Online Supplement

Section 3 of the paper describes a form of asymmetric price competition between
two firms. Proposition 6, stated in the Appendix, characterizes the equilibrium of
this price competition when demand is piecewise-linear. This supplement offers a

proof of Proposition 6.

Suppose consumers’ idiosyncratic tastes (6;’s) follow the distribution F' shown in
Figure 1S(a). Note that, in order for the distribution to be properly specified, the
following two things must be true: (1) a < —— and (2) b = =22,

v1+v2 U1

We can calculate F'~1(+) for some critical points:
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Equation (10) from the paper gives a formula for inverse demand:
A=F11-0Q)+a2Q, — 1)+ pu.
We can use equation (10) to calculate inverse demand at some critical points:
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Figure 1S(b) plots the corresponding inverse demand curve.



(a) Pdf that gives rise to piecewise linear demand.
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(b) Corresponding demand curve for the competitive case (demand is in/out if amin <
a < Qmax)-
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Observe that, in order for demand to have an in/out shape, the following two

conditions must be satisfied:

1. a[3 — a(vi + )] + p < a[—3 + a(vr + )] + p.

1 = Q.
— a> o1 tog) — Ctmin-

9 w_a+u>a[—%+a(vl+“2)]+”'
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a < 2v1 (1+a(vi+v2)) = OQmax-

Therefore, we will focus attention on the case where ain < o < Qupay.

Let A = A — 1 denote the effective price differential. By assumption, firm 1 faces

an “in” demand curve. It is easy to show that demand for good 1 can be written as

follows:
. Zin — SA, if A < a(—% —+ Oé(’Ul + 'U2>) - Arnaux,
Ql(A) = ry Y
Zout — SO, i A > Ay,
_ v, _ l4ave—2av; = loava—2av;
where s = 1—21avl’ Fin = 2(1—2047)1)1’ and Zou = 2(1—20“)1)1 )

Notice that demand for firm 2 is:

Q2(A) =1—-Qy(A).

With expressions in hand for demand, we are now in a position to analyze the pricing

game by backward induction.

Stage 2: Firm 2 chooses ps.

Let us determine firm 2’s optimal choice of price given firm 1’s price. We can

define three prices:

1. ph"k = p, — u — A% denotes the value of py such that A = A

2. py denotes the optimal price below p5k.

3. p3 denotes the optimal price above p§ik,
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When firm 2 sets a price of pi™*  its profits are:

7T§mk = (pl B Amax)(l — Zout T SAmax)'

Observe that py is the value of py that maximizes py - (1 — 2o + SA). Taking
a first-order condition, we find that p; = P5# + % The profits associated with
price py are my = po - (1 — Zou + SA).

Similarly, p3 is the value of py that maximizes ps - (1 — z;, + SA) Taking a
first-order condition, we find that pj = PSR+ 1_2% The profits associated with
price py are w5 = py - (1 — 2 + SA).
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It can be shown that 7= > 7 if and only if:

1+ a(vy — 20
p1 > p+ (22 ) + a(2a(vy +v9) — 1) = K.
1

It can also be shown that 7%"* > 7+ if and only if:

a(3vy —2v7) + 1
21)1

p1 = p+ + a(2a(vy +v9) — 1)

— 1)21\/@1}2[;(1 + a(vg —v1)) — avy (1 — a(vy + v2))] = Ka.

Two caveats should be noted. First, () cannot exceed 1. Consequently, if p; is
sufficiently high (p; > p + 22 = k), the formula obtained from the first-order
condition does not characterize p;; instead py = p; — * — w.t Second, firm 2 will
never set py below zero. Consequently, if p; is sufficiently low (p; < pu+ Z"T_l = K3),
the formula obtained from the first-order condition does not characterize py ; instead,
ps =072

It is easy to show that kg > k1 > ko > k3. We conclude the following.

Region 1: If p; > ko,

po=py =p1— 2 —p; A= 2 and Q) = 0.

n this case, p; is the maximum price such that Q2 = 1.
2When p; < Rj, there is no positive price for good 2 which results in non-zero demand.



Region 2: If kg > p; > Ky,

p2 — p_ — pl Y _I_ 1— Z;ut’ A — pl;# 1-— Zout and Ql — 1+;out _ s(pl;#)

Region 3: If k1 > p; > Ko,
py = phink: A AL and Q1 = zow — SAL

max*

Region 4: If ko > p; > ks,

ot p1—p 1—2Zin. A _ P11 1—2Zin . 142 pL—u
p2_p2_T+Tm’A_T_ 25m’andQ1 m_s( 2 )

Region 5: If k3 > pq,
pgzO;A Zm andQ1—1

Stage 1: Firm 1 chooses p;.

To solve firm 1’s problem, we will examine the profits from choosing a price in
each of the five regions. It should be noted that firm 1’s profits are continuous in
p1 except at p; = Ky (the boundary between regions 3 and 4) — since firm 2’s price

jumps discontinuously at p; = kas.

Region 1:
If firm 1 chooses a price in region 1 (p; > ko), @1 = 0. Hence, the firm earns zero
profit:
i = 0.
Region 2:

In region 2, firm 1’s profits are: p1(1+§m — s(Pst)).

Provided the first-order condition holds, firm 1’s optimal price is pf? = % +

__ 3—av 3 : .
£ = Tt —ja+t £. The associated profits are:
1+ 2 "
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Region 3:

In region 3, firm 1’s profits are p1(zo — SAL,,). Hence, the firm optimizes by

max

choosing the maximum possible price: pi*® = ;. The associated profits are:

78 = K (Zow — SAT ).

Region 4:

1+2in _ S(Pl—ﬂ

In region 4, firm 1’s profits are: p; (=5 5%)). We can separate our analysis

into two cases.

Case (i):

In case (i), firm 1’s optimal price is determined by the first-order condition:

R4i _ 1+zip T 3+tavs
2

= T — %a + &. The corresponding profits are:

1+Zzn K2
25 +2>'
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In order for the optimal price to be determined by the first-order condition, it must

be the case that: p{“i < Kky. This condition can be rewritten as:

1 — a(bvy — 4vy)
21)1

> — a(da(vy +vq) + 1) (*)

b a0+ afen - )~ ani (L~ a(on + w)]

U1
Case (ii):
The optimal price is pl**# = k,. Firm 1’s profits are equal to 7/ = pltit . QR4
where:
QR — 1 —a(ve — vq) B avy(a(vy + ve) + 1)
! 2(1 — 2u,0) 1 —2va
b ol 0+ atts ) — oy (1 a(or +v2)
——lavg[= a(vy — 1)) — avy (1 — a(vy + vy))].
200|205 2 — U1 1 1+ U2

In case (ii), A = Apax, which means that the remain-in constraint (RIC) is binding.



The region where pj lies:
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Region 5:
In region 5, firm 1’s profits are equal to p; (since ;1 = 1). Hence, the firm
optimizes by choosing the maximum possible price: pf® = k3 = _1;%# + o+ p.

The associated profits are:

W{%S:lig.

The optimal price (p}):

3
the region where the optimal price, pj, lies as a function of the parameters. Our

Figure 2S, drawn to scale for the case where a = 1 and v; = vy = shows



remaining task is to derive the cutoff values of 1 shown in the figure: i, fiy, fis, iy,

and [is.

Cutoft f1;:

Cutoff 7, is the value of p for which pf* = k3. Solving this equation, we find
that:
5 — avy

— ba.

My = 20,

Cutoff f1y:

Observe that 7, is the cutoff between cases (i) and (ii) in region 4. Equation (*)
gives a formula for fi,:
1 —a(5vy — 4vy)

g = 20, — a(da(vy +v2) + 1)

" jl\/avz[;(l +a(ve —v1)) — avi (1 — a(vr + v2))].

Cutoft fi5:
Cutoff 715 is the value of p for which 74 = 7133
1 —a(dvy —4
Tis = a(bv; — 4u) _ a(l + 4a(vy + vy))
2?]1
1+ 3a(vy — v1) — 2av1(1 — 3a(vy + v2)) "
v1[1 4+ a(vy — v1) 4 2001 (=1 + a(vy + v9))]
1
\/GU2[2(1 + a(vy —v1)) — avy (1 — a(vy + v9))].
Cutoft 11,:

Cutoff 1, is the value of u for which pi? = k;. Solving this equation, we find

that:
_ 1 —a(3vy —4vy)
My =

20, — afda(vy + v9) + 1).

3Because firm 1’s profits are discontinuous at p; = ko (the boundary between regions 3 and 4),
our technique to solve for 7i; differs form our technique for other cutoffs.



Cutoff fi5:

Cutoff Ji5 is the value of u for which pf*? = ky. Solving this equation, we find

that:
B -3+ avs
Hs = —H——

+ 3a.
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This completes our analysis of the game. Figure 3S, again drawn to scale for the

case where a = 1 and v; = vy = %, summarizes.

The equilibrium outcome:

Q1:1

RIC 1 —
x(_ul
— U

RIC binds

Figure 3S



