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Abstract

I prove that, when the demand side is unrestricted, production functions for
multi-product firms are unidentified, except in population if the conditional time-
series variance of inputs is unbounded. I develop a novel identification strategy
that does not rely on demand-side assumptions. Instead, by imposing the weaker
assumption that the productivity distribution is in a stationary equilibrium, I
show that the production function parameters are set-identified. I show that
identified set always contains the true parameter vector in my simulations even
when it is very sharp.Furthermore, I provide evidence that the estimator is robust
to non-stationarity of the productivity processes. My approach avoids the need
for instruments or numerical solvers, providing a widely applicable method for

estimation.
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1 Introduction

Multi-product firms are central to modern economies, producing the vast majority of
manufacturing output despite making up a minority of firms. In the US they repre-
sented 37% of firms between 1987 and 1997, yet produced 87% of manufactured goods
(Bernard et al., 2010) with similar figures observed in Europe (see, e.g., Dhyne et al.,
2022). Their importance in international trade is even more striking with multi-product
firms being responsible for 99% of US exports in 2000 (Bernard et al., 2007).
However, our tools for estimating productivity, markups, and markdowns — which
have recently received increasing interest in the IO-labour literature (e.g. Autor et al.,
2020; Montag, 2024) — fail when input allocations within multi-product firms are un-

observed, as is the case for most datasets.

The literature has taken two paths. One approach estimates production frontiers:
By relating total inputs to the feasible set of outputs, they are flexible enough to allow
for joint production where inputs are shared across product lines. Yet this theoretical
flexibility is not matched in practice; the functional forms typically used for estima-
tion cannot accommodate non-joint production unless all products are produced by
the same constant elasticity of substitution (CES) technology (Cairncross et al., 2023).
With a lack of methods allowing for more flexible technologies, this effectively makes

jointness an assumption.

This paper focuses on the second path: Estimating product-specific production
functions. This approach, which imposes non-jointness, is highly attractive for its
tractability in policy counterfactuals, but forces the econometrician to confront the
unobserved input allocation problem directly. Several solutions have been developed,
most notably by Orr (2022) and Valmari (2023) whose approach uses the firm’s first-
order conditions to back out input allocations. However, the validity of existing meth-
ods relies on overly restrictive productivity processes, or often untestable assumptions

on the market environment, firm conduct, and the specific form of demand.

These assumptions are likely to induce misspecification bias as economists have
reached starkly different conclusions about conduct by making slightly different de-
mand assumptions, even in the same industry in the same country at the same time.
For example, both Miller et al. (2021) and De Loecker and Scott (2024) study the



US beer industry using the demand estimates of Miller and Weinberg (2017). While
Miller et al. (2021) construct a model of price leadership and strongly reject Bertrand
pricing, De Loecker and Scott (2024) focus on the vertical brewer-supermarket relation-
ships and find that Bertrand pricing with a competitive retail sector agrees with their
production-based markup estimates. In their Table 1, De Loecker and Scott (2024)
further show that marginal cost estimates can vary widely under different ownership
matrices. Even beyond demand conduct, the basic assumption of profit maximisa-
tion has been challenged in the wake of better data on managerial expectations and
decision-making (Keiller et al., 2024).

This paper confronts this identification challenge, examining its extent and provid-
ing an alternative approach. My first contribution is to demonstrate that the existing
estimators critically rely on profit maximisation and demand-side assumptions; without
them, in any finite sample, all parameter vectors can be rationalised and identification
is only achieved ’at infinity’, when time-series variation in inputs becomes arbitrarily
large. Building on this insight, my main contribution is to provide a novel identifica-
tion strategy that is based on the weaker assumption of stationarity of the productivity
distribution. My approach is easily implementable using moment inequalities and de-
livers set identification. The identified set converges to the data generating vector
of parameters as the time-series variation in inputs increases. As the identification
method does not rely on profit maximisation, the identified set can be used to test

auxiliary assumptions on demand and conduct.

While there has been no direct empirical study of the stationarity of productivity,
there is evidence by Jaimovich et al. (2023) that firm revenues are reasonably approx-
imated by a stationary AR(1) distribution. The assumption also has precedence in
the economics literature, having been used by Blundell and Bond (2000) to estimate
production functions for single-product firms, and is more likely to hold for mature

industries (Hopenhayn, 1992).

I use simulations to show that the moment inequalities provide meaningful restric-
tions on the set of potential data-generating parameters under realistic input distribu-

tions and are robust to non-stationarity of the productivity process.



This paper significantly expands the toolset for applied economists interested in
estimating productivity, markups and markdowns. Of course, whether stationarity or
knowledge of conduct and demand structure are more plausible in any given setting is
an empirical question. For example, superconductor and computer chip manufacturing
is rapidly evolving, making stationarity unlikely to hold. On the other hand, car-
bonated soft drinks and beer, or the refinement and sale of petroleum are established
industries where economists disagree about the underlying conduct, making stationar-

ity preferable to relying on demand side assumptions.

The next section situates this paper within the existing literature. Section 3 presents
the formal assumptions underlying the identification results, while section 4 examines
identification under an unrestricted demand side. Section 5 employs stationarity of the
productivity distribution to deliver set identification. Section 6 extends these results.
In section 8 I use simulations to show give evidence of the size and shape of the identified

set, and section 9 concludes.

2 Related Literature

Production function estimation is an essential tool to measure productivity and out-
put elasticities; it underpins research in fields from macroeconomics and international
trade to industrial organisation and labour economics. Seminal contributions by Olley
and Pakes (1996), Levinsohn and Petrin (2003), and Ackerberg et al. (2015) estab-
lished the control function approach to address the endogeneity of firms’ input choices
to their productivity, which is unobserved by the econometrician. This methodology
has since enabled a vast literature studying topics from aggregate productivity and
resource misallocation to market power. These tools are also at the core of a growing
literature on firms’ input market power, enabling the estimation of labour markdowns

and monopsony power (e.g. Autor et al., 2020; Montag, 2024).

However, there has been a foundational challenge to the widespread application of
these methods to measure markups. While the theory is based on output elasticities,
most datasets only report revenues. This issue is at the heart of a recent debate in the
literature. Bond et al. (2021) show that, when deriving markups from revenue elastic-

ities, researchers should mechanically find that firms are pricing at marginal cost. De



Ridder et al. (2024) confirm that markup levels are not identified with revenue data, but
show that Bond et al.’s (2021) result only holds when all firms charge the same markup.

Whenever there is heterogeneity in markups, their trends are well-approximated.

Similarly, a large and growing literature has emphasized the importance of physical
productivity (TFPQ) over revenue-based productivity (TFPR). Since TFPR bundles
technical efficiency with demand and price variation, it can severely distort inference
about firm performance, heterogeneity, and resource allocation. For example, Foster
et al. (2008) show that TFPR-based measures overstate the relative role of productivity
in driving firm survival, instead finding demand to be the key determinant, while Hsieh
and Klenow (2009) show that between-firm resource misallocation can reverse the pos-
itive correlation between revenue- and quantity-based TFP measurements.! Together,
this evidence demonstrates the importance of tools to estimate quantity-based produc-

tion functions to recover economically meaningful measures of technical efficiency.

The shift towards physical output data, however, introduces additional econometric
challenges: Most datasets only contain total inputs at the firm level; their split across
product lines is typically unobserved. The recent literature has diverged into two main
approaches to address this issue, either estimating production frontiers to avoid the
input allocation problem or imposing additional assumptions to recover product-level

inputs.

Dhyne et al. (2022) estimate separable production frontiers by extending the con-
trol function approach of Ackerberg et al. (2015) to the multi-product setting. This
makes their method hard to scale as it requires one flexible input per output. Caselli
et al. (2025) instead use the firm’s first-order conditions to back out productivities after
performing a demand estimation. While this allows them to separate product quality
and productivity, it also opens them up to misspecification bias. They also have to
restrict themselves to separable CES frontiers. Separability is a strong assumption, as
shown by Cairncross et al. (2023). They prove that the frontier derived from non-joint
production functions is only separable if all goods are produced using the same CES

production function. This limits the range of questions that can be answered using

!They find that Chinese exporting plants have 46% higher TFPQ but 13% lower TFPR than other
Chinese plants, likely reflecting preferential treatment by Chinese authorities, while US exporters have
similar TFPQ advantages over their US competitors, but also have 6% higher TFPR.



existing production frontier methodologies.

On the other hand, several papers have developed methods to estimate production
functions. De Loecker et al. (2016) assume that there are no returns to scope and no
within-firm productivity differences. This allows them to use single-product firms to
estimate production functions and impute input allocations for multi-product firms in
a final step. Gong and Sickles (2021) also restrict the productivity process, assuming
that productivity can be decomposed into a firm-product fixed effect that is constant
across time, and a time fixed effect that is constant across firms and products. Neither

assumption is likely to be realistic.

More recent papers instead recover input allocations from the demand side. Orr
(2022) does this sequentially by first running a demand estimation and then using the
marginal costs to recover inputs under the assumption that the technology is homo-
geneous and common across all products. Meanwhile, Valmari (2023) estimates the
production function and demand-side parameters simultaneously under the assump-
tion that firms operate in monopolistically competitive markets. Chen and Liao (2022)
follow a similar approach to Valmari (2023) with slightly different assumptions on de-
mand. They also show that the production function is non-parametrically unidentified

when input allocations are unobserved.

I contribute to this literature in several ways. First, I show that, when the demand
side is left unrestricted, the production function is unidentified except in population as
the time-series variance of inputs goes to infinity. This extends the non-identification
result of Chen and Liao (2022). Second, I provide a novel set-identification result that
uses stationarity of the productivity distribution while leaving the productivity process
unspecified. This result contributes to the literature estimating production frontiers
as it provides another way to estimate production without needing to recover input
allocations. It also contributes to the literature estimating production functions by

providing alternative assumptions with which to estimate the production parameters.

As the set-identification result leaves the demand side unspecified, it can also be
used to construct a test of demand conduct by checking whether the parameter es-

timates recovered under a specific set of demand assumptions, like those of Valmari



(2023), lie within the identified set. This jointly tests the demand assumptions under
the null that only the assumptions made in this paper are correct. As such, this paper
adds to a large literature on conduct testing (e.g. Backus et al., 2021; Magnolfi and
Sullivan, 2022; Duarte et al., 2024).

Finally, this paper contributes to a growing literature using moment inequalities for
identification. In industrial organisation, Pakes et al. (2025) study the US healthcare
insurance market utilising consumers’ binary switching choices. Their implementation
adopts a Bayesian approach following Kline and Tamer (2016), which is part of a large
econometric literature on inference for partially identified models. Two other papers
from this literature are particularly noteworthy. First, Kaido et al. (2019) provide a
method for constructing confidence intervals for individual elements of the parameter
vector. Second, Romano et al. (2014) show how to incorporate information on the set
of unsatisfied moment inequalities to increase the estimator’s power. Both methods

can be adapted to implement the moment inequalities in this paper.

In the next section, I will discuss the theoretical framework before I formally es-

tablish the identification results in the following two sections.

3 Theoretical Framework

3.1 Notation

Script letters will denote sets, while arrows denote vectors and lowercase letters denote

the natural logarithm of their upper case counterparts. For example:
e X is the set of inputs;

. )Z't, a vector, is the realisation of inputs at time ¢, and X, is the a-th element of
Xt;
e 7, is the vector of the log of realised inputs at time ¢, (z14, Toy, ..., a:dim()-(')’t).
Similarly, f(-) = In(F(-)) for any function F(-).
For an index range a < b [ write Xb;a for the history of elements from period a to period

b. For example, thl:o = {ft,l, )Z't,Q, ey Xo} is the entire history of total inputs until

the previous period.



Gap(-) will denote the probability density function of a conditional on b. So g)—qt(-) is
the joint probability density of total inputs in period t.

Additionally, I will use an asterisk to denote the true value of a variable. Therefore, g
will denote the true vector of production function parameters and X* the true input
vector.

I will use esssup,., F'(Z) to denote the essential supremum of F'(-), that is the supre-

mum over all but a measure zero subset of Z. essinf, the essential infimum, is similarly

defined.

3.2 Production

In each of T+ 1 periods, J firms? sell any number of I differentiated products.®* Each

product is produced using the common production technology
Yviyjyt = F<§*> Xi,jyt)eﬁs—’—w;’j’ta (1)

where 7 denotes a product, j denotes a firm, ¢ denotes the period, and Y; ;; denotes the
quantity of good i produced by firm j in period ¢t. Taking Hicks-neutral productivity,
e out of the production function means that I am normalizing F(-). Without loss of

generality I will assume F(6,1) = 1 for all 4.

I will assume that the researcher observes the entire distribution of possible realisa-
tions of observables, that is, the limiting case as J — oo. Also, I will assume that there
are M inputs and two outputs. The results are easy to generalise to I > 2 outputs,
but are restricted here to ease notation. The rest of this section will further clarify the

underlying assumptions of the model.

Assumption 1 (Homogeneous production technology). The production technology,

F(+), is continuous and differentiable, equal to zero if any of its arguments are equal

2While I will be using firm’ throughout the text to be consistent with the literature, the assump-
tions are most likely to hold at the plant level.

3Using this terminology, Kellog’s Frosted Flakes and Cap’n Crunch would be the same differenti-
ated product. The exact definition of a product is up to the researcher and, generally, a function of
the data.

4One could alternatively define v markets in which .J, firms sell any number of I differentiated
products. Then observing a large number of markets is equivalent to observing a large number of
firms in my framework.



to zero, strictly increasing in all arguments, quasi-concave, and homogeneous of degree

¢ > 0.

For ease of exposition and to simplify and drive intuition for the main results, I will
strengthen assumption 1 in the main body of this paper, replacing it with assumption
la. T will discuss the generalisation of the set-identification result in section 6 and of

the identification at infinity result in section A.

Assumption la (Cobb-Douglas technology). The production technology is Cobb-
Douglas with 0= (Bx,, -, Bx,,) and returns to scale ¢ = Zi\le Bx,, s

M
F(.X) =[] X5
m=1
Assumption 2 (Common technology). The production technology, F'(+), is the same
for all products produced in a firm and for all firms producing the same product. This
is also true of By. However, production within a firm and across firms can differ as a

result of differences in the product-firm-time-specific productivity, w; ;.

Figure 1: Production network

Firm | Products

A Bolts, Nails
B Bolts, Nails
C Bolts, Screws
D

E

Screws Nails

Dowels, Planks
Dowels, Planks

Nodes represent products. There is an edge between two nodes if at least one firm produces both of
these products.

Assumption 2 appears more restrictive than it is in practice. It does not necessitate
that every product in the dataset is produced by the same production function. Take
the economy in figure 1. Assumption 2 means that screws, nails, and bolts (produced
by firms A-C) share one production function, Fy,;(+), and planks and dowels (produced
by firms D-E) share another production function Fp4(-). Assumption 2) does not have
any implication on the relationship between these production functions. Orr (2022)
also points out that, in practice, most datasets only have enough observations to esti-

mate production functions at the level of a sector or industry, so that this assumption



would have to be made implicitly regardless. Either way, the existence of plants that

produce across different sectors and industries is an empirical question.

Assumption 3 (No measurement error). There is no measurement error in the ob-

served output, Y; ;.

To be able to solve for the input allocation using demand information Orr (2022)
and Valmari (2023) must assume the absence of measurement errors in outputs, which
introduce another I -.J - (T 4 1) unknowns. This increase in the degrees of freedom
is also the reason I am making this assumption here, although it can be generalised
for the main result as discussed in section 6.1. Similarly, assumption 4 is important to

avoid having to deal with a set of hidden state variables and costs.

Assumption 4 (Costless transfer of inputs). Inputs can be costlessly transferred be-

tween production lines.

Assumption 5 rules out that the marginal product of any good depends on how
much of any other good is produced. It is the key differentiating assumption between

the production function and production frontier literature.’

Assumption 5 (Non-joint production). The set of inputs does not contain any prod-
ucts produced within the same firm. Additionally, total inputs are completely at-
tributable to product lines. That is, for every firm, j, time, ¢, and input, m, the true
inputs can be recovered by allocating the observed total inputs:

X*

m,t,7,

—_ qm .
t—S‘ Xmu,t’

Z7j7t

where 5%, € [0,1] and 357}, = 1.

it

I will denote the set of pre-determined inputs as K, the set of inputs that can be

adjusted subject to adjustment costs as IL, and the set of static inputs as M.

5While this distinction is generally true for the existing literature, it is possible to model joint
production explicitly in a production function framework. An example of this is the model of produc-
tion with shared inputs described in chapter 15 of Baumol et al. (1982) and adopted by Cairncross
et al. (2023) in their appendix.

10



Assumption 6 (Static cost minimisation). Firms choose total quantities of static
and dynamic inputs, as well as input allocations to solve the static cost minimization

problem:

min Z P]§m<Xm7j7t)Xm’j’t+ Z Cj)gjm<Xm,j,taXm,j,t—1) (2)

. . M
{X7n,1,j,t7---7Xm,1,],t}m:1 XmGM Xme]L

subject to
Z Xm,i,j,t = Xm,j,t Vm

Xm,i,j,t Z 0 Vm,z
D Y oWl s
Yige = F(07, Xijs)e®0 0 Vi,

where Pﬁ’” (-) is a price schedule, which may be constant, and C’ftm (+) is the adjustment
cost for input m — for example hiring and firing costs — both of which are known to
the firm.”

These assumptions allow me to use a simplifying result from Orr (2022). Lemma
1 clarifies that a consequence of having a common and homogeneous production tech-
nology is that input shares are independent of the input — if a firm uses 30% of its
materials in the production of a product it will also use 30% of any other input. The

proof is contained in appendix A of Orr (2022).

Lemma 1 (Lemma 1 — Orr (2022)). If assumptions 1-2 and /-5 hold then there exists
a solution to the firm’s conditional cost minimization problem satisfying X, ;j: =
SijtXmjt VXm € X, where S;;, € [0,1] and >, S; . = 1.

4 Identification at Infinity

For the purpose of this section I will restrict the class of productivity processes to be
auto regressive of order 1 (AR(1)). While most identification treatments only assume a
general first order Markov process,® most empirical applications use an AR(1) process.

Imposing more structure also makes identification easier to achieve. That is, if f is not

6A constant price schedule means that the firm has no market power.

"The particular form of the law of motion for dynamic inputs does not change the results in this
paper. So it is possible to accommodate functional forms like that of Orr (2022).

8Productivity is first order Markov if w; j+ = Flw; jt|wi jt—1] + i jt, Where ¢ j+ is mean-zero and
independent across firms and time.

11



identified under the more restrictive AR(1) assumption, it is also not identified under

the more general assumption of a first order Markov process.

Assumption 7 (AR(1) productivity).
Wijt = Piiji—1 + Gijitr”
where p € (0,1) and the random error, ¢; j;, is independently distributed across firms

and time, but may be correlated across products within a firm.

It is also important to clarify the timing of input choices, and whether the firm has

input market power.

Assumption 8 (Timing of firm decisions). The firm chooses the total amount of each
All

other inputs are chosen or can be adjusted subject to costs after observing productivity.

pre-determined input, X,,, for all X,, € K, before observing productivity, w; ;.

The firm may also buy any number of its static inputs on markets where it does
not have market power. These do not have to be perfectly competitive markets. For
example, it could be a market where a monopolistic supplier faces a continuum of
producers. Orr (2022) and Valmari (2023) need at least one such input to exist to

recover marginal costs from demand. I allow the set to be empty.

Definition 1 (Input market power). Denote the set of inputs bought on markets
without buyer market power as C. That is, VX, € C, Pfim (X) = Pﬁm (X)) VX, X' €
R, . Denote the vector of input prices for inputs in C by ﬁ(C,t ={Px,.+ : Xn €C}.

With this information we can define the set of variables that the innovation in

productivity, ¢; ;+, needs to be independent of, the information set at time ¢:'
Zt = (Kt> Xt71:07 P(C,t:O; Y;ffl:O)'

Further, denote its support by Z, = {Z : 970 R0 0P pord rojt(Z) > 0}
Lastly, I will introduce two assumptions to simplify the problem. As I explain in
more detail in section A in the appendix, in the absence of these assumptions there are

cases where the production function is neither always identified nor always unidentified.

9Note that, if the productivity distribution is in its stationary equilibrium, By could be absorbed
into the productiviy distribution instead with w; j: = Bo(1 — p) + pw; j1—1 + i j.¢-

10The exact nature of these variables are unimportant for the identification result. As long as they
are known to be unrelated to the true innovation in productivity, ; ;+, any variable can be included.
Of course, to be useful, they need to be correlated with the firm’s inputs.

12



Assumption 9. All moments of the conditional log input differences exist and are

bounded. For every p € (0,1)

sup esssup [(szt — psf,t_l)d|Zt] < oo, Vd € N,
it ZtEZt

where Z, = {Z,: Z, € supp(gz (-))} is the set of observed controls.

Assumption 10. All the moments of last period’s productivity exist and are bounded:

sup ess sup E[[th_lld]Zt] <ooVdeN
Wt Z.cZ
With these assumptions we can derive the below identification theorem. The intu-
ition is similar to that of a simple regression. When the expected log change in inputs,
Elxm, — pxm,t71|Zt], is unbounded it dominates the expected productivity, making it
unbounded, unless Bx,, = 8%, . The unboundedness in K[z, — pxm,t_1|Zt] essentially
controls for the unobserved input shares and productivities when assumptions 9-10
hold. This also explains why there is a discontinuity at infinity, if E[z,,; — pwm,t_1\2t]
is bounded, the expected innovation changes continuously with By, , so that the true
parameter cannot be recovered. Similarly, when E[z,,; — P$m,t—1|Zt] and E[x, ; —
pxm/,t—1|Zt] are jointly unbounded — that is, when their ratio approaches a constant
— this has the same effect as collinearity in a regression framework; their independent
effects on the expected innovation in productivity can no longer be separated, unless

there is variation in their relative rates of unboundedness.

Theorem 4.1. Under assumptions 1a-10 Bx,, s identified if and only if
IHZ, )2, s.t. Th_)lilo |\ B[ s — pTm 41|20 = Z,]| = o0
and, for all m' # m, one of the following holds:
o I{Z.}, such that

1 E[xm’,t - pxm’,t—llgt = Zr] .
im ——— =,
120 BTyt — pTmi—1|Zy = Z,]

for ¢ € {—00,0,00}

13



o 3{Z, )2, {732, such that

r=1>

1; E[xm’,t - p$m/,t71|Z_)t = Zr] .
11m = >— = G,
r—00 E[l’m,t — Pffm,t—1|Zt — ZT]

i E[l’m',t' - Plem',t/—1|Zt = Z;] oy
im = =c,
120 BTy — pTmy—1|Zy = Z]]

forc#c.
Proof. 1 will start with some definitions and notation.

Definition 2. Let
w(0, 5, 8o, Y, X) =In(Y) — f(6,5,X) — B

be the productivity when a firm with total input vector X produces a quantity of Y
using a Cobb-Douglas production technology with parameter vector 5, Hicks-neutral

productivity of By, and an input share of S.!!

Then we can write
M

E[Ci,j,t|Zt] = Z(@(m - 5Xm)E[37;nt - px;.’ft_1|Zt] + ¢*E[Szg‘,t - Psz,j,t—l‘zt]

m=1

— G810 — psijua| 2]+ (0" — p)EWi, 1| 2] + (1= p*)Bs — (1= p)Bo, (3)

since E[CF.,|Z,] = 0.

Z7j7t

Definition 3. Let ZT+1 = ()?T, ZT) be the vector of observables over all time periods

in the data. Then denote the input allocation rule by
8 . [0, 1]2(T+1) X ZT+1 — R+,

where f[071]2<ﬂ1) S(5|Z)dS =1 and S(S, Z) = 0 whenever > Sit # 1 for any t.

U That is,

M
£06,8,X) =Y Bx,m + 5.
m=1

14



Intuitively, the input allocation rule defines what percentage of firms is mapped to
each input share given their observables and past input allocations. Formally, it is a
conditional distribution. I will also let Sy 5 denote the allocation rule that splits all

inputs equally regardless of the observables, ie 80,5(5 , Z ) = 0 whenever S + 0.5.

Then the relevant distribution for the conditional expectation is the joint distribu-
tion of inputs, outputs, and input allocations induced by the input allocation rule and

the joint distribution of observables:
oo Lo =5 5
ggt:Oaﬁ>XtaZt|S(8’y7m’z) - g?},)?t,ZAHS(y?'T?Z)/_* [ S(S ) 2 )7
s'eS(3) J 2 €Z(y,%,7)

where S(5) = {Sr, : EISﬁ”T:tJrl s.t. (Spus1,s) = Sro} and Z(7, 7, 7), defined similarly,
are the set of vectors that agree with the respective histories up to time ¢. I will further

write the expected conditional innovation as

Definition 4.

954.0.¥1.%4,241S

E@t(é; S, Bo, p|2t7 gt—l:o) =F [W(Q_: Si,ta Bo, }7;,157 Xt) - pw(@j Si,t—la Bo, ?i,t—la Xt—1)|Zta gt—l:O]

For this proof I will first fix (6, p) and show that there exist S and f, such that the
moment conditions hold almost everywhere, i.e. sup;,esssup |§zt(‘9_: S, Bo, p|Z))| =
0, if and only if

Sup ess sup @t(g, Sos, O,p[Zt) < 0. (4)
it ZtEZt

Then, in part 2, I will discuss under what conditions equation (4) holds and how to

combine these insights to get point identification.

Part 1
By inverting w(g, S_i, Bo, }7, )Z') and using that S; =1 —.5_; we can write the produc-

tivity of good i as a function of the productivity of good —1,

—

wi(f,w_i, By, Y, X) = In(V;)—¢In (1 — N0 im X B n(Xm) =50)/0) _N " g In(X,,)— By

(5)
That is, w; is a convex function of w_;. Therefore, it is possible to arbitrarily in-

crease Elw;,|Z,] while keeping Elw_;,|Z] constant by changing the distribution of

15



S,. However, this is not symmetrical. That is, E[w,-7t|Zt] can only be decreased
by a finite amount by changing the distribution of S, since it is bounded below by
Eln(Y;) = >, Bx,. In(X,,) — fo]. However, as long as (4) holds, there is a simple
approach to finding an input allocation rule and Hicks-neutral productivity such that

the moment equalities hold.

First, choose 3,'? high enough for the expected innovation is negative for almost

all Zt, even if all inputs were assigned to both outputs. For example,

(i 1(0.So5,0Z) — In(0.5
ﬁozsupesssupc’t(’ 05,0[Z1) — In(0.5)
it Zez, (1—p)

This makes it possible to increase w;; in the next step without having to worry about

5i,t+1-

I am going to start at t = 1, at each step constructing an input allocation rule S;
by changing only the conditional distribution of S, leaving the conditional distribution

of S, unchanged for all T # ¢, to make
ézt(e_: St, Po, P|Zt, gt—lzo) =0 as,

while ensuring
gi,t—i-l(ea Stv ﬂOa p|Zt+1a ‘S_;t:O] S 0 a.s..

Conditioning on (Zt, 5’;_1:0) means conditioning on last period’s productivity,
w(@j Si,t—l; ﬁg, }/i,t—la Xt_1>. Construct St SO

gZT+1‘Zt7§t:07St(.|Z’ S) - gﬂT+1‘Zﬂt7§t:073t(.|Z’ Sl) VS, S/ = Supp(st).

That is, the distribution over future paths of observables is independent of the history
of input allocations. This is important because it means that the distribution of future

(counterfactual) productivities is also independent of the history of input allocations:

95151075 2) = 95510755 Z) for all Z, and all 7 > .

12While it would be clearer to write ,Bg ? to make explicit that a different Sy is chosen for different
values of 6 and p, I drop those superscripts to avoid notational clutter.

13 s = - - )= g= _ - .
That is gST:t+lyst—1:OaZT‘St( ) - gST:t+1,St—1:0,ZT|5t—1( )
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Therefore

gi,t+1((§7 Sta 507 p|Zt+17 gt:O) = Ei,t+1 (6_'7 80.57 507 p’Zt+1> + ln(Si,t) - ln(05> < O?

ensuring that the second condition holds. Additionally, since
C_”(é St Po, P‘ZT, 57771:0) = C_”(é 805, 607p’ZT) VT >t+1, 5_:771:0 € supp(Sy),

the problem of finding a suitable input allocation in future periods is unaffected by the

changes made to allocations in period .

7 4 ; ; Z4,8e_1, 5Z¢,Si—1:0  QZ¢,Si—1:0
For each (Z;, Si_1.0), choose three input allocations, (UecSut =10 S .Sy ,

with SZtl’St_l’O > 0.5, Sgg’ft‘lzo = 0.5, and SdZtl’St‘LO < 0.5, and weights, (ay, aos, aq)

u,

summing to one, so that
@, In(S5 ) a0 s (T8 ) +aa In(Sgy ™) = Giu(0. Si-1, Bo, pl Z2, Si-1:0)+In(0.5).

Note that the right hand side is smaller than zero almost surely. Then by the concavity
of In(9) it is always possible to choose such a set of weights and input shares that the

above equation is satisfied for both good ¢ and —i.'*

Next, I show that, when esssup; _, @t(g, 30,5,0,/)\2) = 00, there is no way to
make it finite by changing the distribution of S;_;. By decreasing S;;—1 we can make
Ci,t(e_: gt:t—l; Bo, P l_/;t:t—la Xt:t—l) arbitrarily small, but inevitably increase C—i,t(é; gt:t—la Bo, P 17;5:15—17 Xt:t—l)‘

albeit by a finite amount. However, by assumptions 9-10,

Sup ess sup |fzt(§, So.5, 0, p|Zt) — E_i,t(g, So.5, 0, p|Zt)|d < oo Vd e N. (6)
3 ZzGZt

Intuitively, the only source of unboundedness comes from the expected change in total

log inputs, and log inputs have the same effect on both outputs. Since the moment con-

4That is, it is possible to pick a set of input shares, (gft’st’l‘o, S}fg’st’li” , 5(12“3“11”), and weights,

(au, Go.5,aq), so that

Ei,t(g, StaﬁOap‘Ztv §t71:0) = Ci,t(@ S, 507P|Zt, §t71:0) =0

almost everywhere.
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ditions control for past input allocations it is impossible to increase F [wiyt_1|Z_‘t, S‘t_lzo]
and E[w_i,t_1|Zt, 5}_1;0] simultaneously. Additionally, because of equation (6), the pro-

ductivities jointly approach infinity no matter how we split the observations. Formally,
0 D AL .
for any (h)?t,ﬁ\fz( ), h)?t,ﬁlft( )), such that

0 1 _
3,502, + h3,5,2,0) = 9%,5)2,0);

we can find a function V : Z, — {0, 1} such that, for some v € {V(Z,),|V(Z,) — 1]},

sup ess sup |Ezt(§v So.5,0,p|Zy, h") — E—i,t(@ So0.5,0,p|Zs, 1) < 00
t ZtGZt
and

sup ess sup |§zt(§, So5, 0, P\Zt; h") = oo,
t ZtGZt

where

C_-i,t(e_; 80'57 07 p|Zt7 hy) - Ehli. . w(é: 057 07 Y_;,h Xt) - PW(é: 057 07 {/:i,t—la Xt—1)|'

Y, X¢, 2
Since changes to 95,17, 5, (") can at most reduce sup, esssup @t(g, S, Bo, p]Zt)
by a finite amount, this proves that, for a given (5, p) the moment conditions can be

made to hold almost surely if and only if

sup ess sup Ezt(ga So5,0, P’Zt) < 0.
i,t ZtEZt

Part 2
I will now describe what parameters can satisfy the moment conditions and then show
how to use the shape of this set to recover point identification. To build intuition I will

first consider the case where the essential supremum is finite for all inputs except X,,:

esssup |E[xp, s — pxm/7t_1]Zt]\ < oo for all m' # m.
ZieZy

Then, from equation (3) we can see that ess SUpPz, <z, fzt(g, So5,0, p|Zt) < oo if and only

if one of the following holds:

o esssupy, ey, Blrm — pimi1|Z)] = 0o and B, < B,
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o csssupycg, Eltns — ptmi1|Z] = —o0 and By, > Bx,,
e —00 < esssuUpy oy Eltms — primi1]Zi] < o0

However, with more unbounded inputs, it is possible that esssup ., C_-zt(e_; So.5, 0, p\Zt) <
oo even if the above conditions fail to hold. I will now add a second input, m/, for

which the expectation diverges.

Take a sequence of controls, {Z,}°2,, such that

lim Elz,y . — p$mf,t—1|Zt = Zr] =X
T—00

and ~ o
1 E['rm’,t - pxm',t71|Zt = Zr] .
im — — =C
oo E[xm,t - me,t—1|Zt = Z'r‘]

for some ¢ € RU {—00,00}. Then we can rewrite the limit of the expected innovation

in productivity as
Tim (0. 80,0 p170) = (B, — Bxa) + (B, = Bx,.)) I Bl ii—prmio 1% = Z]4C,

for some C' € R. Therefore, the expected innovation is bounded above if and only if:

(Bx,, — Bx,.) + (Bx,, — Bx,,) <0.

Figure 2 shows that 3% can be recovered if ¢ € {—o00,00}. It is also noteworthy

that we can do this recursively. That is, once we know 3% ~we can recover 8% , even
m
if ~
N e e e 1)
lim =— =10
Zt—=2 E[xm,t - PiUm,t71|Zt]

for all p, ¢, {Z,}°°,} such that limy , Bl — pxm/,t_l\Zt] = o0o. This covers the case

for ¢ = 0.
Lastly, from figure 3 one can see that, when ¢ ¢ {—o00,0,00} ¥(p,t,{Z,}2,), Bx..

can be recovered if and only if there exist (p,t, Z) and (p/,t'; Z') such that the ratio of

expected log input changes approaches ¢ and ¢ respectively, and ¢ # ¢.
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Figure 2: Sequential recovery

14
m|

(B By

Bm

Shaded area denotes set of 6 satisfying the moment conditions for
lim, o0 E[zm ¢ — pTms 1—11Z¢ = Z,] = 0o with ¢ = co. The dotted line is not part of this set.

Figure 3: Recovering point identification

A A
m B

(B Bov) (B Boy)

B By

Red line: ¢ =0.5. Blue line: ¢ = 1. Shaded area is set of ) satisfying the moment conditions for
lim; E[xm,t - pxm,t—1|Zt = Zr] = 00.
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While the identification result is of independent interest, a key takeaway is that, as
the cross-sectional sample size increases, there is a discontinuity at infinity. With any
finite sample

sup esssup | B[, s — p$m’,t—1|Zt]| <0
t o Ziels

so that any § can be rationalised. This shows that, in practice, additional assumptions
need to be made and motivates my result in the next section, where I propose a novel

identification strategy based alternative assumptions.

5 Set Identification

In this section I show that we can recover set identification by restricting the produc-

tivity process to be in a stationary equilibrium.

Assumption 11 (Stationarity Equilibrium). The true joint probability density of
productivity, denoted by gz|t, is stationary; that is,

9Z|t(') = QZW(') v, t.

Recall from definition 3 that & denotes the joint distribution of product-specific
inputs. Let &(0, 5, 5o, Y, X) = (w(f, S1, Bo, Y1, X),w(f, Sa, Bo, Y2, X)) be the vector of

productivities as defined in definition 2.

Definition 5. The joint distribution of (counterfactual) productivities is defined by
the density

YxXJ[0,1]™

where §(-) is the Dirac delta function. Intuitively, g,(dJ; 6,S ) aggregates the probability
mass of all triples (¢, Z, §) that map into the productivity vector .

Define the space of possible parameters as © = {6 : § € (0, 00| }.Denote the iden-
tified set by ©; and its complement by ©¢ = © \ .

The following theorem and its proof are written for the case of a Cobb-Douglas pro-

duction technology. As the result relies on stationarity of the productivity distribution
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and [y shifts all productivities equally it is not identified unless additional assumptions

on the productivity process are made, for example, by normalising E[w}] = 0.

Theorem 5.1. If assumptions 1a-6 and 11 hold and there exist at least two periods t,t'
and input X,, € X such that its distribution differs between periods t and t', gx,.(+) #
gx,¢(+), then the set

OF ={0: 9(+0.8.80lt) # 98,8, Bolt') for all S}

1s non-empty. That is, under the distribution of observables, some parameter values

are inconsistent with productivity being in stationary equilibrium.

Proof. If it exists, denote by hgz(-) the stationary distribution of productivities that
rationalises the data given d. More formally, if there exists a set of input allocations,
S, such that g(-:6,S|t) = g(-; 8, S|t') Vt,t', let hi(-) = g(:; 0,8|t).15

From assumption 11 we know that hg. (-) exists. Therefore, the identified set is
non-empty. It must be possible to re-allocate inputs in each period to change the
counterfactual joint density of productivities g(-; 6%, Sy5|t) into hg.(-). In general, this
problem can be thought of as finding a family of 7"+ 1 transport density functions
{m}_, on R? x R? where m,(d|&) represents the conditional density of transport-
ing mass from productivity tuple &’ to productivity tuple &, such that the marginal

consistency condition:
hi(@) = / (@3 g(&' 0, Sost) di’
RQ
and the normalization condition hold:

/ (D) dd =1 for all
R2

where &' = (w},w’ ;) and J = (w;,w_;), and where the density m;(dJ|&’) is constrained

to have support only on the feasible set of productivities, W(&'’), defined below. That

15T do not prove uniqueness, so there may be multiple stationary distributions of productivities
induced by different sets of input allocations. If there are, the statements I make hold true for all of
them so it is without loss of generality to pick one at random.
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is, m(0]) = 0 for all & ¢ W(d').'°

To derive the productivity pairs that could be achieved by reallocating inputs,
W(d'"), use equation (5). By substituting in

w(0,0.5,0,Y, X) ZBX In(X,,) — ¢1n(0.5)

we obtain the feasible set of counterfactual productivities:

W(@) = {(wl,w Diwo =W, +¢mn(0.5) — ¢ln (1 — exp (""; i ;¢ln(0.5)>) } .
(7)

The shape of these sets have important implications for how different g(-; g, Soslt)
and hy(-) can be. It is easy to verify that the set of feasible counterfactual productivity
pairs is non-intersecting, W(&) N W(J') = 0, if and only if & > & or & > & with
b # & Let WY, = {&J:d > for some &' € W(')} be the upper contour set
of the feasible productivity pairs and define GY, = {&:& > '}, Similarly, define

GL = {c? eWL o< c?’}. This implies that
Pr(WY |hs() < 1 —Pr(Ghlg(;0, Soslt)), (8)

because all feasible productivities for & < &' lie weakly outside WY,. Therefore, any

feasible transport plan that moves mass to WY, has to take this mass from outside G&,

Similarly,
Pr(Wg|hs(-)) = Pr(G5 (50, Soslt)), (9)

as any feasible transport plan can only move mass from points in GY, to points in WY,.

Since equations (8) and (9) have to hold for all ¢ we can respectively take the

6There are some measurability concerns I do not address here. Particularly, whether 7 (d|&’) is
integrable with respect to &’. However, the precise definition of the reallocation problem is not crucial.
The results derive from the constraint of the potential set of destinations, W(«'). The transport map
characterisation is only included to drive intuition.

"Where (z1,72) > (y1,y2) means x; > y; for i € {1,2}.
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minimum and maximum across time:'®

max Pr(GY |g (50, Sos[t)) < Pr(WY|hz) < min (1 — Pr(GLg(- 0, 80_5|t))> .
Which can be rearranged to give

mase Pr(GY (4. S05/t)) + max Pr(G g (6. 8./1)) < 1. (10)

I will now show that, given ¢,¢' such that gx,,;:(-) # gx,.j#(-), there exists g such
that max, Pr(GY|h,z) + max, Pr(G%|h, 7) > 1. That is, ©f is non-empty. Further-
’ se{t,t! ’

se{t,t’
more, since F(f, X) is continuous in @, proving this also proves that ©¢ has non-zero

measure given the Lebesgue measure on R4™(©),

The Cobb-Douglas production technology is strictly increasing in g Therefore,
given two different vectors of inputs, X , X' , we can find a sequence of parameter

vectors {6,}°°, such that:

lim |F(6,, X) — F(6,,X")| = co.

T—00

Without loss of generality assume that gx,,+ # gx,,|»- Now take a sequence, {9_;},?‘;1,

such that 2Xmr — cMm, and lim Bx,, , = co. Denote the linear combination of log
T—00

BXM,T
. M—1
inputs by 2™ (X) := xpr+ Y. curm®m. Then, as we go along the sequence, the (nor-
m=1

malized) difference in counterfactual productivities gets dominated by the difference in

xcomb:

. w(6,,0.5,0,Y,X) —w(6,,0.5,0,Y", X"
lim

r—00 ﬁXMﬂ“

_ :L,comb()?) . mcomb()zl). (11)
Now consider the cumulative distribution function (CDF) of z%™(-) induced by 95 %)t
and denote it Geoms;(-). Pick any @ such that Geomb(7) # Gyeomvpy (), I will prove
below that this is always possible. Assume, without loss of generality, that G eoms; () <

T+1

8Nonetheless, for a given w’, these are properly viewed as ( 5

pair of time periods.

) moment inequalities, one for each
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G yeombj (7). Then

lim Pr (Ggr|g(-;0:,80,5|t)>+Pr <G§r|g(-;0:,80.5|t’)> — 1= Glyeom p(2) +Ggeomiyy () > 1,

=00

for (I)} = (xBXM,m xﬁXMﬂ")'

The last thing to show is that, whenever gy, () # gx,,¢(-), we can find a linear
combination of log inputs so that there exists an x such that G eomb) () 7# Geombyy (2)."
However, this is easy as we can simply put a weight of 1 on X, and 0 on X,,, Vm # M,

concluding the proof.
O

The set-identification result has some appealing properties. Firstly, it only relies
on computing empirical probabilities, which is computationally cheap and does not re-
quire any exogenous instruments. This means no assumptions on the competitiveness
of input markets need to be made. Additionally, the productivity process is left un-
specified and flexible. This also means that researchers can use repeated cross sections
instead of needing to track firms across periods, which eases sampling issues as most

datasets only contain small firms once.

There are, however, also downsides when using inference. Since there exists an
inequality for each & € R? there are an uncountable number of potential inequalities.

Additionally, even when choosing a finite number of points, equation (10) actually

T+1
2

inequalities grows rapidly.

summarizes ( ) moment inequalities for each ¢’ meaning that the number of moment

6 Set-Identification Generalisations

It is worth discussing how some of the assumptions underlying the set-identification

result can be relaxed. The key take-away is that the set-identification result relies

19The assumption that 9x,.1¢t(-) # 9x,, ¢ (+) for some X, € X is sufficient but not necessary for
the existence of such a point. For example, if the joint distributions of total inputs, 9% IR0
have support only on [1,00)™ then all log inputs would be positive so a version of the Cramer-Wold
theorem with respect to the positive orthant tells us that Geomsy(z) = Gyeoms)p(z) Vo € R if and
only if g)at(-) = g)at/(-), a strictly weaker condition than gx,,+(-) # gx,, ¢ (-) if there are at least two
inputs.
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on the existence of sets of observations such that no combination of feasible input
shares (and other unobservables) could ever result in them being explained by the
same productivity vector. In the common Cobb Douglas technology case this was as
simple as defining W(&J’, 5), although I suppressed the 7] argument for notational ease.

In general, we can define these sets as

WY, X,0) = {(wi,w_;) : 3S;,5.) st. w; =In(Y;) — f:(6:;, X, S))

and (S;, S_;) solves the cost minimisation problem}. (12)

This allows the results to extend to a wide variety of production functions, as well as
to non-common technologies. However, it does complicate derivation of the moment
inequalities and is likely to increase the size of the identified set as more observations
could potentially be explained by the same productivity vector. The key to deriving
the identified set is the ability to partition a subset of observations into non-empty sets
Pf, Pg so that, for any (Y, X) € Pf and (Y, X') e Pf, WY, X 0)nW(Y,X,0) =
(). What fraction of observations can be partitioned in such a way determines how

informative the identified set will be.

6.1 Measurement error

If outputs are measured with log-additive error so that Y;;, = Y;%,e%* then the
results in each section hold as long as the respective assumptions hold for the composite

* =
3,5t

productivity term w w;;+ € ;- This allows for a wide range of conceivable error
structures. For example, it could allow more productive firms to be more accurate
when reporting output or for larger firms to make bigger absolute errors in reporting.
This is a major advantage of the methods in this paper over methods using demand
side inversions, like Orr (2022) or Valmari (2023), which cannot handle measurement
error in outputs as it affects the firm’s first order conditions in interdependent and

non-linear ways, making the inversion difficult.*

20Caselli et al. (2025) allow for an error to observed output prices that is independently and
identically distributed across firms, time, and products. By taking care to choose instruments that
are independent of measurement errors their method can incorporate measurement errors in quantity
as well.
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6.2 Productivity trends

The productivity literature has found strong evidence of the average productivity in
an industry increasing over time. The set identification result generalises to a situ-
ation where the distribution is stationary except for a time trend. Adding a trend
gives additional degrees of freedom, decreasing the informativeness of the identified
set. Allowing for a linear trend only introduces a single extra degree of freedom.
On the extreme end if we allow a different 5, for each ¢ it becomes very hard to re-
ject stationarity. If Pr(G3|g(-;(§,SO.5|t)) + Pr(G5/|g(-;5, Sos|t’)) > 1 increasing [y,
or decreasing [y enough will make the equality hold. This can be repeated un-
til all inequalities hold unless Pr(Gg\g(-;g,So.5\t)) + Pr(Gfp|g(-;§,So.5\t’)) > 1 and
Pr(Gf},/|g(-; 0, Sos|t") + Pr(G£7,|g(-; 0,S0.5/t)) > 1 or there exists a cycle of periods for

which an equivalent set of inequalities hold.

6.3 Non-common technology

Non-common technologies mean that lemma 1 no longer applies. This does not materi-
ally change anything for Cobb-Douglas production functions as they are homogeneous
in each input separately. However, in general, it means that the set of feasible pro-
ductivity pairs, W, is now not just a function of & but also of X. This means that
simple arguments about the shape of the feasible set no longer work and only allows

identification if the dependence on X is restricted enough.

7 Simulations - New

In this section I use simulation results to discuss the finite sample performance of the
estimator. I show that choosing the right reference points is important for getting good

results.

8 Simulations
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8.1 Set-up

While theorem 5.1 shows that the set of production function parameters that can be
rejected is never empty, it does not clarify how informative the identified set is in prac-
tice. Therefore, I use simulations to evaluate the finite sample performance. To give a
first approximation of informativeness, I calculate point estimates of the identified set

without inference.?!

For the baseline specification I draw 100 markets consisting of 2 firms each over
10 periods. Every firm produces a variety of two goods with demand modelled using
the standard logit demand. For simplicity, I assume that varieties of the same good
compete directly while varieties of different goods have zero cross-price effects. Lastly,
I assume that all firms in a market coordinate, maximising their joint profit function.

That is, the true ownership matrix is the matrix in which ever entry is 1.

Definition 6 (Logit demand). The demand for good ¢ produced by firm j is given by

eXp(d@j +0it — aPi,j,t)

E/i it =N )
ot exp(dij + 0; ¢ — aP;j1) +exp(di—; + 0i—jr —abi_j¢)

where NN is the market size, d; ; is the mean utility of good ¢ produced by firm j and

0; j+ is a mean-zero random normal shock.

On the production side, I assume that each good is produced with a constant returns
to scale Cobb Douglas production function using labour, materials and capital. The
firm’s productivity evolves according to an AR(1) productivity process with persistence
of 0.8 aligning with empirical evidence (Foster et al., 2008) and is drawn from the
stationary distribution. The innovation, ¢; ;;, has a variance of 0.0025.

I assume that total labour and capital are pre-determined while firms buy materials
on a perfectly competitive market after observing their productivity. In line with the
evidence by Cabral and Mata (2003), the initial values of labour and capital are drawn
from a log-normal distribution. For the baseline specification, I have chosen a mean of
1, variance of 0.0625, and correlation of 0.3. As the informativeness of the identified set

depends on the amount of variance of the observable distribution over time — although

21This means I calculate the identified set using the moment inequalities from equation (10) but
do not calculate standard errors for the set.
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Table 1: Simulation Parameters

Parameter Value

B 0.55
B, 0.30
By 0.15
p 0.80

there is no single measure that captures this dependence — I let labour and capital grow

at 2% of the firm’s initial value each period while the materials price drops by 2% of
the initial price each period.

To be agnostic about which moments are the most powerful for each dataset, for
each counterfactual parameter combination, I calculate the distribution of counter-
factual productivities across the entire dataset then take all combinations of the 1st,
5th, 10th, 25th and 50th top and bottom percentiles for each good as my reference &
values.I assume that the econometrician knows that 6 € [0,1]%. To approximate the

identified set, I use a grid search using increments of 0.1 for each parameter giving a
total of 1,331 parameter combinations.

Figure 4: Identified Set - Baseline

" 06
10 08 pet

Lighter colours reflect higher values of S.
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8.2 Results

An example of the identified set is shown in figure 4. The identified set is not sym-
metrically distributed around the true parameter vector. Additionally, while a large
percentage of the potential parameter values are rejected, the bounds on each of the

parameters are uninformative.??

Therefore, to get a better understanding of the informativeness of the identified
set, I have calculated the percentage of potential parameters that can be rejected.
The results can be seen in figure 5, which compares how the identified set changes
as more firms are added to each market and as the growth in fixed inputs doubles
to 4% (6 = 0.04). On average, the identified set contains around 43.69% of the grid
points with a minimum of 23.97% and a maximum of 64.09%, making it moderately

informative.

Figure 5: The identified set’s size is non-monotonic with number of firms

6=0.02 6=0.04
100.0%

4

80.0%

Share of parameter space in identified set

8
-
! i g -
s
!
1 —
1 1 1
—t 1 1
o 1
1
B

20.0%

2 5) 10 20 2 5) 10 20
Number of firms Number of firms

200 datasets per specification

Interestingly, the size of the identified set seems to be non-monotonic with the

number of firms. The increase for larger numbers of firms may partly be explained by

22That is, we cannot for example conclude that B, < 1 or By, > 0.
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firms changing their output quantities less in response to demand shocks as the market
becomes more competitive.As expected, increasing the amount of input growth per
period significantly reduces the identified set’s size significantly, down to 28.27% for 2

firms.

Changing the process by which capital evolves to a random walk introduces ex-
tra variation over time significantly reducing the size of the identified set. 1 draw 50
datasets per specification. The size of the set for these specification can be seen in
figure 6. The misspecified specification additionally starts the productivity process at
an increased variance relative to the stationary equilibrium. Importantly, throughout
all the simulations and different specifications the identified set contains the true pa-
rameter vector. This robustness makes it an attractive estimator when the researcher

is unsure what demand model is correct.

Figure 6: The identified set’s size shrinks with input random walks
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9 Conclusion

An increasing number of papers have been using assumptions on market structure,
firm conduct, and demand to identify the supply side. In this paper I show that

without relying on demand-side information and profit maximisation, the production
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function is only identified as the time-series variance in inputs becomes unbounded.
More critically, in any finite sample, without further assumptions any parameter vector
can be rationalised. As misspecifications of demand can severely bias the supply side
estimates, I propose an alternative strategy, imposing stationarity of the productivity

distribution to recover set identification.

My approach significantly expands the toolkit for researchers studying productivity,
markups, and market power. It is particularly valuable for empirical work in mature
industries, such as beverages or petroleum refining, where market conduct is often dis-
puted, making the stationarity assumption more palatable than relying on a specific
demand model. Additionally, the proposed framework can be used to test market con-
duct and assumptions on the shape of demand under the null hypothesis that firms are

cost minimising and productivity is in stationary equilibrium.

A major benefit of my approach is that it does not require any instrumental vari-
ables and only requires the researcher to compute empirical probabilities. This is
computationally cheap and straightforward. It also makes the estimator robust to mis-

specifications of adjustment costs, input market power, or timing assumptions.

This work opens several avenues for future research. The set-identification approach
generates an infinite number of moments and future work could study how to optimally
select a finite subset. Furthermore, while this paper uses stationarity to achieve set
identification, it may be possible to recover point identification by imposing more
structure on the productivity process — for instance, by modelling it as a first-order
Markov process — while weakening stationarity. These extensions promise to further
refine our ability to understand the production technologies of multi-product firms,

which dominate modern economies.
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A Identification at infinity — Generalisations

The comments from the main text about measurement error still apply here. That is,
the results go through if all moments of the error exist and are bounded. However,
there are other important generalisations that I will discuss in this appendix. I will
first discuss general functional forms and then turn to a discussion of why bounding

the moments for the true input shares and unobserved productivities

A.1 Non-common production

Assumption 12 (Boundedness for finite inputs). For all § and all closed sets C' C
Riim(x), SUp e F(é: )Z) < 00

The non-identification result is also easy to generalise to non-common, non-homogeneous
technologies. While an equal split of inputs across outputs is no longer necessarily cost
minimizing, for each pair of production function parameters, (@, 6_;), we can instead
pick an arbitrary cost minimizing allocation and replace Sy 5 with the input allocation
rule that always chooses this arbitrary point.

The input share will generally depend on the identity of the input, that is S,,; ;. #
Smy it however, there is still only one degree of freedom, that is we can write the
firm’s input share for each input as a function of the input share of the input share of
a given good:

St = S (X, Smiie)-

Assuming that F (5, X ) remains continuous and differentiable, equal to zero if any of its
arguments are equal to zero and strictly increasing in X , it is still true that productivity

is bounded below and unbounded above:
y— [0, X) < w(l, S, Bo, Y2 X) < o0

Therefore, under assumption 12, an analogous argument to the proof in the main text

can be made to show that no part of g it can be identified unless
HZ32, st lim |Elzmy — prow 1|2 = Z,]| = .
T—00

Showing that a specific element of 0; can be identified is not possible in general as the

identification argument relies on the shape of the set of parameter vectors for which
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an input allocation rule exists so that the moment conditions are satisfied.

A.2 TUnbounded inputs/productivity

The key step in the proof of theorem 4.1 is showing that sup, esssupz, ., 5(5, Sos, 0|74, 5'75_1:0)
cannot be made unboundedly smaller by changing the distribution of input shares at
time ¢t — 1. Assumptions 9-10 ensure this is the case. In this section I will describe
what can go wrong if these assumptions are dropped. I will illustrate some of the issues
with stylised examples.

First I will focus on assumption 9. Take a two period economy where a set of firms
produce two outputs with one input using a Cobb-Douglas technology. Every firm has

the same productivity for every output; fix it at 0. For simplicity, let
F(5*,X)=X.

In period 0 let X be uniformly distributed on (1,2) and let firms allocate their inputs
equally between outputs so that Y;;;, = Y_;;; = %Xj,t. Then all the information is
contained in the total input in the previous period, ie qu = Xo. Now let X7 =2 — X,.
Then limx, o Flx1 — pro|Z1] = —00, so [ is identified if assumption 9 holds. However,
if the distribution of data-generating input allocations at ¢ = 1 violates assumption 9,
£ may be unidentified. If limy, o le = 0 while limx, ;2 871 = —00, then

Jr1

lim (8" — 8)Ele: — prol Xo] + 8 Els;, — psi ol Xo] = —o0 V8,

X0—>2
while
00 if g < p*
lim (8" = B)Elar — pro|Xo] + B Els3 , = pssolXo] = § —5In(0.5) if 5= 5°
—00 if g < p*.

Therefore, for the moment conditions to hold § needs to satisfy

)}érile[Sl,l — ps10] = 00
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and

00 if g < p*
Jim Blssy = psso] = § =" In(05) if § = 5 (13)

—00 if g < G*.
If B < *, this can be accomplished by letting the counterfactual input share in
period 0 be a function of Xy so that limy,_,2 s20(Xo) = —o0, and choosing a distri-
bution over sy such that limx, o E[s11|Xo] = —oo. If § > p* it is sufficient to let

S20 = s1,0 = In(0.5) and following the method in the main text to choose a suitable

distribution over (sq1,5271).

While such a strategy works here, and can continue to work even if more periods
are added, whether there exists any S that satisfies the moment equalities for a given
B # [* in general is highly dependent on the set of possible paths of observables, Z, .
This is the case because, after changing the distribution of the counterfactual input
shares in period ¢t — 1, while leaving the input shares at 0.5 for all 7 > t — call this

input allocation rule &; — it will not be true in general that

Ei,r(giasta o, P’ZT, 57771;0) = 51,7(9:‘,50.57 Bo, p’ZT) VT > t, 5771:0 € supp(Sy),

making it unclear whether there exists a distribution of input allocations in period 7

that can make the moments hold.
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