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Abstract
The standard decision theories of Savage and of Anscombe and Aumann both
postulate that the domain of consequences is state independent. But this hypothesis
makes no sense when, for instance, there is a risk of death or serious injury. The paper
considers one possible way of deriving subjective probabilities and utilities in this case
also. Moreover, the utilities will be state independent in the sense of giving equal
value to any consequence that happens to occur in more than one state dependent
consequence domain. The key is to consider decision trees having “hypothetical”
probabilities attached to states of nature, and even to allow hypothetical choices of
these probabilities.
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Introduction: State-Dependent Consequence Domains

The standard decision theories of Savage (1954) and of Anscombe and Aumann
(1963) both rely on the assumption that there are “constant acts” yielding the
same consequence in all states of the world. More precisely, they postulate that
the domain of consequences is state independent. But there are many decision
problems where this hypothesis makes no sense — for instance, where there is
a risk of death or serious injury. The point was ﬁrst made by Drèze (1958,
1961) that such problems do not ﬁt well with Savage’s (1954) assumption that
all consequences are possible in every state of the world.
The inapplicability of standard theory led several authors to investigate
state-dependent utilities — see especially Karni (1985, 1987), Drèze (1987b),
and the works cited therein, together with Jones-Lee (1979). Obviously, statedependent utility is a generalization of the standard theory. Yet a more satisfactory generalization would reduce to the standard theory with state-independent
utility in the special case considered by that theory — namely, when there
is a state-independent consequence domain. In particular, the von Neumann–
Morgenstern utility function (NMUF) should be state-independent in the sense
of giving a unique value to any consequence that happens to occur in more than
one state-dependent consequence domain. Such a generalization was provided
by Fishburn (1970, Section 13.2) for a special case when there at least two
non-indiﬀerent common consequences belonging to each state-dependent consequence domain. This paper sets out to provide a similar generalization for
general state-dependent consequence domains.
1

In the rest of the paper, Section 2 begins by reviewing evaluation functions
(Wilson, 1968) which are deﬁned on pairs consisting of states of the world and
consequences. It shows how they relate to marginal rates of substitution between appropriate probability shifts, and how this relationship implies that an
evaluation function is determined up to a unique co-cardinal equivalence class.
Next, Section 3 recalls ﬁve suﬃcient conditions for the existence of an evaluation function whose expected value is maximized by the agent’s behaviour.1 To
allow subjective probabilities to be disentangled from the evaluation function,
Section 4 analyses decision problems with “hypothetical” probabilities attached
to states of nature, following the suggestion of Karni, Schmeidler and Vind
(1983). It even allows hypothetical choices of these probabilities, as in Drèze
(1961, 1987) and also Karni (1985). Finally, Section 5 invokes a weaker form
of the standard state independence condition which is appropriate for state dependent consequence domains. It also presents the main theorem guaranteeing
the existence of a state-independent NMUF even when the consequence domain
depends on the state.

2

Evaluation Functions

Let S be a ﬁxed ﬁnite domain of possible states of the world. This paper
considers the implications of allowing state-dependent consequence domains Ys
(s ∈ S). Also, in contrast to Karni (1993a, b), it will not be assumed that
consequences in diﬀerent state-dependent consequence domains are in any way
related through “constant valuation acts”
 or “state invariance”.
The Cartesian product space Y S := s∈S Ys has members y S = ys s∈S in
the form of mappings from states to consequences. Savage calls these “acts”
whereas Anscombe and Aumann refer to “horse lotteries,” but I prefer to call
them contingent consequence functions (or CCFs). Following Anscombe and
Aumann, consider the space ∆(Y S ) of simple (“roulette”) lotteries over Y S .
Each λS ∈ ∆(Y S ) speciﬁes the (objective) probability λS (y S ) of each CCF
y S ∈ Y S ; these probabilities are positive only for a ﬁnite set of diﬀerent CCFs.
Eventually, Lemma 2 in Section 3 will demonstrate what happens when
Anscombe and Aumann’s state independence condition is dropped, but their
other axioms are applied to the domain ∆(Y S ). In order to state the result,
ﬁrst deﬁne the union domain Ŷ := ∪s∈S Ys of all consequences that can occur
in some state of the world. Then let
YS := ∪s∈S ({s} × Ys ) = { (s, y) ∈ S × Ŷ | y ∈ Ys }

(1)

be the universal domain of state–consequence pairs. This is an obvious generalization of the domain of “prize–state lotteries” considered by Karni (1985).
Next, for each s ∈ S and y ∈ Ys , deﬁne YsS (y) := { y S ∈ Y S | ys = y } as the
set of CCFs yielding the particular consequence y in state s. Then the marginal
1 See

also Myerson (1979) for a somewhat diﬀerent treatment of this issue.
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probability of consequence y in state s is given by

λs (y) :=
λS (y S )
S
S

(2)

y ∈Ys (y)

These probabilities specify the marginal distribution λs ∈ ∆(Ys ) on the appropriate component Ys of the product space Y S .
Throughout this paper it will be assumed that there is a (complete and
transitive) preference ordering ∼ on ∆(Y S ). Given this ordering, deﬁne an
evaluation function (Wilson, 1968; Myerson, 1979) as a real-valued mapping
w(s, y) on the domain YS with the property that the preference ordering ∼ is
represented by the expected total evaluation deﬁned for all λS ∈ ∆(Y S ) by




U S (λS ) =
λS (y S )
w(s, ys ) =
λs (ys ) w(s, ys )
S
S
y ∈Y

s∈S

ys ∈Ys

s∈S

(3)
Note that evaluation functions diﬀer from state-dependent utility functions because the latter are separate from subjective probabilities, whereas the former
combine utility functions with subjective probabilities. Note too how (3) implies
that only the marginal probabilities λs (y) (s ∈ S, y ∈ Y ) are relevant to the
expected evaluation.
Say that two evaluation functions w(s, y) and w̃(s, y) are co-cardinally equivalent if and only if there exist real constants ρ > 0, independent of s, and δs
(s ∈ S), such that
w̃(s, y) = δs + ρ w(s, y)
(4)
In this case the alternative expected evaluation satisﬁes



Ũ S (λS ) =
λs (ys ) w̃(s, ys ) =
s∈S

ys ∈Ys

s∈S

δs + ρ U S (λS )

(5)


because ys ∈Ys λs (ys ) = 1 for each s ∈ S. Hence Ũ S and U S are cardinally
equivalent, so both represent the same preference ordering on ∆(Y S ).
Conversely, suppose that (3) and (5) both represent the same ordering ∼ on
∆(Y S ). Let s, s be any pair of states in S, and a, b ∈ Ys , c, d ∈ Ys any four
consequences with w(s, a) = w(s, b) and w(s , c) = w(s , d). Consider any shift
∆s in probability from consequence b to a in state s, and also any shift ∆s in
probability from consequence d to c in state s . If preferences are represented
by (3), such shifts leave the agent indiﬀerent if and only if
[w(s, a) − w(s, b)] ∆s + [w(s , c) − w(s , d)] ∆s = 0
Similarly, if preferences are represented by (5). Hence, the common ratio
w(s, a) − w(s, b)
w̃(s, a) − w̃(s, b)
=
w(s , c) − w(s , d)
w̃(s , c) − w̃(s , d)

(6)

of evaluation diﬀerences is equal to the constant marginal rate of substitution
(MRS) between shifts ∆s and ∆s .2 So for all such conﬁgurations of s, s , a, b, c, d
2 This

extends an idea due to Machina (1987, pp. 125–6).
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there must exist some constant ρ > 0 such that
w̃(s, a) − w̃(s, b)
w̃(s , c) − w̃(s , d)
=
=ρ
w(s, a) − w(s, b)
w(s , c) − w(s , d)
This implies (4), so w̃(s, y) and w(s, y) must be co-cardinally equivalent functions on the domain YS .

3

Five Suﬃcient Conditions

Anscombe and Aumann postulated that the expected utility hypothesis was
satisﬁed for lotteries with objective probabiliities. When applied to lotteries in
∆(Y S ), this hypothesis implies and implied by the following three conditions:
(O) Ordering. There exists a (compete and transitive) preference ordering ∼
on ∆(Y S ).
(I*) Strong Independence Axiom. For any λS , µS , ν S ∈ ∆(Y S ) and 0 < α ≤ 1,
it must be true that
λS ∼ µS ⇐⇒ αλS + (1 − α)ν S ∼ αµS + (1 − α)ν S
(C*) Strong Continuity as Probabilities Vary. For each λS , µS , ν S ∈ ∆(Y S )
with λS µS ν S , the two sets
A := {α ∈ [0, 1] | αλS + (1 − α)ν S ∼ µS }
S
B := {α ∈ [0, 1] | αλS + (1 − α)ν S ≺
∼ µ }
must both be closed in [0, 1].
As shown by Jensen (1967) and Fishburn (1970), the expected utility hypothesis is still implied when conditions (I*) and (C*) are replaced by the following
two weaker conditions, both of which apply for each λS , µS , ν S ∈ ∆(Y S ):
(I) Independence. Whenever 0 < α ≤ 1, then
λS

µS =⇒ αλS + (1 − α)ν S

(C) Continuity. Whenever λS
such that
α λS + (1 − α )ν S

ν S , there must exist α , α ∈ (0, 1)

µS
µS

αµS + (1 − α)ν S

and µS

α λS + (1 − α )ν S

As already discussed, one implication of (3) is the following condition:
(RO) Reversal of Order. Whenever λS , µS ∈ ∆(Y S ) have marginal distributions
satisfying λs = µs for all s ∈ S, then λS ∼ µS .
4

This condition owes its name to the fact that there is indiﬀerence between:
(i) the compound lottery in which a roulette lottery λS determines the random
CCF y S before the horse lottery that resolves which state s ∈ S and which
ultimate consequence ys occur; and (ii) the reversed compound lottery in which
the horse lottery is resolved ﬁrst, and its outcome s ∈ S determines which
marginal roulette lottery λs generates the
 ultimate consequence y.
In particular, suppose that µS = s∈E 
λs is the product lottery deﬁned,
for all y S = ys s∈S ∈ Y S , by µS (y S ) := s∈S λs (ys ). Thus, the diﬀerent
random consequences ys (s ∈ S) all have independent distributions. Then
condition (RO) requires λS to be treated as equivalent to µS , whether or not
the diﬀerent elementary consequences ys (s ∈ S) are correlated random variables
when the joint distribution is λS . Only marginal distributions matter. So any
λS ∈ ∆(Y S ) can be regarded as equivalent to the list λs s∈S of corresponding
S
marginal distributions. This
 has the eﬀect of reducing the space ∆(Y ) to the
Cartesian product space s∈S ∆(Ys ).
An event is any non-empty subset E of S. 
For each event E ⊂ S, let Y E
denote the corresponding Cartesian subproduct s∈E Ys , and let ∆(Y E ) denote
the space of lotteries λE , µE , ν E , etc. with outcomes y E ∈ Y E . Then (3) implies
that there is a corresponding contingent expected utility function


U E (λE ) =
λs (ys ) w(s, ys )
(7)
ys ∈Ys

s∈E

which represents the contingent preference ordering ∼E on the set ∆(Y E ).
Suppose that λE , µE ∈ ∆(Y E ) and ν S\E ∈ ∆(Y S\E ). Let (λE , ν S\E ) denote
the combination of the conditional lottery λE if E occurs with ν S\E if S \ E
occurs, and similarly for (µE , ν S\E ). Note that when ∼ is represented by U S (λS )
deﬁned by (3), then
λE ∼E µE

⇐⇒
⇐⇒
⇐⇒
⇐⇒

U E (λE ) ≥ U E (µE )


[λs (ys ) − µs (ys )] w(s, ys )
ys ∈Ys

s∈E

U (λ , ν
) ≥ U S (µE , ν S\E )
(λE , ν S\E ) ∼ (µE , ν S\E )
S

E

S\E

So the following version of the usual sure thing principle must hold:
(STP) Sure Thing Principle. Given any event E ⊂ S, there exists a contingent
preference ordering ∼E on ∆(Y E ) satisfying
λE ∼E µE ⇐⇒ (λE , ν S\E ) ∼ (µE , ν S\E )

(8)

for all λE , µE ∈ ∆(Y E ) and all ν S\E ∈ ∆(Y S\E ).
The following preliminary Lemma 1 shows that the four conditions (O),
(I*), (RO) and (STP) are not logically independent. In fact, as Raiﬀa (1961)
implicitly suggests in his discussion of the Ellsberg paradox, condition (STP)
is an implication of the three conditions (O), (I*) and (RO) — see also Blume,
Brandenburger and Dekel (1991).
5

Lemma 1. Suppose that the three axioms (O), (I*), and (RO) are satisﬁed on
∆(Y S ). Then so is (STP).
Proof: Consider any event E ⊂ S and also any lotteries λE , µE ∈ ∆(Y E ),
ν̄ S\E ∈ ∆(Y S\E ) satisfying (λE , ν̄ S\E ) ∼ (µE , ν̄ S\E ). For any other lottery
ν S\E ∈ ∆(Y S\E ), axioms (I*) and (RO) respectively imply that
E
S\E
1
)
2 (λ , ν

+ 12 (λE , ν̄ S\E ) ∼
∼

E
S\E
1
)+
2 (λ , ν
E
S\E
1
)+
2 (µ , ν

E
S\E
1
)
2 (µ , ν̄
E
S\E
1
)
2 (λ , ν̄

But then transitivity of ∼ and axiom (I*) imply that (λE , ν S\E ) ∼ (µE , ν S\E ).
This conﬁrms that one can use (8) to deﬁne the contingent preference relation
∼E on ∆(Y E ). So condition (STP) is satisﬁed.
The next result conﬁrms that the ﬁve conditions presented so far are suﬃcient for the existence of an evaluation function. Beforehand, however, assume
that for every state s ∈ S, there exist λ̄s , λs ∈ ∆(Ys ) such that the contingent
ordering ∼{s} on ∆(Ys ) satisﬁes λ̄s {s} λs . This assumption really loses no
generality because, by (STP), states without this property can be omitted from
S without aﬀecting preferences over random CCFs for the remaining states. In
fact, it is like removing all null states in Savage’s theory. Obviously, λ̄S
λS ,
as can be shown by repeated application of condition (STP).
Lemma 2. Under the ﬁve conditions (O), (I), (C), (RO) and (STP), there exists
a unique co-cardinal equivalence class of evaluation functions w(s, y) such that
the expected sum U S (λS ) deﬁned by (3) represents the corresponding preference
ordering ∼ on ∆(Y S ).
Proof: Because the ordering ∼ satisﬁes conditions (O), (I) and (C), a standard
result of (objectively) expected utility theory shows that ∼ can be represented
by a unique normalized expected utility function U S : ∆(Y S ) → IR which
satisﬁes the equations
U S (λS ) = 0

and U S (λ̄S ) = 1

(9)

as well as the mixture preservation property (MP) requiring that, whenever
λS , µS ∈ ∆(Y S ) and 0 ≤ α ≤ 1, then
U S (α λS + (1 − α) µS ) = α U S (λS ) + (1 − α) U S (µS )

(10)

Then for each state s ∈ S and lottery λ ∈ ∆(Ys ), deﬁne
us (λ) := U S (λS\{s} , λ)

(11)

Let m be the number of elements in the ﬁnite set S. By an argument similar
to that used by Fishburn (1970), for all λS ∈ ∆(Y S ), condition (RO) implies
that the two members

1 S\{s}
m−1 S
1 S
, λs ) and
(12)
(λ
λ +
λ
s∈S m
m
m
6

of ∆(Y S ) are indiﬀerent because for each s ∈ S they have the common marginal
1
1
) λs + m
λs . Because U S satisﬁes (MP), applying U S to the
distribution (1 − m
two indiﬀerent mixtures in (12) gives the equality

s∈S

1 S S\{s}
m−1 S S
1 S S
U (λ
U (λ ) +
U (λ )
, λs ) =
m
m
m

But U S (λS ) = 0 by (9), so (11) and (13) imply that

U S (λS ) =
us (λs )
s∈S

(13)

(14)

Finally, for each y ∈ Ys , let 1y ∈ ∆(Ys ) denote the degenerate lottery attaching probability 1 to the particular consequence y. Then deﬁne w(s, y) := us (1y )
for each s ∈ S and y ∈ Ys . By (11), because U S satisﬁes (10), one has
us (α λs + (1 − α) µs )

= U S (λS\{s} , α λs + (1 − α) µs )
= α U S (λS\{s} , λs ) + (1 − α) U S (λS\{s} , µs )
= α us (λs ) + (1 − α) us (µs )

whenever λs , µs ∈ ∆(Ys ) and 0 ≤ α ≤ 1.
 Hence, us also satisﬁes an appropriate
version of (MP) and so, because λs ≡ y∈Ys λs (y) 1y , it follows that us (λs ) ≡

S
S
y∈Ys λs (y) w(s, y). Because of (14), U (λ ) is given by (3).
The fact that there is a unique co-cardinal equivalence class of the functions
w(s, y) follows easily from the discussion at the end of Section 2.
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Chosen Probabilities and State-Dependent Utilities

An extreme case of state-dependent consequence domains occurs if Ys and Ys
are disjoint whenever s = s . In this case, there is no hope of inferring subjective
probabilities from behaviour. To see why, suppose that the agent’s behaviour is
observed to maximize the subjective expected utility (SEU) function


U S (λS ) =
ps
λs (ys ) v(ys )
ys ∈Ys

s∈S

where ps > 0 for all s ∈ S. Then the same behaviour will also maximize the
equivalent SEU function


U S (λS ) =
p̃s
λs (ys ) ṽ(ys )
ys ∈Ys

s∈S


for any positive subjective probabilities p̃s satisfying s∈S p̃s = 1, provided
that ṽ(y) = ps v(ys )/p̃s for all y ∈ Ys . Without further information, there is no
way of disentangling subjective probabilities from utilities.
Following a suggestion of Karni, Schmeidler and Vind (1983), such additional
information could be inferred from hypothetical behaviour when probabilities ps
(s ∈ S) happen to be speciﬁed. The idea is that, though the agent does not know
7

the true probabilities of the diﬀerent states of the world, nevertheless it should
be possible for coherent decisions to emerge if the agent happened to discover
what the true probabilities are. In particular, if the true probabilities happen to
coincide with the agent’s subjective probabilities, the agent’s behaviour should
be the same whether or not these true probabilities are known.3
A somewhat extreme version of this assumption will be used here. Following
Karni (1985, Section 1.6), Schervish, Seidenfeld and Kadane (1990), and also
Karni and Schmeidler (1991), it will be assumed that the decision-maker can
handle problems involving not only hypothetical probabilities, but also hypothetical choices of probabilities. As discussed by Karni and Mongin (1997),
these hypothetical choices involve what they call “state–outcome lotteries”.
Consider, for instance, problems where the states of nature are indeed natural disasters, weather events, etc. It will be assumed that the decision-maker
can rank prospects of the following general kind: A probability of 2% each year
of a major earthquake? Or 1% each year of a devastating hundred-year ﬂood?
Or 4% each year of a serious forest ﬁre set oﬀ by lightning? More speciﬁcally, the
assumption is that the decision-maker can resolve such issues within a coherent
framework of decision analysis. Certainly, if the SEU hypothesis holds, it can
be applied to decide such issues. Drèze’s (1961, 1987) theory of “moral hazard”
is based on a somewhat related idea. But Drèze assumes that the agent can
inﬂuence the choice of state, as opposed to the choice of probabilities of diﬀerent
states.
For this reason, it will be assumed that there exists an additional preference
ordering ∼S on the whole extended lottery domain ∆(YS ), where YS is deﬁned
by (1) — i.e., it is the universal state–consequence domain of pairs (s, y). Thus,
∼S satisﬁes condition (O). Furthermore, assume that ∼S satisﬁes the obvious
counterparts of conditions (I) and (C) for the domain ∆(YS ).4 Arguing as in
the orthodox theory of (objectively) expected utility, there must exist a unique
cardinal equivalence class of extended NMUFs vS on the domain YS whose
expected values all represent the ordering ∼S on ∆(YS ). Because the function
vS (s, y) has both the state s ∈ S and the consequence y ∈ Ys as arguments, for
each ﬁxed s ∈ S the NMUF vS (s, ·) is a state-dependent utility function on the
domain Ys .
Note next that when any state s ∈ S is certain, and assuming that everything
relevant to each decision is included within each consequence y ∈ Ys , the spaces
Ys and YSs := {s} × Ys are eﬀectively equivalent consequence domains. Thus,
3 Recently Mongin (1997), then Karni and Mongin (1997) have pointed out a serious defect
with the approach due to Karni, Schmeidler and Vind. The problem is that alternative speciﬁcations of the “hypothetical” probabilities ps (s ∈ S) can easily lead to diﬀerent subjective
probabilities, in general.
4 These extended versions of conditions (O) and (I) can be given a consequentialist justiﬁcation along the lines of Hammond (1988). This is done by considering a suitably extended
domain of decision trees in which natural nodes become replaced by chance nodes, and there
are even several copies of natural nodes so that opportunities to aﬀect the probabilities attached to states of nature are incorporated in the tree.
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each ∆(Ys ) is eﬀectively the same space as the set
∆(YSs ) := { λ ∈ ∆(YS ) | λ({s} × Ys ) = 1 }

(15)

of lotteries attaching probability one to the state s ∈ S. So it will be assumed
that the contingent preference ordering ∼{s} on ∆(Ys ) is identical to the ordering ∼S restricted to ∆(YSs ). But these orderings are represented by the
expected values of the two respective NMUFs w(s, y) and vS (s, y) on the common domain Ys . So these NMUFs are cardinally equivalent. Hence, there must
exist constants ρs > 0 and δs such that on Ys one has
w(s, y) ≡ δs + ρs vS (s, y)

(16)


Let ρ := s∈S ρs . Obviously ρ > 0.
Next,
 deﬁne the ratios qs := ρs /ρ for all s ∈ S. Clearly each qs > 0
and
s∈S qs = 1. Therefore the ratios qs can be interpreted as subjective
probabilities. Furthermore,
∼ on ∆(Y S ) is represented by the expectation of

S S
the NMUF v (y ) := s∈S qs vS (s, ys ).
Given the CCF y S ∈ Y S and consequence y ∈ Ŷ = ∪s∈S Ys , let
E(y S , y) := { s ∈ S | ys = y }
be the set of states in which y occurs. Then the CCF y S ∈ Y S is subjectively equivalent to the lottery λ ∈ ∆(
Ŷ ) with the objective probability of each
consequence y ∈ Ŷ given by λ(y) = s∈E(yS ,y) qs .
Because of (16), one has w(s, ỹs ) − w(s, ys ) = ρs [vS (s, ỹs ) − vS (s, ys )] for
any state s ∈ S and any pair of consequences ys , ỹs ∈ Ys . Therefore,
qs
ρs
w(s, ỹs ) − w(s, ys )
vS (s , ỹs ) − vS (s , ys )
=
=
·


q s
ρs
w(s , ỹs ) − w(s , ys )
vS (s, ỹs ) − vS (s, ys )

(17)

This formula now enables ratios of subjective probabilities to be inferred uniquely in an obvious way from marginal rates of substitution (MRSs) between shifts
in objective probability, expressed in the form of ratios of utility diﬀerences.
The ﬁrst term of the product is the MRS between changes in the probabilities
of consequences in two diﬀerent states of the kind considered in (6). The second
term is a four-way ratio of utility diﬀerences that equals the MRS between shifts
in probability from (s , ỹs ) to (s , ys ) and shifts in probability from (s, ỹs ) to
(s, ys ). One particular advantage of Anscombe and Aumann’s approach is that
subjective probabilities can be interpreted in this way. No interpretation quite
as simple emerges from Savage’s version of the theory.
To summarize the results of the above discussion:
Lemma 3. Suppose that:
1. conditions (O), (I), and (C) apply to the ordering ∼S on the domain
∆(YS );
2. conditions (O), (I), (C), (RO) and (STP) apply to the ordering ∼ on
∆(Y S );
9

3. for each s ∈ S, the contingent preference ordering ∼{s} on ∆(Ys ) is identical to the restriction of the ordering ∼S to this set, regarded as equal to
∆(YSs ) deﬁned by (15);
4. for each s ∈ S, there exist λ̄s , λs ∈ ∆(Ys ) such that λ̄s

{s}

λs .

Then there exist unique positive subjective probabilities qs (s ∈ S) and a unique
cardinal equivalence class of state-dependent NMUFs vS : YS → IR such that
the ordering ∼ on ∆(Y S ) is represented by the expected utility function


U S (λS ) ≡
qs
λs (ys ) vS (s, ys )
(18)
ys ∈Ys

s∈S

5

State-Independent Utilities

Previous writers have expressed a speciﬁc interest in state-dependent preferences
and utilities. There was no attempt to deﬁne the space of consequences broadly
enough so that the preference between any pair of (risky) consequences would
be independent of the state in which they both occur. This ﬂies in the face of
the traditional approach to decision theory, in which actions are valued entirely
by their consequences. It also contradicts the closely related “consequentialist”
approach, which recommends that behaviour all decision trees should eﬀectively
reveal a consequence choice function (Hammond, 1988).
The motivation which Karni, Schmeidler and Vind (1983) in particular oﬀer
for state-dependent preferences is to treat “a class of insurance problems involving irreplaceable objects such as life, health and heirlooms,” and also “criminal
activity where one possible outcome is loss of freedom” (p. 1021). These writers
infer that “[t]here are circumstances . . . in which the evaluation of the consequences is not independent of the prevailing state of nature”. No doubt this
is true if one insists on considering only (narrow) economic consequences such
as commodity bundles or purchasing power. But if life, health, heirlooms, and
freedom are really relevant to good decisions, I would argue that they should
be included in the descriptions of consequences.
In fact, no attention has been paid so far to the evident fact that some
consequences can arise in more than one state of the world. Apart from being
unrealistic, this also means that the usual theory of subjective expected utility
has not really been generalized. Instead of one extreme of identical consequence
domains in all states, as in the classical theory, most of the existing literature
has merely gone to the other extreme of consequence domains in diﬀerent states
being treated as if they were pairwise disjoint. The main point of this paper is
to ﬁnd suﬃcient conditions for giving a unique value to each consequence, even
if it occurs in a diﬀerent state of the world.
So there is no good case for requiring the value of a consequence to depend
upon the state of the world in which it occurs — as Arrow (1974, pp. 5–6)
certainly recognizes, for one. Drèze (1987a, ch. 2) also discusses this point, but
prefers a theory of preferences regarding “prizes” (such as “money amounts or

10

commodity bundles”) which can be associated with every state, so that conditional preferences on a ﬁxed set of prizes are well deﬁned for every possible
event. Drèze (1987a, p. 28) is fully aware that this “amounts to redeﬁning
consequences as pairs, consisting of a prize and a state”.
Actually, what appear to be “state-dependent” preferences for prizes in
state–prize pairs are trivially equivalent to state-independent preferences for
suitably deﬁned extended consequences. To see this, suppose one regards each
state–outcome pair (s, y) in the universal domain YS deﬁned by (1) as a unique
extended consequence in a space Ỹ equal to YS . Then the union domain
Ŷ = ∪s∈S Ys satisﬁes Ŷ = Ỹ = YS , and the state-dependent NMUF vS (s, y)
of Lemma 3 is equivalent to a unique state-independent NMUF ṽ : Ỹ → IR.
Reverting now to the general argument, let us note ﬁrst that there is a
natural embedding φ : ∆(YS ) → ∆(Ŷ ) from lotteries over the universal domain
YS of state–consequence pairs to lotteries over the union consequence domain
Ŷ = ∪s∈S Ys . After adopting the convention that λS (s, y) = 0 whenever y ∈ Ys ,
this embedding can be deﬁned by

φ(λS )(y) :=
λS (s, y)
(19)
s∈S

for all λS ∈ ∆(YS ) and all y ∈ Ŷ . Thus, φ(λS )(y) is the total probability of
all state–consequence pairs (s, y) in which the particular consequence y occurs.
Evidently, for all λS , µS ∈ ∆(YS ) and all α ∈ (0, 1), deﬁnition (19) implies that
φ(α λS + (1 − α) µS ) = α φ(λS ) + (1 − α) φ(µS )

(20)

Lemma 4. The mapping φ : ∆(YS ) → ∆(Ŷ ) is onto.
Proof: Given any λ ∈ ∆(Ŷ ), let Kλ := { y ∈ Ŷ | λ(y) > 0 } denote the
support of the distribution λ. For each consequence y ∈ Kλ , choose any state
s(y) ∈ S with the property that y ∈ Ys(y) ; at least one such state always exists.
Then deﬁne λS ∈ ∆(YS ) so that λS (s(y), y) = λ(y) for all y ∈ Kλ , but λS (s, y) =
0 unless both y ∈ Kλ and s = s(y). Evidently φ(λS )(y) = λS (s(y), y) = λ(y)
for all y ∈ Kλ , and φ(λS )(y) = λ(y) = 0 for all y ∈ Kλ .
The pre-image correspondence ΦS : ∆(Ŷ ) →
→ ∆(YS ) of φ can be deﬁned, for
all λ ∈ ∆(Ŷ ), by
ΦS (λ) := { λS ∈ ∆(YS ) | φ(λS ) = λ }

(21)

Because of Lemma 4, ΦS (λ) is never empty. In this framework, it now seems
natural to impose the requirement that, given any pair λS , µS ∈ ∆(YS ) for
which the induced consequence lotteries φ(λS ), φ(µS ) ∈ ∆(Ŷ ) are the same, the
state s in which each state–consequence pair (s, y) ∈ YS occurs is irrelevant. In
particular, this suggests the following:
(GSI) Generalized State Independence. For all pairs λS , µS ∈ ∆(YS ) one has
λS ∼S µS whenever φ(λS ) = φ(µS ).
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Thus, for each λ ∈ ∆(Ŷ ), the set ΦS (λ) must be an indiﬀerence class for the
relation ∼S . So there must exist a “state-independent consequence” preference
relation ∼Y on ∆(Ŷ ) deﬁned by
λ ∼Y µ ⇐⇒ [∀λS ∈ ΦS (λ); ∀µS ∈ ΦS (µ) : λS

S

µS ]

(22)

Equivalently, for all pairs λS , µS ∈ ∆(YS ), it must be true that
λS ∼S µS ⇐⇒ φ(λS ) ∼Y φ(µS )
In the special case of a state-independent consequence domain, when Ys = Y
for all s ∈ S, condition (GSI) evidently implies that ∼S reduces to an ordering
on ∆(Y ). But condition (GSI) can also hold when the domains Ys depend on
the state; they could even be pairwise disjoint.
Lemma 5. Suppose that conditions (O), (I), (C) and (GSI) apply to the ordering ∼S on the domain ∆(YS ). Then the relation ∼Y on ∆(Ŷ ) deﬁned by
(22) satisﬁes conditions (O), (I), and (C).
Proof: Throughout the following proof, given any three lotteries λ, µ, ν ∈
∆(Ŷ ), let λS , µS , νS ∈ ∆(YS ) denote arbitrarily chosen members of ΦS (λ),
ΦS (µ) and ΦS (ν) respectively. That is, suppose λ = φ(λS ), µ = φ(µS ), and
ν = φ(νS ). Because of (20), whenever 0 ≤ α ≤ 1 it follows that
φ(α λS + (1 − α) νS )
and φ(α µS + (1 − α) νS )

= α λ + (1 − α) ν
= α µ + (1 − α) ν

(23)

Condition (O). Because (GSI) implies that each set ΦS (λ) (λ ∈ ∆(Ŷ )) must
be an indiﬀerence class for the preference ordering ∼S , deﬁnition (22) obviously
implies that ∼Y is reﬂexive, complete, and transitive. So ∼Y is a preference
ordering.
Condition (I). Suppose that 0 < α < 1. Because ∼S satisﬁes condition (I),
it follows from (22) and (23) that
λ

Y

µ

⇐⇒

λS

S

µS

=⇒

α λS + (1 − α) νS

S

⇐⇒

α λ + (1 − α) ν

α µ + (1 − α) ν

Y

α µS + (1 − α) νS

Therefore ∼Y also satisﬁes condition (I).
Condition (C). Suppose that λ Y µ and µ Y ν. Then λS S µS and
also µS S νS . Because ∼S satisﬁes condition (C), it follows that there exist
α , α ∈ (0, 1) such that α λS +(1−α ) νS S µS and µS S α λS +(1−α ) νS .
Then (20) and (23) together imply that α λ + (1 − α ) ν Y µ, and also that
µ Y α λ + (1 − α ) ν. Therefore ∼Y also satisﬁes condition (C).
Main Theorem. Suppose that:
1. conditions (O), (I), (C) and (GSI) apply to the ordering ∼S on the domain
∆(YS ) of lotteries over state–consequence pairs (s, y) with s ∈ S and
y ∈ Ys ;
12

2. conditions (O), (I), (C), (RO) and (STP) apply to the ordering ∼ on
S
the domain
 ∆(Y ) of lotteries over CCFs in the Cartesian product space
S
Y := s∈S Ys ;
3. for each s ∈ S, the contingent preference ordering ∼{s} on ∆(Ys ) is identical to the restriction of the ordering ∼S to this set, regarded as equal to
∆(YSs ), with YSs := {s} × Ys as in (15);
4. for each s ∈ S, there exist lotteries λs , λs ∈ ∆(Ys ) such that λs

{s}

λs .

Then there exists a unique cardinal equivalence class of state independent
NMUFs v̂ deﬁned on the union consequence domain Ŷ := ∪s∈S Ys , as well
as unique positive subjective probabilities ps (s ∈ S) such that, for every v̂ in
the equivalence class, the ordering ∼ on ∆(Y S ) is represented by the expected
value of

v S (y S ) ≡
ps v̂(ys )
(24)
s∈S

Proof: By the ﬁrst hypothesis and Lemma 5, there is an associated ordering
∼Y on ∆(Ŷ ) which satisﬁes conditions (O), (I), and (C). So the standard results
of (objectively) expected utility theory imply that there exists a unique cardinal
equivalence class of expected utility functions Û : ∆(Ŷ ) → IR which represent
∼Y while satisfying the mixture preservation property (MP) requiring that
Û (α λ + (1 − α) µ) = α Û (λ) + (1 − α) Û (µ)
whenever λ, µ ∈ ∆(Ŷ ) and 0 ≤ α ≤ 1.
Deﬁne v̂(y) := Û (1y ) for all y ∈ Ŷ . Then v̂ is state-independent and belongs
to a unique cardinal equivalence class. Because of (MP), condition (GSI) implies
that ∼S on ∆(YS ) must be represented by the expected utility function

US (λS ) := Û (φ(λS )) =
φ(λS )(y) v̂(y)
y∈Y


=
λS (s, y) v̂(y)
s∈S

y∈Ys

By the second hypothesis and Lemma 2, the ordering ∼ on ∆(Y S ) is represented by the expected total evaluation given by (5) in Section 2.
Let s ∈ S be any state. Because of the third hypothesis
of the theorem,

the
two
expected
utility
functions
of
λ
deﬁned
by
λ
s
y∈Ys s (y) v̂(y) and by

λ
(y)
w(s,
y)
must
be
cardinally
equivalent
on
the
domain ∆(Ys ). This
y∈Ys s
implies that for each state s ∈ S, there exist constants ρs > 0 andδs such that
w(s, y) ≡ δs + ρs v̂(y) 
on Ys . Now deﬁne ps := ρs /ρ, where ρ := s∈S ρs > 0.
Then each ps > 0 and s∈S ps = 1, so the constants ps (s ∈ S) are probabilities.
Also, w(s, y) ≡ δs + ρ ps v̂(y). Therefore, by (3) and Lemma 2, the preference
ordering ∼ on ∆(Y S ) is represented by the expected value of



U S (1yS ) = v S (y S ) :=
w(s, ys ) =
δs + ρ
ps v̂(ys )
s∈S

s∈S

s∈S

Because ρ > 0, it follows that ∼ is also represented by the expected value of the
NMUF (24).
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Finally, the subjective conditional probabilities ps (s ∈ S) are unique because each ratio ps /ps is given by the unique corresponding ratio (17) of utility
diﬀerences.
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Drèze, J.H. (1961) “Fondements logiques de la probabilité subjective et de
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in Drèze (1987a), ch. 3, pp. 90–104.
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Preferences,” in Drèze (1987a), ch. 2, pp. 23–89.
Fishburn, P.C. (1970) Utility Theory for Decision Making (New York: John
Wiley).
Hammond, P.J. (1988) “Consequentialist Foundations for Expected Utility,”
Theory and Decision, 25, 25–78.
Jensen, N.E. (1967) “An Introduction to Bernoullian Utility Theory, I: Utility
Functions,” Swedish Journal of Economics, 69, 163–183.
Jones-Lee, M.W. (1979) “The Expected Conditional Utility Theorem for the
Case of Personal Probabilities and State-Conditional Utililty Functions: A
Proof and Some Notes,” Economic Journal, 89, 834–849.

14

Karni, E. (1985) Decision Making under Uncertainty: The Case of StateDependent Preferences (Cambridge, Mass.: Harvard University Press).
Karni, E. (1987) “State-Dependent Preferences,” in Eatwell, J., Milgate, M. and
P. Newman (eds.) The New Palgrave: A Dictionary of Economics (London:
Macmillan); reprinted in Eatwell, J., Milgate, M. and P. Newman (eds.)
The New Palgrave: Utility and Probability (London: Macmillan, 1990), pp.
242–247.
Karni, E. (1993a) “A Deﬁnition of Subjective Probabilities with StateDependent Preferences,” Econometrica, 61, 187–198.
Karni, E. (1993b) “Subjective Expected Utility Theory with State-Dependent
Preferences,” Journal of Economic Theory, 60, 428–438.
Karni, E. and P. Mongin (1997) “More on State-Dependent Preferences and
the Uniqueness of Subjective Probability,” preprint.
Karni, E., and D. Schmeidler (1991) “Utility Theory with Uncertainty,” in
W. Hildenbrand and H. Sonnenschein (eds.) Handbook of Mathematical
Economics, Vol. IV (Amsterdam: North-Holland), ch. 33, pp. 1763–1831.
Karni, E., Schmeidler, D. and K. Vind (1983) “On State Dependent Preferences
and Subjective Probabilities,” Econometrica, 51, pp. 1021–1031.
Machina, M.J. (1987) “Choice under Uncertainty: Problems Solved and
Unsolved,” Journal of Economic Perspectives, 1 (No. 1, Summer), 121–154.
Mongin, P. (1997) “The Paradox of Bayesian Experts and State-Dependent
Utility Theory,” Journal of Mathematical Economics, in press.
Myerson, R.B. (1979) “An Axiomatic Derivation of Subjective Probability,
Utility, and Evaluation Functions,” Theory and Decision, 11, 339–352.
Raiﬀa, H. (1961) “Risk, Ambiguity, and the Savage Axioms: Comment”
Quarterly Journal of Economics, 75, 690–694.
Savage, L.J. (1954, 1972) The Foundations of Statistics (New York: John Wiley;
and New York: Dover Publications).
Schervish, M.J., Seidenfeld, T., and J.B. Kadane (1990) “State-Dependent
Utilities” Journal of the American Statistical Association, 85, 840–847.
Wilson, R.B. (1968) “The Theory of Syndicates,” Econometrica, 36, 119–132.

15

