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Properties of Walrasian Equilibrium

Recall that x = {x!,..., x'} denotes an allocation.

Definition
An allocation x Pareto dominates an alternative allocation X if and only if:

ui(x') > ui(x') Vie{1,...,1}

and for some i: _ '
ui(x") > ui(x").
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Pareto Efficiency

In other words, the allocation x makes no one worse-off and someone
strictly better-off.

Definition
An allocation x is feasible in a pure exchange economy if and only if:

1
dxi<e  Wefl,..., L}

Definition

An allocation x is Pareto efficient if and only if it is feasible and there does
not exist an other feasible allocation that Pareto-dominates x.
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Pareto Efficiency (2)

A
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Pareto Efficiency (3)

A standard way to identify a Pareto-efficient allocation is to introduce a

benevolent central planner that has the authority to re-allocate resources

across consumers so as to exhaust any gains-from-trade available.

An allocation x* is Pareto-efficient if there exists a vector of weights
A= (A\',...,\) such that x* solves the following problem:

x1,...x!

/
st Zx" <@
=1

max Z N ui(x)
=@
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Pareto Efficiency (4)

Proof: We start from the only if:

Assume by way of contradiction that the allocation X that solves (?7?) is
not Pareto efficient.

Then there exists a feasible allocation X and at least an individual / such
that . . ' .

u(&) > w(®), (%) > (%) V£
If then follows that, given (Al,..., \!), the allocation % is feasible in
problem (?7?) and achieves a higher maximand.

This observation contradicts the assumption that X solves problem
(7). O

We come back to the if later on.
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First Welfare Theorem

Theorem (First Fundamental Theorem of Welfare Economics)

Consider a pure exchange economy such that consumers’ preferences are
weakly monotonic.

Assume that this economy is such that there exists a \Walrasian equilibrium
{p*,x"}.

Then the allocation x* is a Pareto-efficient allocation.

Proof: Assume that the theorem is not true.
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First Welfare Theorem (2)

Contradiction hypothesis: There exists an allocation x such that

/
E x' <@
i=1

and . .
ui(x') > ui(x"*) Vi<l

and for some i </ _ .
ui(x") > ui(x"*)
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First Welfare Theorem (3)

Then . .
p'x' > p*x"* Vi <.

Proof: Assume that this is not true and there exists i/ < [ such that
pixt < prxi*

From

p*Xi’* — p*wi
we then get

p*XI < p*w/
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First Welfare Theorem (4)

This implies that there exists € > 0 such that if we denote e the vector
T _
e’ =(1,...,1) . _
p*(x' +ee) <pw.
Monotonicity of preferences then implies that

ui(x' + e e) > ui(x')

which together with the contradiction hypothesis gives:

u(x' + e e) > ui(x™)

This contradicts x* = x/(p*).
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First Welfare Theorem

Since for some i we have uj(x') > uj(x"*) then for the same i

p* Xi > p*Xi’*.

Proof: Assume this is not the case.

Then there exists a consumption bundle x’ which is affordable for i:
pxi < prxi = p*

and yields a higher level of utility: u;(x") > u;(x"*).

This is a contradiction of the hypothesis x'* = x/(p*). O
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First Welfare Theorem

Adding up these conditions across consumers we obtain:

I I
Zp*xi > Zp*xi,*
i=1 i=1

or
I I
ZP*XI > ZP*XI,* — ,D*(I)
i=1 i=1
a contradiction of the feasibility of the allocation x. O

Notice that the hypothesis necessary for this Theorem are not enough to
guarantee the existence of a Walrasian equilibrium.
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The Converse Question

So far we assumed:
o perfectly competitive markets;

@ every commodity has a corresponding market (no-externalities).
Consider now the converse question.

Suppose you have a pure exchange economy and you want the consumer
to achieve a given Pareto-efficient allocation.

Is there a way to achieve this allocation in a fully decentralized (hands-off)
way?

Answer: redistribution of endowments.
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Separating Hyperplane Theorem

Theorem (Separating Hyperplane Theorem)

Let A and B be two disjoint and convex set in RN. Then there exists a
vector p € RN such that

px>py
for every x € A and every y € B.

In other words there exists an hyperplane identified by the vector p that
separates the set A and the set B.

Francesco Squintani EC9D3 Advanced Microeconomics, Part | August, 2024



Second Welfare Theorem

Theorem (Second Fundamental Theorem of Welfare Economics)

Consider a pure exchange economy with (weakly) convex, continuos and
strongly monotonic consumers’ preferences.

Let x* be a Pareto-efficient allocation such that x,i " >0 forevery | < L
and every i < |. Then there exists an endowment re-allocation w' such

that: l

Zw =D

i=1

and for some p* the vector {p*,x*} is a Walrasian equilibrium given w'.
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Second Welfare Theorem

Proof: Consider

B = {x e RL | ui(x) > ui(x")}

Notice that B’ is convex since preferences are convex by assumption
(utility function is quasi-concave).

Let

I I
B=Y B = {zeRmz:Zx",x"e B"}
i=1 i=1
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Second Welfare Theorem (3)

B is convex. \

Proof: Take z,Z' € B.

I I
Now z € B implies z = in and z/ € B implies Z/ = Zx'i.

i=1 i=1
Therefore
o o
Pz+ (1= = A X +(1-1)> X
i=1 i=1
I . .
= Y I +(1-Ax"eB
i=1
since [Ax’ + (1 — A\)x'] € B’ by convexity of B'. O
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Second Welfare Theorem (4)

I
v = in’* Z B
i=1

Proof: Assume that this is not the case: v € B.

This means that there exist / consumption bundles %' € B’ such that
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Second Welfare Theorem (5)

Now, Pareto-efficiency of x* implies that v is feasible:

I !
v = g R'= E w'
i=1 i=1

and by definition of B’ _ .
u,-()“(’) > u,'(x”*)

for every i < /.

This contradicts the Pareto-efficiency of x*. O
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Second Welfare Theorem (6)

There exists a p* such that:

Proof: It follows directly from the Separating Hyperplane Theorem.

Indeed, the sets {v} and the set B satisfy the assumptions of the
theorem. O

We still need to show that the p* we have obtained is indeed a Walrasian
equilibrium.
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Second Welfare Theorem (7)

p*>0

Proof: Denote ¢ =(0,...,0,1,0,...,0) where the digit 1 is in the n-th
position, n < L.

Notice that strict monotonicity of preferences implies:

V+en€B

therefore from Claim 3 we have that:

p*(v+en)>pv
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Second Welfare Theorem (8)

In other words:
p(v+e,—v)>0

or
p e, >0

which is equivalent to:

Francesco Squintani EC9D3 Advanced Microeconomics, Part | August, 2024



Second Welfare Theorem (9)

For every consumer i < |

implies

Proof: Let 6 € (0,1). Consider the allocation

Z =X (1-0)
and )
Zh:Xh’*—{—% Vh# i

the allocation z is a redistribution of resources from i to every h.
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Second Welfare Theorem (10)

For a small 6 by strict monotonicity we have that z is Pareto-preferred to
x*. Hence by the previous Claim:

I} /
p*zzi ZP*ZX’*
i=1 i=1

or
p* | x +th*+x9 =p* x+th* > p* Zx
h#i h#i
which implies p*x’ > p*x/’*. []
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Second Welfare Theorem (11)

For some agent i

u;(xi) > u;(xi’*)

implies
p*Xi > p*Xi’*

Proof: From the previous Claim we have p*x’ > p*x"*. Therefore we just
have to rule out p*x' = p*x"*. Continuity of preferences implies that for
some scalar £ close to 1 we have

ui(& Xi) > u;(xi’*)

and by the previous Claim p*¢ x' > p*x™*. If now p*x’ = p*x"* > 0 from
p* >0 and x""* > 0 it follows that p*{ x' < p*x"*: a contradiction. O
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Second Welfare Theorem (12)

The previous Claims imply that whenever u;(x') > u;(x"*) then

*x!* with a strict inequality for some i.

p*x' > p*x

This implies that the consumption bundles x"* maximizes consumer i's
utility subject to budget constraint.

/ I
Indeed z:p*‘x"”k = Zp*wi
i=1 i=1

Let now w’' = x"*. This concludes the proof of the SWT. O

Notice that the assumptions of the Second Welfare Theorem are the same
that guarantee the existence of a Walrasian equilibrium.
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Back to Pareto Efficiency

Recall

An allocation x* is Pareto-efficient if and only if there exists a vector of
weights A = (A\', ..., \) such that x* solves the following problem:

We now consider the only if statement.
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Back to Pareto Efficiency (2)

Only if: If x* is Pareto-efficient there exist A s.t. x* solves (?7?).

To prove this implication we need the Second Welfare Theorem and the
following remark.

Let U: R_'\F’ — R be continuously differentiable, concave and monotonic.
Consider the following problem:

max U(x) st. px<puw
XGRﬂ

Then there exists a . > 0 such that

OUX) _ b V=1, N
aX[

By Kuhn-Tucker Theorem. L]
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Back to Pareto Efficiency (3)

The only if statement above can me written as follows.

Assume that x* is a Pareto-efficient allocation with x*' > 0 for all i < I,
and that u;(-) are monotonic, concave and continuously differentiable.

Then there exists an [-tuple X1, ..., X' > 0 such that x* solves the
planner’s problem (7?).

Moreover, N is the inverse of the marginal utility of income.
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Back to Pareto Efficiency (4)

Proof: By Second Welfare Theorem, since x* is Pareto-efficient it is a
Walrasian Equilibrium for endowments x*' = w' and a price vector p* > 0.

Therefore for a given p* consumers maximize their utility subject to
budget constraint by choosing x*''.

In other words, by Remark 1 above, there exists a I-tuple: v%,...,~/ >0
such that: ( )
Aui(x*! ; .
— = rVi, VI
O] Y P
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Back to Pareto Efficiency (5)

Consider now Problem (?7).

This is a concave problem: concave objective function and linear
constraint,

therefore x* solves it if we can find an L-tuple a!, ..., al > 0 such that:
I . .
0 [Z X u,-(X*")]
i=1 .
6x,i =qa; Vi, VIl
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Back to Pareto Efficiency (6)

or i
MU Vi, VI
x|

Choosing now

)\I:? o) = py

and noticing that 4/ is the marginal utility of income concludes the
proof.

Notice that « are the shadow prices of the feasibility conditions, and
according to the result above correspond to the Walrasian equilibrium
prices.
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