Trends and DF tests

Trend stationary (TS) series(Figs. 1 & 2)

A trend dtationary series fluctuates around a deterministic trend (the mean of the series)
with no tendency for the amplitude of the fluctuations to increase or decrease.

Linear deterministic trend: yi= o+ Pt+g e ~iid(0,069), t=1,2,...,T
Quadratic deterministic trend: yi=a+pt+ytP+e g~iid0,06%), t=1,2,...T
In general: yi=f(t)+ & e ~iid(0,6%), t=1,2,...T

The mean is time dependent, but the variance is constant. &; can be any stationary series.
|.e. it does not have to be awhite-noise.

The trend can be removed by fitting a deterministic polynomial time trend: the residuals
from the fitted trend will give us the de-trended series.

An AR(1) process with alinear deterministic trend can be represented as
Vi 0Bt = da(Ye1- a-B(t-1)) + & e~iid(0,69), t=1,2,...T

where the deterministic trend is subtracted from y;. In practice, however, a and  are
unknown and have to be estimated. The model can be rewritten as

Yt = (1-¢o)o + ¢1 B + (L-¢1)Bt + dayra + &
which includes an intercept and atrend, that is
Ye=a +PBt+ dayrate
where a'=(1-¢)a+ ¢p:p, and  B'=(1-¢1)p

If |41 ]<1, the AR processis stationary around a deterministic trend.



Difference Stationary (DS) series (or | ntegrated series) & Stochastic Trends

If anon-stationary series can be made stationary by differencing d times we say that the seriesis
integrated to order d and write 1(d). The process is also known as a Difference-stationary-process
(DSP).

A stationary seriesistherefore, integrated of order zero, 1(0). A white noise seriesis |1(0).

So y;isI(d) if the series wi=A; isstationary. A isthe difference operator, i.e. Ay; = Vi-Yi-1:
A%y = AAY: = A(YirYen)= (VirYer)- (VerYea)= Vet €fc.

yiis (1) if the series Wi=Ay; = Yi-Yi1 IS Stationary.
yiis1(2) if the series Wi=A%Y; = yi-2yi.1+Yi IS Stationary.

Random Walk (Fig. 3)

yi isarandomwak if  yi =yl + & where & ~iid (0, o.9).

Thisisan AR(1) with ¢ =1 in y; = ¢yr.1 + & Thisseriesis said to have a unit root, or to be
integrated of order 1, I(1).

Note: Vi - Vi1 = AY; = &

Let the process start at t = 0 with avalue y, which isassumed to befixed. Then
Yi=Yot e
Ya=Yy1te=Yoterte

t
Vi=Yoteitert..+te=Yo+ Xe, D
=1

y: is expressed as a function of theinitial value y, and a partial sum series isr called the
=1

stochastic trend. All stochastic shocks e, can change the level of y; permanently. Whileina

stationary series the effect of a shock tends to zero as time passes.



Summary of propertiesof simplerandom walk

E(y) =yo+t(times) O=yo  [fixed].
Var(y:) = Var( Et) €.)= to® time dependent, ie. Var(y,) hasatrend. Soy; is non-stationary.
=1

But Ay; =& which is stationary.

Also time dependent covariances and autocorrel ations:

HO=(t-90%, pl9)= |

Random walk covariances and autocorrel ations

Cov(y, Yr-1)=y(1)= E[(Zt: €, j(i gsﬂ = E(tzl: gfj =(t-Do?

=1 s=1

y(S) . (t-90* _ (t-9) t—s

JV(yt)\/\_/(yt_s) B Jte? |J(t-9)o? CVtit-s) Vot

p(s)=




Random walk with adrift  yi = pu+ yu1 + &,

t
Yi=Yot+tp+ 257
)

E(y) =yo+tp

Var(y;) = to?

Ayr=p+ g

atrend in the mean

atrend in the variance

Random walk with drift has atrend in both mean and variance.

t
It has a deterministic trend (yo + t 1) plus a stochastic trend Zgr :

=1

Note: A random walk is a special case of an 1(1) series. A differenced stationary process, say

Ay, can be ARMA (p,q) in general: ®(L)Ay, =©®(L)e,, but for arandom walk Ay; isiid(O, o).

e Iny; =y + & the effects of ashock last for ever wherein a stationary series y; = ¢1yr1 +

&t , the effects of ashock — 0 astime passes.

e An I(0) series will fluctuate around a mean and observations will cross this value

frequently. An I(1) series will wander widely and will only rarely return to an earlier

vaue.

e px— Orapidly for an 1(0) series. For an I(1) series this will stay around 1 for even very

large k

e Standard distribution theory is not valid when we are dealing with non-stationary series.

In particular, the Weak-L aw-of-Large-Numbers (WLLN) does not hold.

(WLLN: under certain conditions, the sample moments converge to population moments

asthe sample size —» ).

Differences between I (0) and I (1) series— Summary

1(0)

1(1)

Effects of a shock — 0 as time passes

Effects of a shock lasts for ever

Observations will fluctuate around a mean and
they will cross this value frequently

Observations will wander widely and will only
rarely return to an earlier value

pk — Orapidly

pk Will stay around 1 for even very large k

Standard distribution theory can be used

Standard distribution theory cannot be used




FIGURE 1 Trend Stationary Process
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FIGURE 2 Detrended seriesfrom Figure 1.
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Autocorrelation function of residuals, sample from 1to 100
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FIGURE 3 Random Walk
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Detecting non stationarity by visual inspection of plots and correlograms

A simple random walk and arandom walk with drift
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The simple random walk process shows no particular tendency to increase or decrease over
time, nor it shows any tendency to revert to a given mean value (e.g. exchange rates)

The time path of the random walk with drift is dominated by the deterministic trend (e.g.
money supply, GNP). The series can deviate from the deterministic trend for long periods.

In small samples it is not always easy to distinguish between a random walk and a random
walk with drift. A small absolute value of the drift p, or a large variance of the shock ¢
could mask the long run properties of the random walk with drift.

Also it is not easy to distinguish between a stationary AR process (with deterministic trend)
and arandom walk (with drift).

Trend Stationary (TS) and Difference Stationary (DS) series
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Consider now the following three series:

1) stationary AR(1) process y; = 0.05+ 0.95y; + &
2) random walk with drift ~ r;=0.05 + ry.1 + &

3) explosive series z: = 0.05+ 1.05z;1 + &
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Aninformal test for stationarity is based on inspection of the autocorrelation function.

The correlogram of a stationary AR series should decline exponentialy, while for a
nonstationary series it declines very slowly. Below are reported selected autocorrelation
coefficientsfor they and r series.

AUTOCORRELATIONS
y: AR(D) r: RW

1 0.951 0.995
3 0.856 0.982
5 0.783 0.972
11  0.596 0.939
15 0.496 0.917
36 0.127 0.770

The patterns of the two sets of autocorrelations are clearly different, confirming the
stationarity of the y series and the nonstationarity of the random walk.



Testing for nonstationarity (or for the presence of unit roots)

The presence of unit roots means that standard distribution theory is not valid.
So it is important to test for stationarity of the series prior to any estimation, in order to use the

appropriate procedure for de-trending.

Dickey and Fuller (DF) tests and Augmented DF tests

Single hypothesistests

Consider an AR(1) process

Vi = pYert & & ~iid(0,69)
If p=1 the equation defines a simple random walk and y is nonstationary. The null
hypothesis for testing nonstationarity is Ho: p = 1. The test of this hypothesis is a unit root
test.
A simple way to test the null hypothesisisto respecify the AR(1) equation as

Y= Ye1 = (p-1) Vi1 + &
AYt = YYrat & «y

thus the hypothesis Hy: p =1 is now equivalent to atest of Hp: y =0, and we test against
p <1 (y<0) (rgection region is on the left). We do not consider the case where |p| > 1
since thisis an explosive case and we would not expect economic series to be explosive.
The equation can also include a constant term

AYr = o + Yt & (2

and a constant and atrend variable

Ayr = o+ Bt + yyrite (3

The test is performed by estimating with OLS one of the three regressions above, and compare
the t-statistic on the coefficient y with the appropriate critical values.

A

t-ratiofor y in (1) [i.e. no constant equation] iscalled 7.
t-ratiofor v in(2) [notrend equation] iscaled 7.

A

t-ratiofor y in(3) [withtrend equation] iscalled 7



In each of the three cases Hpisy = 0 (aunit root), against Hy isy < O (stationary series). If Hpis
rejected then:
In (1) y;isstationary with zero mean: Vi = pYe1t &
In (2) vy;isstationary with anon-zero meanin:
Yi— U =p(Ye1— W)+ & OF Yi = o+pYr1t & Where o= p (1-p)
In (3) y:isstationary around adeterministic trend in :
yi—a—bt = p(yr1—a—b(t=-1))+ &

oryi=oa+pt+py.1+e where a=a(l-p)+bp, and B=b(1—p) .

10



Critical values are reported in Fuller, W.A., 1976, Introduction to Statistical Time Series, and
Dickey and Fuller (1981), Econometrica (report critical values for some sample sizes).

Note: T does not have the Student t distribution under Ho: p = 1. The distribution of t is shifted to
the left, relative to that of a Student t or N(0,1). Larger negative values are needed to regject the
null hypothesis. See table below: to reject Hy at the 5% level we need t<-1.95. The 5% one-sided
c.v. for aN(0,1), or Student t with large T, is—1.645. Thus inappropriate use of Std. Normal c.v’'s
would lead to over-rejection of the null.

Asymptotic critical valuesfor unit root tests

Test statistic 1% 5% 10%
N(0,1) -2.33 -1.645 -1.128
T -2.56 -1.94 -1.62
10 -3.43 -2.86 -2.57
o -3.96 2341 -313

J. Mackinnon provides a method for calculating c.v.’s for all sample sizes, T, using response

surface regressions) (see

Long run economic relationships, OUP, 1991, Chapter 13) .

J. Mackinnon, “Critical values for CI tests’ in Engle and Granger (ed.),

Example: CV; = ¢, +%+%, for given values of ¢_, ¢, and ¢,, for T=106, the 5% critical

value for the constant plus trend case as in equation (3) (N = 1 row in Mackinnon's table) is

C.V. = -34126 - @—17'823 = —3.4523. The null hypothesis of Hg:y=0 is rejected in
106 106
favour of the dternative H,:y <0 if t, = ! _AO < CV;.
se(y)

Response surfacesfor critical values of cointegration tests

model Y%point doo o1 b2
n
1 Costant + trend 1
5 -3.4126 -4.039 -17.83
10
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The Augmented Dickey-Fuller (ADF) test is used if the errors g;in (1)-(2)-(3) are serialy
correlated (y: is an AR(p)). The test is carried out by expanding the DF regressions with
lagged difference terms. So, for example, regression (3) becomes:

p-1

Ayr= o+ Bt+yyut X 8jAy_jt & (4)

j=1
where sufficient lagged first differences should be included to secure an approximate white
noise error term in the ADF regression. A test for the existence of a unit root is calculated as

7}_

A H

at-statiticony, t, =

using the same critical values as those for the DF tests. In
general, an AR(p) process can be reparameterised as
p-1
AY =7+, 5,AY, +4
j=1

For example, we can rewrite the AR(2) process
Yi=01Yi-1+ 022 + &
in differenced form as
Ay, = (¢1 + ¢2 ) Yia— ¢2Ayt—l + &
AY, =Y, , +0,AY, | +¢
where y:¢1+¢2-1 and 61 = -¢2.
Under a unit root ¢1+p,=1. Remember that ¢;+¢o<1 is anecessary condition for stationarity of an
AR(2). Thisiswhy when we test Hy: y=0 against H1:y<0, we test the existence of a unit root.

Limit of the unit root tests. Problems with power and size.
[Power= probability of rejecting null when false; size = level of significance, probability of
type | error, i.e. regject null when true]

Low power (@) in small samples, (b) for p close to one, (c) in the presence of structural
break. So, failure to reject Hy provides only weak evidence in favour of the random walk
hypothesis.

The size of the test may be affected by under specifying the lag length or using the incorrect
equation for the test (wrong deterministic components).

Lag Length in ADF regressions can be chosen in various ways.

(a) Minimise a selection criteria, like the Akaike Information Criteria (AIC) or the Schwarz
Criteria (SC); (b) select a large value for the lag order, use the standard normal distribution to
test the significance of the last autoregressive coefficient, and if the null hypothesis is accepted
reduce the lag order by one; (c) use different values for p and see if the results of the ADF test
arerobust; (d) Select the smallest value for p such that the errors are approximately white noise.

Choice of the deterministic components.

Suggestion: plot the series, if it looks like a simple r.w., use regression with constant term. If it
looks like ar.w. with drift use regression with constant and time trend.
So, for inflation use model (2), for output use model (3).

12



Phillips and Perron (PP) nonparametric tests

Like the ADF test, the Phillips-Perron test is a test of the hypothesisy = 0 in one of the three
equations above. Unlike the ADF test, there are no lagged difference terms. Instead, the equation
Is estimated by ordinary least squares (with the optional inclusion of constant and time trend) and
then the t-statistic of the coefficient is corrected for serial correlation in €; using the Newey-West
procedure for adjusting the standard errors. The critical values for these tests are identical to
those for the ADF equivaents. In some cases this test is more powerful than the ADF test and is
less sensitive to over-specifying the lag length.

Test for a second unit r oot

p
Thisis done by using the model: Azyt =+ YAYt_1 + .218jA2yt_j + &4
J:

andtest for Hp 1y =0 against H,:y < 0 using the same MacKinnon's critical values used to test
for one unit root. Note that in this case only equation (1) and (2) are sensible.

13



Unit root tests and structural breaks

A trend stationary series which exhibits a structural break either in the intercept (level) or
the slope of the deterministic trend (growth) cannot easily be distinguished from a
nonstationary process. Thus, a unit root test which does not account for breaks in the series
has very low power. Perron (1989, ‘ The Great Crash, the oil price shock and the unit root
hypothesis', Econometrica, 57, 1361-1401) derives critical values for unit root tests which

take account of shiftsin the trend or intercept.

Nelson and Plosser (1982, ‘ Trends and random walks in macroeconomic time series: some
evidence and implications’, J. of Monetary Economics, 10, 139-162), found many US
macroeconomic t.s. 1(1). Perron (1989) showed that many of these series are 1(0) but with

structural breaks.

Joint tests

It is possible to test for a unit root and the deterministic components jointly.

Take equation (2) and (3) on its own or modified according to the ADF specifications. The

variousjoint tests are:

F ratio (restricted vs unrestricted RSS) for testing o=y =0 in (2) iscaled ®; .
Fratiofortesting o= p=y=0 in(3)iscaled @, .
Fratiofortesting =y =0 in(3)iscaled @3 .

Azt=o + YZt1 t &
AZi=ao + Bt + 7721 t &
Azt =o + Bt +vZ1 t+ &

H():OL: =0
Ho o =B=y=0
Ho: p=y=0

o}
D,
D3

The distribution of these F-type tests is again non-standard, critical values are reported in Dickey

and Fuller (1981). For a sample of these critical values see Gujarati Table D.7, appendix D.
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