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Terminology Recap

» Option contracts: the right, not the obligation, to buy or sell something at some price.

> Call option: the right to buy at the strike price

> Put option: the right to sell at the strike price

> American options: can be exercised at any time between the date of purchase and the expiration date.
> European options: can only be exercised at the end of their lives on their expiration date.

> In-the-money: Describes an option whose value, if immediately exercised, would be positive
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https://www.investopedia.com/terms/a/americanoption.asp
https://www.investopedia.com/terms/e/europeanoption.asp

Options
> Put-call parity

Current Stock Price = Call Option Contract Price - Put Option Contract Price + Present value of strike price

S = C-P+PV(K)

If the stock pays a dividend, put-call parity becomes
S=C-P+ PV(K) + PV(D1v)



Quick Quiz

> You bought a call option for $2, which gives you the right to buy a share of MSFT at $350.
Currently MSFT is trading at $347. Will you earn money or lose money? By how much?

> You bought a call option for $2, which gives you the right to buy a share of MSFT at $340.
Currently MSFT is trading at $347. Will you earn money or lose money? By how much?

> You bought a put option for $2, which gives you the right to sell a share of MSFT at $350.
Currently MSFT is trading at $347. Will you earn money or lose money? By how much?

» You bought a put option for $2, which gives you the right to sell a share of MSFT at $340.
Currently MSFT is trading at $347. Will you earn money or lose money? By how much?



Put-Call Parity With Dividends

Question 9: In mid-February 2016, European-style options on the S&P 100 index (OEX)
expiring in December 2017 were priced as follows:

Dec 2017 OEX Index Options

Strike Price Call Price Put Price
840 88.00

860 76.30 102.21
880 111.56

Given an interest rate of 0.40% for a December 2017 maturity (22 months in the future), use
put-call parity (with dividends) to determine:

a) The price of a December 2017 OEX put option with a strike price of 840.
b) The price of a December 2017 OEX call option with a strike price of 880.



Put-Call Parity With Dividends

Question 9:
a) From put-call parity:
S—PV(Div) =C—P+ PV(K)

From the 860 calls and puts:
860

S —PV(Div) =76.30—-102.21 + oaz2/iz 827.82
Therefore, for the 840 put:
: 840
P=C+PV(K)—(S—PV(Div)) = 88.00 + WYYELIT: 827.82 = 94.05

b) And for the 880 call:

880
00422/12

C =P —PV(K)+ (S—PV(Div)) = 111.56 +827.82 = 65.80



Arbitrage

Question 8: Answer the following questions:

a) Suppose that S=£100,P=£10,and C=£15. What must be the one-year interest
rate?
b) If the one-year, risk-free interest rate is 4%, is there an arbitrage opportunity? If so,

what would you do to obtain risk-less profit?



Arbitrage

Question 8:

a) Assuming the option (put or call) is at-the-money (i.e. its exercise price is equal to
the current stock price), then K=£100.

Using the put-call parity:

100
S=PV(K)=C—P=100———=15-10 = r = 0.053 = 53%

b) If r=4%, then one could make risk-less arbitrage profit by i) borrowing at 4% and ii)
investing in a synthetic one-year bond with 5.3% return.

Using the put-call parity we know that PV(K) = S + P — C. Therefore, a synthetic
one-year bond consists of a share of stock, a European put option, and a short
position in a European call option. This synthetic bond would cost PV(K) =S + P —
C =100+ 10 — 15 = £95, and its payoff is £100 at maturity in one-year.

The principal and interest on the £95 synthetic bond would be £95 X 1.04 = £98.8.
So, there would be a pure risk-less profit of £1.2=£100-£98.8 per bond a year from
NOw.



Replicating Portfolios

> Essentially a mathematical problem

> With two variables, you can create an area

> With two risk products, you can create a portfolio

* Stock price today: $100 1. Equations:

* Future stock prices: * Up-move: A x $110 + 1.05B = $8
* Up-move: $110 * Down-move: A x $95 + 1.05B = $0
* Down-move: $95 2. Solutions:

* Call option strike: $102 * A(Shares): 0.53

* Risk-free rate: 5% * B (Borrow)-$48.25

* Cost to set up the replicating portfolio = A X StockPrice + B
* Theoretical call option price: $4.75



Risk-Neutral Probability

p" R, +(1-p")R_ R pRN _ (1+7rs)Ry — R-
(1+7) R, — R_
~ Call option with a strike price of 130M
V, = £160 M C,=£30 M
prn
V, = £100 M
1—-p™
Solution: C = PTG+ (1 —pT)Ca _P £30M + (1 —p"")EO = 12.45

1+ 1y 1.05

o Note: risk-neutral probabilities are not “real” probabilities; they don't reflect the actual odds of any particular

cash flow. They are simply another way of determining the project’s market value.
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Risk-Neutral Probability

Question 10: This question asks you to use the binomial model to compute the price of a

European put option on Meta stock with a strike price of $60. The current price of Meta stock
is $60 per share, and the price will either increase by 100% or decrease by 50% on the exercise
date of the option (that is, u =2 and d = 0.5). The interest rate is 10%. Meta stock does not

pay any dividends.

a) Using the replicating portfolio approach, what portfolio of Meta stock and borrowing
or lending will replicate the change in the value of the option? What is the theoretical

value of the put option described above?
b) Using the risk-neutral probability approach, what is the theoretical value of the put

option described above?

Now, there are two periods and in each period the price will either increase by 100% or
decrease by 50% (thatis, u =2 and d = 0.5). The interest rate is 10% per period.

If there are two periods then there are 3 dates; call the three dates times 0, 1, and 2. The put
option expires at time 2, and the payoff of the put option is based on the stock price at time

2. The strike price of the option is $60.

c) Using the replicating portfolio approach What is the theoretical value of the put option
at each time?
d) Check your answers in part c) by using the risk-neutral probability approach.
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Risk-Neutral Probability

According to the information we have:

So=60,K=60,U=2,d =0.5,andr = 0.1

Stock Price Put Payoff

SO=6O < [/Oz?
S, = 30

a) The replicating portfolio approach:

S, =120 V, = Max(0,60 — 120) = 0

/\

Vy = Max(0,60 — 30) = 30

1
— A= ——=,B = 36.36

{ASu +(1+1)B =V, _ {120A +1.1B =0
30A + 1.1B = 30 3

ASd + (1 +T)B — Vd

So, the value of the put option is:

1
Vo = ASo + B = = (60) + 36.36 = 1636
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Risk-Neutral Probability

b) The risk-neutral probability approach:

_ p.S,+(1—p).5, _ p.u.Sy+ (1 —p).d.S,
1+7r 1+r

S0

By factorising Sy from the right-hand-side and eliminating it from both sides and re-
arranging everything with respect to p, we will have™:

(1+r)—d 1.1-0.5 . . 06
— — — b = —_— — .
P —d 2 — 0.5 :

p.Vy+ (1 —p).Vy 0.4(0) + 0.6(30)
1+7r - 1.1

~ The value of the optionV, = = 16.36

This is the same answer we had from the previous approach.
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Risk-Neutral Probability

Stock Price Put Payoff
Syu = 240

5u=120/ Vu=?/
So = 60 </ Sud = Squ = 60 v, =2 <Vud

S4 = 30 N
de = 15 a—: Vdd = Max(0,60 — 15) = 45

Viyu = Max(0,60 —60) =0

V,, = 0, as there is no positive payoff in the upper branch and lower branch. But for V; we
need to calculate as following:

{Asdu+(1“7‘)3=Vd“=>{60A+1'1B=O — A= —1,B = 54.55

ASus+(1+7)B =V,  US5A+1.1B = 45

~ So, the value of V; = AS; + B = —1 X (30) + 54.55 = 24955

And for V,, we need to go through the following steps:

> A= —0.273,B = 29.75

{ASu +(1+7r)B=V, _ { 120A + 1.1B = 0
AS;+ (1+1)B =V, 30A + 1.1B = 24.55

~ S0, the value of I/, = AS; + B = —0.273 X (60) + 29.75 = 13.388

V.., = Max(0,60 — 240) = 0
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Risk-Neutral Probability

d) From part b) we know that p = 0.4 and (1 — p) = 0.6, so:

p-Viu+ (1= p).Vua _ 0.4(0) +0.6(0) _

u 147 1.1
d = 1+7r B 1.1 B
AV, +(1—»).V 0.4(0) + 0.6(24.55
V0=p u ( p) d= ( ) ( )=13.388
1+7r 1.1

These are similar answers we reached through the replication method.
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