Main things to learn
•

Distinguish between the different equilibria and apply the solution concepts:

The main difference is that in BNE, off the equilibrium path information set beliefs (and
actions) “do not matter” as they do not factor into payoffs: hence they might turn out to be
non-credible threats. In PBE, we need to specify off the equilibrium path beliefs (sometimes
free to specify) and the resultant actions must also be sequentially rational at the information
set given these beliefs.
Somewhat similar to how SPNE compares to NE (off equilibrium path sub-games).
However, PBE differs from SPNE in that SPNE considers sequential rationality in each subgame
while PBE considers sequential rationality at each information set.
See http://www.eecs.harvard.edu/cs286r/courses/fall12/presentations/lecture3.pdf for a
summary.
1) Adverse selection.

1.1
Insuree with type  ݔgets  ݔfrom insurance. Cost of providing is ݔ/2.
Since benefits ≥ costs, social planner (someone who cares about maximizing total utility) will
always want to provide insurance.
Knowing  ݔis not essential since the type does not matter for the social planners decision.

1.2
Insurance costs price . Those with   ≥ ݔwill purchase it.

1.3
Suppose one’s type  ݔis common information. The potential insuree’s best response is to
accept if  ≤ ࢞ and reject if  > ࢞ (in each subgame).
௫

It is always possible for an insurer to get strictly positive profits if ሺܿ݃݊݅݀݅ݒݎ ݂ ݐݏሻ ଶ <
ݔ ≤ ሺ݁ܿ݅ݎ ݈ܾ݁ܽݐ݁ܿܿܽ ݉ݑ݉݅ݔܽܯሻ. Any other price will give ≤ 0 profits.
This is true for any  ∈ ݔሺ0,1]. Hence all types in this range will be served.
The profit maximizing strategy is thus to choose the highest price within this range which is
࢞ = .
 = ݔ0 is a trivial case since getting or not getting insurance is the same.

1.4
By sequential rationality and since the potential insuree knows his own type, he/she accepts if
 ≤ ࢞ and rejects if  > ࢞.
Given the insuree’s strategy, the profits of the insurer are:

Since the insurer does not know ݔ, he maximises the expected profits given his priors about ݔ:

Taking the first derivate and setting it to 0, we get
3
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The bolded actions give their actions in the PBE. However, we also need the insurer’s beliefs
for the PBE. Since the insurer moves first, he does not have any additional information, so
his beliefs in equilibrium are just his priors.

1.5
Types with  < ݔ2/3 will not be served by the market.

Duopoly case
1.6
Insurer ݅′ ݏprofits are:

(Somewhat similar to our auction examples)

1.7
Here, we can use the condition that in Bertrand price competition, Insurers should earn 0
profits and price identically.
1) 0 profits because otherwise undercutting (the positive profit firm) in price can strictly
increase profits.
2) Equal prices because otherwise, there is an incentive from the firm with 0 profits (and
the market share) to raise prices and earn positive profits.
Thus, we are in the third case above:

Setting this to 0, we get  = 1  ݎ1/3.
ଵ

ଵ

Profits are positive between ଷ ܽ݊݀ 1, so undercutting will lead to an equilibrium price of ଷ.
Beliefs are the same as before: equal to the prior.

1.8
As we can see, more consumers obtain insurance, but having more insurers will not help since
everyone is already earning zero profits.

This is because lower risks are in the pool, so they can now charge less than before.

The dotted lines indicate that player 2 when observing L does not know whether he is facing a
situation with low price or high prices: this is an information set.
2.2
For player 1, his strategies are given by his choices in two scenarios ሺ = ݔ3,  = ݔ6ሻ
For player 2, his strategies are given by his choices in two scenarios ሺܮ ݁ݒݎ݁ݏܾ, ܪ ݁ݒݎ݁ݏܾሻ
The normal form given all possible strategies can be calculated as follows:
Note: the reason why we can use this normal form (assuming a common prior for all payoffs) to calculate
Pure- BNE is nuanced: you can show that solving this would get best responses equivalent to if you used
posteriors updated by Bayes rule on the equilibrium path.

Example (LH,LL)
Expected payoffs for player 1:
ሺ = ݔ3ሻܷଵ ሺܮ, ܮ, 3ሻ + ሺ = ݔ6ሻܷଵ ሺܪ, ܮ, 6ሻ
1
2
= .1 + .6
3
3
=

13
3

Expected payoffs for player 2:
ሺ = ݔ3ሻܷଶ ሺܮ, ܮ, 3ሻ + ሺ = ݔ6ሻܷଶ ሺܪ, ܮ, 6ሻ
1
2
= .1 + .3
3
3
=

7
3

Using the underline method, we get the pure strategy BNE (LH,LH) and (HH,HH).

Now we check whether they are PBE as well by checking whether there are any beliefs of
Player 2 which sustain their actions. (remember PBE are refinements of BNE)

(This is like a separating equilibrium since player 2 knows that in equilibrium Player 1 will only
play L if  = ݔ3 and vice versa).

Here, ߤሺܮሻ is off the equilibrium path, so we are free to specify it as above. Observing H does
not update any beliefs since Player 1 chooses it in both cases (like a pooling equilibrium).

3: Solving signalling games
In questions (like in this problem set) on (pure strategy) separating and pooling Perfect Bayesian
Equilibrium.
•
•
•

•

•
•

Player 1 usually observes the state of nature, thus he can have a strategy for each realisation.
Player 2 usually does not observe the state of nature (or the type of Player 1 which it
determines). He however can condition his strategy on the observed action of Player 1
If we have 2 states of nature, S1 and S2, then for each action of Player 1 he observes, Player
2 is unable to distinguish exactly which state of nature he is in. In the extensive form diagram,
this is represented by the dotted lines connecting the nodes following (S1,a) and (S2,a)
where a is the action of Player 1: the nodes are said to be in the same information set.
Player 2 however has beliefs about which state of nature he is in for each observed action
of Player 1 he observes.
a. The strategies chosen by Player 1 affects Player 2’s beliefs about the true state of
nature in each information set. This then affects Player 2’s conditional strategies.
There are usually 2 possible pooling equilibria and 2 possible separating equilibria (because
the first player is the one to observe nature’s move and he can have)
Pooling equilibria are those in which Player 1 has similar strategies for the different states
of nature. Separating equilibria are those in which Player 1 has different strategies in the
different states of nature.

The steps I would follow to solve such questions are:
1. Make a hypothesis about Player 1’s equilibrium strategies (this will correspond to one of the
4 types of equilibria above)
2. Given these Player 1 strategies, identify the beliefs of Player 2 about the true state of nature
at every information set that is on the “equilibrium1” path.
3. Given these beliefs, compute Player 2’s best response at the information set that is on the
equilibrium path.
4. Verify that Player 1’s equilibrium strategies which we started from are indeed his best reply
given the state of nature which he observes.
5. This will impose restrictions on the receiver’s beliefs that are at information sets that are off
the equilibrium path.
a. In particular, we need to specify beliefs on information sets that are off the
equilibrium path which lead to best responses of Player 2 which are consistent with
(4).
Sometimes, there may be shortcuts to rule out certain equilibria, but if you follow the above method
it should not go wrong.
Note: Problem set 4b from last year’s material has another example of this kind of question.
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I use inverted commas here because we do not know yet whether it is an equilibrium. It is just an
assumption at the moment.

3.1

3.2

࢞=

For healthy types, we can see that being quiet is the dominant strategy:
Squawking gets a healthy type at most −1 (if fed) which is less than 0 if it is quiet and is not
fed.
Hence, we can focus on equilibria where either both types are quiet, or healthy types are
quiet, while starving types are healthy.

3.3 ࢞ = 
Now we have that healthy types might want to squawk (not dominated anymore).
However, we have that a separating equilibrium is impossible.
In a separating equilibrium, the mother will be able to identify each type. She will thus not
want to feed the healthy type because 3 − 2 < 2 (if it squawks) or 3 < 4 (if it does not
squawk). She will always feed the starving type.
Because of this, the healthy type will always want to imitate the starving type: imitating a
squawking starver gives 3 − 2 > 0 and imitating a quiet starver gives 3 > −2.
If the types pool, the mother feeds because 0.4 × 4 + 0.6 × 1 > 2 ሺܾݐℎ ݇ݓܽݑݍݏሻ
Or 0.4 × 6 + 0.6 × 3 > 4 ሺܾݐℎ ݐ݁݅ݑݍሻ
For PBE, we will need to specify the off-equilibrium path beliefs and the corresponding best
response for the mother in that case.

Notice that there is no (SS, FF): why?
If the mother also fed when they kept quiet, the nestlings would both want to deviate to
keeping quiet.

Note cost of squawking relative to benefits falls as  ݔrises.

