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The Competitive Firm

Assume that input and output prices are taken parametrically (no influence
on such prices).

The basic producer problem is then profit maximization:

{x.y}

S.t. <_X>€Z
y

h
max py— g Wi Xi
i=1
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Profit Maximization

Let

e the h-dimensional vector of input prices be w = (wy, ..., wp) ;
@ the (L — h)-dimensional vector of output prices be p = (p1, ..., pL—h)-

We can re-write the producer’s problem as:

max pz

{z}
s.t. ze/Z

where p = (w, p) and z = < _yX )
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Profit Maximization (2)

In the case of a technology that produces only one output the profit
maximization problem may be written as:

max pf(x)—wx
na: (x)

The necessary first order conditions of this problem are:

pVI(x*)<w
or
Of (x*) Wi
Oxi — p
and
Ox; plt T
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Profit Maximization (3)

In the event that the production possibility set is convex (the production
function is concave) the first order conditions are of course both necessary
and sufficient.

In other case, the following set of sufficient conditions for a local
maximum have to verified:

The Hessian matrix of the production function has to be negative definite
at the point x*.

This condition can be checked by the determinant condition according to
which the leading principal minors have to alternate sign starting from the
negative one.
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Profit Maximization (4)

For the case of two variables the first order conditions are for i = 1, 2:

and

53]

of(x*) _ w;

< —
oxi ~ p

while the second order conditions are:

82F(x*)

_ Bxlz
H=1 o
3X1 8X2

8%f(x*)
Ox1 Oxp . ..
92F(x*) negative definite

2
Ox§
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Unconditional Factor Demands and Supply Function

Which implies:
0?f(x*)

Ox?

1

<0

and

O (x*) *F(x*) (82f(x*)>2 ~0

Ox? Ox3 dx1 Oxz

The solution to the profit maximization problem if it exists provides the
unconditional factor demands:

<*(p, w)
By substitution it is possible to obtain the supply function of the producer:

y*(p, w) = f(x*(p, w)).

Francesco Squintani EC9D3 Advanced Microeconomics, Part | August, 2024



Properties of Unconditional Factor Demands

@ Non-positive own factor demands price effects (SOC) (generalizes to
h inputs):
% <0 03 <0
ow, — ows —

@ Symmetry (generalizes):

* *
Ox{  0x3

8W2 N 8W1

© Complementary inputs (generalizes):

* *
Oxf  0x3

= <0
8W2 8W1
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Properties of Unconditional Factor Demands (2)

@ Substitutability of inputs (it does not generalize):

* *
ox{  0x

= 0
aWQ Owl -

@ Positive output price effects (generalizes):

0
Oa_o 2

(If x1 and x» are complementary inputs.)
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Properties of Supply Function

Obtained differentiating the supply function of the firm:

y(p,w) = f(x*(p, w))

@ Own price effect non-negative:

dy
—Z >0
op —
@ Symmetry:
_9 _ Oy
8p 8W,'
fori=1,2.
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Summary of the Properties

These comparative statics properties of both the unconditional factor
demands and the supply function can be summarized as follows:

dy dy Ay

B ow  Owo

N + a2 b
— aip — 87V|/1 — 87“/2 s.t. a + ¢

aXQ 8X2 aXQ b ¢ +

op  Om O
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Other properties

@ Both x*(p, w) and y(p, w) are homogeneous of degree 0.

Proof: If you increase both input and output prices of a factor t > 0
you obtain:

max (tp) f(x) — (tw) x = t[p f(x) — w x]
which clearly is solved by the same vector x*(p, w) that solves:
max p f(x)—wx
Further, by definition of supply function:

y(tp7 tW) = f(X*(tpv tW)) = f(X*(pa W)) :}/(P, W) O
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Profit Function and Its Properties

Definition

Define the profit function as:

m(p,w) = max p f(x) —w x = p f(x*(p,w)) — w x"(p, w)

Properties of the Profit Function:

On <Oandgﬁ20.

° ow; — p

@ 7(p, w) homogeneous of degree 1 in (p, w).

Proof: It follows from the homogeneity of degree 0 of y(p, w) and
x(p, w) and the definition of 7(p, w). O
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Hotelling Lemma

© Hotelling Lemma (which proves property 1):

on
o >0
and 5
oy = (P w) <0
Proof: By Envelope Theorem. O
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Convexity of the Profit Function

Q 7(p, w) convex in (p, w).

Proof: Consider the two price vector (p, w) and (p’, w’) and for every
scalar A€ (0,1) let p”" =Ap+ (1L —=N)p and W’ =Aw + (1 — \) v/

Then :
Rl W] = G (p W) - w (B w)
= A A (5 W) — w (" )]
(L= [ A (0, W) — ! X (p, W]
< An(p,w) + (1= \) (e, w)
which proves convexity of 7(p, w). O
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Two Steps to Profit Maximization

The profit maximization can be obtained in two sequential steps:

@ Given y, find the choice of inputs that allows the producer to obtain
y at the minimum cost;

This generates conditional factor demands and the cost function;
@ Given the cost function, find the profit maximizing output level.

Step 1 is common to firms that behave competitively in the input market
but not necessarily in the output market.

In step 2 we impose the competitive assumption on the output market.
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Cost Minimization

We shall start from cost minimization:

min w X
X

s.it.  f(x)>y

The necessary first order conditions are:
y = f(x"),
w > AVF(x")
[w — AVF(x*)] x* =0

f‘ *
or for every input I =1,....h: wy >\ 6(X ) with equality if x;* > 0.
X
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Cost Minimization (2)

The first order conditions are also sufficient if f(x) is quasi-concave (the
input requirement set is convex).

Alternatively, a set of sufficient conditions for a local minimum are that
f(x) is quasi-concave in a neighborhood of x*.

This can be checked by means of the bordered hessian matrix and its
minors.
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Cost Minimization (3)

In the case of only two inputs f(x1, x2) we have:

with equality if x/ > 0

S0C:
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Cost Minimization (4)

In the case the two first order conditions are satisfied with equality (no
corner solutions) we can rewrite the necessary conditions as:

B Of (x*)/0xq wm
MRTS = Of (x*)/0xa W

and
y =f(x7)

Notice a close formal analogy with consumption theory (expenditure
minimization).
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Conditional Factor Demands and Cost Function

This leads to define:

@ the solution to the cost minimization problem:

Zl(WaY)
x*=z(w,y) =

Zh(Wa y)
as the conditional factor demands (correspondence).

@ the minimand function of the cost minimization problem:

c(w,y)=wz(w,y)

as the cost function.
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Properties of the Cost Function and Cond. Factor Demand

O c(w,y) is non-decreasing in y.

@ c(w,y) is homogeneous of degree 1 in w.

© c(w,y) is a concave function in w.

Q z(w,y) is homogeneous of degree 0 in w.
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Shephard's Lemma

@ Shephard’s Lemma: if z(w, y) is single valued with respect to w then

c(w, y) is differentiable with respect to w and
dc(w,y)
“ow z)(w,y)

Further the lagrange multiplier of the cost minimization problem is
the marginal cost of output:
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Properties of Conditional Factor Demands (2)

Q If z(w, y) is differentiable in w then:

e o on o
ow? Owy Owy, ow;  Ow,
owy, Owy 87\/,3 owy Owp,

is a symmetric and negative semi-definite matrix.
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Properties of the Cost Function and Cond. Factor Dem. (2)

@ If f(x) is homogeneous of degree one (i.e. exhibits constant returns to

scale), then c(w,y) and z(w, y) are homogeneous of degree one in y.

Proof: Let kK > 0 and consider:

c(w,ky) = min  wx
s.t. f(x)>ky

(1)

Recall that by definition of c(w, y) defining x* to be the solution to

min W X

s.t. f(x)>y

(2)
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Properties of the Cost Function and Cond. Factor Dem. (3)

we obtain
y = f(x")

Hence by homogeneity of degree 1 of f(x) we obtain:

ky=kf(x*)=f(kx")

which implies that k x* is feasible in Problem (77).

Therefore:

kc(w,y)=klwx*]=w(kx*)>c(w,ky).
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Properties of the Cost Function and Cond. Factor Dem. (4)

Let now X be the solution to Problem (??). Necessarily:
F(R)=ky
or, by homogeneity of degree 1:

(1/k) F(%) = F[(1/k) 5] = y

which implies that [(1/k) X] is feasible in Problem (?7).
Therefore we get:
c(w,ky) = w &=k w[(1/K) &] > k c(w,y)

which concludes the proof. []
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Constant Returns to Scale

O A technology that exhibits CRS has a cost function that is linear in y:
c(w,y) = c(w)y.

O A technology that exhibits CRS has a constant marginal
(0c(w, y)/0y) and average cost function:

(Oc(w,y)/0y) = (c(w,y)/y).

Proof: Homogeneity of degree 1 in y implies linearity of c(w,y) in y.

By Euler theorem ¢, (w)y = c(w, y) or ¢,(w) = c(w,y)/y. O
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Constant Returns to Scale (2)

G (w) = )

c(w,y) =c¢(w)y

Y
\
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Increasing Returns to Scale

@ If f(x) is convex (IRS technology), then c(w, y) is concave in y.

@ A technology that exhibits IRS has a decreasing marginal cost
function (0c(w,y)/dy) and average cost function:

(Oc(w,y)/0y) < (c(w,y)/y)
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Increasing Returns to Scale (2)

Y
Y
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Decreasing Returns to Scale

@ If f(x) is concave (DRS technology), then c(w,y) is convex in y.

@ A technology that exhibits DRS has an increasing marginal cost
function (0c(w,y)/dy) and average cost function:

(Oc(w,y)/0y) = (c(w,y)/y)
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Decreasing Returns to Scale (2)

c(w.y) c(w,y)

Y
Y
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Profit Maximization (5)

Assume that the output market is competitive.

The profit maximization problem is then:

max py—c(w,y)
y

The necessary FOC are:

with equality if y* > 0.
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Profit Maximization (6)

The sufficient SOC conditions for a local maximum:

O?c(w,y*)
a2 0

Clearly SOC imply at least local DRS in a neighborhood of y*.

Notice that if y* > 0 the optimal choice of the firm is:

dc(w, y*)

oy MC(y™)

p =
in words, price equal to marginal cost.

This condition defines the solution to the profit maximization problem: the
supply function: y*(w, p)
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Profit Maximization (7)

The two profit maximization problems produce the same outcome for
equal (w, p). Indeed:

max  py — c(w,y)
y

where
c(w,y) = min  wx
X

s.t. f(x)>y

yields
maXy py—wx
s.t. f(x)=y

the very first problem we considered.
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Long Run and Short Run

We now explicitly include long run and short run considerations in the
profit maximization problem (flow variables).

Short run: one or more inputs may be fixed, ass. x, = X, while the
remaining inputs may be varied at will.

The short run variable cost function:

h—1
S(w,y, %) = wh Xh+X1ml)2 1z:W/ x|
s.t. f(xl,...,xh_l,xh) >y
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Long Run and Short Run

Alternatively:
c(w,y, xp) = mXin W X
st. f(x)>y
Xp = Xp

Recall z(w, y) denote the long run conditional factor demands, that solve:

c(w,y) = minw x
X
sit. f(x) >y
Let X = (X1,...,Xn) be the input vector that achieves the minimum long

run cost of producing y:
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Long Run and Short Run (3)

We characterize the relationship between short and long run total costs, or

alternatively, short run and long run variable costs (more familiar).

Notice that
c(w,y) = CS(W,y, zp(w,y))
or
c(w,y) _ (w,y,zn(w,y))
y y
moreover

8C(Way) 8c5(w,y,zh(w,y))
dy dy

by Envelope Theorem.
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Long Run and Short Run (4)

We shall now focus on a neighborhood of (w, ) and set X, = zy(w, 7).

Recall that Envelope Theorem implies that only the first order effect is
zero.

Since (?7) is an identity in (w, y) we can differentiate both sides with
respect to y:

aZCS(WJ,)_(h) + azcs(w7y7)_(h) aZh(va) 82C(W7y)

Oy? Ay Oxp dy Oy?
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Long Run and Short Run (4)

and with respect to wy:

azcs(w)yv)_(h) + 82C5(W?y7)_<h) 8Zh(W7Y) 62C(W,y)

dy Owy, dy 0xp ow, Oy ow,
Now
82C5(W7Y7 )?h) -0
8)/ 8Wh N
since
aCS(W7Y7)_<h) =
owy,

is independent of y.
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Long Run and Short Run (5)

Hence by Shephard's Lemma:

82C5(Waya)_<h) aZ/‘I(W7y)/ay

Oy Oxp ~ Ozp(w,y)/Owy,

which implies by substitution:

02 (w,y, %) | (9zn(w,y)/dy)? _ OPc(w,y)
dy? Ozp(w, y)/Owh dy?

which delivers:
82C5(Way7)_<h) > 8ZC(Way)
Oy? — 0y?

since

(9zn(w, y)/0y)?
Ozp(w,y)/Owp =0
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Le Chatelier Principle

This allows us to conclude that the function:

/(va) = C(Way) - CS(W¢Y7)_(h) S 0
reaches a local maximum at X.

By definition of X, FOC are satisfied:

ac>(w, y, %n) _ Oc(w,y)
dy )Y

While we just proved that the SOC hold:

82C(W>y) < 82C5(W7y7)_<h)
ay? — Oy?
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Le Chatelier Principle (2)

A similar approach proves:

0> oz, > 0zp
aW,' 8W,
Moving to profit maximization:

0 > aXh > aXh
ow; — Ow;

and s
o< Oy
~— Op ~ Op

All these results are summarized under the name of: Le Chatelier Principle.
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