibility Frontier:

PPF (x) =

{
y
∣∣∣ ̸ ∃z ′ ∈ Z s.t. z ′ ≥ z =

(
−x
y

)}

We can then define the Marginal Rate of Transformation between
output ym and yn:

MRT =
dym
dyn

as the slope of the PPF.
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