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1. INTRODUCTION

Voter participation is an essential component of democracy, and changes in the level of
electoral participation may affect the political positioning of the competing parties, electoral
outcomes and ultimately public policy. At the same time, the level of electoral participation,
electoral outcomes, political parties and other aspects of the political landscape are all endogen-
ous and widely believed to be consequences of the electoral rules. A key property of electoral
systems is the degree of proportionality in translating votes to seats. Many conjectures have
been offered about whether or not more proportional systems lead to higher turnout and why.
Heuristic arguments have been offered on both sides, but this article provides the first theoret-
ical and experimental analysis of the complex relationship between proportionality and turnout,
focusing mainly on the question of how equilibrium turnout is jointly affected by a combination
of the relative size of the competing parties and the electoral rules.

The laboratory experiment, while a stylized version of elections in the field, enjoys an
important advantage over empirical or historical studies, by virtue of eliminating potential
confounding factors that have challenged such studies, and led to an ambiguous mix of findings.
These confounding effects include the measurement of competitiveness, properly controlling for
social /cultural factors, endogeneity of the choice of electoral system, isolating the effects of
district magnitude or multimember districts, and taking into account institutional variations
in government formation, to name a few.

A claim that is essentially folk wisdom in the political science literature on comparative
politics is that proportionality increases turnout, and, in particular, proportional systems will
produce more turnout than single member plurality (winner take all) systems.' Selb (2009),
for example, leads off his introduction with a sweeping statement: "There is wide agreement
among scholars that the proportionality of electoral systems...is positively associated with voter
participation." Regardless of this wide agreement, however, if one looks more closely it turns

out that, in fact, the results are quite mixed. There are some glaring exceptions that are

ISee, for example, Powell (1980, 1986), Crewe (1981), Jackman (1987) and Jackman and Miller (1995), Blais
and Carthy (1990) and Franklin (1996). There have also been statements suggesting that this claim is implied
by theoretical results (see e.g. Bowler et al. (2001) and Cox (1999)), but the "theory" referred to consists of
informal arguments based on casual theorizing. There have also been informal theoretical arguments on the
other side: Powell (1980) argues that for several reasons SMP systems are more transparent than PR systems,
which may boost turnout. Some possible factors have been argued both ways. For example, it was initially

argued (e.g., Gosnell 1930) that PR may produce higher turnout because it leads to more political parties.
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dismissed with idiosyncratic explanations, and without such exclusion the evidence for this
central claim is weak.> Acemoglu (2005) argues that cultural and idiosyncratic characteristics
that are difficult to control for make it difficult to assess the causal effects of institutional
differences, since institutions are themselves endogenous.” Blais (2006) in his turnout survey
concludes that “many of the findings in the comparative cross-national research are not robust,
and when they are, we do not have a compelling microfoundation account of the relationship.”

Where does this leave us? The empirical findings are mixed and the published theoretical
claims are mostly nonexistent or based on informal intuitions. First of all, this paper provides
a formal theoretical model that (a) offers a rationale for why one should a priori expect cross
sectional empirical studies to lead to mixed findings and (b) identifies clear conditions under
which proportional systems will lead to more (or less) turnout than winner take all systems.
Second, this paper offers data from a laboratory experiment that provides exactly the kind of
controls that are missing in the empirical studies. The experiment itself is specifically designed
to test whether predictions falling out of the theoretical characterization are supported by data.

The theoretical results we present here on the comparison between electoral participation
in winner-take-all systems and power sharing systems* are an abridged version of what appears
in more detail in our working paper (Herrera et al. 2013), most of which was contained in the
earlier working paper of Herrera and Morelli (2008)°. The key insight is that the ranking of
turnout in the two systems depends on the expected closeness of the election. While closeness
has been conjectured to play an important role in winner take all elections, until now little
~ 2Switzerland is the most prominent exception of a PR system with low turnout. Evidence from Latin America
also runs counter to folk wisdom. New Zealand (prior to switching to PR) offers another counterexample. They
switched to PR and turnout declined. Blais (2000 & 2006) points out how the result in Blais and Carthy (1990)

relies entirely on the treatment of New Zealand as a deviant case.

SPutnam et al. (1983) make a similar point, as does Boix (2000).
4We use the term power sharing rather than proportional representation because the mapping from vote shares

to power shares can be in principle proportional even in systems that strictly speaking do not use PR electoral
rules. The relative power of the majority party for a given election outcome varies with the degree of separation
of powers, the organization of chambers, the assignment of committee chairmanships and institutional rules on
agenda setting, allocation of veto powers, and obviously electoral rules. See Lijphart (1999) and Powell (2000)
for a comprehensive analysis of the impact of political institutions on what they call degree of proportionality
of influence, which is basically our vote-shares to power-shares mapping. Electoral rules determine the mapping
from vote shares to seat shares in a legislature, whereas the other institutions determine the subsequent mapping
from seat shares to power shares across parties.

5See for instance: http://www.cer.ethz.ch/education/morelli 3.pdf
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has been known theoretically about the effect of closeness in proportional systems. The main
theoretical result is that in large elections a winner take all system induces higher turnout if
and only if the election is expected to be close; power sharing systems induce higher turnout
than winner take all systems in less competitive races. We base our analysis in this paper on the
costly rational voting model (see e.g. Ledyard (1984) and Palfrey and Rosenthal (1985)) under
population uncertainty®, extending the analysis to the proportional influence or proportional
power sharing system.’

This main finding follows from an important intermediate result that we prove in this pa-
per, the partial underdog compensation effect. Generally in turnout models with large numbers
of voters, there is an underdog compensation effect, namely the supporters of the candidate
who is expected to lose will have higher turnout rates than the supporters of the favored can-
didate. The modifier "partial" indicates that the amount by which underdog supporters vote
more relative to the favorite’s supporters does not fully compensate for the ex ante advantage
of the favorite. Therefore, in a winner-take-all system, when preferences are not evenly split
the partial underdog compensation preserves the ex-ante leading party as the ex-post leading
party in equilibrium. The expected winning margin remains high, leading to pivot probabilities
that decline very rapidly in N, the expected number of voters, strongly discouraging particip-
ation. In a proportional power sharing system the expected marginal benefit of a single vote
is proportional to the marginal change in the vote share determined by that vote, rather than
pivot probabilities, and therefore a less competitive election (i.e. a higher expected winning
margin) does not affect the incentives to vote as much. In contrast, if the two candidates are
equally favored ex ante, then the pivot probabilities decline very slowly, on the order of the
square root of N, which implies turnout in winner take all elections to be relatively higher.

Several theoretical papers have assumptions that made them obtain for winner-take-all

elections a full underdog compensation effect in the limiting case of large electorates: the

®Viewing the size of the electorate as a random variable (see Myerson 1998 and 2000) has the advantage of
simplifying the computations without altering the incentives driving the results. See also Krishna and Morgan
(2011) for a similar model but with common values. Numerical computations we performed with fixed population

sizes confirm however that all our comparative results do not depend on population uncertainty.
"Elsewhere (Herrera et al. 2013), we show that the main theoretical finding is shared by a wide range of

non-instrumental turnout models, such as group mobilization models (see e.g. Morton (1987, 1991), Cox and
Munger (1989), Uhlaner (1989), and Shachar and Nalebuff (1999)) and ethical voting (see e.g. Coate and Conlin
(2004) and Feddersen and Sandroni (2006)). In that paper the main results are extended to allow for multiple

parties as well.



theoretical claim is that in pivotal voting models the expected vote shares of the two parties
are equal independent of the distribution of partisan preferences in the population. Our paper
shows that this result depends on what one assumes about the distribution of voting costs.
In particular, full underdog compensation can occur when the distribution of voting costs is
degenerate (Goeree and Grosser 2007, Taylor and Yildirim 2010), or is bounded below by a
strictly positive minimum voting cost (Krasa and Polborn 2009), or is identical for voters from
different parties. In contrast, the original Palfrey-Rosenthal (1985) model rules out the first
two of these cases and explicitly allows for different distributions of voting costs for the two
parties. The full underdog compensation result is, in fact, not a general property of pivotal
voting models in large electorates. With a finite number of voters, typically the underdog
compensation effect is only partial, and in rare cases can even be reversed. In the limiting
case, one can get less than full underdog compensation in several ways. As one extreme, if the
two parties have supporters with heterogeneous costs of voting with a distribution of voting
costs with lower bound of support less than or equal to zero, then the underdog compensation
effect is always partial or zero in the limit. The intuition for this is easy to see in the extreme
case where some positive fraction of voters have zero or negative voting costs. In this case, for
large elections they are the only ones who vote, and there is no free rider problem among these
voters because they get direct utility (or zero cost) from voting, hence there is zero underdog
compensation in large elections. In the intermediate case that we study in this article, with the
continuous distribution of voting costs that has non-negative support and a positive density at
zero, voters supporting the underdog turn out in higher percentages than voters that support
the favorite, but the underdog compensation is only partial. Hence, the party with higher ex-
ante support is always expected to win large elections, albeit by a smaller margin of victory
than the ex-ante support advantage (e.g. the opinion polls) would predict.

If one moves away from the convenient population uncertainty world (convenient in terms of
tractability) it is straightforward to derive ezact equilibrium conditions to be used for numerical
computation of the predictions for any known number of voters. Hence it is possible to test
the comparative results in the laboratory. The relevance of the comparative findings is put
to a test in a large study of 1900 laboratory elections, where we experimentally control and
manipulate the proportionality parameter, voting costs and the competitiveness of the election.
Since Levine and Palfrey (2007) already provide a preliminary set of data with winner-take-all
rules, we adopted the same treatments even in the new proportional experiments, so that the

data could be pooled together. The experimental results confirm the theoretical predictions of
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the general model, as well as other predictions on the closeness effects that come out specifically

from the known-population model computations.

1.1. Related Literature. Our modeling strategy is related to a body of literature that ap-
plies the Poisson game approach to model strategic voting in large elections, including recent
contributions by Bouton (2012), Bouton and Gratton (2013), Krishna and Morgan (2011),
McMurray (2012). The closest of these to our paper is Castanheira (2003), which examines
turnout in large winner take all elections in the context of one-dimensional spatial competition
between two candidates. He obtains results by making the voters a continuum, i.e. swapping
the incremental benefit of a vote with a derivative. He also partially extends his main results
about the rate of convergence to zero turnout in winner-take-all elections to the case where
there can be a "mandate effect", which he models with a linearized weighting function, similar
to Stigler (1972).

A recent related theoretical study by Kartal (2013) addresses the differences in turnout
across electoral systems, using a somewhat different approach and with a different focus. Fol-
lowing the approach of Palfrey and Rosenthal (1985), that paper does not adopt the Poisson
games framework, assumes no uncertainty about the number of voters in the election, and the
analysis is primarily focused on welfare comparisons across different systems with endogen-
ous turnout. A similar result to ours on the partial compensation effect is obtained. A later
study by Faravelli and Sanchez-Pages (2012) also compares turnout and welfare with majority
and with general power sharing rules with endogenous turnout. They obtain results only in
a neighborhood of perfectly even elections (q=1/2) or perfectly biased elections (q=1).* The
Herrera and Morelli (2008) working paper contained many of these comparative results, and
also established "model robustness" by proving that the main theoretical results comparing
power sharing with winner take all also hold in several alternative theoretical approaches that
allow for non-instrumental motives for voting and when there are more than two parties.

Earlier experimental evidence (see Schram and Sonnemans (1996)) suggests turnout is
higher in a majoritarian system than in proportional representation, but the experimental
design featured only the case of perfect symmetry in the ex-ante supports for the two parties.
Thus, their finding that the winner take all elections display higher turnout is consistent with
our theoretical results. However, our theory also predicts that the turnout ordering will be
reversed if the parties’ ex-ante supports are sufficiently asymmetric. Levine and Palfrey (2007)

8See also Faravelli et al (2013) for other extensions.
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conduct an experiment with a very similar design to ours, but only looks at winner take all
elections. Recent experimental findings related to ours can also be found in Kartal (2011). That
experiment implements a different, piecewise linear, version of proportional representation, and
the design mainly addresses issues of representation and efficiency. The experimental design in
the present paper contrasts a purely proportional representation system with winner take all,
and focuses on the effect of relative party size on turnout in proportional versus winner take
all systems. In addition, we run some robustness treatments with different cost distributions,
including some treatments in which a reverse underdog compensation effect is predicted and
observed.

The paper is organized as follows. Section 2 contains the analysis of our rational voter
model, comparing the properties of proportional power sharing and winner-take-all systems.
Section 3 describes the experimental design, procedures, and data analysis, the results of which
are broadly supportive of the theory in terms of comparative statics in small elections, and
where one can see the general findings of the theory further confirmed. Section 4 offers some

concluding remarks and describes potential paths of future research.

2. THE VOTER TURNOUT MODEL

Two parties, A and B, compete for power. Citizens have strict political preferences for one
or the other, chosen exogenously by Nature. We denote by ¢ € (0,1) the preference split, i.e.
the chance that any citizen is assigned (by Nature) a preference for party A (thus 1 — ¢ is the
expected fraction of citizens that prefer party B).” Without loss of generality, we assume that
g < 1/2; so that A is the underdog party with smaller ex-ante support, and B is the favorite
party. The indirect utility for a citizen of preference type 7, © = A, B, is increasing in the share
of power that party ¢ has. For normalization purposes, we let the utility from “full power to
party ¢” equal 1 for type ¢ citizens and 0 for the remaining citizens.

Beside partisan preferences, the second dimension along which citizens differ is the cost of
voting. Citizen ¢’s cost of voting, ¢;, is drawn from a distribution with infinitely differentiable

pdf f (c), strictly positive on the support [0,¢, with ¢ > 1/2.1°

9For the case in which ¢ is not fixed, see Myatt (2012).

0Cost draws are independent. The assumption that ¢ > 1/2 is made for technical reasons, to avoid dealing
with boundary cases. One could also allow for the support to include negative voting costs, which trivially

implies a zero compensation effect in large electorates.
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We assume that the size of the electorate is finite but uncertain.!* The number n of citizens

who are able to vote in a given election is distributed as a Poisson distribution with mean N:

e N (N)"

nf\./
n!

Citizens have to choose to vote for party A, party B, or abstain. If a share a of A types
vote for A and a share 3 of B types vote for B, the expected turnout 7' = ga + (1 — ¢q) 5.

We compare the above equilibrium conditions in two electoral systems that differ on the
benefit side: a winner-take-all system (M) and a proportional power sharing system (P). Under
system M, if the vote share for A is V' > 1/2, then party A has full power and each A supporter
gets utility 1. The payoffs are reversed if V' < 1/2, and every citizen gets a payoff of 1/2 if
V = 1/2. Under P, for any V, an A supporter’s payoff is V' and a B supporter’s payoff is
1 — V.22 For each system we characterize the Bayesian equilibria of the game, which take the
form of a pair of cutoff thresholds, (c,,cs), one for each party. That is, each A supporter with
a cost below a threshold c, votes for type A, each B supporter with a cost below cg votes for
B. All other citizens abstain. So on aggregate, the expected proportion of type A citizens who
vote is & = F'(c,) and the expected proportion of type B citizens who vote is § = F'(cg).

In an equilibrium strategy profile (c,, ¢z), the expected marginal benefit of voting, B (which
will be characterized by different expressions for the P and M systems) equals the cutoff cost
of voting (indifference condition for the citizen with the highest cost among the equilibrium

voters).!® Hence the equilibrium conditions can be written as:

"Our results hold more generally: we use this specification for convenience only in the limit equilibrium
results that will follow.

2By convention, let V = 1 /2 in the event nobody votes.
131 we drop the assumption that ¢ > 1/2 and N is sufficiently small, then the cutoff costs may be on the

boundary, at ¢, for one or both parties, in which case the equilibrium condition would be an inequality. The

assumption of ¢ > 1/2 avoids these uninteresting cases.
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In the M system B is equal to the probability of making or breaking a tie times the payoff
from doing so (1/2). Hence:

o [N (Nga)* (e TN (1—g) NB)' 1 (1—q)NB
By = Z( Rl )( K )5(” k1 )

k=0

5 e (N (Nga)*\ (eI (1 - g) NB)* Y 1 gNa
Bu = Z( Kl )( K >§<1+k+1)

k=0

Equating the benefit side to the cost side we obtain a system of two equations in («, 3) (the M
system henceforth).
In the P system B is equal to the expected increase in vote share if one votes instead of

abstains. Hence:

b ifﬁ ( () <e—<l—W (01— Nﬁ)b> (ot aﬁ{)))
" ii ( (=) <6_(1_W (01— Nﬁ)") (e b))

With P, unlike the M system, there is a double summation because an A supporter, for

instance, has an impact on the electoral outcome not only in the event of a tied election (a = b
and a = b — 1), but for all realizations of @ and b. In the P system voters always have some
impact on the electoral outcome albeit very small, whereas in the M system voters have a large
impact only in a pivotal event and zero impact otherwise. We first establish two basic results
that hold for all expected electorate sizes, N, and then provide a full characterization of the

limiting equilibrium properties for very large N. All proofs are in the Appendix.

2.1. Common Properties of Equilibrium for all N. We first establish existence of equi-

librium and the partial underdog effect.
Proposition 1. The following properties hold in both M and P systems for any N.

(1) Ezistence: There exists an equilibrium («, 3) for any g.

(2) Partial Underdog Compensation: In any equilibrium («, 3) we have:
g<1/2 = a>p, qu<(1-¢q)p

As we show in the proof in the appendix, the underdog compensation holds for general
power sharing functions'?, with the property that for any given ex-post vote realization (a,b) ,

14The Poisson uncertainty assumption we use in the proof is not crucial: this result holds without population

uncertainty as well.



an additional vote for the underdog gives the underdog a higher marginal gain than an additional
vote for the leader gives the leader. The underdog compensation being just partial implies that
the minority party has a higher expected turnout rate but lower expected total turnout in
terms of the expected number of voters, so the party with more ex-ante support remains the
more likely winner of the election. As a consequence, we have a balanced election with a 50%
expectation of victory from each side only when ¢ = 1/2. With homogeneous costs, or assuming
that all voters have strictly positive costs, the result would be different, namely a full underdog
compensation and a 50% chance of victory regardless of the ex-ante preference split q. The
partial underdog compensation effect also plays an important role for the comparative turnout

results, to which now we turn.

2.2. Limit Equilibrium Properties of Elections. We consider the limit case directly, rather
than establishing results that hold for sufficiently large N. For technical reasons, we assume
voters base their calculus on a first order approximation of the limiting pivot probabilities. We
will refer to the equilibrium based on this assumption as a limit equilibrium.'> We assume that
the parameters of the model remain fixed as N varies.'6

To study the asymptotic properties of equilibrium turnout, we first establish that, in any

equilibrium, large N necessarily implies large average turnout level for each party (Na, Nj3) .

Lemma 2. Any equilibrium solution (ay, 5y) to the M and P system has the following prop-

erties

im ozN:A}im By =0, lim N ¢ (0, 00)

lim Nay = lim Ny = oo, 1
N—o0 N—oo N—oo N

N—oo

The next proposition establishes five additional results about turnout in a limit equilibrium.
First, it establishes uniqueness and fully characterizes in closed form the limit equilibrium
turnout rates for the M system if F' is weakly concave.!” Second, it establishes uniqueness and
fully characterizes in closed form the limit equilibrium turnout rates for the P system . Third,

it establishes the size effect, that turnout declines in N. Fourth, it establishes that for elections

157 similar approach is taken elsewhere to analyze strategic voting in large electorates (for example, Myatt

2007).
6pixing all the model parameters when taking limits is standard in the literature, but not necessarily

innocuous. For example, in some cases the value of a winning outcome might plausibly increase in the size of

the electorate.

17 weakly concave is strong but by no means a necessary condition. It suffices that zF ~1(x) is weakly

convex in a neighborhood of 0, a weaker but less intuitive condition.
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that are expected to be close turnout in the M system, Ty, is higher than turnout in the P
system, Tp, and otherwise turnout is higher in the P system. Fifth, it shows that the underdog

compensation effect is always greater in the P system, and strictly greater if ¢ < 1/2.

Proposition 3. If voters use the asymptotic pivot probabilities in the limiting case of arbitrarily

large elections, then:

(1) There exists a unique limit equilibrium in the M system if F is weakly concave, charac-

terized by:
qonr (F7 (ann))” = (1= 0) By (F7 (Bar)”

(2) There exists a unique limit equilibrium in the P system, characterized by

gop (F~ (ap)) =(1—q) Bp (F' (Bp))

(3) Size Effect. For any ¢, the equilibrium expected total turnout, 7', declines in the expec-
ted size of the electorate, V.
(4) Comparative Turnout.

(5) Comparative Underdog Compensation:
1_q B (()ép)n+1_ (aM>2n+1
q Bp Bu

where n > 1 is the lowest integer for which ©E- “|amo € (0, 00).

These theoretical results about the asymptotic properties of turnout in M and P systems
provide a sharp comparison of how turnout in the two systems varies with ¢q. Of particular
interest with respect to the empirical literature is that turnout is higher under the M system
when ¢ is close to 1/2, but higher under P if ¢ is not close to 1/2. In the limit, an ex ante 50-50
split of the electorate versus a non 50-50 split, imply very different overall turnout numbers
in large elections because the driving force for voter turnout (being pivotal) only arises when
the vote split is exactly 50-50 in the M system, whereas, a voter is always pivotal (a little bit)
in the P system regardless of the exact vote split. Specifically, under M, when ¢ = 1/2 (or if
costs are homogeneous) the asymptotic benefit of voting (and hence the asymptotic turnout)

declines at rate N /2 because qa = (1 — ¢)3. However, if ga # (1 — ¢)3, turnout declines at
11



an exponential rate, which is the case whenever ¢ # 1/2.'% In contrast, the rate of convergence
in the P system is always on the order of N~! independent of ¢, a rate that is quantitatively
in between the two rates of convergence in the M system: N~! € (N “12 =N ) )

The above proposition (part 5) also shows that the underdog compensation is larger in the

P system than the M system, namely

g<1/2 = ap/Bp>ay/By>1

Compared to the P system, in the M system minority voters are always more discouraged to
vote relative to majority voters. This result also implies a higher relative winning margin in
the M system than in the P system for any given preference split ¢, where the relative winning
margin is equal to M;q)/ﬂ.

To illustrate the results, we turn to a numerical example.

2.3. Example. Consider the cost distribution family (z > 0): F (¢) = c¢'/* with ¢ € [0,1].

This example yields an explicit solution for the P system, i.e.

_1
z+1

1 (1-qg(1—g) gL g (1—q)g=1 (1—q)*
S\ ga gt g e)

+
-

The M system equilibrium has no closed form solution, namely (ay, 8,,) jointly solve

I—gq

8 =<L)zzlﬂw VR /T ) B
v S VN 47 (g (1= g)aneBan)

Setting N = 3000 and z = 5, the numerical solutions to the M system yield a clear illustra-
tion of the comparative result of proposition 3. Figure 1 compares expected total turnout, 7" in
the M system (continuous line) and in the P system (dashed line), as a function of ¢. For ¢ is
in the range of (.45,.55) turnout is higher with M, and the opposite is true for more extreme q.
Also observe that P is much less responsive to q. As N becomes large, the P curve approaches

a horizontal line, and the M curve approaches a spike at ¢ = 1/2.

18The two rates of convergence derived above do not depend on the (Poisson) population uncertainty in
this model, but hold more generally. See, for example, Chamberlain and Rothschild (1981) and Herrera and

Martinelli (2006), which analyze a majority rule election without population uncertainty.
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Figure 1: Turnout as a function of ¢ in the M (continuous) and P (dashed) models (z = 5,

N = 3000).

Figure 2 contrasts how the underdog compensation effect, a/3, varies with ¢ in the P system

(dashed line) compared to the M system (continuous line). As a reference point, the figure also

shows the full underdog compensation curve, as a dotted line. This figure illustrates three

features of the equilibrium. First, if an underdog exists (¢ # 1/2), the underdog compensation

is only partial. Second, the underdog effect is always stronger under P than M, and, third

under P, the underdog compensation effect is more responsive to changes in q.
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Figure 2: Partial underdog compensation («/f3) as a function of ¢ in P (dashed), M

(continuous), and Full underdog compensation (dotted).

3.

EXPERIMENTAL ANALYSIS

To examine the comparative theoretical hypotheses about turnout differences under P and

M in a way that avoids the measurement and endogeneity problems inherent in much of the

13



empirical literature on turnout, we conducted a large number of small-scale laboratory experi-
ments, based on the model of heterogeneous independent costs, and varying the relative sizes of
the underdog and favorite party. Obviously, in our laboratory elections we can have only a finite
number of citizens, but the model is easily adapted to this case. Furthermore, for the paramet-
ers of the experiment the equilibrium is unique and inherits that same comparative hypotheses
about total turnout, underdog effects, and the effect of ¢ as in the Poisson model.* The
equilibrium conditions for our laboratory implementation of the model, with finite electorates
and no population uncertainty®, are given below. It is straightforward to exactly characterize
symmetric Bayesian equilibrium for these finite environments, and comparative statics that are
similar to the Poisson model can be computed directly from these exact equilibrium solutions.

In what follows, let N4 denote the number of citizens supporting party A and Ng = N —Ny4
denote the number of voters with a preference for party B, and assume without loss of generality
that N4 < Np. As before, a symmetric equilibrium is characterized by two cutoff levels, one
for each party, ¢ and ¢, with corresponding expected turnout levels equal to a = F(c,) and
= F(cg). The equilibrium conditions are slightly different for the A/ and P systems, and

these are derived next.

3.0.1. Equilibrium conditions for M. The expected marginal benefit of voting for a party A

citizen equals:

pr 1| T (M) ()at 1 - )™ s (L - g)Ye s
M — 5 Na— _ 1 11—
2 k:AU 1 (Nf}c 1) (é\—ffl)oék(]_ . a)NA 1 kﬁk+1(1 _ﬁ)NB 1-k
o L[ RO () (Y ak (1 - a) Vg (1 - gt
M= 5 _ _ 1 _1_
2 ] g;‘o 1 (k]:\_fifll) (NB/.; 1)ak+1<1 o Oz)NA 1 kﬁk(l o B)NB 1-k

8

where I is the value of making or breaking a tie, a = F(c%;), and 3 = F(c;,;). In each

2
expression, the first summation is the probability of your vote breaking a tie, and the second

summation is the probability of your vote creating a tie, given turnout rates @ and . The

equilibrium conditions for cf,; and c@ are given by c§, = B3, and c@ = BY.

19The one exception is that in one of our treatments we choose parameters that lead to a predicted reverse

underdog effect.

20The reason to consider known population size is that the analytical computations with the Poisson game

approach apply only to the limiting case of very large electorates, which is not feasible in the laboratory.
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3.0.2. Equilibrium conditions for P. Given expected turnout rates in the two parties, a and (3

the expected marginal benefit of voting for a party A citizen is:

Na—1 Np r . LA
J+1 J Ny —1\ [N\ Iy _
PR 2 T T ( j ><k of (1— @)™t (1 — et
j=0 k=0 L -
Np—1 Na
j+1 j 1 (Ng—1\ /N4 ey )
Bp = j+1+k:_j+k:< j ><k 1= B et (1 — )™
j=0 k=0 L :

where a = F(c%), and 8 = F(c%). The first term in the summation is the increase in vote share
and the second term is the probability of the vote share being equal to Jjﬂ without your vote,
given turnout rates o and 3.2! The equilibrium condition for ¢% and c]ﬁj are given by c¢% = Ba

and c’?, = BS.

3.0.3. Ezperimental design and parameters. All our electorates in the experiment have exactly
N = 9 voters, with three different N, treatments: Ny, = 2,3,4. We consider two different
distributions of voter costs. In our low cost (or, equivalently, high benefit) elections ¢; is
uniformly distributed on the interval [0,.3]. In our high cost (or, equivalently, low benefit)
elections ¢; is uniformly distributed on the interval [0,.55]. Table 1 below gives the symmetric

equilibrium expected turnout levels (by party and total turnout) for each treatment, rounded

21As in the theory section, we denote Jﬁ =5ifj=k=0.
15



to two decimal places.

Ny Np cmax Rule #Subjects #Sessions #Elections ao* [* %
4 5 .3 M 18 2 100 .60 72 .67
3 6 3 M 18 2 100 b1l .52 .52
2 7 3 M 18 2 100 45 .40 41
4 5 55 M 81 9 450 46 .45 .46
3 6 55 M 81 9 450 41 .37 .39
2 7 55 M 18 2 100 38 .30 .32
4 5} 3 P 18 2 100 A8 .43 .45
3 6 3 P 18 2 100 bb .39 45
2 7 3 P 18 2 100 .67 .36 .43
4 5 55 P 18 2 100 35 .31 .33
3 6 55 P 18 2 100 40 .29 .32
2 7 b5 P 18 2 100 A48 .26 .31

Table 1. Design summary and equilibrium turnout rates.

There are five main theoretical hypotheses comparing turnout in the M and P voting

systems in the elections we study. We state these below:

H1 For the larger party, turnout is higher in M than in P. For the smaller party, turnout is
higher in M than in P in competitive races, but the reverse is true in lopsided races.

H2 Total expected turnout is higher under M than under P.

H3 The competition effect is reversed for the smaller party in the proportional vote system.
That is, for the smaller party, turnout decreases as their share of the electorate increases.
Under M, the usual competition effect applies to both parties: elections that are expected
to be closer lead to higher turnout.??

H4 The competition effect on total expected turnout is negligible in P elections.

H5 In all P elections we study, there is an underdog effect. There is an underdog effect in all

M elections, except for reverse underdog effects in the low cost 5-4 and 6-3 M elections.

In the experimental section we will return to these five predictions of the known population

model.

22111 the general model with population uncertainty we were not able to obtain general results on the competi-

tion effects, whereas the numerical analysis of the known population case allows for these additional predictions.
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3.1. Procedures. A total of 171 subjects participated in 1900 elections across 19 sessions.
Each session consisted of two parts with 50 nine-voter elections in each part. The parameters
were the same in all elections within a part, but in each session exactly one parameter was
changed between part I and part II. In all sessions the same voting rule (M or P) was used
in all 100 elections. For all of the treatments except for the 7-2 elections, the distribution of
voting costs were the same for all 100 elections. Half of these sessions were conducted with
part I having 5-4 elections and part II having 6-3 elections. The other half of the sessions
reversed the order so the 6-3 elections were in part I and the 5-4 elections in part I1.2* For
the 7-2 elections, half the elections in a session were conducted with ¢, = 55 and half with
Cmax = 30, in both orders. Subjects were informed of the exact parameters (N4, Ng, Cpax and
the voting rule) at the beginning of each part. Before each election, each subject was randomly
assigned to either group A or group B and assigned a voting cost, drawn independently from
the uniform distribution between 0 and cp.y, in integer increments. Therefore, each subject
gained experience as a member of the majority and minority party in both parts of the session.
Instructions were read aloud so everyone could hear, and Powerpoint slides were projected
in front of the room to help explain the rules. After the instructions were read, subjects were
walked through two practice rounds and then were required to correctly answer all the questions
on a computerized comprehension quiz before the experiment began. After the first 50 rounds,
a very short set of new instructions were read aloud to explain the change of parameters.

The wording in the instructions was written so as to induce as neutral an environment
as possible.?* There was no mention of voting or winning or losing or costs. The labels were
abstract. The smaller group was referred to the alpha group (A) and the larger group was
referred to as the beta group (B). Individuals were asked in each round to choose X or Y. For
the M treatment, if more members of A(B) chose X than members of B(A) chose X, then each
member of A(B) received 100 and each member of group B(A) received 0. In case of a tie, each
member of each group received the expected value of a fair coin toss, 50. For the P treatment,
each voter received a share of 100 proportional to the number of voters in their party that
chose X compared to the number of voters in the other party that chose X. The voting cost
was implemented as an opportunity cost and was referred to as a "Y bonus". It was added

to a player’s earnings if that player chose Y instead of X. If a player chose X, that player did

23The order was 5-4 followed by 6-3 in both P /55 sessions due to an error in one of the program files for
running the experiment.

247 sample of the instructions from one of the sessions is in Appendix E.
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not receive their Y bonus in that election. Y-bonuses were randomly redrawn in every election,
independently for each subject, and subjects were only told their own Y bonus. Bonuses were
integer valued and took on values from 0 to 30 in the low cost treatment and 0 to 55 in the
high cost treatment. Payoffs were denominated in points that were converted to US dollars at
a pre-announced rate.?” Each subject earned the sum of their earnings across all elections. All
decisions took place through computers, using the Multistage experimental software program.2°
The experiments were conducted in 2011, and subjects were registered students at Caltech.?”

Each session lasted about forty five minutes and subjects earned between eleven and seventeen

dollars, in addition to a fixed payment for showing up on time.

3.2. Experimental Results. Table 2 summarizes the observed turnout rates by treatment.
The table reports turnout by party and also total turnout for each experimental treatment.
The last three columns give the equilibrium turnout levels. The table (and the ones that
follow) reports standard errors clustered at the individual voter level. A statistical comparison
of the average turnout rates with the equilibrium turnout rates indicates that the data are
quantitatively closely aligned with the theoretical predictions from the pivotal voter model: in
10 out of 12 cases, a is not significantly different from o*, at the 5% significance level; in 10
out of 12 cases, B is not significantly different from 3%, at the 5% significance level; and in 10
out of 12 cases, T is not significantly different from 7%, at the 5% significance level. Besides
statistical significance, the differences are generally small in quantitative terms as well: 25 of

the 36 turnout rates are within five percentage points of the theoretical rates.

25Each point was equal to $.01.

2("http://multistage.ssel.cadtech.edu
2TData for the high cost M 5-4 and 6-3 elections are from an earlier study with UCLA students as subjects

(Levine and Palfrey 2007), which used the same Multistage software and the same protocol.
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N4 Np Cpax Rule @ 15} T of [fFT
4 5 3 M 0.622* (.047) 0.636* (.050) 0.630* (.042) .60 .72 .67
3 6 .3 M 0.513* (.046) 0.520% (.055) 0.518* (.044) .51 .52 .52
2 7 3 M 0.490* (.073) 0.360* (.060) 0.389% (.054) 45 .40 .41
4 5 55 M 0.479% (.026) 0.451% (.028) 0.464* (.021) 46 .45 .46
3 6 55 M 0.436* (.025) 0.399* (.030) 0.411* (.022) .41 .37 .39
9 7 55 M 0.330% (.045) 0.284* (.037) 0.204* (.031) .38 .30 .32
4 5 3 P 0547 (.029) 0486 (.028) 0513 (.026) .48 .43 .45
3 6 .3 P 0.547* (.054) 0.465*% (.048) 0.492* (.040) .55 .39 .45
2 7 3 P 0.600 (.036) 0.421* (.047) 0.461* (.038) .67 .36 .43
4 5 55 P 0.362* (.024) 0.370* (.039) 0.367* (.024) .35 .31 .33
3 6 55 P 0.477 (.037)  0.305* (.037) 0.362* (.028) .40 .29 .32
9 7 55 P 0515% (.027) 0.320(.020) 0.363 (.024) .48 .26 .31

Table 2. Observed turnout rates. Subject-clustered standard error in parenthesis.

*cannot reject theory at 5%

Using these turnout data, we next turn to the five hypotheses generated by the theoretical
equilibrium turnout levels. Recall that there are five main theoretical predictions from the
pivotal voter model about differences between turnout in the M and P voting systems in the

elections we study. We go through each of these briefly below.

H1 For the larger party, turnout is higher in M than P. For the smaller party,
turnout is higher in M than in P in competitive races, but the reverse is true
in lopsided races. We find support for this hypothesis except for the larger party in
extreme landslide elections (N4 = 2) where turnout rates are slightly higher in P than
M. The two cases where the sign is not correct, the difference is not statistically different
from 0. For smaller parties for one of the intermediate case between highly competitive
races and lopsided races (6-3) the sign is not consistent with theory, but the empirical
difference (-0.04) is not significantly different from 0 nor from the theoretically predicted
difference (.01). Thus the theory is supported in four out of six paired comparisons.

The difference is not statistically significant at the 5% level in the two exceptions. See
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columns 4 and 5 of Table 3.

N4o Np Cmax Qp —Qp BM - BP fM - fP

4 5 3 075 (.055)T 150 (.057)"* 117 (.048)**
3 6 3 -.033 (.070)*  .055 (.072)T .026 (.059)"
2 7 3 -.110 (.080)" -.061 (.075) -.072 (.065)**
4 5 55 117 (.035)T* 081 (.047)"  .097 (.031)**
3 6 55 -.040 (.044) 094 (.047)"* 049 (.035)"

2 7 .55 -185(.052)™* -.036 (.047) -.069 (.039)
Table 3. H1, H2: Voting Rule Effect. Subject-clustered standard error in parenthesis.

*Correct sign. *Significant at 5% level or better.

H2 Total turnout is higher under M than under P. We find support for this hypothesis
except for the extreme landslide elections (N4 = 2) low cost elections, where turnout
rates are slightly higher in P than M. However, the Ny = 2 low-cost elections are
the one exception where turnout is predicted to be higher in P than M. Thus the
theory is supported in five out of six paired comparisons. Three of the five differences
are statistically significant. The difference is not statistically significant in the one
exception. See the last column of Table 3.

H3 The competition effect is reversed for the smaller party under P. That is, for
the smaller party, turnout decreases as their share of the electorate increases.
Under P for the majority party, as well as under M for both parties, the usual
competition effect applies. The competition effect on total turnout applies
to both P and M elections: i.e., more competitive elections lead to higher
turnout. We measure the competition effect as the difference in turnout between the
5-4 and 6-3 elections, the difference in turnout between the 6-3 and 7-2 elections, and
the difference between the 5-4 and 6-3 elections. The sign is correctly predicted in all

but three cases (33 out of 36 comparisons). In both exceptions, the differences are not
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significantly different from 0. See Table 4.

Comparison Cpax M P
Qs/a — Qg3 0.30 109 (.037)**  .001 (.057)
Qg3 — Q2 0.30 023 (.085)™* -.053 (.064)"
Qs/a — Q72 0.30 132 (.086)" -.052 (.046)*
Qs/a — gz 0.55  .043 (.028)" -.114 (.041)*

Qg3 — Gz 0.55 106 (.051)+* -.038 (.045)F
Q54— Gz 0.55 149 (.051)F* -.152 (.036)*
Bsju—Bois 0.30 116 (.033)7* 021 (.046)"
Bojs — By 030 160 (.080)** 044 (.066)*
Bsjs—Byp 030 276 (.077)7* 065 (.054)*
By — Bois 0.55 .053 (.025)7* 065 (.029)""
Bsjs — Brjn 055 114 (047)7  -.015 (.047)
Bsjs— By 055 .167 (.046)7* 050 (.048)*
Tia—Tos 030 112 (.028)** 021 (.037)*
Toss —Trjp  0.30 .129 (.069)F 031 (.055)*
Tyja—Trp 030 241 (.067)** 052 (.045)*
Tya—Tes  0.55 053 (.020)"* 004 (.026)*
Toss —Tojp  0.55 117 (.037)™  -.001 (.037)

Tsja—Trjy 055 169 (037)t* .003 (.034)*
Table 4. H3 Competition Effect. Subject-clustered standard error in parenthesis.

*+Correct sign. ~Significant at 5% level or better.

H4 The competition effect on total expected turnout is larger in the M elections
than the P elections. This is exactly what we find in the data. The sign is correctly
predicted in all six cases, and the differences are statistically different from 0 in four of

the six cases. See the last column of Table 5.
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M-—P
037) .091 (.046)**
055) .098 (.087)"
045)

)

Comparison Cpax M
Tsja—Tos 030 112 (.
Toss—Trjy 030 129 (.
Tya—Toyy 030 .241 (. 189 (.080)**

( 048 (.035)*
(. 037) .118 (.052)"*

034) .166 (.050)+*

Ts/a—Tes  0.55 .053 (. 004
Toss—Trjp  0.55 117 -.001
Tyjs —Trjy 055 169 (.037) .003
Table 5. H4: Competition Effect M vs. P. Subject-clustered standard error in parenthesis.

P
(-
031 (.
(-
(-
(-
(-

*Correct sign. *Signiﬁcant at 5% level or better.

H5 In all P elections we study, there is an underdog effect. There is an underdog
effect in all M elections, except for the predicted reverse underdog effects in
the low cost 5-4 and 6-3 M elections. All but one of our underdog hypotheses have
support in the data. We find that in all P elections there is an underdog effect, with one
exception where the difference is less than one percentage point (& = .362, /B = .370)
and not statistically significant. That one exception is the 5-4 high cost treatment,
where theory predicts the smallest underdog effect (less than four percentage points).
In the M elections, all predicted underdog and reverse underdog effects are observed in

the data. (eleven of twelve comparisons).

Comparison  Cpax M P
Qs — 35/4 0.30 -.013 (.051)* .061 (.027)**
Q63 — Dgys 0.30 -.007 (.058)* 082 (.066)*

Grjo — Brjp 030 130 (.083)" 179 (.057)*
G5/ — Bs; 055 028 (.035)  -.007 (.047)
Qo3 — Bgys 055 038 (.037)% 172 (.052)*
Q72 — 37/2 0.55 .046 (.057)" .195 (.036)**
Table 6. H5: Underdog effect. a — @ . Subject-clustered standard error in parenthesis.

*Correct sign. *Signiﬁcant at 5% level or better.

Thus, the comparative statics are correctly predicted by theory in 66 out of 72 paired
comparisons. In none of the 6 exceptions are the differences significantly different from 0, and in

most cases not statistically different from the exact quantitative theoretical difference. Overall,
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33 of the 66 correctly predicted signed differences are significantly different from 0 (at the 5%
level, using a two-tailed test and clustered standard errors). To illustrate in a single figure how
close the equilibrium turnout rates are to the equilibrium turnout rates, Figure 3 presents a
scatter plot of the observed vs. equilibrium turnout rates. A perfect fit of the data to the
theory would have all the points lined up along the 45% degree line. A simple OLS regression
of the observed turnout on equilibrium turnout, using the 36 points in the graph gives a slope
of .815, an intercept of .097 and an R-squared equal to .871. The theoretical model slightly
underestimates turnout when the model prediction is below 50% and slightly over-estimates
turnout when the model prediction is over 50%, consistent with the findings of Levine and
Palfrey (2007) on their much larger data set for plurality elections. Levine and Palfrey (2007)
show that the Logit QRE model can account fairly well for these over and underpredictions of
the Bayesian Nash Equilibrium Model. The same is true for our data. The QRE estimation

results are reported in Appendix B.
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Figure 3: Scatter plot of observed vs. equilibrium turnout rates.

4. CONCLUDING REMARKS

Turnout depends on the degree of proportionality of influence in the institutional system

in a clear way: higher turnout in a winner-take-all system than in a proportional power sharing
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system when the population is evenly split in terms of partisan preferences, and the opposite
when one party’s position has a clear majority of support. This provides a theoretical basis to
expect a mixed bag of results from empirical studies that fail to adequately measure or control
for the interaction of the electoral rules and the relative strength of parties in the electorate.
The fact that in a winner-take-all system the underdog cannot win a large election when
partisan preferences are not evenly split strongly discourages turnout, but with proportional
power sharing there is no absolute winner, some competition remains even when preferences
are relatively lopsided, and therefore the effect of relative party size on turnout is small. The
theoretical results are robust to a wide range of alternative assumptions about the voting game
and about the rationality of voters (Herrera et al. 2013)).

The laboratory experiment allows a clean test of this interaction effect using small elector-
ates, and additional treatments are included that check for robustness and allow us to examine
several secondary hypotheses that emerge from the equilibrium turnout model. Our prediction
that for the larger party, turnout is higher in a winner-take-all system than in a proportional
power sharing system was confirmed by the experimental analysis, as well as most of the other
secondary hypotheses concerning differences in the competition and underdog effects. Our
design allows us to examine the prediction that the competition effect can be reversed for the
smaller party in the proportional system. That is, for the smaller party, if the underdog com-
pensation effect is strong enough, turnout may actually decrease as their share of the electorate
increases. With a winner-take-all system, the usual competition effect applies to both parties:
elections that are expected to be closer lead to higher turnout. These theoretical predictions,
as well as the hypothesis that competition effect on total expected turnout is negligible in a

proportional system, are supported in the data from the experiment.
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APPENDIX A: PROOFS

Proof of Proposition 1 . .
Existence.
We present the proof for the M system. The proof for P is similar.
Fix N and q. The pair of equilibrium conditions for the M system can be written in terms

of the "cost cutpoints" of the two parties:

S (e N NGF(c)]P (e OV (1 - q) NF(cp))* | 1 1—q) NF(cp
CA—Z( [q()])( (L—q) <>>>(1+< 9) NF(cy)

) = 3%(ca, cp)

e k! k! 2 k+1
© [ ¢—aNa e )P e—(1-a)NB _ cp))” c
" Z( (NoF(es) )( (11— q) NPlea) )é(HqJZTlA))EﬁA(CA,CB)

Because ¢ > 1/2, 3 and 3% are continuous functions of c4, cp from [0,7)? into itself, and [0, ¢]?
is a compact convex subset of R2.2® Therefore, by Brouwer’s theorem there exists a fixed point
(c%, ¢};), which satisfies both equations and is an equilibrium.

Underdog Effects.

Subtracting the two equilibrium conditions (1) we have for the M system

- (6‘(’“ (Nqa)ke‘(l‘q)m((l—Q)Nﬁ)k> (N(l—q)ﬁ—qoz)

P @) = F(8) =) ! ! Ft1

k=0

Hence, comparing the signs for both sides, we have one of three possibilities:
a > f = qga<(l—-qpf = q<1)2
a < f = qgqa>(1-qp = q>1)2
a = = qu=(1-¢p = q=1/2

28The assumption ¢ > 1 /2 guarantees that the range of these functions is contained in [0, ¢]?. Existence also
holds more generally for any ¢ > 0, with only minor changes in the proof to account for the possibility that ¢

is the cutpoint (i.e., 100% turnout) for one or both parties.
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which partitions the whole parameter space, hence proves the result.

Similarly, for the P system we have

o <€_qNa (qNa)® e"1=0N8 (1 — ¢) Nﬂ)b) W (a,b)

Pl @)= FE) =33 (S -

a=0 b=0

where
b—a
(a+b)(a+b+1)
Note that W (a,b) = —W (b,a). If &« > [ the RHS needs to be positive, so we must have

W (a,b) :=

ga < (1 — q) pm for the Poisson weights: suppose that gov > (1 — ¢) Sm then the vote outcomes
b > a occur with lower or equal probability than the symmetric outcomes a > b so the RHS
would be negative or zero.

Likewise, if @« = B the RHS needs to be zero so we must have equal Poisson weights
ga = (1 — q) B. The rest of the argument is identical to the one for the M system.

This proof just hinges on the symmetry of W (a,b) and on the fact that

Wia,b) >0 if a<b

so0, in general, the partial underdog effect holds whenever a symmetric power sharing func-
tion V (a,b) (as e.g. the proportional one we analyze here: V' = —%+) has the property that
an additional vote for the underdog has a higher marginal impact for the underdog than an

additional vote for the leader has for the leader, that is:
W<a7b) : :(V(a—i—l,b)—V(a,b))—(V(b—l—l,a)—V(b,a))>0

if a < b

Proof of Lemma 2. .
M System.
We first show that for the M system

lim ay = lim =0
N—oo N—>ooﬁN

Define the modified Bessel functions of the first kind, see Abramowitz and Stegun (1965), as

Io(z) == ; % (Z? o hiz)= % (§1<;_)!((1<:§J)r 1)!
Defining

r:=qNa, y:=(1—-q NB, z:=2xy
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then the benefits of voting (B3, BY) can be written as

B = %fj (S (52 (14 12) = S (wevmm + | Ln )
) o) 5 e )

For large z the modified Bessel functions are asymptotically equivalent and approximate
to, see Abramowitz and Stegun (1965)%

62

- 27z
For any exogenously fixed (o, 8) € (0,1]* z and y go to infinity as N goes to infinity, so we can

approximate the benefits of voting for large N as

BA ~ emryt2yay VT T VI \/_+\/— i BA ~ezyt2yzy VT VI \/_+\/_ 1 (2)
= e NNV

As a consequence for any given («, ) € (0,1]? the benefits of voting vanish as N grows,

namely

lim By (a, B) =0, ]}ii{l)oBﬁ(oz,ﬁ) =0

N—oo

Now consider (o, 3) as endogenous, i.e. solutions to the system

Byy(a,8) = F™'(a),  Byla,f)=F()
Since F' and F~! are increasing and continuous with F (0) = 0, then B3 (a,3) = F~ ()
implies limy_,o, any = 0. Likewise, we have limy_,o, By = 0.
Next, we show that

. . N
i, Now = g Ny =0, g5, € (00)

Suppose limy_,., Nay < 0o and limy_,, N8y < 00, then
lim B (an,By) >0

and any solution to Bjj(a,8) = F~l(a) would imply limy_.. ay > 0, which contradicts
limN_wo an = 0.
Suppose limy_,o Nay = oo and limy_,., NGy < 00, then limy_, g—x = oo which implies

(using a Taylor expansion of F~! on the numerator and the denominator around zero) that
“aw) _ o(F=1(0)) +02/2(F~1(0)) "+...
limy—oo F3(3%) = BT A0

29X (2) ~ Y (2) means that lim,_, ifgz; =1.
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For all N we have

B\ (an.By) _ F-'(aw)
Bﬁ(“]\ﬂ BN) F
Taking the limit on one side we have

A

_ L2V VE
N=oo Bij(an, By) 5= [y (2/77) + I (21/77) \/; B

In fact, L < 1if lims o ?E;\/@; 0and L =0 if hni —o0 o Ezgg (0,400]. So we have a
contradiction as L < 1 cannot be equal to limy_, ? IEZN 3 oo. The same argument shows
that it cannot be the case that limy .., Nay < 0o and limy_,., NGy = 00.

The above arguments also imply that we cannot have either

. an . a
lim — =0, Ilim — =00
N By e By

P System.

The marginal benefit of voting in the P system has the exact closed form

BA — (1-9)8 (((1—(1)5)2—(q&)2+(1—Q)6%) T

NT? 2772

2 2 1
BE — %Jr (((1—61)5) Q—qua) _an>e_NT

Namely, for given (o, ) call the expected number of voters for each party R := ¢Nc,

S = (1 — q) NS, we have
_Rszz( )( )(aj——;;—ll—l aib)

a=0 b=0

By differentiating and integrating the summands and inverting the series and integral operators

we have
= S° a S d /1 retd
St ~ s, i (i) =
s>/ %fosr‘l_lerr for a > 1
> () ir=
. 1/2 fora=20
and

S a+1l  a+1 Sard
e plat+b+1 S Jy rear

By inverting the series and integral operators again in the series over a, we have
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R o (%T)a—l
S Zua=1"(a—1)!

S
= ¢ B°F (i/ (1+8)r (S—RS+ Rr) dr — 1)
0

S e" B9 52 _R24+ S

(R+5) (R+89) 2
and by symmetry

Bf (R,S) = Bp (S, R)
We first show that
v = fim =0
For any fixed @« > 0 and § > 0, by inspection of the closed form expression (3) we see that
limy oo Ba(, B) = limy o BE(a, B) = 0, so the same argument obtained for the M system
applies.

Next, we show that

. . . QN
i, Naw = Jim Noy = oo Jim 50 € (0,00)

Summing the two P system equations we have

NlT (1 - e_gT) — F ' () + F(B)

Since the RHS goes to zero the LHS will too, which means that NT" must go to infinity
so we cannot have both limy .., Nay < oo and limy_ ., NGy < oco. Hence, for N large,
since the exponential terms e 7 in (3) vanish faster than the hyperbolic terms, the system

approximates to

1-9B g
W:F (@), NTQ—F (B) (4)

Suppose limy_,o Nay = oo and limy_,., NGy < 00, then limy_, g—x = oo which implies

(using a Taylor expansion of F~! on the numerator and the denominator around zero) that

i Foiay) _ 2(F10) /2P 10) "+

limy o0 F=1(Bn) — BETL(0))+6%/2(F~1(0)"+...
1-gfy _ F ' (an)

q On B F-1(By)
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= 00. From (4) we have



so we reach a contradiction as the above equality cannot hold as N — oo. The same argument
shows that it cannot be the case that limy_,.o Nay < 0o and limy_, N3y = o0.

The above arguments also imply that we cannot have either

Proof of Proposition 3. .

1. Uniqueness of M System.

For N large, since limy_ ... Nay = limy_., N3y = 00, if the players use asymptotic ap-
proximations in their computations, then we can use the asymptotic expression for the modified

Bessel functions (2) which yields

VaoF ™ (o) = /(1 —q) BF (B)

Since the function \/aF~! (a) is increasing we can define the function

B =By (@)

where 3,, : [0,1] — [0, 1] is an increasing and differentiable function with g,, (0) = 0. The

system is reduced to a single equation

By (@, By (@) = F~ (a)
For uniqueness we need to show that the B3, is decreasing in o, namely, renaming g := /7
and h = ,/y, that the following quantity is negative:

d [eNe= gup e N (_2N<h_g)d(h—9) g+h +i( g+h )>
dg VN 4y/mgVhb VN dg  4ymg/gh  dg \4\/Tg\/gh

For large N this derivative will be negative if and only if

dh—g)  V1—qdf’

= 1
dg NCE e >0

where we defined

we have




So we need G’ to be increasing
G () = % (VaF(a)) — =2— (aF " (a))

so it suffices for aF 7! (o) to be weakly convex, so it suffices to have F' () weakly concave.

2. Uniqueness of P System.

If the players use asymptotic approximations in their computations we can ignore the higher
order terms in both equations of the system (3) (see proof of Lemma 2), then the system gives

the relation
gaF ' (a) = (1—q)BF 1 (B)

Since the function aF' ! (@) is increasing we can define

B = Bp(a)

where p () : [0,1] — [0,1] is an increasing differentiable function with 5, (0) = 0. We now

reduced the P system to one equation

(1—4q)Bp(a)

A
Bp = NT?

=P ()

which we now show has one and only one solution.
The cost side F'~! («) is increasing from 0 to 1. Uniqueness comes from the fact that the
benefit side decreases in « as its derivative is proportional to
dBp / /
“do [Bp (@) (g + (1 = q) Bp (@) = 28p (@) (¢ + (1 — q) Bp (@))]

= —[(1=q)Bp(a) = qa) Bp (@) +2¢Bp (a)] < 0

because qo < (1 —¢q) 5.

3. Size Effects.

For the M system, note that the marginal benefit side B decreases with N for all o while
the cost side remains unchanged. Hence by the implicit function theorem as we increase N we

have lower v which implies lower § and in turn lower turnout, formally

d(Bi — F') da L4 (B — F71)

0= da AN AN
da 455 43 ATy,
da

The proofs for the size effect and the underdog compensation effect for the P system is analog-

ous.
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4. Comparative Turnouts.
Assuming the cost side ! («) is the same in the two systems, it suffices to show that the
benefit sides of the equations determining the equilibrium « are ranked.

For any ¢ # 1/2 we need to show that eventually (i.e. for any N above a given N) we have
Bl (0, By (0)) < B (0 Bp (a)),  forall a € (0,1]
namely

N (vas—/=05)" /77 (1-9)Bp (Jq_oHr (1-q)By 1 )1
“(qat (1—9) BoP \ay/7 (q(1 — ) apy) Va0

which is satisfied as LHS above converges to zero, whereas the RHS is a positive constant for

all a € (0, 1] because
a € (0,1 = Bpe(0,1], By €(0,1]

¢ # 12 = Jea#(1-q)By(a)

Hence, eventually we have

¢#1/2 = ay<ap
The symmetry property (3 (q) = o (1 — ¢) (which holds in both the M and P systems) implies
§£12 = Bu<By

hence

q;«él/Z — Ty <Tp

For ¢ = 1/2 we have a = 8 in both P and M systems. We need to show that eventually
B > B2, ac(0,1]

namely

Rearranging we have
1 1
UV (L) (L
2\/m\/qa 8qa
which is satisfied as the RHS is a positive constant and the LHS increases to infinity. Hence

q:1/2 — Qp > Qp = Ty >1Tp

5. Comparative Underdog Effects.
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Given that for the M system we have

qoog (F_l (OéM))2 =(1-q) By (F_l (BM))2

and for the P system we have

gop (F7 (ap)) = (1—q) Bp (F~' (Bp))

then
9 / F~'(ap) 3 /F o)\ 2
]. - q o a_P ap _ aM Qg
g \Bp) \F26e) | \B, /) \ FZGu)
Bp B

By definition of derivative at zero we have

dF—! . F7(x)
gy =0 = i ——

€ (0,00)

For N large, o and 8 converge to zero both in the M and in the P system so

F~(a)
R <F1(6)> =1
B

and the result follows. If %h:o € {0, 00} then the above limit is indeterminate and the result

need not be true. If the function F~! is infinitely differentiable and n is the lowest integer for

which

drF—1
dz™

lo=0 € (0,00)

then by iterating the procedure we have

d”lefl(a)
. dOén71 _
o (d”‘lF‘1(6)> =1

so the underdog compensation comparison generalizes to
1_(] B (()ép)n+1_ (OZM>2n+1
q Bp Bu
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APPENDIX B: REsuLTS FROM QRE ESTIMATION

Table 7 displays the estimated logit QRE turnout rates, constraining the logit parameter
to be the same across all treatments within each voting rule. The estimated value of \is 7 for
the the M data and 17 for the P data. There is essentially no change in the estimated QRE

turnout rates if \ is constrained to be equal in both treatments.

~ A~

N4 Np cCmax Rule @ I5; T % 3 T
4 5 3 M 0.622* (.047) 0.636* (.050) 0.630* (.042) 0.61 0.65 0.63
3 6 3 M 0.513* (.046) 0.520* (.055) 0.518* (.044) 0.51 0.52 0.52
2 7 3 M 0.490% (.073) 0.360* (.060) 0.389* (.054) 0.44 0.42 0.42
4 5 55 M 0.479% (.026) 0.451* (.028) 0.464* (.021) 0.48 0.45 0.46
3 6 .55 M 0.436* (.025) 0.399% (.030) 0.411% (.022) 0.44 0.40 0.41
2 7 b5 M 0.330* (.045) 0.284* (.037) 0.294* (.031) 0.33 0.28 0.29
4 5 3 P 0547 (.029) 0.486 (.028) 0513 (.026) 0.48 0.44 0.46
3 6 3 P 0.547* (.054) 0.465* (.048) 0.492* (.040) 0.55 0.40 0.45
2 7 3 P 0.600(.036) 0.421*% (.047) 0.461* (.038) 0.65 0.37 0.43
4 5 55 P 0.362% (.024) 0.370* (.039) 0.367* (.024) 0.35 0.32 0.33
3 6 55 P 0477 (.037) 0.305* (.037) 0.362* (.028) 0.40 0.29 0.33
2 7 b5 P 0.515* (.027) 0.320 (.029) 0.363 (.024) 0.48 0.27 0.32

Table 7. Observed turnout rates. Clustered standard errors in parenthesis.

The scatter plot of the QRE-estimated turnout rates against the observed turnout rates is given
below. Note that the slope has increased from 0.82 to 0.89, the constant term has decreased

from 0.10 to 0.07 and the R? has increased from .87 to .91.
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Figure 4: Observed Turnout Rates plotted against QRE-estimated Turnout Rates.

5. APPENDIX C: EXPERIMENT INSTRUCTIONS

Thank you for agreeing to participate in this decision making experiment. During
the experiment we require your complete, undistracted attention, and ask that you follow
instructions carefully. You may not open other applications on your computer, chat with
other students, or engage in other distracting activities, such as using your phone, reading
books, etc. You will be paid for your participation in cash, at the end of the experiment.
Different participants may earn different amounts. What you earn depends partly on your
decisions, partly on the decisions of others, and partly on chance. The entire experiment will
take place through computer terminals, and all interaction between you will take place through
the computers. It is important that you not talk or in any way try to communicate with
other participants during the experiments. During the instruction period, you will be given a
complete description of the experiment and will be shown how to use the computers. If you
have any questions during the instruction period, raise your hand and your question will be
answered out loud so everyone can hear. If you have any questions after the experiment has
begun, raise your hand, and an experimenter will come and assist you.

We will begin with a brief practice session to help familiarize you with the computer
interface. The practice rounds will be followed by 2 different paid sessions. Each paid session
will consist of 50 rounds. At the end of the last paid session, you will be paid the sum of what

you have earned in all rounds of the two paid sessions, plus the show-up fee of $5.00. Everyone
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will be paid in private and you are under no obligation to tell others how much you earned.
Your earnings during the experiment are denominated in POINTS. Your DOLLAR earnings are
determined by multiplying your earnings in POINTS by a conversion rate. In this experiment,
the conversion rate is 0.002, meaning that 100 POINTS is worth 20 cents.

We will now go through two practice rounds to explain the rules for the first part of the
experiment, and will explain the screen display. During the practice rounds, please do not hit
any keys until I tell you, and when you are prompted by the computer to enter information,
please wait for me to tell you exactly what to enter. You are not paid for these practice rounds.

[AUTHENTICATE CLIENTS]

Please pull out your dividers. Please double click on the icon on your desktop that says
MULTISTAGE CLIENT. When the computer prompts you for your name, type your First and
Last name. Then click SUBMIT and wait for further instructions.

SCREEN 1 (user interface)

[Point out while reading the following.]

You now see the first screen of the experiment on your computer. It should look similar
to this screen. Please do not do anything with your mouse yet, until I have finished explaining
the screen. [POINT TO PPT SLIDE DISPLAYED ON SCREEN IN FRONT OF ROOM]

Here are the instructions for the first part of the experiment. At the top of the screen will
be your id number. Each of you has been assigned to one of two groups, called the ALPHA
GROUP and the BETA GROUP. The ALPHA group always has 2 members and the BETA
group always has 7 members. The screen informs you which group you will be in and reminds
you how many members are in each group.

Each of you will be asked to choose either “X” or “Y” by clicking on a button with the
mouse. Please wait and don’t do anything yet.

The sample display in front of the room shows you what the screen looks like for a member
of the Alpha group. The screen also tells you what your “Y bonus” is. This is an extra bonus
you earn if you choose Y instead of X, independent of what other participants choose.

Your earnings are computed in the following way. It is very important that you understand
this, so please listen carefully.

SCREEN 2

[Point while reading.| First suppose you choose X. To compute your earnings, we compare
the number of members of your group choosing “X” to the number of members of the other

group choosing X. Your payoff is 105 if the number of members in your group choosing X is
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greater than the number of members of the other group who choose X. Your payoff is 55 if the
number of members in your group choosing X is equal to the number of members of the other
group who choose X. Your payoff is 5 if the number of members in your group choosing X is
fewer than the number of members of the other group who choose X.

Your earnings are computed slightly differently if you choose Y. Specifically, in addition to
the above earnings (either 105, 55, or 5) you also earn your Y bonus. This payoff information
is displayed in a table on your screen.

The amount of each participant’s Y-bonus is assigned completely randomly by the computer
at the beginning of each round and is shown in the second line down from the top of the screen.
Y-bonuses are assigned separately for each participant, so different participants will typically
have different Y-bonuses. What you see up the front is just an example of one participant’s
Y-bonus. In any given round you will have an equal chance of being assigned any Y-bonus
between 0 and 30 points. Your Y-bonus in each round will not depend on your Y-bonus or
decisions in previous rounds, or on the Y-bonuses and decisions of other participants. While
you will be told your own Y-bonus in each round before making a decision, you will never be
told the Y-bonuses of other participants. You will only know that each of the other participants
has a Y-bonus that is some number between 0 and 30.

At this time, if your ID number is even, please click on row label Y; if your ID number is
odd, please click on the row label X. Once everyone has made their selection, the results from
this first practice round are displayed on your screen. It will look like

SCREEN 3

if your choice was X, and

SCREEN 4

if your choice was Y.

This completes the first practice round, and you now see a screen like this. The bottom
of the screen contains a history panel. This panel will be updated to reflect the history of all
previous rounds. [go over columns of history screen]

At the beginning of every new round you will be randomly re-assigned to new groups,
and will have the opportunity to choose between “X” and “Y.” In other words, you will not
necessarily be in the same group during each round. You will also be randomly reassigned a

new Y-bonus at the beginning of each round.
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We will now go to a second practice round. When this practice round is over, an online
quiz will appear on your screen. Everyone must answer all the questions correctly before we
can proceed to the paid rounds. Does anyone have any question?

Please take note of your new group assignment, alpha or beta, since the group assignments
are shuffled randomly between each round. Also, please take note of your new Y-bonus, which
has been randomly redrawn between the values of 0 and 30.

[SLIDE 4 |

GO TO NEXT MATCH

Please make your decision now by clicking on the row label X or Y.

A quiz is now displayed on your screen. Please read each question carefully and select
the correct answer. Once everyone has answered all the questions correctly, you may all go
on to the second page of the quiz. After everyone has correctly answered the second page of
questions, we will begin the first paid session. If you have any questions as you are completing
the quiz, please feel free to raise your hand and I will go to your workstation to answer your
question.

The first paid session will follow the same instructions as the practice session. There will
be a total of 50 rounds in the first paid session. Let me summarize those instructions before
we start.

[Go over summary slide.] Are there any questions before we begin the first paid session?
[Answer questions.] Please begin. There will be 50 rounds, and then you will receive new
instructions. (Play rounds 1 — 50) The first session is now over.

SESSION 2

We will now begin session 2.

[SLIDE 5]

The second paid session will be slightly different from the first session. Let me summarize
those rules before we start. Please listen carefully. The rules are the same as before with only
one exception. In each round of this session, you will have an equal chance of being assigned a
Y-bonus between 0 and 55 points. Again, our Y-bonus in each round will not depend on your Y-
bonus or decisions in previous rounds, or on the Y-bonuses and decisions of other participants.
While you will be told your own Y-bonus in each round before making a decision, you will
never be told the Y-bonuses of the other participants. You will only know that each of the
other participants has a Y-bonus that is some number between 0 and 55. You may choose “X”

or “Y”
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There will be 50 rounds in this second session. After each round, group assignments will be
randomly reshuffled and everyone will be reassigned a new Y-bonus. Therefore, some rounds
you will be in the Alpha group and other rounds you will be in the Beta group. In either case,
everyone is told which group they are in and what their private Y-bonus is, before making a
choice of X or Y.

Are there any questions before we begin the second paid session? (no quiz) Please Begin.
(Play rounds 1 — 50)

Session 2 is now over. Please record your total earnings in dollars for the experiment on
your record sheet. After you have recorded your earnings, click the ‘ok’ button. We cannot pay
anyone until everyone has recorded their earnings AND clicked the ok button. Please remain
seated and you will be called up one by one according to your ID number to have your recorded
earnings amount checked against our own record. Please wait patiently and do not talk or use

the computers.
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