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Abstract:

This paper considers a class of two-player dynamic games in which each player controls

a one-dimensional variable which we interpret as a level of cooperation. In the base model, there

is an irreversibility constraint stating that this variable can never be reduced, only increased. It

otherwise satisfies the usual discounted repeated game assumptions. Under certain restrictions on

the payoff function, which make the stage game resemble a continuous version of the Prisoners'

Dilemma, we characterize efficient symmetric equilibria, and show that cooperation levels

exhibit gradualism and converge to a level strictly below the one-shot efficient level: the

irreversibility induces a steady-state as well as a dynamic inefficiency. As players become very

patient, however, payoffs converge to (though never attain) the efficient level. We also show that

a related model in which an irreversibility arises through players choosing an incremental

variable, such as investment, can be transformed into the base model with similar results.

Applications to a public goods sequential contribution model and a model of capacity reduction

in a declining industry are discussed. The analysis is extended to incorporate partial reversibility,

asymmetric equilibria, and sequential moves.
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Non-Technical Summary

We consider a model in which in every period, there is a Prisoner's Dilemma structure; agents
have some mutual interest in cooperating, despite the fact that it is not in any agent's individual
interest to cooperate. We suppose that this situation is repeated over time, and, crucially, subject
to irreversibility, in the sense that an agent cannot reduce her level of cooperation once
increased. In this setting, irreversibility has two opposing effects. First, it aids cooperation,
through making deviations in the form of reduced cooperation impossible. Second, it limits the
ability of agents to punish a deviator. We consider the complex interplay of these two forces.

The above  model without reversibility is just a repeated Prisoner's Dilemma, and in that case, it
is well-known that the most effective (credible) punishments take the form of "sticks'', i.e.,
threats to reduce cooperation back to the stage-game Nash equilibrium. With irreversibility, such
punishments are no longer feasible; instead, deviators can only be punished by withdrawal of
"carrots'', i.e., threats to withdraw promised higher levels of cooperation in future. It follows
immediately from this that irreversibility causes gradualism, i.e., any equilibrium sequence of
actions involving partial cooperation cannot involve an immediate move to full cooperation.

Our first contribution is to refine and extend this basic insight. First, we show that any
equilibrium sequence of actions involving cooperation must have the level of cooperation rising
in every period, but that full cooperation is never reached in finite time. We focus on the
(symmetric) efficient equilibrium sequence i.e. the one that maximises the present value of
payoffs of either player. A key question then is: to what level of cooperation does this efficient
equilibrium sequence converge? It turns out that if payoffs are smooth (differentiable) functions
of actions, convergence will be to a level strictly below the full cooperation level, no matter how
patient agents are.

Later sections of the paper then extend the basic model in several directions. First, we recognize
that our basic model is very stylized. In many economic applications, irreversibility arises more
naturally when the level of ``cooperation'' is a stock variable which may benefit both players, and
it is incremental investment in cooperation that is costly and non-negative, implying the stock
variable is irreversible. Therefore, in Section 4, we present an "adjustment cost'' model with
these features, and show that it can be reformulated so that it is a special case of our base model.
We then apply the adjustment cost model to study sequential public good contribution games
(Admati and Perry (1991), Marx and Matthews (1998)) and capacity reduction in a declining
industry (Ghemawat and Nalebuff(1990)). These applications illustrate the extent to which our
results are applicable to variety of disparate areas of economics.

A second key extension is to allow a small amount of irreversibility, so that any player can
reduce his cooperation level by some (small) fixed percentage. This has two countervailing
effects. The first is to make deviation more profitable; the deviator  can lower his cooperation
level below last period's, rather than just keeping it constant. The second effect is to make
punishment more severe; the worst possible perfect equilibrium punishment of the deviator is for
the other player to reduce his cooperation over time, rather than just not increase it. A priori, it is
not clear which effect will dominate. Nevertheless, we are able to show that for a small amount
of reversibility it is the second effect , implying that reversibility is desirable in that it allows
more cooperative equilibria to be sustained. Other extensions studied are to the cases where the
two players do not have to take the same  action in every period (asymmetry), and where players
move sequentially.



We see our model as being applicable to a wide variety of situations in addition to those already
mentioned above. Nuclear disarmament between two countries is one example - here cooperation
would be measured by the extent of disarmament. While it may be desirable to move
immediately to total disarmament, this is not an equilibrium because either country would prefer
to have the other destroy its stockpile while retaining its own. Disarmament must proceed
gradually, and our results give conditions under which the limit of the process is complete or
only partial disarmament.

Another example would be in trade negotiations. For example, GATT negotiations are known for
their gradualism, although there has been little theoretical work on this (see Bagwell and Staiger,
1997). If concessions are irreversible, or if irreversibilities arise in investment such that shifting
capital away from import competing technologies cannot easily be reversed, then a similar story
to the one we give can be told to explain gradualism. A formal treatment of a related idea in the
negotiation context is in Comte and Jehiel (1998) who consider the impact of outside options in a
negotiation model where concessions by one party increase the payoff the other party gets in a
dispute resolution phase.

A further fruitful application is to environmental problems. For example, environmental
cooperation may take the form of installation of costly abatement technology. Once installed,
this technology may be very expensive to replace with a ''dirtier'' technology, e.g., conversion of
automobiles to unleaded petrol would be expensive to reverse. Consequently it will again be
difficult to punish deviants by reversing the investment. Similarly, destruction of capital which
leads to over-exploitation of a common property resource (e.g., fishing boats) will also fit into
the general framework of the paper if it is difficult to reverse.



41 Lqwurgxfwlrq

Zh frqvlghu d prgho lq zklfk lq hyhu| shulrg/ wkhuh lv d Sulvrqhu*v Glohppd vwuxfwxuh>

djhqwv kdyh vrph pxwxdo lqwhuhvw lq frrshudwlqj/ ghvslwh wkh idfw wkdw lw lv qrw lq dq|

djhqw*v lqglylgxdo lqwhuhvw wr frrshudwh1 Zh vxssrvh wkdw wklv vlwxdwlrq lv uhshdwhg ryhu

wlph/ dqg/ fuxfldoo|/ vxemhfw wr luuhyhuvlelolw|/ lq wkh vhqvh wkdw dq djhqw fdqqrw uhgxfh khu

ohyho ri frrshudwlrq rqfh lqfuhdvhg1 Lq wklv vhwwlqj/ luuhyhuvlelolw| kdv wzr rssrvlqj h�hfwv1

Iluvw/ lw dlgv frrshudwlrq/ wkurxjk pdnlqj ghyldwlrqv lq wkh irup ri uhgxfhg frrshudwlrq

lpsrvvleoh1 Vhfrqg/ lw olplwv wkh delolw| ri djhqwv wr sxqlvk d ghyldwru1 Zh frqvlghu wkh

frpsoh{ lqwhusod| ri wkhvh wzr irufhv1

Wkh nh| uroh ri luuhyhuvlelolw| lq d�hfwlqj frrshudwlrq fdq eh h{sodlqhg pruh suhflvho|

dv iroorzv1 Lq wkh deryh prgho/ vxssrvh wkdw hyhu| sod|hu kdv d +frqwlqxrxv, vfdodu dfwlrq

yduldeoh/ zklfk zh lqwhusuhw dv d ohyho ri frrshudwlrq1 Zh vd| wkdw sduwldo frrshudwlrq

rffxuv lq vrph wlph shulrg li vrph sod|hu fkrrvhv d ohyho ri wklv dfwlrq yduldeoh kljkhu

wkdq wkh vwdjh0jdph Qdvk htxloleulxp ohyho/ zkhuh wkh odwwhu lv wkh vpdoohvw ihdvleoh ydoxh

ri wkh dfwlrq yduldeoh1 Ixoo frrshudwlrq lv d ohyho ri wklv dfwlrq yduldeoh wkdw pd{lpl}hv

wkh mrlqw sd|r� ri wkh sod|huv51 Lq jhqhudo/ sduwldo frrshudwlrq lq dq| wlph0shulrg fdq

rqo| eh dfklhyhg li ghyldwlrq e| dq| djhqw fdq eh sxqlvkhg e| wkh rwkhu djhqwv lq vrph

zd|1

Qrz wkh deryh prgho zlwkrxw uhyhuvlelolw| lv mxvw d uhshdwhg Sulvrqhu*v Glohppd/

dqg lq wkdw fdvh/ lw lv zhoo0nqrzq wkdw wkh prvw h�hfwlyh +dqg fuhgleoh, sxqlvkphqwv

wdnh wkh irup ri �vwlfnv�/ l1h1/ wkuhdwv wr uhgxfh frrshudwlrq edfn wr wkh vwdjh0jdph

Qdvk htxloleulxp1 Zlwk luuhyhuvlelolw|/ vxfk sxqlvkphqwv duh qr orqjhu ihdvleoh> lqvwhdg/

ghyldwruv fdq rqo| eh sxqlvkhg e| zlwkgudzdo ri �fduurwv�/ wkdw lv/ wkuhdwv wdnh wkh irup ri

zlwkgudzdo ri surplvhg kljkhu ohyhov ri frrshudwlrq lq ixwxuh1 Lw iroorzv lpphgldwho| iurp

wklv wkdw luuhyhuvlelolw| fdxvhv judgxdolvp/ l1h1/ dq| +vxejdph0shuihfw, vhtxhqfh ri dfwlrqv

lqyroylqj sduwldo frrshudwlrq fdqqrw lqyroyh dq lpphgldwh pryh wr ixoo frrshudwlrq61

5Wkh prgho lv v|pphwulf/ l1h1/ sod|huv kdyh lghqwlfdo shu0shulrg sd|r�v jlyhq d shupxwdwlrq ri wkhlu
dfwlrqv1 Vr/ wkh ixoo frrshudwlrq ohyho lv wkh vdph iru hdfk sod|hu1

6Wklv revhuydwlrq lv qrw hqwluho| qhz> iru h{dpsoh/ Vfkhoolqj +4<93/ s78, pdnhv d vlplodu srlqw1 Dgpdwl
dqg Shuu| +4<<4, dqg Pdu{ dqg Pdwwkhzv +4<<;, suhvhqw htxloleuld ri d g|qdplf yroxqwdu| frqwulexwlrq
jdph zklfk h{klelw judgxdolvp1 Krzhyhu/ wr wkh ehvw ri rxu nqrzohgjh/ rxu sdshu surylghv wkh �uvw
jhqhudo fkdudfwhul}dwlrq ri judgxdolvp lq frrshudwlrq gxh wr luuhyhuvlelolw|1
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Rxu �uvw frqwulexwlrq lv wr uh�qh dqg h{whqg wklv edvlf lqvljkw1 Iluvw/ zh vkrz

wkdw dq| +vxejdph0shuihfw, htxloleulxp vhtxhqfh ri dfwlrqv lqyroylqj frrshudwlrq pxvw

kdyh wkh ohyho ri frrshudwlrq ulvlqj lq hyhu| shulrg/ exw wkdw ixoo frrshudwlrq lv qhyhu

uhdfkhg lq �qlwh wlph1 Vr/ dv wkh ohyho ri frrshudwlrq lq dq| shulrg lv erxqghg deryh

e| wkh ixoo frrshudwlrq ohyho/ doo htxloleulxp vhtxhqfhv zloo frqyhujh1 Zh irfxv rq wkh

+v|pphwulf, h!flhqw htxloleulxp vhtxhqfh l1h1 wkh rqh wkdw pd{lplvhv wkh suhvhqw ydoxh

ri sd|r�v ri hlwkhu sod|hu1 D nh| txhvwlrq wkhq lv= wr zkdw ydoxh grhv wklv h!flhqw

htxloleulxp vhtxhqfh frqyhujhB Lw wxuqv rxw wkdw li sd|r�v duh vprrwk +gl�huhqwldeoh,

ixqfwlrqv ri dfwlrqv/ frqyhujhqfh zloo eh wr d ohyho vwulfwo| ehorz wkh ixoo frrshudwlrq

ohyho/ qr pdwwhu krz sdwlhqw djhqwv duh1 Iru wkh fdvh zkhuh sd|r�v duh olqhdu xs wr vrph

mrlqw frrshudwlrq ohyho/ dqg frqvwdqw ru ghfuhdvlqj wkhuhdiwhu +wkh olqhdu nlqnhg fdvh,/ wkh

uhvxowv duh gl�huhqw � deryh vrph fulwlfdo glvfrxqw idfwru htxloleulxp frrshudwlrq fdq

frqyhujh dv|pswrwlfdoo| wr wkh ixoo| h!flhqw ohyho1 Ehorz wklv fulwlfdo glvfrxqw idfwru/ qr

frrshudwlrq dw doo lv srvvleoh1

Wkh uhdvrq iru wkh dv|pswrwlf lqh!flhqf| lq wkh vprrwk sd|r� fdvh lv wkdw forvh wr

ixoo frrshudwlrq/ uhwxuqv iurp dgglwlrqdo pxwxdo frrshudwlrq duh vhfrqg0rughu/ zkhuhdv

wkh ehqh�wv wr ghyldwlrq +qrw lqfuhdvlqj frrshudwlrq zkhq wkh htxloleulxp sdwk fdoov iru lw,

uhpdlq �uvw0rughu1 Wkh ixwxuh jdlqv iurp vwlfnlqj wr dq lqfuhdvlqj pxwxdoo| frrshudwlyh

sdwk zloo eh lqvx!flhqw wr r�vhw wkh whpswdwlrq wr ghyldwh1 Lw iroorzv wkdw lw zloo eh

lpsrvvleoh wr vxvwdlq htxloleulxp sdwkv forvh wr ixoo frrshudwlrq1

Ghvslwh wklv uhvxow/ lqh!flhqf| glvdsshduv lq wkh olplw dv sod|huv ehfrph sdwlhqw lq

wkh vhqvh wkdw wkh olplw ydoxh ri wkh vhtxhqfh/ dqg sod|hu sd|r�v/ erwk frqyhujh wr ixoo|

h!flhqw ohyhov dv glvfrxqwlqj jrhv wr }hur1 Krzhyhu/ wkh dv|pswrwlfdoo| h!flhqw sdwk ri

dfwlrqv lq rxu prgho lv txlwh gl�huhqw wkdw lq wkh vwdqgdug �iron wkhruhp� iru uhshdwhg

jdphv= wkdw lq wkh odwwhu fdvh/ +zlwkrxw luuhyhuvlelolw|, deryh vrph fulwlfdo glvfrxqw idfwru

wkh h!flhqw frrshudwlrq ohyho fdq eh dwwdlqhg h{dfwo| dqg lpphgldwho|1

Odwhu vhfwlrqv ri wkh sdshu wkhq h{whqg wkh edvlf prgho lq vhyhudo gluhfwlrqv1 Iluvw/

zh uhfrjql}h wkdw rxu edvlf prgho lv yhu| vw|ol}hg1 Lq pdq| hfrqrplf dssolfdwlrqv/ luuh0

yhuvlelolw| dulvhv pruh qdwxudoo| zkhq wkh ohyho ri �frrshudwlrq� lv d vwrfn yduldeoh zklfk

pd| ehqh�w erwk sod|huv/ dqg lw lv lqfuhphqwdo lqyhvwphqw lq frrshudwlrq wkdw lv frvwo|

dqg qrq0qhjdwlyh/ lpso|lqj wkh vwrfn yduldeoh lv luuhyhuvleoh1 Wkhuhiruh/ lq Vhfwlrq 7/ zh
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suhvhqw dq �dgmxvwphqw frvw� prgho zlwk wkhvh ihdwxuhv/ dqg vkrz wkdw lw fdq eh uhiru0

pxodwhg vr wkdw lw lv d vshfldo fdvh ri rxu edvh prgho1 Zh wkhq dsso| wkh dgmxvwphqw

frvw prgho wr vwxg| vhtxhqwldo sxeolf jrrg frqwulexwlrq jdphv +Dgpdwl dqg Shuu| +4<<4,/

Pdu{ dqg Pdwwkhzv +4<<;,, dqg fdsdflw| uhgxfwlrq lq d ghfolqlqj lqgxvwu| +Jkhpdzdw

dqg Qdohex�+4<<3,,1 Wkhvh dssolfdwlrqv looxvwudwh wkh h{whqw wr zklfk rxu uhvxowv duh

dssolfdeoh wr ydulhw| ri glvsdudwh duhdv ri hfrqrplfv1

D vhfrqg nh| h{whqvlrq lv wr doorz d vpdoo dprxqw ri luuhyhuvlelolw|/ vr wkdw dq|

sod|hu fdq uhgxfh klv frrshudwlrq ohyho e| vrph +vpdoo, �{hg shufhqwdjh1 Wklv kdv wzr

frxqwhuydlolqj h�hfwv1 Wkh �uvw lv wr pdnh ghyldwlrq pruh sur�wdeoh> wkh ghyldwru dw | fdq

orzhu klv frrshudwlrq ohyho ehorz odvw shulrg*v/ udwkhu wkdq mxvw nhhslqj lw frqvwdqw1 Wkh

vhfrqg h�hfw lv wr pdnh sxqlvkphqw pruh vhyhuh> wkh zruvw srvvleoh shuihfw htxloleulxp

sxqlvkphqw ri wkh ghyldwru lv iru wkh rwkhu sod|hu wr uhgxfh klv frrshudwlrq ryhu wlph/

udwkhu wkdq mxvw qrw lqfuhdvh lw1 D sulrul/ lw lv qrw fohdu zklfk h�hfw zloo grplqdwh1

Qhyhuwkhohvv/ zh duh deoh wr vkrz wkdw iru d vpdoo dprxqw ri uhyhuvlelolw| wkh vhfrqg

h�hfw grplqdwhv/ dqg lq wkh olqhdu nlqnhg fdvh lw grplqdwhv iru dq| ghjuhh ri uhyhuvlelolw|1

Lq rxu prgho/ wkhq/ uhyhuvlelolw| lv ghvludeoh lq wkdw lw doorzv pruh frrshudwlyh htxloleuld

wr eh vxvwdlqhg1

Wkh edvh prgho dovr dvvxphv wkdw +wzr, sod|huv pryh vlpxowdqhrxvo|/ dqg wkdw wkh|

erwk fkrrvh wkh vdph7 sdwk ri dfwlrqv +wkh v|pphwulf sdwk,1 Lq Vhfwlrq 9 zh doorz sod|huv

wr fkrrvh gl�huhqw dfwlrq sdwkv/ dqg lq wklv Vhfwlrq/ zh rewdlq d +sduwldo, fkdudfwhul}dwlrq

ri wkh Sduhwr0iurqwlhu ri wkh vhw ri htxloleulxp sd|r�v/ dqg krz lw fkdqjhv zlwk wkh

glvfrxqw idfwru1 Lq Vhfwlrq :/ zh doorz sd|huv wr pryh vhtxhqwldoo|1 Zh vkrz wkdw wkh

htxloleulxp sd|r�v lq wklv jdph duh d vxevhw ri wkrvh lq wkh vlpxowdqhrxv pryh jdph/ exw

wkdw dv glvfrxqwlqj jrhv wr }hur/ wkh h!flhqw v|pphwulf sd|r� lq wkh v|pphwulf pryh

jdph fdq eh duelwudulo| forvho| dssur{lpdwhg e| htxloleulxp sd|r�v lq wkh vhtxhqwldo

jdph/ vr wkdw dv|pswrwlfdoo|/ wkh rughu ri pryhv kdv olwwoh h�hfw rq dfklhydeoh sd|r�v1

Wkhuh lv d vpdoo olwhudwxuh rq jdphv zlwk wkh ihdwxuhv zh frqvlghu khuh1 Dgpdwl

dqg Shuu| +4<<4, dqg Pdu{ dqg Pdwwkhzv +4<<;, lq sduwlfxodu kdyh frqvlghuhg vhtxhqwldo

sxeolf jrrg frqwulexwlrq jdphv lq d irupdoo| vlplodu frqwh{w1 Frrshudwlrq lq vxfk prghov

7Dv wkh prgho lv v|pphwulf/ l1h1 sod|huv kdyh lghqwlfdo shu0shulrg sd|r�v jlyhq d shupxwdwlrq ri wkhlu

dfwlrqv/ wklv lv d qdwxudo edvh fdvh1
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lv wkh vxp ri dq lqglylgxdo*v frqwulexwlrqv/ dqg wklv lv luuhyhuvleoh1 Jdoh +4<<:, kdv frq0

vlghuhg d fodvv ri vhtxhqwldo pryh jdphv zklfk kh gxev prqrwrqh jdphv1 Iru jdphv zlwk

�srvlwlyh vslooryhuv�/ zklfk lqfoxgh wkh fodvv ri jdphv frqvlghuhg khuh/ kh fkdudfwhul}hv

orqj0uxq h!flhqw rxwfrphv zkhq wkhuh lv qr glvfrxqwlqj1 Lq sduwlfxodu/ klv uhvxowv lpso|

wkdw lq d vhtxhqwldo0pryh yhuvlrq ri rxu prgho zlwkrxw glvfrxqwlqj/ �uvw0ehvw rxwfrphv

duh dwwdlqdeoh18

Ri wkhvh sdshuv/ srvvleo| wkh forvhvw lv Pdu{ dqg Pdwwkhzv +4<<;,1 Wkh uhodwlrqvkls

ehwzhhq wkh wzr sdshuv lv dv iroorzv1 Iluvw/ wkh wzr sdshuv frqvlghu txlwh gl�huhqw prghov/

dowkrxjk wkhuh lv vrph ryhuods1 Pdu{ dqg Pdwwkhzv+4<<;, frqvlghu d qxpehu ri gl�huhqw

yroxqwdu| frqwulexwlrq jdphv/ zkhuh d qxpehu ri sod|huv vlpxowdqhrxvo| pdnh frqwulex0

wlrqv wr d sxeolf surmhfw ryhu A shulrgv/ dqg zkhuh A pd| eh �qlwh ru lq�qlwh1 Hdfk

sod|hu jhwv d sd|r� wkdw lv olqhdu lq wkh vxp ri fxpxodwlyh frqwulexwlrqv/ soxv srvvleo| d

�erqxv� zkhq wkh surmhfw lv frpsohwhg1 Rqh fdvh ri wkhlu prgho +A lq�qlwh/ wzr sod|huv/

qr erqxv, fdq eh uhirupxodwhg dv dq �dgmxvwphqw frvw� yduldqw ri rxu prgho zlwk olqhdu

nlqnhg sd|r�v +dv dujxhg lq ghwdlo lq Vhfwlrq 714,1

Lq wklv yhuvlrq ri wkhlu prgho/ Pdu{ dqg Pdwwkhzv +4<<;, frqvwuxfw d vxejdph0

shuihfw htxloleulxpzklfk lv dssur{lpdwho| h!flhqw zkhq glvfrxqwlqj lv qhjoljleoh9/ zkhuhdv

zh duh deoh wr fkdudfwhulvh h!flhqw vxejdph0shuihfw htxloleuld iru dq| �{hg ydoxh ri wkh

glvfrxqw idfwru1 Vshfl�fdoo|/ rxu uhvxowv vkrz: wkdw lq wkhlu prgho/ wkh htxloleulxp zlwk

frpsohwlrq zklfk wkh| frqvwuxfw lv lq idfw h!flhqw iru dq| glvfrxqw idfwru deryh d fulwlfdo

ydoxh/ dqg frqyhuvho| zkhq wkh glvfrxqw idfwru lv ehorz wkh fulwlfdo ydoxh/ wkhuh duh qr

frqwulexwlrqv pdgh lq wkh h!flhqw htxloleulxp +vhh Vhfwlrq 714 iru pruh ghwdlov,1

Zh vhh rxu prgho dv ehlqj dssolfdeoh wr d zlgh ydulhw| ri vlwxdwlrqv lq dgglwlrq

wr wkrvh douhdg| phqwlrqhg deryh1 Qxfohdu glvdupdphqw ehwzhhq wzr frxqwulhv lv rqh

h{dpsoh� khuh frrshudwlrq zrxog eh phdvxuhg e| wkh h{whqw ri glvdupdphqw1 Zkloh lw

8Wkh jdphv frqvlghuhg lq wklv olwhudwxuh doorz iru wkh srvvlelolw| wkdw d sod|hu*v sd|r� pd| eh lqfuhdv0
lqj lq klv ru khu rzq frrshudwlrq ohyho +rq frpsohwlrq ri wkh surmhfw lq wkh sxeolf jrrg prgho,1 Wkh odfn
ri wklv ihdwxuh khuh doorzv xv wr rewdlq uhvxowv zlwkrxw qhhglqj wr lpsrvh olqhdulw| ru qr glvfrxqwlqj1

9Fruroodu| 6+ll,/ Pdu{ dqg Pdwwkhzv+4<<;,1 Qrwh wkdw wkhlu uhvxowv duh vwdwhg iru q A 5 sod|huv dovr1
:Zh duh dovr deoh wr fkdudfwhulvh htxloleulxp lq wkh fdvh ri olqhdu nlqnhg sd|r�v +zklfk lqfoxghv wkh

lq�qlwh0krul}rq frqwulexwlrq jdph zlwkrxw d erqxv dv d vshfldo fdvh, zkhq wkh wzr sod|huv frqwulexwh
dv|pphwulfdoo|/ zkhuhdv Pdu{ dqg Pdwwkhzv vwxg| rqo| wkh v|pphwulf htxloleulxp lq wklv yhuvlrq ri
wkhlu prgho +dowkrxjk lq wkhlu sdshu/ wkh| vwxg| rwkhu yhuvlrqv ri wkhlu prgho zkhuh sod|huv ehkdyh
dv|pphwulfdoo|,1
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pd| eh ghvludeoh wr pryh lpphgldwho| wr wrwdo glvdupdphqw/ wklv lv qrw dq htxloleulxp

ehfdxvh hlwkhu frxqwu| zrxog suhihu wr kdyh wkh rwkhu ghvwur| lwv vwrfnsloh zkloh uhwdlqlqj

lwv rzq1 Glvdupdphqw pxvw surfhhg judgxdoo|/ dqg rxu uhvxowv jlyh frqglwlrqv xqghu

zklfk wkh olplw ri wkh surfhvv lv frpsohwh ru rqo| sduwldo glvdupdphqw1

Dqrwkhu h{dpsoh zrxog eh lq wudgh qhjrwldwlrqv1 Iru h{dpsoh/ JDWW qhjrwldwlrqv

duh nqrzq iru wkhlu judgxdolvp/ dowkrxjk wkhuh kdv ehhq olwwoh wkhruhwlfdo zrun rq wklv

+vhh Edjzhoo dqg Vwdljhu/ 4<<:,1 Li frqfhvvlrqv duh luuhyhuvleoh/ ru li luuhyhuvlelolwlhv dulvh

lq lqyhvwphqw vxfk wkdw vkliwlqj fdslwdo dzd| iurp lpsruw frpshwlqj whfkqrorjlhv fdqqrw

hdvlo| eh uhyhuvhg/ wkhq d vlplodu vwru| wr wkh rqh zh jlyh fdq eh wrog wr h{sodlq judgx0

dolvp1 D irupdo wuhdwphqw ri d uhodwhg lghd lq wkh qhjrwldwlrq frqwh{w lv lq Frpwh dqg

Mhklho +4<<;, zkr frqvlghu wkh lpsdfw ri rxwvlgh rswlrqv lq d qhjrwldwlrq prgho zkhuh

frqfhvvlrqv e| rqh sduw| lqfuhdvh wkh sd|r� wkh rwkhu sduw| jhwv lq d glvsxwh uhvroxwlrq

skdvh1

D ixuwkhu iuxlwixo dssolfdwlrq lv wr hqylurqphqwdo sureohpv1 Iru h{dpsoh/ hqylurq0

phqwdo frrshudwlrq pd| wdnh wkh irup ri lqvwdoodwlrq ri frvwo| dedwhphqw whfkqrorj|1

Rqfh lqvwdoohg/ wklv whfkqrorj| pd| eh yhu| h{shqvlyh wr uhsodfh zlwk d �gluwlhu� whfk0

qrorj|/ h1j1/ frqyhuvlrq ri dxwrprelohv wr xqohdghg shwuro zrxog eh h{shqvlyh wr uhyhuvh1

Frqvhtxhqwo| lw zloo djdlq eh gl!fxow wr sxqlvk ghyldqwv e| uhyhuvlqj wkh lqyhvwphqw1;

Vlploduo|/ ghvwuxfwlrq ri fdslwdo zklfk ohdgv wr ryhu0h{sorlwdwlrq ri d frpprq surshuw|

uhvrxufh +h1j1/ �vklqj erdwv, zloo dovr �w lqwr wkh jhqhudo iudphzrun ri wkh sdshu li lw lv

gl!fxow wr uhyhuvh1

51 Wkh Prgho dqg Suholplqdu| Uhvxowv

Wkhuh duh wzr sod|huv< � ' �c 2� Lq hdfk shulrg/ | ' �c 2c � � � c hdfk sod|hu � vlpxowdqhrxvo|

fkrrvhv dq dfwlrq yduldeoh S� 5 ?n/ phdvxulqj �
�
r ohyho ri frrshudwlrq431 Wkh shu0shulrg

sd|r� wr sod|hu 4 lv ZES�c S2� zlwk wkdw ri sod|hu 5 ehlqj ZES2c S��� Vr/ sd|r�v ri wkh wzr

sod|huv duh lghqwlfdo iroorzlqj d shupxwdwlrq ri wkh sdlu ri dfwlrqv1 Dovr/ zh dvvxph wkdw

Z lv frqwlqxrxv/ vwulfwo| ghfuhdvlqj lq S� dqg vwulfwo| lqfuhdvlqj lq S21 Sd|r�v ryhu wkh

;Zh duh judwhixo wr Dqwkrq| Kh|hv iru vxjjhvwlqj wklv dssolfdwlrq1
<Rxu pdlq uhvxowv jhqhudolvh vwudljkwiruzdugo| wr pruh wkdq wzr sod|huv1

43Wkh dfwlrq vsdfhv fdq dovr eh erxqghg/ l1h1/ fl 5 ^3> f`/ dv orqj dv f � f
�1
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lq�qlwh krul}rq duh glvfrxqwhg e| frpprq glvfrxqw idfwru Bc f 	 B 	 ��

Lq wklv vhwwlqj/ zh vkdoo lqlwldoo| eh uhvwulfwlqj dwwhqwlrq wr v|pphwulf htxloleuld1

Vr/ zh fdq gh�qh wkh �uvw0ehvw h!flhqw ohyho+v, ri frrshudwlrq dv wkh ydoxh+v, ri S/ wkdw

pd{lplvh �ES� G' ZESc S�� Zh dvvxph wkh iroorzlqj zhdn surshuw| ri �ES� G

D41 Wkhuh h{lvwv d S
W

: f vxfk wkdw �ES� lv vwulfwo| lqfuhdvlqj lq S iru doo f � S 	 S
W/

dqg �ES� � � ESW� iru doo S 5 ?n1

Wklv lv vdwlv�hg li �ES� lv frqfdyh zlwk d �qlwh pd{lpxp ru hyhq vlqjoh0shdnhg� Qrwh

wkdw S
W lv wkh vpdoohvw �uvw0ehvw h!flhqw ohyho ri frrshudwlrq� Zh dvvxph wkdw wkh fkrlfh

ri dfwlrq lv luuhyhuvleoh lq hyhu| shulrg/ l1h1/

S�c| � S�c|3�/ � ' �c 2/ | ' �c 2c � � � c +514,

zkhuh S�c| lv � *v dfwlrq lq shulrg |c dqg/ zlwkrxw orvv ri jhqhudolw|/ zh vhw S�cf ' S2cf ' f1

D jdph klvwru| dw wlph | lv gh�qhg lq wkh xvxdo zd| dv iES�c� c S2c� �j
|3�

�'�
1 Erwk sod|huv

fdq revhuyh jdph klvwrulhv1 D sxuh vwudwhj| iru sod|hu � ' �c2 lv gh�qhg lq wkh xvxdo zd|

dv d vhtxhqfh ri pdsslqjv iurp jdph klvwrulhv lq shulrgv | ' �c2��� wr ydoxhv ri S�c| lq ?n/

dqg zkhuh hyhu| sdlu ES�c|3�c S�c|� vdwlv�hv +514,1 Dq rxwfrph sdwk ri wkh jdph lv d vhtxhqfh

ri dfwlrqv iS�c|c S2c|j
"

|'�
wkdw lv jhqhudwhg e| d sdlu ri sxuh vwudwhjlhv1 Zh duh lqwhuhvwhg

lq fkdudfwhul}lqj vxejdph shuihfw Qdvk htxloleulxp rxwfrph sdwkv1 Iru wkh prphqw/ zh

uhvwulfw rxu dwwhqwlrq wr v|pphwulf htxloleulxp44 rxwfrph sdwkv zkhuh S�c| ' S2c| ' S|/

| ' �c2c � � � c dqg zh ghqrwh vxfk sdwkv e| wkh vhtxhqfh iS|j
"

|'�
1

Zh qrz ghulyh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru vrph �{hg v|pphwulf rxwfrph

sdwk iS|j
"

|'�
wr eh dq htxloleulxp1 Qrwh wkdw wkh zruvw sxqlvkphqw wkdw � frxog lpsrvh

rq � iru ghyldwlqj dw gdwh | iurp vxfk d sdwk lv iru � wr vhw S� dv orz dv srvvleoh1 Vr/ li

� ghyldwhv dw |/ wkh zruvw sxqlvkphqw lv iru � wr vhw S�c� ' S�c|/ doo � : |� Dovr zkdwhyhu

dfwlrq lv fkrvhq e| �/ lw lv dozd|v d ehvw uhvsrqvh iru � wr vhw S� dv orz dv srvvleoh1 Lw

iroorzv wkdw wklv sxqlvkphqw lv fuhgleoh/ dqg/ jlyhq wkh sxqlvkphqw/ ��r rswlpdo ghyldwlrq

dw | iurp wkh v|pphwulf sdwk iS|j
"

|'�
lv wr vhw S�c� ' S|3� iru doo � � |1 Frqvhtxhqwo|/ iru

d qrq0ghfuhdvlqj vhtxhqfh iS|j
"

|'�
wr eh dq htxloleulxp rxwfrph sdwk lw lv qhfhvvdu| dqg

44Lq wkh vhtxho/ lw lv xqghuvwrrg wkdw �htxloleulxp� uhihuv wr vxejdph0shuihfw Qdvk htxloleulxp1
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vx!flhqw wkdw iS|j
"

|'�
vdwlv�hv/ iru doo | � �c wkh lqhtxdolwlhv

ZES|3�c S|�

� � B
� ZES|c S|� n BZES|n�c S|n��n ��� � +515,

Vr/ dv S| � S|3� iurp wkh luuhyhuvlelolw| frqvwudlqw +514,/ wkh lqwhusuhwdwlrq ri +515, lv wkdw

lq wkh hyhqw ri ghihfwlrq/ erwk sod|huv vwrs lqfuhdvlqj wkhlu ohyhov ri frrshudwlrq1

Ohw �7. eh wkh vhw ri qrq0ghfuhdvlqj sdwkv iS|j
"

|'�
wkdw vdwlvi| +515,/ dqg zh uhihu wr

dq| sdwk lq �7. dv d +v|pphwulf, htxloleulxp sdwk1 Zh qrz qrwh wzr edvlf surshuwlhv ri

vhtxhqfhv lq �7.�

Ohppd 5141 Li iS|j
"

|'�
lv dq htxloleulxp sdwk/ wkhq +l, S| 	 S

W/ iru doo | � �c dqg +ll, li

S| : S|3� iru vrph | : f/ wkhq iru doo � � f/ wkhuh h{lvwv d �
�

: � vxfk wkdw S
�

� : S
�
+l1h1/

wkh vhtxhqfh qhyhu dwwdlqv lwv olplw,�

Surri1 +l, Vxssrvh wr wkh frqwudu| wkdw S| � S
W

iru vrph | : fc zlwk S|3� 	 S
W1 Iurp wkh

gh�qlwlrq ri SW/ dqg D4/ zh pxvw kdyh

ZES|c S|� � ZES|n�c S|n��c � � �

Frqvhtxhqwo|/

ZES|c S|�n BZES|n�c S|n�� n � � � 	
ZES|c S|�

�� B
�

Wkhq/ e| +515,/ zh kdyh
ZES|3�c S|�

�� B
	

ZES|c S|�

� � B
�

Exw dv S|3� 	 S|/ dqg Z ghfuhdvlqj lq lwv �uvw dujxphqw/ ZES|3�c S|� : ZES|c S|�/ d frqwud0

glfwlrq1

+ll, Li wklv lv qrw wkh fdvh/ wkhq S| : S|3� iru vrph | : f/ dqg wkhuh h{lvwv d A � |

zlwk S
�
' hS iru doo � � A dqg S

�
	 hS iru � 	 A 1 Sod|hu 4/ e| ghyldwlqj dw A / zrxog uhfhlyh

ZESA3�chS�

� � B
:

ZEhSchS�

� � B
c

zkhuh wkh lqhtxdolw| iroorzv iurp Z ghfuhdvlqj lq lwv �uvw dujxphqw� Wkxv wkh ghyldwlrq

lv sur�wdeoh/ frqwudglfwlqj wkh htxloleulxp dvvxpswlrq1 �

:



Vd| wkdw wkh sdwk ieS|j
"

|'�
5 �7. lv h!flhqw45 +l1h1/ dprqj v|pphwulf htxloleulxp

sdwkv, li wkhuh grhv qrw h{lvw dqrwkhu vhtxhqfh iS�

|
j"
|'�

5 �7. vxfk wkdw

"[

|'�

B
|3�

ZES�

|
c S

�

|
� :

"[

|'�

B
|3�

ZEeS|ceS|��

Zh qrz kdyh=

Ohppd 5151 Dq h!flhqw vhtxhqfh ieS|j
"

|'�
h{lvwv/ dqg wklv vhtxhqfh vdwlv�hv lqhtxdolwlhv

+515, zlwk htxdolw|/ l1h1/ iru doo | � �c

ZEeS|3�ceS|�

� � B
' ZEeS|ceS|�n BZEeS|n�ceS|n��n ��� � +516,

Surri1 Dv doo wkh lqhtxdolwlhv lq +515, duh zhdn/ h{lvwhqfh iroorzv iurp vwdqgdug dujx0

phqwv1 Zh uhihu wr +515, kroglqj dw | wkh w0frqvwudlqw1 Wr vkrz wkdw doo wkh |�frqvwudlqwv

krog zlwk htxdolw|/ vxssrvh wr wkh frqwudu| wkdw iru vrph |/

ZEeS|3�ceS|�

� � B
	 ZEeS|ceS|�n BZEeS|n�ceS|n��n ��� �

Wkhq/ e| frqwlqxlw|/ zh fdq lqfuhdvh eS|/ kroglqj eS|n�ceS|n2c � � � c �{hgc zlwkrxw ylrodwlqj

wkh |�frqvwudlqw1 Pruhryhu/ wkh | n �0frqvwudlqw lv uhod{hg e| dq lqfuhdvh lq eS|/ krog0

lqj eS|n�ceS|n2c � � � �{hg/ dv Z lv ghfuhdvlqj lq lwv �uvw dujxphqw1 Ilqdoo|/ zh fdq krog

eS|3�ceS|32c � � � ceS� �{hg vlqfh wkh rqo| h�hfw ri dq lqfuhdvh lq eS| lv wr uhod{ wkh � 0frqvwudlqwv/

iru � 	 |� �

Lw qrz iroorzv txlwh vwudljkwiruzdugo| iurp Ohppdv 4 dqg 5 wkdw wkh h!flhqw sdwk

pxvw vdwlvi| d vhfrqg0rughu gl�huhqfh htxdwlrq1 Iluvw qrwh wkdw wkh h!flhqw sdwk pxvw

vroyh wkh vhtxhqfh ri htxdwlrqv +516,1 Ohw wkh vhtxhqfh iS|ES�( B�j
"

|'�
vroyh wkh vhfrqg0rughu

gl�huhqfh htxdwlrq

ZES|c S|n�� '
�

B
dZES|3�c S|�� ZES|c S|�o n ZES|c S|�c | : � +517,

zlwk lqlwldo frqglwlrqv Sf ' fc S� � f� Lw lv hdvlo| fkhfnhg46 wkdw dq| vroxwlrq wr wklv

gl�huhqfh htxdwlrq lv qrq0ghfuhdvlqj/ vr wkh vhtxhqfh iS|ES�( B�j"|'� kdv d olplw S
"
ES�( B�

zklfk lv �qlwh ru .41 Wkhq zh kdyh=

45
Zh xvh wkh whup c�uvw0ehvw* wr uhihu wr xqfrqvwudlqhg h!flhqw rxwfrphv1

46Wklv idfw iroorzv gluhfwo| iurp wkh surri ri Ohppd 516 ehorz1

;



Ohppd 5161 Dq| vhtxhqfh iS|j
"

|'�
vroyhv +516, li dqg rqo| li lw vroyhv +517, zlwk lqlwldo

frqglwlrqv Sf ' fc S� � f/ dqg S
"

G' *�4|<" S| 	 n4�

Surri1 Qhfhvvlw|1 Iurp wkh luuhyhuvlelolw| frqvwudlqw/ iS|j
"

|'�
lv d qrq0ghfuhdvlqj vh0

txhqfh/ vr lw frqyhujhv wr vrph �qlwh olplw S
"

ru glyhujhv wr .41 Vlqfh +516, lpsolhv

+515,/ iS|j"|'� lv dq htxloleulxp vhtxhqfh dqg e| Ohppd 514/ iS|j
"

|'�
pxvw frqyhujh wr

S
"
� S

W1 Qrz/ +516, fdq eh zulwwhq

ZES|3�c S|�

�� B
' 7|c

zkhuh zh djdlq zulwh 7| G' ZES|c S|� n BZES|n�c S|n�� n � � � 1 Dgydqflqj e| rqh shulrg/ zh

jhw
ZES|c S|n��

�� B
' 7|n��

Dovr/

7| ' ZES|c S|� n B7|n��

Vr/
ZES|3�c S|�

�� B
' ZES|c S|� n

BZES|c S|n��

�� B
� +518,

Uhduudqjhphqw ri +518, jlyhv +517,1

Vx!flhqf|1 Dv mxvw vkrzq deryh/ +517, lv htxlydohqw wr +518,1 E| vxffhvvlyh vxevwl0

wxwlrq xvlqj +518,/ zh jhw

ZES|3�c S|�

�� B
' ZES|c S|� n � � �n B?3�ZES|n?3�c S|n?3��n

B
?
ZES|n?3�c S|n?�

�� B
+519,

Qrz/ dv iS|j
"

|'�
frqyhujhv e| dvvxpswlrq/ zh pxvw kdyh

*�4
?<"

B
?

ZES|n?3�c S|n?�

�� B
' f

Vr/ wdnlqj wkh olplw lq +519,/ zh uhfryhu +516,1 �

Zh qrz nqrz wkdw wkh h!flhqw sdwk vroyhv wkh gl�huhqfh htxdwlrq +517, zlwk lqlwldo

frqglwlrqv Sf ' f dqg S� |hw wr eh ghwhuplqhg1 Wkh iroorzlqj ohppd doorzv xv wr ghwhuplqh

S� dqg khqfh wkh h!flhqw sdwk lwvhoi1 Wklv ohppd vkrzv wkdw wkh h!flhqw sdwk lv wkh xsshu

hqyhorsh ri doo htxloleulxp sdwkv +dqg khqfh lw lv xqltxh,1 Lw wkhq iroorzv iurp Ohppd 518

+ll, ehorz wkdw S� lv vlpso| wkh kljkhvw ydoxh frqvlvwhqw zlwk frqyhujhqfh ri wkh vroxwlrq

wr wkh gl�huhqfh htxdwlrq1

<



Ohppd 5171 Wkh h!flhqw sdwk ieS|j
"

|'�
lv wkh xsshu hqyhorsh ri doo htxloleulxp vhtxhqfhv/

l1h1/ wkhuh grhv qrw h{lvw d iS�

|
j"
|'�

5 �7. zlwk S�

|
: eS|/ iru vrph |�

Surri1 Vhh Dsshqgl{1 �

Dv ehiruh/ ohw wkh vhtxhqfh iS|ES�( B�j"|'� vroyh wkh gl�huhqfh htxdwlrq +517,/ dqg

frqvlghu wkh vhw ri lqlwldo frqglwlrqv S� vxfk wkdw iS|ES�( B�j"|'� frqyhujhv wr d �qlwh olplw/

l1h1/

��EB� ' iS� mS"ES�( B� 	 n4j �

Wkhq zh kdyh rxu �qdo uhvxow ri wklv vhfwlrq=

Ohppd 5181 +l, Li/ iru dq| S� � fc iS|ES�( B�j
"

|'�
lv d frqyhujhqw vhtxhqfh/ wkhq lw lv

dovr dq htxloleulxp vhtxhqfh> +ll, Wkh h!flhqw sdwk vdwlv�hv ieS|j
"

|'�
' iS|EeS�( B�j

"

|'�
/

zkhuh eS� ' 4@ ��EB�/ dqg S|EeS�( B� � S|ES
�

�
( B�c doo S�

�
5 ��EB�c doo | � f1

Surri1 +l, Lq ylhz ri wkh idfw wkdw +516, jxdudqwhhv wkh vhtxhqfh lv htxloleulxp/ vx!flhqf|

lpsolhv +l, ri Ohppd 5161

+ll, Iurp Ohppd 515 dqg Ohppd 516/ wkh h!flhqw sdwk h{lvwv/ vroyhv +517, zlwk lqlwldo

frqglwlrqv Sf ' fc S� � f dqg pxvw dovr frqyhujh1 Frqvhtxhqwo|/ ieS|j
"

|'�
' iS|EeS�( B�j"|'�

iru vrph eS� 5 ��EB�� Qrz vxssrvh wkdw wkhuh h{lvwv dqrwkhu S
�

�
5 ��EB� zlwk S|ES

�

�
( B� :

S|EeS�( B� dw vrph | : f1 Lq wklv fdvh/ iS|ES
�

�
( B�j"

|'�
lv dq htxloleulxp +e| sduw +l,, zlwk

S|ES
�

�
( B� : S|EeS�( B� dw vrph |/ zklfk frqwudglfwv Ohppd 5171 Lq sduwlfxodu wklv lpsolhv

wkdw S

�

�
5 ��EB� dqg S

�

�
: eS� lv qrw srvvleoh1 �

61 Pdlq Uhvxowv

Zh nqrz wkdw wkh h!flhqw sdwk lv wkh htxloleulxp sdwk wkdw lv qrw furvvhg e| dq| rwkhu/

dqg zklfk lv wkh kljkhvw +dw hdfk srlqw, ri doo frqyhujhqw vhtxhqfhv wkdw vdwlvi| wkh

gl�huhqfh htxdwlrq +517,1 Zh qrz surfhhg wr jhw dq h{dfw fkdudfwhul}dwlrq ri wkh olplw

eS
"
1 Wr gr wklv/ zh frqvlghu wzr sduwlfxodu fdvhv1

Wkh Gl�huhqwldeoh Fdvh1

43



Z lv wzlfh frqwlqxrxvo| gl�huhqwldeoh/ zlwk Z� 	 fcZ2 : fc Z��c Z22 	 fc Z�2 � f�

Wkh Olqhdu Nlqnhg Fdvh1

Z '

�
Z�S� n Z2S2 li S� n S2 � 2S

W

2Z2S
W

� EZ2 � Z��S� li S� n S2 : 2SW

zkhuh Z� 	 fcZ2 : f duh frqvwdqwv
47

zlwk Z� n Z2 : f1

Qrwh wkdw erwk wkhvh fdvhv vdwlvi| rxu dvvxpswlrq D4 deryh rq wkh vkdsh ri �ES�� Lq wkh

gl�huhqwldeoh fdvh/ �ES� lv vwulfwo| frqfdyh/ dv �
��
' Z�� n Z22 n 2Z�2 	 f/ zlwk d xqltxh

pd{lpxp dw S
W1 Lq wkh olqhdu nlqnhg fdvh/ �ES� lv olqhdu dqg lqfuhdvlqj lq S xqwlo S uhdfkhv

wkh h!flhqw ohyho SW/ dqg diwhu wkdw/ kljkhu frrshudwlrq |lhogv qhjdwlyh ehqh�w1

Frqvlghu wkh gl�huhqwldeoh fdvh �uvw1 Gh�qh wkh ixqfwlrq

�ES� G'
�Z�ESc S�

Z2ESc S�
: f�

Qrwh iurp wkh dvvxphg surshuwlhv ri Zc zh kdyh

�
�ES� '

��

Z2

dZ�� n Z�2 n �EZ22 n Z�2�o : fc

dqg dovr wkdw S
W vroyhv �ESW� ' �� Frqvhtxhqwo|/ surylghg �Ef� � Bc wkhuh lv d xqltxh

vroxwlrq eSEB� wr wkh htxdwlrq

�EeS� ' Bc +614,

dqg pruhryhu/ eSE�� lv vwulfwo| lqfuhdvlqj lq B1 Li �Ef� : Bc zh vhw eSEB� ' f� Fohduo| eSEB� 	 SW/

B 	 �/ zlwk *�4B<� eSEB� ' S
W1 Zh fdq qrz vwdwh rxu �uvw pdlq uhvxow=

Sursrvlwlrq 6141 Dvvxph wkh gl�huhqwldeoh fdvh1 Wkhq wkh olplw ri wkh h!flhqw v|pphw0

ulf sdwk/ eS
"

c lv htxdo wr eSEB�1 Frqvhtxhqwo|/ iru doo B 	 �/ wkh h!flhqw sdwk lv xqlirupo|

erxqghg ehorz wkh �uvw0ehvw h!flhqw ohyho ri frrshudwlrq> l1h1/ eS| 	 eSEB� 	 SW iru doo |1

47Dq lqwhusuhwdwlrq lv wkdw sd|r�v ghshqg srvlwlyho| rq +f4. f5, xs wr 5f� zlwk d frh!flhqw ri �5/ exw

wkhuh lv d pdujlqdo xwlolw| frvw ri +�5 ��4, wr lqfuhdvlqj rqh*v rzq fl= Iru f4 . f5 A 5f�/ wkhuh lv qr pruh

ehqh�w iurp mrlqw frqwulexwlrqv/ rqo| wkh frvw uhpdlqv/ vr wkdw mrlqw sd|r�v duh ghfolqlqj lq +f4 . f5,=
Iru f4 . f5 A 5f�> doo wkdw lv qhhghg iru wkh uhvxowv lv wkdw mrlqw sd|r�v duh qrqlqfuhdvlqj lq +f4 . f5, dqg
dovr rzq sd|r�v duh ghfolqlqj lq rzq fl=
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Surri1 +d, E| wkh Phdq Ydoxh Wkhruhp/

ZES|3�c S|�� ZES|3�c S|3�� ' Z2ES|3�c w|�{S|c w| 5 dS|3�c S|o

ZES|32c S|3��� ZES|3�c S|3�� ' �Z�Ew|3�c S|3��{S|3�c w|3� 5 dS|32c S|3�oc

zkhuh {S| G' S| � S|3�� Vr/ vxevwlwxwlqj lq +517, dqg uhduudqjlqj / zh jhw

{S| ' �

Z�Ew|3�c S|3��

BZ2ES|3�c w|�
{S|3� +615,

� @ES|3�c S|�{S|3��

+e, Vxssrvh wkdw eS
"

: eSEB�1 Wkhuh pxvw/ e| ZE�c �� ehlqj wzlfh frqwlqxrxvo| gl�hu0

hqwldeoh dqg @EeS
"
ceS
"
� ' �EeS

"
�*B : �/ h{lvw d A vxfk wkdw iru | : A / @ES|3�c S|� : �1 Exw

wkhq iurp +615,/ iru doo | : Ac {S| : {S|3� zkhqhyhu {S|3� : f dqg e| Ohppd 514 +ll,/

{S|3� : f iru vrph |�� : A ( vr S| fdqqrw frqyhujh/ frqwudu| wr k|srwkhvlv1 Zh frqfoxgh

eS
"
� eSEB�

+f, Vxssrvh wkdw f 	 eS
"

	 eSEB�� Zh vkrz wkdw wklv lv lpsrvvleoh1 Ilqg d qhljkeru0

krrg durxqg eS
"

c EeS
"
�0ceS

"
n 0�/ vxfk wkdw @ESc S�� 	 & 	 � iru doo S/ S�

5 EeS
"
�0ceS

"
n0��

Gh�qh � G' E� � &�0/ dqg frqvlghu A vxfk wkdw SA EeS�( B� : eS
"
� � +wklv pxvw h{lvw e|

gh�qlwlrq ri eS
"
,1 Qrz/ vlqfh SA EeS�( B� 	 SAn�EeS�( B� 	 eS

"
c e| SA ES�( B� ehlqj frqwlqxrxv lq

S�c zh fdq �qg S�

�
: eS� vxfk wkdw SA ES

�

�
� dqg SAn�ES

�

�
� 5 EeS

"
� �ceS

"
�/ dqg pruhryhu/ vlqfh

f 	 SAn�EeS�( B��SA EeS�( B� 	 �/ S�

�
fdq dovr eh fkrvhq vr wkdw f 	 SAn�ES

�

�
( B��SA ES

�

�
( B� 	 �1

Khqfh iru doo | : Ac {S| 	 &{S|3� e| +615,/ dqg frqvhtxhqwo| iS|ES
�

�
( B�j"

|'�
pxvw frqyhujh

wr vrph S
"
ES�

�
( B� 	 eS

"
n

�

�3&
+' eS

"
n0�� Vlqfh iS|ES

�

�
( B�j"

|'�
lv d frqyhujhqw sdwk lw lv dovr

dq htxloleulxp sdwk +Ohppd 518+l,, dqg S

�

�
: eS�c zklfk frqwudglfwv wkh hqyhorsh surshuw|

ri wkh h!flhqw htxloleulxp +Ohppd 517,1 Ilqdoo|/ d plqru prgl�fdwlrq wr wklv dujxphqw

hvwdeolvkhv wkdw eS
"
' f lv lpsrvvleoh zkhqhyhu eSEB� : f� �

Qh{w/ frqvlghu wkh olqhdu nlqnhg fdvh1 Khuh/ zh kdyh wkh iroorzlqj vwulnlqj uhvxow1

Sursrvlwlrq 6151 Dvvxph wkh olqhdu nlqnhg fdvh1 Li wkhuh lv vx!flhqwo| olwwoh glvfrxqwlqj

EB : �Z�*Z2�/ wkhq wkh olplw ri wkh h!flhqw v|pphwulf vhtxhqfh/ eS
"

c htxdov S
W/ l1h1/ �uvw0

ehvw h!flhqw frrshudwlrq fdq eh dv|pswrwlfdoo| rewdlqhg1 Rwkhuzlvh/ qr frrshudwlrq fdq

hyhu eh rewdlqhg/ l1h1/ eS| ' f/ doo |�
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Surri1 Iurp Ohppd 514/ zh fdq uhvwulfw dwwhqwlrq wr wkrvh sdwkv zlwk S| 	 S
W/ doo |/

dv qr rwkhu sdwk fdq eh dq htxloleulxp rqh1 Zulwlqj rxw +517, iru wklv fdvh/ xvlqj wkh

gh�qlwlrq ri Z iru wkh nlqnhg olqhdu fdvh/ zh jhw=

Z�S| n Z2S|n� '
�

B
dZ�S|3� n Z2S| � Z�S| � Z2S|o n Z�S| n Z2S|c

zklfk uhduudqjhv wr

{S| ' @{S|3�c +616,

zkhuh @ G'

�
�

Z�

BZ2

�
c {S| G' S| � S|3�1 Wkxv/ {S| ' @

|3�{S� zkhuh {S� ' S� � Sf ' S�/

dqg S� fdq eh fkrvhq iuhho|1 Vr/ zh kdyh

S| '

|[

�'�

{S� ' E� n @n ���@
|3��S�� +617,

Iluvw vxssrvh wkdw @ � �� Li S� : f/ wkhq iurp +617,/ S| $ 4 dv | $ 4c frqwudglfwlqj

wkh dvvxpswlrq wkdw S| 	 SW/ doo |� Vr/ zh pxvw kdyh S� ' f/ lq zklfk fdvh S| ' f/ doo |1

Wkxv li @ � � +, B � E�Z�*Z2�c qr frrshudwlrq lv srvvleoh dv fodlphg1 Qrz vxssrvh

wkdw @ 	 �� Wkhq wkh vhulhv lq +617, frqyhujhv/ vr zh jhw

S
"
'

�

� � @

S� '

�

� n
Z�

BZ2

S��

Vr e| dssursuldwh fkrlfh ri S�/ zh fdq fkrrvh d sdwk wkdw frqyhujhv wr S
W

c dqg wklv pxvw

eh wkh h!flhqw sdwk e| yluwxh ri Ohppd 5171 �

Qrwh wkdw lq erwk fdvhv/ zh kdyh vkrzq wkdw dv B $ �/ wkh olplwlqj ohyho ri frrshudwlrq

rq wkh h!flhqw htxloleulxp sdwk/ S
"
/ whqgv wr wkh �uvw0ehvw h!flhqw ohyho/ S

W1 Lw wxuqv

rxw wkdw wklv idfw lpsolhv wkdw sd|r�v dovr frqyhujh wr wkhlu h!flhqw ohyhov dv B$ �( l1h1/

wkhuh lv qr olplwlqj lqh!flhqf| lq wklv prgho1

Fruroodu| 6161 Lq hlwkhu wkh gl�huhqwldeoh ru olqhdu nlqnhg fdvhv/ dv B $ �/ wkh qrupdo0

l}hg glvfrxqwhg sd|r� iurp wkh h!flhqw sdwk/ 	� ' E�� B�
S
"

|'�
B
|3�

ZEeS|ceS|�c frqyhujhv wr

wkh �uvw0ehvw sd|r� ZESWc SW��

Surri1 Frqvlghu/ iru vrph �{hg Bc uhzulwlqj wkh htxloleulxp frqglwlrq +515, dv/ iru hdfk

|c

ZES|3�c S|� � E�� B�
"[

�'|

B
�3|

ZES� c S� �� +618,
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Qrz/ li iS|j"|'� lv dq htxloleulxp vhtxhqfh dw Bc wkhq iS|j
"

|'�
lv dovr dq htxloleulxp dw dq|

B
�

: B vlqfh/ dv ZES|c S|� lv d qrq0ghfuhdvlqj vhtxhqfh/ wkh U1K1V1 ri +618, lv qrq0ghfuhdvlqj

lq Bc dqg wkh O1K1V1 lv frqvwdqw1

Qrz iru wkh gl�huhqwldeoh fdvh/ gh�qh eSEB� dv lq +614,/ dqg lq wkh olqhdu nlqnhg fdvh/

gh�qh

eSEB� '

�
SW �s B : �Z�*Z2

f J|�eo��re

Vr/ iru dq| 0 : fc �qg d B vxfk wkdw ZEeSEB�ceSEB�� : ZESWc SW� � 0 +zkhuh lq wkh gl�huhq0

wldeoh fdvh/ zh xvh wkh frqwlqxlw| ri ZE�c ��c dqg/ dv douhdg| uhpdunhg/ *�4B<� eSEB� ' S
W�1

Iurp Sursrvlwlrqv 614 dqg 615/ dw Bc eS| $ eSEB�c vr kroglqj ieS|j
"

|'�
�{hg/ *�4B<�E� �

B�
S
"

|'�
B
|3�

ZEeS|ceS|�$ ZEeSEB�ceSEB��c dqg khqfh wkhuh h{lvwv d B
�

: B vxfk wkdw iru B vdwlv0

i|lqj B
�

	 B 	 �c E� � B�
S
"

|'�
B
|3�

ZEeS|ceS|� : ZESWc SW�� 0� Vlqfh ieS|j
"

|'�
lv dq htxloleulxp

vhtxhqfh iru vxfk Bc wkh h!flhqw sdwk dw vxfk B pxvw dovr jlyh d sd|r� juhdwhu wkdq

ZESWc SW�� 0� Dv 0 lv duelwudu|/ wklv frpsohwhv wkh surri1 �

Dq dowhuqdwlyh zd| ri ylhzlqj wklv uhvxow lv wr qrwh wkdw li zh vkulqn wkh shulrg ohqjwk/

kroglqj sd|r�v shu xqlw ri wlph frqvwdqw/ wkhq lqh!flhqf| glvdsshduv dv shulrg ohqjwk

jrhv wr }hur148

71 D Prgho zlwk Dgmxvwphqw Frvwv

Wkh prgho vwxglhg deryh lv yhu| vw|ol}hg1 Lq pdq| hfrqrplf dssolfdwlrqv/ luuhyhuvlelolw|

dulvhv pruh qdwxudoo| zkhq wkhuh lv d vwrfn yduldeoh zklfk ehqh�wv erwk sod|huv/ dqg d

 rz ru lqfuhphqwdo yduldeoh zklfk lv frvwo| wr lqfuhdvh/ dqg lv qrqqhjdwlyh1 Wklv qrq0

qhjdwlylw| frqvwudlqw lpsolhv wkdw wkh ydoxh ri wkh vwrfn yduldeoh fdq qhyhu idoo l1h1 wkh

vwrfn yduldeoh lv luuhyhuvleoh1 Khuh/ zh suhvhqw d prgho zlwk wkhvh ihdwxuhv/ dqg vkrz wkdw

lw fdq eh uhirupxodwhg vr wkdw lw lv d vshfldo fdvh ri rxu edvh prgho1

Sod|hu �
�
r sd|r� dw wlph | lv

�ES�c|c S�|�� kES�c| � S�c|3��c +714,

48
Li � lv glvfrqwlqxrxv exw rwkhuzlvh vdwlv�hv rxu dvvxpswlrqv wkhq dv|pswrwlf h!flhqf| fdq idlo1

Frqvlghu dq h{dpsoh lq zklfk sod|hu l ehqh�wv rqo| iurp m*v fm > zlwk dq xszdugv mxps lq sd|r� dw
frpsohwlrq +fm @ f

�,/ dqg vx�huv frqwlqxrxv +lqfuhdvlqj, frvwv iurp fl= Ohppd 514 vwloo dssolhv/ vr
fl>w ? f

�

> doo w> dqg wkh sd|r� mxps lv qhyhu uhdolvhg qr pdwwhu krz sdwlhqw wkh sod|huv1
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zlwk � lqfuhdvlqj lq erwk dujxphqwv/ dqg zlwk k : f ehlqj wkh frvw ri dgmxvwphqw� Khuh/

S�c| lv wr eh lqwhusuhwhg dv �
�
r fxpxodwlyh lqyhvwphqw lq/ ru wkh vwrfn ohyho ri/ wkh frrshud0

wlyh dfwlylw|1 Zh dvvxph wkdw wkh lqyhvwphqw  rz lv qrqqhjdwlyh/ zklfk lpsolhv wkdw wkh

vwrfn ohyho ri frrshudwlrq lv luuhyhuvleoh/ l1h1/ S�c| � S�c|3�/ � ' �c 2�

Zh qrz surfhhg dv iroorzv1 Wkh suhvhqw ydoxh sd|r� iru � lq wklv prgho lv

�� ' �ES�c�c S�c�� � kES�c� � S�cf� n Bd�ES�c2c S�c2� � kES�c2 � S�c��o n � � �

'
"[

|'�

B
|3�d�ES�c|c S�|�� kE� � B�S�c|o n kS�cf�

Dv lqlwldo ohyhov ri frrshudwlrq S�cfc S2cf duh �{hg/ zh fdq wklqn ri wklv prgho dv d vshfldo

fdvh ri wkh prgho ri wkh suhylrxv vhfwlrq +l1h1 zlwkrxw dgmxvwphqw frvwv, zkhuh shu0shulrg

sd|r�v duh

ZESc S�� ' �ESc S��� kE� � B�S� +715,

Ri frxuvh/ zh uhtxluh wkdw Z gh�qhg lq +715, vdwlv�hv wkh frqglwlrqv lpsrvhg lq Vhfwlrq 5/

dqg dovr vdwlv�hv wkh uhohydqw frqglwlrqv ri hlwkhu wkh gl�huhqwldeoh ru olqhdu nlqnhg fdvh1

Li wklv lv wkh fdvh/ wkhq Sursrvlwlrqv 614 dqg 615 dsso| gluhfwo|1

Zh qrz vwxg| wzr lpsruwdqw hfrqrplf dssolfdwlrqv xvlqj wklv h{whqvlrq ri rxu edvlf

prgho1 Wkhvh duh qrw wkh rqo| wrslfv wkdw fdq eh vwxglhg lq wklv zd|/ exw wkh| duh fkrvhq

wr looxvwudwh wkh srzhu dqg  h{lelolw| ri rxu dssurdfk1

7141 G|qdplf Yroxqwdu| Frqwulexwlrq Jdphv

Wkhuh lv qrz d vpdoo olwhudwxuh +Dgpdwl dqg Shuu| +4<<4,/ Ihuvkwpdq dqg Qlw}dq +4<<4,/

Pdu{ dqg Pdwwkhzv +4<<;,,/ rq g|qdplf jdphv zkhuh sod|huv fdq vlpxowdqhrxvo| ru vh0

txhqwldoo| pdnh frqwulexwlrqv wrzdugv wkh frvw ri d sxeolf surmhfw1 Wkh sdshu lq wklv

olwhudwxuh +Pdu{ dqg Pdwwkhzv +4<<;,, wkdw lv forvhvw wr rxu zrun lv rqh zkhuh frqwulex0

wlrqv duh pdgh vlpxowdqhrxvo|/ dqg zkhuh wkh ehqh�wv iurp wkh surmhfw duh sursruwlrqdo

wr wkh dprxqw frqwulexwhg +xs wr d pd{lpxp/ dw zklfk srlqw wkh surmhfw lv frpsohwhg,1

Zh zloo vkrz wkdw d vshfldo fdvh ri Pdu{ dqg Pdwwkhzv* prgho fdq eh zulwwhq dv dq

dgmxvwphqw frvw jdph dv deryh/ dqg wkdw Sursrvlwlrq 615 deryh fdq eh dssolhg wr h{whqg

vrph ri wkhlu uhvxowv1
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Pdu{ dqg Pdwwkhzv +4<<;, frqvlghu d prgho lq zklfk � lqglylgxdov vlpxowdqhrxvo|

pdnh qrqqhjdwlyh sulydwh frqwulexwlrqv/ lq hdfk ri d �qlwh ru lq�qlwh qxpehu ri shulrgv/

wr d sxeolf surmhfw1 Zh dvvxph wkdw � ' 2/ dqg ohw S�c| eh wkh fxpxodwlyh frqwulexwlrq

ri d qxphudluh sulydwh jrrg e| � wrzdugv wkh sxeolf surmhfw1 Lqglylgxdov rewdlq d  rz ri

xwlolw| � ' E�� B��E�� iurp wkh djjuhjdwh fxpxodwlyh frqwulexwlrq S�c|n S2c|/ zkhuh �E�� lv

slhfhzlvh olqhdu=

�ES�c S2� '

�
bES� n S2� li S� n S2 	 2SW ' �W

b�W

n K li S� n S2 � �W

zkhuh zh iroorz dv forvho| dv srvvleoh wkh qrwdwlrq ri Pdu{ dqg Pdwwkhzv1 Wkxv djhqwv

jhw ehqh�w b iurp hdfk xqlw ri fxpxodwlyh frqwulexwlrq/ dqg dq dgglwlrqdo ehqh�w K � f

zkhq wkh surmhfw lv �frpsohwhg�/ l1h1/ zkhq wkh vxp ri fxpxodwlyh frqwulexwlrqv uhdfkhv

�W1 Dovr/ wkh frvw wr � ri dq lqfuhphqw S�c|�S�c|3� lq wkh fxpxodwlyh frqwulexwlrq lv vlpso|

S�c| � S�c|3�1 Zh frqvlghu wkh fdvh zkhuh K ' f dqg wkh wlph krul}rq lv lq�qlwh +wkh K ' f

fdvh xqudyhov rwkhuzlvh,1 Dovr lw lv dvvxphg wkdw f�D 	 b 	 �/ vr wkdw lw lv vrfldoo| h!flhqw

wr frpsohwh wkh surmhfw +lpphgldwho|/ lq idfw,/ exw qrw sulydwho| h!flhqw wr frqwulexwh

dq|wklqj1

Wkhq/ iurp +715,/ shu shulrg sd|r�v lq wkh htxlydohqw uhshdwhg jdph duh

ZES�c S2� ' E�� B��ES�c S2�� E� � B�S�

'

�
E� � B�dEb � ��S� n bS2o li S� n S2 	 2SW ' �W

E�� B�b�W

� E� � B�S� li S� n S2 � �
W

Vr/ Z� ' E� � B�Eb � �� 	 f/ Z2 ' E� � B�b : f1 Wkxv/ doo wkh frqglwlrqv ri wkh olqhdu

nlqnhg fdvh duh vdwlv�hg/ dqg vr Sursrvlwlrq 615 dssolhv gluhfwo| wr wklv yhuvlrq ri wkh

Pdu{0Pdwwkhzv prgho1

Iluvw/ zh fdq gh�qh wkh fulwlfdo ydoxh ri B lq Sursrvlwlrq 615 dv

	B '
�Z�

Z2

'

E�� b�

b
�

Wzr uhvxowv wkhq iroorz gluhfwo| iurp rxu Sursrvlwlrq 615 dqg lwv surri=

41 Li B : 	B/ wkhuh lv d fodvv ri htxloleuld/ lqgh{hg e| wkh lqlwldo frqglwlrq S�c zkhuh hdfk

sod|hu*v fxpxodwlyh frqwulexwlrq S| frqyhujhv wr S
W/ ru lqghhg wr dq| ydoxh ohvv wkdq ru

htxdo wr S
W1 Dorqj wkh htxloleulxp sdwk/ lqfuhphqwdo frqwulexwlrqv idoo dw udwh E�3b�

Bb
�1
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Wkh h!flhqw v|pphwulf htxloleulxp kdv lqlwldo frqwulexwlrq S� ' S
WE�� E�3b�

Bb
�c dqg hdfk

sod|hu*v fxpxodwlyh frqwulexwlrq S| frqyhujhv wr S
W

�

51 Li B � 	B/ wkhq qr frqwulexwlrqv duh pdgh lq dq| htxloleulxp1

Uhvxow 4 vkdushqv Sursrvlwlrq 6 dqg Fruroodu| 6+ll, ri Pdu{ dqg Pdwwkhzv/ zkr vkrz

wkdw iru B : 	Bc wkhuh lv dq htxloleulxp zlwk S| $ S
W

/ dqg wkdw iru B * �/ wklv htxloleulxp lv

dssur{lpdwho| h!flhqw1 Lq wkh vshfldo fdvh ri ? ' 2 dqg K ' fc zh qrw rqo| frq�up wkhlu

uhvxowv/ exw dovr vkrz wkdw wkh htxloleulxp wkh| frqvwuxfw lv wkh h!flhqw htxloleulxp iru

dq| B1: 	B� Dovr/ Uhvxow 5 lv d frpsohwh frqyhuvh uhvxow wr wkhlu Sursrvlwlrq 61

7151 Fdsdflw| Uhgxfwlrq lq d Ghfolqlqj Lqgxvwu|

Wkhuh lv qrz d olwhudwxuh rq wkh htxloleulxp hyroxwlrq ri fdsdflw| lq dq lqgxvwu| zkhuh

ghpdqg lv ghfolqlqj ryhu wlph +Vhh Jkhpdzdw dqg Qdohex� +4<<3, dqg wkh uhihuhqfhv

wkhuhlq,1 Iru wudfwdelolw|/ wklv olwhudwxuh dvvxphv wkdw surgxfw ghpdqg ghfolqhv dv|ps0

wrwlfdoo| wr }hur> d edfnzdug lqgxfwlrq dujxphqw fdq wkhq eh xvhg wr hvwdeolvk wkh htxl0

oleulxp sdwwhuq ri fdsdflw| uhgxfwlrq e| �upv1 Rxu iudphzrun doorzv xv wr ghdo zlwk wkh

pruh jhqhudo fdvh zkhuh ghpdqg grhv qrw ghfolqh wr }hur1

Wkh prgho lv d prgl�fdwlrq ri wkdw ri Jkhpdzdw dqg Qdohex� +4<<3,1 Wkhuh lv d

gxrsro| zkhuh hdfk �up � ' �c 2c kdv lqlwldo fdsdflw| dw wlph }hur ri &f1 Lq dq| shulrg/ wkh

rxwsxw ri �up � pxvw eh qr juhdwhu wkdq fdsdflw|/ l1h1/ %�c| � &�c|1 Ghpdqgv dqg frvwv duh

dv iroorzv1 Dw wlph |/ hdfk �up idfhv wkh olqhdu lqyhuvh ghpdqg vfkhgxoh R| ' @|�%�|�%2|1

Wkhuh lv qr vkruw0uxq frvw ri surgxfwlrq/ exw wkhuh lv d shu0shulrg frvw ri pdlqwdlqlqj

fdsdflw| � : f/ dqg d frvw j : f ri vfudsslqj fdsdflw|/ zlwk wkh  rz frvw ri vfudsslqj

ohvv wkdq pdlqwhqdqfh/ l1h1/ jE� � B� 	 �1 Lw lv dvvxphg wkdw fdsdflw|/ rqfh zlwkgudzq/

fdqqrw eh uhlqwurgxfhg +iru h{dpsoh/ wkh fdslwdo vwrfn pd| frqvlvw ri vshfldol}hg fdslwdo

jrrgv zklfk duh qr orqjhu pdqxidfwxuhg,1

Zlwklq d shulrg/ wkh surgxfwlrq ghflvlrq lv ghohjdwhg wr p|rslf pdqdjhuv zkr hqjdjh

lq Frxuqrw frpshwlwlrq/ vr rxwsxw frqglwlrqdo rq fdsdflw| lv

%�c| ' 4�?i&�c|c @|*�jc +716,

zkhuh @|*� lv xqfrqvwudlqhg Frxuqrw rxwsxw dw wlph |� Zh dvvxph wkdw dw wkh ehjlqqlqj

4:



ri shulrg 4/ @| idoov shupdqhqwo| iurp @f wr @�/ l1h1/ wkh vl}h ri wkh pdunhw ghfolqhv rqfh

dqg iru doo149 Zh vxssrvh wkdw lqlwldo fdslwdo vwrfnv kdyh ehhq vhw vr dv wr irufh pdqdjhuv

wr surgxfh dw mrlqw sur�w0pd{lpl}lqj rxwsxwv/ wdnlqj lqwr dffrxqw wkh frvw ri fdslwdo/ dqg

dgmxvwphqw frvwv/ dw wkh lqlwldo ohyho ri ghpdqg/ l1h1/

&f '
E@f � � n jE�� B��

e
� +717,

D vwru| frqvlvwhqw zlwk wklv lv wkdw lq wkh +glvwdqw, sdvw/ wklv lqgxvwu| kdv douhdg| ehhq

klw e| d qhjdwlyh ghpdqg vkrfn/ dqg kdv dgmxvwhg wr wkh rog orqj0uxq htxloleulxp14: Qrwh

wkdw fxwwlqj fdsdflw| fdq dfw dv d zd| ri frpplwwlqj wr d orzhu ohyho ri rxwsxw wkdq

wkh Frxuqrw vroxwlrq1 Wkh txhvwlrq lv/ li ghpdqg idoov/ fdq wkh �upv fxw wkhlu fdsdflwlhv

vx!flhqwo| vr dv wr uhdfk wkh mrlqw sur�w pd{lplvlqj ohyhoB

Lw lv frqyhqlhqw wr dvvxph wkdw wkh ghfolqh lq wkh pdunhw lv qrw wrr odujh/ l1h1/

�@f

e
� @�� +718,

Lq wklv fdvh/ pdqdjhuv zloo dozd|v eh frqvwudlqhg e| fdsdflw|14; Vr/ li +718, krogv/ sur�w

lq shulrg | fdq eh zulwwhq

Z�c| ' @�&�c| � &�c| � &�c|&�c| � �&�c| � jE&�c|3� � &�c|�

� 	ZE&�c|c &�c|�� jE&�c|3� � &�c|��

Vr/ wkh ixoo| h!flhqw fdslwdo vwrfn dw wkh qhz ohyho ri ghpdqg/ &Wcpd{lpl}hv
S
"

|'�
B
|3�EZ�c|n

Z2c|�/ ��e�c

&W '
@� � � n jE�� B�

e
c

dqg dgmxvwphqw vkrxog eh lpphgldwh1 Qrwh wkdw &W 	 &f1

Qrz gh�qh wkh ohyho ri frrshudwlrq ri �up � wr eh wkh dprxqw ri fdslwdo vfudsshg/

S�c| G' &f � &�c|/ vr S�cf ' f/ S
W

' &f � &
W1 Vr/ iurp +715, zh fdq zulwh sur�w dv d ixqfwlrq

ri frrshudwlrq ohyhov=

ZES�c|c S�c|� G' 	ZE&f � S�c|c &f � S�c|�� jE� � B�S�c|� +719,

49Wklv lv lq frqwudvw wr Jkhpdzdw dqg Qdohex� zkr pdnh wkh dvvxpswlrq ri d frqvwdqwo| ghfolqlqj

pdunhw/ dq dvvxpswlrq zklfk lpsolhv d edfnzdugv xqudyhoolqj uhvxow dqg d xqltxh htxloleulxp1 E|

frqwudvw khuh wkhuh zloo eh pdq| htxloleuld1
4:Dowkrxjk/ dv zh vkdoo vhh/ wklv vwdwhphqw lv rqo| dssur{lpdwho| fruuhfw li � lv qhdu 4=
4;Wr vhh wklv/ qrwh wkdw +718, lpsolhv nlw � n3 @

+d3�#.�+4��,,
7

�
d4

6
dv # A �+4� �, e| dvvxpswlrq1

4;



Dv ZES�c|c S�c|� lv qrq0olqhdu/ wkh uhohydqw fdvh lv wkh gl�huhqwldeoh fdvh1 Wr dsso| Sursrvl0

wlrq 614/ zh qhhg wr yhuli| wkh dvvxpswlrqv ri wkh gl�huhqwldeoh fdvh1 E| gluhfw fdofxodwlrq/

zh kdyh=

Z� ' �@� n � n 2&�c| n &�c| � jE�� B�(

Z2 ' &�c|(

Z�� ' �2c Z22 ' fc Z�2 ' ���

Vr/ doo wkh gl�huhqwldeoh fdvh frqglwlrqv duh vdwlv�hg li Z� 	 fc zklfk lq wxuq lv vdwlv�hg

li +718, krogv dqg fdsdflw| +qhw ri vfudsslqj, frvwv duh vpdoo4<1

Rxu uhvxowv iru wkh gl�huhqwldeoh fdvh wkhq dsso| gluhfwo|1 Lq sduwlfxodu/ rq wkh

h!flhqw v|pphwulf sdwk S�c| ulvhv dv|pswrwlfdoo| wr eS/ zkhuh eS lv gh�qhg lq +614, deryh1

Zh fdq h{suhvv wklv lq whupv ri wkh fdslwdo vwrfn= &�| ghfolqhv dv|pswrwlfdoo| wr 	&/ zkhuh

	& vroyhv
	Z�E	&c 	&�

	Z2E	&c 	&�
' B�

Ru/ xvlqj +719,/ zh jhw=

@� � � � 2	& � 	& n jE�� B�
	&

' B�

Vroylqj/ zh jhw

	& '
@� � � n jE�� B�

� n B
: &W�

Vr/ iru B 	 �c wkh gxrsrolvwv fdqqrw fuhgleo| uhgxfh fdsdflw| wr wkh qhz mrlqw sur�w0

pd{lpl}lqj ohyho &W/ hyhq dv|pswrwlfdoo|1 Doo wkh| fdq pdqdjh lv wr irufh grzq fdslwdo

vwrfnv wr 	&/ vr wkhuh zloo eh h{fhvv fdsdflw| dqg rxwsxw lq wkh lqgxvwu| +uhodwlyh wr mrlqw

sur�w pd{lpl}dwlrq,/ hyhq lq wkh orqj0uxq1 Dv B$ �/ wkh dprxqw ri h{fhvv fdsdflw| jrhv

wr }hur1

81 Uhyhuvleoh Frrshudwlrq

Vr idu/ zh kdyh dvvxphg wkdw frrshudwlrq lv frpsohwho| luuhyhuvleoh1 Wklv lv fohduo| d

vwurqj dvvxpswlrq1 Lq wklv vhfwlrq/ zh h{dplqh wr zkdw h{whqw rxu uhvxowv duh urexvw wr

4<
Wr vhh wklv qrwh wkdw �4 ? 3 li nlw ?

+d4�#.�+4��,,
6 = Exw li fdsdflw| +qhw ri vfudsslqj, frvwv duh vpdoo

+# * �+4� �,,/ nlw � n3 @
+d3�#.�+4��,,

7
*

d3
7
?

d4

6
*

d4�#.�+4��,
6

dv uhtxluhg1

4<



d uhod{dwlrq ri wklv dvvxpswlrq1 Vxssrvh wkdw zh prgli| wkh luuhyhuvlelolw| frqvwudlqw wr

S�c| � 4S�c|3�c f � 4 � �c

zkhuh wkh ghjuhh ri luuhyhuvlelolw| lv sdudphwhul}hg e| 4( frpsohwh luuhyhuvlelolw| lv 4 ' �/

dqg d vwdqgdug uhshdwhg jdph lv 4 ' f1 Wkh �uvw�dqg lpsruwdqw�srlqw lv wkdw wkh

h�hfw ri orzhulqj 4 iurp 4 rq wkh h!flhqw v|pphwulf sdwk lv qrw fohdu zlwkrxw ixuwkhu

dqdo|vlv/ ehfdxvh ri wzr h�hfwv wkdw zrun lq rssrvlwh gluhfwlrqv1

Wkh �uvw h�hfw ri d vpdoohu 4 lv wr pdnh ghyldwlrq pruh sur�wdeoh> wkh ghyldwru dw

| fdq orzhu klv frrshudwlrq ohyho dw | wr 4S|3� 	 S|3�/ udwkhu wkdq nhhs lw dw S|3�1 Wkh

vhfrqg h�hfw lv wr pdnh sxqlvkphqw pruh vhyhuh> wkh zruvw srvvleoh shuihfw htxloleulxp

sxqlvkphqw ri wkh ghyldwru lv iru wkh rwkhu sod|hu wr uhgxfh klv frrshudwlrq dv idvw dv

srvvleoh ryhu wlph/ udwkhu wkdq mxvw qrw lqfuhdvh lw1 D sulrul/ lw lv qrw fohdu zklfk h�hfw zloo

grplqdwh1 Qhyhuwkhohvv/ zh duh deoh wr vkrz wkdw iru d vpdoo dprxqw ri uhyhuvlelolw| wkh

vhfrqg h�hfw grplqdwhv/ dqg lq wkh olqhdu fdvh lw grplqdwhv iru dq| ghjuhh ri uhyhuvlelolw|1

Vshfl�fdoo|/ zh vkrz wkdw orzhulqj 4 voljkwo| iurp 4 ' � uhod{hv wkh lqfhqwlyh frq0

vwudlqwv> wkdw lv/ dq| sdwk wkdw lv dq htxloleulxp zkhq 4 ' � lv dovr dq htxloleulxp sdwk

zkhq 4 lv voljkwo| orzhu wkdq rqh/ dqg pruhryhu ehfdxvh wkh lqfhqwlyh frqvwudlqwv ehfrph

vodfn/ dq lpsuryhg sdwk fdq eh irxqg/ vr wkdw sd|r�v lqfuhdvh1

Frqvlghu d ghyldwlrq e| � iurp vrph v|pphwulf sdwk iS|j
"

|'�
dw |1 Wkh zruvw vxejdph0

shuihfw sxqlvkphqw wkdw � fdq lpsrvh rq � lv wr uhgxfh frrshudwlrq e| wkh pd{lpxp

dprxqw lq hyhu| shulrg iroorzlqj |/ l1h1/ wr vhw S�c|n� ' 4S|c S�c|n2 ' 4
2
S|/ hwf1 Frqvhtxhqwo|/

wkh prvw sur�wdeoh ghyldwlrq � fdq pdnh lv wr orzhu klv frrshudwlrq e| wkh pd{lpxp

ihdvleoh dprxqw dw |/ l1h1/ vhw S�c| ' 4S|3�1 Vr/ wkh pd{lpdo sd|r� wr ghyldwlrq dw | lv

{E4( S|3�c S|� G' ZE4S|3�c S|�n BZE42S|3�c 4S|�n B
2ZE4�S|3�c 4

2
S|�n � � �

Wkhq/ iS|j
"

|'�
lv dq htxloleulxp sdwk li dqg rqo| li lw vdwlv�hv iru doo | � � G

{E4( S|3�c S|� � ZES|c S|� n BZES|n�c S|n��n B2ZES|n2c 4S|n2� n � � � +814,

Dq h!flhqw +v|pphwulf, htxloleulxp sdwk lv gh�qhg qrz dv wkh sdwk wkdw pd{lpl}hv

wkh xwlolw| ri hlwkhu djhqw vxemhfw wr wkh vhtxhqfh ri frqvwudlqwv +814,1
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Lq rughu wr fkdudfwhul}h h!flhqw sd|r�v/ wkh uhohydqw uhvxowv h{whqglqj Ohppdv 407

duh froohfwhg ehorz=

Ohppd 8141 Zlwk uhyhuvlelolw|/ wkhuh h{lvwv dq h!flhqw v|pphwulf htxloleulxp vhtxhqfh

ieS|j
"

|'�
vxfk wkdw +l, eS|3� � eS| � S

W

iru doo | � �c +ll, li eS| 	 SWc wkhq +814, krogv zlwk

htxdolw|/ +lll, ieS|j lv wkh xsshu hqyhorsh ri doo htxloleulxp vhtxhqfhv zklfk qhyhu h{fhhg

S
W

�

Surri1 Vhh Dsshqgl{1 �

Li S
W lv wkh xqltxh pd{lpl}hu ri ZESc S�cwkhq wkh vhtxhqfh ieS|j

"

|'�
fkdudfwhul}hg lq wkh

ohppd lv wkh xqltxh h!flhqw v|pphwulf htxloleulxp rxwfrph sdwk> rwkhuzlvh wkhuh pd|

eh pxowlsoh h!flhqw sdwkv gl�hulqj rqo| lq wkh lqwhufkdqjh ri h!flhqw ohyhov ri Sc exw wkh|

gr qrw gl�hu ehiruh vxfk ohyhov duh dwwdlqhg1 Lq zkdw iroorzv/ wkh ch!flhqw htxloleulxp

sdwk* lv xqghuvwrrg wr uhihu wr wkh rqh zklfk grhv qrw h{fhhg S
W

�

Xvlqj Ohppd 814/ zh qrz wxuq wr glvfxvv wkh lpsdfw ri d vpdoo dprxqw ri luuhyhuvlelo0

lw|/ dqg zh ehjlq zlwk wkh gl�huhqwldeoh fdvh1 Ohw ieS|E4�j"|'� eh wkh h!flhqw htxloleulxp

sdwk lq wkh 4�uhyhuvleoh jdph/ ohw eS
"
E4� eh lwv olplw +zklfk h{lvwv e| Ohppd 814,/ dqg

ohw

	�E4� G' E� � B�
"[

|'�

B
|3�

ZEeS|E4�ceS|E4��

eh wkh sd|r� iurp wklv h!flhqw sdwk/ doo iru vrph �{hg glvfrxqw idfwru B 	 �1 Wkhq zh

kdyh wkh iroorzlqj=

Sursrvlwlrq 8151 Lq wkh gl�huhqwldeoh fdvh/ surylghg eS
"

E�� : fc wkhuh h{lvwv 4c � : 4 :

fc vxfk wkdw li � : 4 : 4/ wkhq +l, li ieS|E4�j
"

|'�
lv wkh h!flhqw htxloleulxp sdwk lq wkh

luuhyhuvleoh fdvh/ lw lv dovr dq htxloleulxp sdwk lq wkh 4�uhyhuvleoh fdvh> +ll, eS
"
E4� : eS

"
E��

E� eS�( +lll, 	�E4� : 	�E���

Surri1 Vhh Dsshqgl{1 �

Wkh uhdvrqlqj ehklqg wklv uhvxow lv wkdw d vpdoo dprxqw ri luuhyhuvlelolw| uhod{hv wkh

lqfhqwlyh frqvwudlqwv lq hyhu| wlph shulrg/ doorzlqj hyhu| frpsrqhqwv ri wkh h!flhqw sdwk

wr eh udlvhg voljkwo| dv 4 ghfuhdvhv voljkwo| iurp �1 Wklv lq wxuq lpsolhv wkdw wkh olplw
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ydoxh ri wkh h!flhqw sdwk lv kljkhu/ dv zhoo dv wkh suhvhqw glvfrxqwhg sd|r� iurp wkh

h!flhqw sdwk1

Zh qrz wxuq wr wkh olqhdu nlqnhg fdvh1 Zh vkdoo �uvw fkdudfwhul}h wkh vhtxhqfh iS|j
"

|'�

ghvfulehg lq Ohppd 8141 Iurp +ll, ri wkh ohppd/ li S| 	 S
W

dqg S|n� 	 S
W wkhq +814� krogv

zlwk htxdolw| dw erwk gdwhv/ dqg vxevwlwxwlqj rxw wkh frqwlqxdwlrq htxloleulxp sd|r�v

diwhu |n � |lhogv

"[

�'�

B
�3�EZ�4

�
S|3� n Z24

�3�
S|� ' Z�S| n Z2S| n B

#
"[
�'�

B
�3�EZ�4

�
S| n Z24

�3�
S|n��

$

ru

Z�4S|3� n Z2S|

� � 4B
' Z�S| n Z2S| n

Z�4S| n Z2S|n�

� � 4B
c

zklfk fdq eh vlpsol�hg wr

S|n� � 4S| ' �
Z�

BZ2

ES| � 4S|3���

Jlyhq wkdw S� � 4Sf ' S�c wklv fdq eh vroyhg iru

S| ' E4|3�
n 4

|32
@n 4

|3�
@
2
� � �n 4@

|32
n @

|3��S�c +815,

zkhuh @ ' � Z�

BZ2
dv ehiruhc dqg qrwh wkdw iru 4 ' � +luuhyhuvlelolw|,/ +815, uhgxfhv wr +617,1

+Li 4 9' @ wkhq wkh vroxwlrq fdq eh zulwwhq S| '
E4|
3@

|�
E43@�

S���

Zh fdq qrz suryh=

Sursrvlwlrq 8161 Lq wkh olqhdu nlqnhg fdvh/ +l, li @E' � Z�

BZ2
� 	 � +vr d qrq0wulyldo htxl0

oleulxp h{lvwv zlwk luuhyhuvlelolw|, wkhq sd|r�v lq h!flhqw v|pphwulf htxloleulxp duh d

vwulfwo| ghfuhdvlqj ixqfwlrq ri 4 zkhqhyhu wkh| duh ehorz wkh �uvw0ehvw ohyho +zklfk wkh|

duh dw 4 ' ��1 Pruhryhu li 4 	 � wkh surmhfw lv frpsohwhg lq �qlwh wlph +l1h1/ S| ' S
W

iru vrph | 	 4�� +ll, Li @ : �c wkhq S| ' f iru doo |c iru doo 4 5 Efc �o lq dq| v|pphwulf

htxloleulxp1 +lll, Li @ ' �c wkhq wkh surmhfw lv frpsohwhg dv|pswrwlfdoo| iru 4 5 Efc ���

Surri1 Vhh Dsshqgl{1 �

Uhfdoo wkdw li 4 ' �c qr qrq0wulyldo htxloleulxp h{lvwv li @ � �c zkloh li 4 ' f +uhshdwhg

jdph, lw fdq eh fkhfnhg wkdw wkh �uvw ehvw lv dwwdlqdeoh +lpphgldwho|, li @ � �c rwkhuzlvh
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wkhuh lv qr qrq0wulyldo htxloleulxp1 Wkh sdwk xvhg lq wkh surri ri sduw +l,/ zklfk vdwlv�hv

+815, xs wr lwv pd{lpxp ydoxh/ lv qrw wkh h!flhqw sdwk xqohvv wklv pd{lpxp rffxuv dw

| ' �c vlqfh hdfk lqfhqwlyh frqvwudlqw xs wr |W lv vodfn/ ylrodwlqj Ohppd 814+ll,1 Vr wkh

h!flhqw sdwk dovr vdwlv�hv +815, vr orqj dv S| 	 SWc exw S� lv kljkhu wkdq lq wkh frqvwuxfwlrq

ri wkh surri +rwkhuzlvh Ohppd 814+lll, lv ylrodwhg,1

91 Dv|pphwulf Frrshudwlrq

Vr idu/ zh kdyh rqo| frqvlghuhg v|pphwulf sdwkv/ l1h1/ zkhuh S�c| ' S2c| ' S|� D qdwxudo

txhvwlrq lv zkhwkhu wkh djhqwv frxog dfklhyh kljkhu +h{shfwhg, htxloleulxp sd|r�v e|

sod|lqj dv|pphwulfdoo|1 D ixuwkhu uhodwhg txhvwlrq frqfhuqv wkh fkdudfwhulvwlfv ri h!flhqw

htxloleuld lq d prgho zkhuh djhqwv duh frqvwudlqhg wr pryh vhtxhqwldoo|> dv zh vkdoo vhh/

wklv lv d forvho| uhodwhg lvvxh dqg zloo eh frqvlghuhg ehorz1

Zh vkdoo frqvlghu wkhvh txhvwlrqv iru wkh olqhdu nlqnhg fdvh rqo|1 Ohw iS�c|c S2c|j
"

|'�

eh dq duelwudu| +srvvleo| dv|pphwulf, sdwk1 Wkhq/ e| d vlplodu dujxphqw wr wkdw jlyhq

lq Vhfwlrq 5/ vxfk d sdwk lv dq htxloleulxp sdwk li dqg rqo| li iru �c � ' �c 2c � 9' �c

| ' �c2c � � � c

Z�S�c|3� n Z2S�c|

�� B
� Z�S�c| n Z2S�c| n B EZ�S�c|n� n Z2S�c|n�� n ��� � +914,

Ohw �. eh wkh vhw ri htxloleulxp sdwkv +l1h1 vhtxhqfhv wkdw vdwlvi| +514, dqg +914,,1 Dovr/

ohw ��EiS�c|c S2c|j
"

|'�
� eh wkh qrupdol}hg +pxowlsolhg wkurxjk e| E�� B�, suhvhqw glvfrxqwhg

ydoxhv ri sd|r� wr � dvvrfldwhg zlwk d sdwk/ dqg ohw �. eh wkh lpdjh ri �. lq wkh vsdfh

ri qrupdol}hg suhvhqw glvfrxqwhg ydoxhv ri sd|r�v� l1h1/

�. ' iE��c�2� m�� ' ��EiS�c|c S2c|j
"

|'�
�c iS�c|c S2c|j

"

|'�
5 �./ � ' �c 2j

Rxu irfxv lq rq wkh vkdsh ri wkh h!flhqw iurqwlhu ri �.� Dv idu dv v|pphwulf htxloleuld

jr/ zh nqrz iurp Sursrvlwlrq 615 li B � 	B ' �Z�*Z2c qr frrshudwlrq lv srvvleoh/ zkhuhdv

li B : 	B/ frpsohwlrq htxloleuld h{lvw1 Iurp wkh v|pphwu| dvvxpswlrq rq sd|r�v/ �.

lv v|pphwulf derxw wkh 78J olqh1 Rqh lvvxh frqfhuqv wkh srvvlelolw| wkdw �. pd| eh d

qrq0frqyh{ vhw/ lq zklfk fdvh lw pd| eh rswlpdo iru wkh sod|huv wr udqgrpl}h ehwzhhq

wzr sxuh0vwudwhj| htxloleuld udwkhu wkdq sod| wkh h!flhqw v|pphwulf htxloleulxp1 Wkh
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iroorzlqj uhvxow/ zklfk fkdudfwhul}hv �. zkhq B : 	Bc hvwdeolvkhv wkdw wklv lv qrw wkh

fdvh/ dqg pruhryhu vkrzv wkdw wkh h!flhqw iurqwlhu ri �. lv olqhdu zlwk vorsh 04 qhdu wkh

78Jolqh/ vr lq whupv ri mrlqw sd|r�v/ d ghjuhh ri dv|pphwu| grhv qrw pdwwhu1 Wklv sduw ri

wkh iurqwlhu frqvlvwv ri sd|r�v iurp vhtxhqfhv zklfk vdwlvi| wkh lqfhqwlyh frqvwudlqwv zlwk

htxdolw| +wklv lv qr orqjhu wuxh iru h!flhqw sdwkv zlwk vx!flhqwo| dv|pphwulf sd|r�v,1

Sursrvlwlrq 9141 Dvvxph wkdw B : 	B ' �Z�*Z2� Wkhq/ �. lv frqyh{1 Pruhryhu/ wkh h!0

flhqw iurqwlhu ri �. kdv wkh iroorzlqj irup1 Wkhuh h{lvw srlqwv � ' E��c����/ � '+���c���c

rq wkh h!flhqw iurqwlhu ri �. zlwk �
�
: �

��
: f vxfk wkdw ehwzhhq D dqg E/ �� dqg �2

vxp wr d frqvwdqw P +l1h1/ wkh iurqwlhu ri �. lv olqhdu ehwzhhq � dqg � zlwk vorsh 04�� Iru

dq| srlqw rq wkh iurqwlhu ehorz D ru deryh E/ wkh vxp ri xwlolwlhv lv vwulfwo| ohvv wkdq P�

Surri1 Vhh Dsshqgl{1 �

Wkh Sursrvlwlrq lv looxvwudwhg lq Iljxuh 4 ehorz/

Iljxuh 4 lq khuh

zklfk vkrzv wkh jhqhudo vkdsh ri wkh iurqwlhu +dowkrxjk zh kdyh qr uhvxowv derxw wkh

vkdsh ri wkh iurqwlhu wr wkh ohiw ri E ru ehorz D/ h{fhsw wkdw lw pxvw eh ghvfulehg e| d

frqfdyh ixqfwlrq,1 Zh fdq dovr vd| vrphwklqj derxw krz wkh iurqwlhu vkliwv dv B fkdqjhv=

Sursrvlwlrq 9151 Wkh vhjphqw ri wkh h!flhqw iurqwlhu ehwzhhq D dqg E lv lqfuhdvlqj lq

B lq wkh vhqvh wkdw erwk ��*��� dqg P duh lqfuhdvlqj lq Bc dqg frqyhujhv wr wkh �uvw0ehvw

iurqwlhu dv B $ � +l1h1/ ���*��
$ f dqg P $ 2EZ� n Z2�S

W�� Dv B $ 	B @ �Z�*Z2 iurp

deryh/ �$ � dqg P$ f�

Surri1 Vhh Dsshqgl{1 �

Sursrvlwlrq 7 lv looxvwudwhg lq Iljxuh 5 ehorz/ zkhuh wkh vrolg olqh uhsuhvhqwv wkh

iurqwlhu dw d orzhu B dqg wkh grwwhg olqh wkh iurqwlhu dw d kljkhu ydoxh ri B1

Iljxuh 5 lq khuh
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Qrwh wkdw dv B $ �/ wkh h!flhqw iurqwlhu ehfrphv olqhdu hyhu|zkhuh zlwk vorsh htxdo

wr plqxv rqh 04/ l1h1/ lw frqyhujhv wr wkh �uvw0ehvw h!flhqw iurqwlhu1 Vr/ Sursrvlwlrq 915

jhqhudol}hv Fruroodu| 616 wr wkh fdvh ri dv|pphwulf sdwkv/ dw ohdvw lq wkh olqhdu nlqnhg

fdvh1

:1 Vhtxhqwldo Pryhv

Vr idu/ zh kdyh dvvxphg wkdw sod|huv fdq pryh vlpxowdqhrxvo|1 Krzhyhu/ lw pd| eh wkdw

sod|huv fdq rqo| pryh vhtxhqwldoo|/ h1j1/ Dgpdwl0Shuu| +4<<4,/ Jdoh +4<<:,1 Lq fhuwdlq

sxeolf jrrg frqwulexwlrq jdphv/ wkh dvvxpswlrq pdgh fdq d�hfw wkh frqfoxvlrqv vxevwdq0

wldoo|1 Lq wkh Dgpdwl0Shuu| prgho/ zkhuh sod|huv pryh vhtxhqwldoo|/ d qr frqwulexwlrq

uhvxow krogv zkhq qr sod|hu lqglylgxdoo| zrxog zdqw wr frpsohwh wkh surmhfw/ hyhq wkrxjk

lw pljkw eh mrlqwo| rswlpdo wr gr vr/ exw wklv uhvxow pd| glvdsshdu li wkh sod|huv fdq pryh

vlpxowdqhrxvo| +vhh Pdu{ dqg Pdwwkhzv +4<<:, iru d ixoo glvfxvvlrq ri wklv lvvxh,1 E|

frqwudvw/ zh vkdoo �qg wkdw lq rxu prgho/ htxloleuld lq wkh wzr fdvhv duh forvho| uhodwhg>

lqghhg/ wkh h!flhqw v|pphwulf htxloleulxp fdq �dssur{lpdwho|� eh lpsohphqwhg lq wkh

vhtxhqwldo pryh jdph1

Vxssrvh z1o1r1j1 wkdw sod|hu 4 fdq pryh dw hyhq shulrgv dqg sod|hu 5 dw rgg shulrgv1

Wkhq/ wklv pryh vwuxfwxuh lpsrvhv wkh frqvwudlqw wkdw

S�c| ' S�c|3�/ | ' �c�c D���� +:14,

S2c| ' S2c|3�/ | ' 2cec S����

Ohw wkh vhw ri doo sdwkv wkdw vdwlvi| +:14, eh �re^
� Wr eh dq htxloleulxp lq wkh vhtxhqwldo

jdph/ dq| sdwk iS�c|c S2c|j pxvw vdwlvi| wkh iroorzlqj lqfhqwlyh frqvwudlqwv1 Zkhq sod|hu

� pryhv dw | ' 2c ec ���c kh suhihuv wr udlvh klv ohyho ri frrshudwlrq iurp S|32 wr S| rqo| li

ZES�c|32c S2c|3� �

� � B
� ZES�c|c S2c|3��n BZES�c|c S2c|n�� n ���c | ' 2cec S��� +:15,

Vlploduo|/ zkhq sod|hu 2 pryhv dw | ' �c D���c kh suhihuv wr udlvh klv ohyho ri frrshudwlrq

iurp S2c|32 wr S2c| rqo| li

ZES2c|32c S�c|3��

� � B
� ZES2c|c S�c|3��n BZES2c|c S�c|n�� n ���c | ' �cDc .��� +:16,
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Zkhq sod|hu 5 pryhv dw shulrg 4/ +:16, lv prgl�hg e| wkh idfw wkdw 5 fdq uhyhuw wr Sf ' f/

udwkhu wkdq S
3�/ exw rwkhuzlvh wkh lqfhqwlyh frqvwudlqw lv wkh vdph/ l1h1/

�

ZEfc f�

� � B
� ZES2c�cf� n BZES2c�c S�c2� n ���� � +:17,

Ohw wkh vhw ri sdwkv lq �re^ wkdw vdwlvi| +:15,/+:16, dqg +:17, eh �re^

. � �re^�

Krzhyhu/ qrwh wkdw d sdwk lv lq �
re^

.
li dqg rqo| li lw lv dq +dv|pphwulf, htxloleulxp

sdwk vdwlvi|lqj +:14, lq wkh vlpxowdqhrxv pryh jdph vwxglhg deryh1 Wklv lv ehfdxvh lq

wkh vlpxowdqhrxv pryh jdph/ wkh lqfhqwlyh frqvwudlqwv lq wkh shulrgv zkhuh djhqwv gr qrw

kdyh wr pryh duh dxwrpdwlfdoo| vdwlv�hg/ dv qr djhqw olnhv wr fkrrvh d kljkhu S�c| wkdq

qhfhvvdu| +iurp Z ghfuhdvlqj lq lwv �uvw dujxphqw,1 Vr/ �re^

.
lv vlpso| wkdw vxevhw ri �.

dovr lq �re^/ l1h1/

�
re^

.
' �. _ �

re^
�

Vr/ wkh vhw ri ihdvleoh suhvhqw0ydoxh sd|r�v �
re^

. lv wkh lpdjh ri �
re^

. lq ?2 xqghu wkh sd|r�

ixqfwlrq / dqg frqvhtxhqwo|

�
re^

. � �.�

Wr vd| pruh wkdq wklv/ zh vkdoo jr wr wkh olqhdu nlqnhg fdvh/ lq zklfk fdvh zh kdyh

wkh iroorzlqj1 Gh�qh � G' E��
c�

��� dv lq Sursrvlwlrq 914 deryh/ dqg ohw 	� eh wkh suhvhqw

ydoxh sd|r� iurp wkh h!flhqw v|pphwulf sdwk lq wkh vlpxowdqhrxv pryh jdph/ vr wkdw

7 G' E	�c 	�� lv wkh htxdo xwlolw| srlqw rq wkh Sduhwr0iurqwlhu iru wkdw jdph1

Sursrvlwlrq :141 �
re^

.
lv frqyh{1 Dovr/ � lv lq �re^

.
c dqg iru dq| �{hg 0 : f/ wkhuh lv

d BE0� 	 �c dqg d srlqw � ' E	�re^

�
c
	�re^

2
� 5 �re^

.
vxfk wkdw 	�

re^

� : 	� � 0 c � ' �c 2 iru

B � BE0�� Frqvhtxhqwo|/ dv B $ �/ wkh Sduhwr iurqwlhu ri �
re^

.
lv dv|pswrwlfdoo| olqhdu

ehwzhhq V dqg D1

Surri1 Vhh Dsshqgl{1 �

Wklv Sursrvlwlrq lv looxvwudwhg lq Iljxuh 6 ehorz1 Lw vkrzv wkdw lq wkh vhtxhqwldo

pryh jdph/ iru orz glvfrxqwlqj/ zh fdq dssur{lpdwh �kdoi� wkh olqhdu sduw ri wkh Sduhwr0

iurqwlhu ri wkh vlpxowdqhrxv pryh jdph/ vr vhtxhqwldo pryhv qhhg qrw eh d eduulhu wr

h!flhqf|1

Iljxuh 6 lq khuh
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;1 Frqfoxvlrqv

Wklv sdshu kdv vwxglhg d vlpsoh g|qdplf jdph zkhuh wkh ohyho ri frrshudwlrq fkrvhq

e| hdfk sod|hu lq dq| shulrg lv luuhyhuvleoh1 Zh kdyh vkrzq wkdw luuhyhuvlelolw| fdxvhv

judgxdolvp/ l1h1/ dq| +vxejdph0shuihfw, vhtxhqfh ri dfwlrqv lqyroylqj sduwldo frrshudwlrq

fdqqrw lqyroyh dq lpphgldwh pryh wr ixoo frrshudwlrq/ dqg zh kdyh uh�qhg dqg h{whqghg

wklv edvlf lqvljkw lq ydulrxv zd|v1 Iluvw/ zh vkrzhg wkdw li sd|r�v duh gl�huhqwldeoh lq

dfwlrqv/ wkhq +iru d �{hg glvfrxqw idfwru,/ wkh ohyho ri frrshudwlrq dv|pswrwhv wr d olplw

vwulfwo| ehorz ixoo frrshudwlrq/ dqg wklv olplw ydoxh lv hdvlo| fkdudfwhul}hg1 Iru wkh fdvh

zkhuh sd|r�v duh olqhdu xs wr vrph mrlqw frrshudwlrq ohyho/ dqg frqvwdqw ru ghfuhdvlqj

wkhuhdiwhu/ wkh uhvxowv duh gl�huhqw � deryh vrph fulwlfdo glvfrxqw idfwru htxloleulxp

frrshudwlrq fdq frqyhujh dv|pswrwlfdoo| wr wkh ixoo| h!flhqw ohyho1 Ehorz wklv fulwlfdo

glvfrxqw idfwru/ qr frrshudwlrq lv srvvleoh1

Odwhu vhfwlrqv ri wkh sdshu wkhq h{whqg wkh edvlf prgho lq vhyhudo gluhfwlrqv1 Iluvw/

zh vwxglhg dq �dgmxvwphqw frvw� prgho zklfk lv dssolfdeoh wr d ydulhw| ri hfrqrplf

vlwxdwlrqv/ dqg vkrzhg wkdw lw fdq eh uhirupxodwhg vr wkdw lw lv d vshfldo fdvh ri rxu

edvh prgho1 Zh wkhq dssolhg wkh dgmxvwphqw frvw prgho wr vwxg| vhtxhqwldo sxeolf jrrg

frqwulexwlrq jdphv dqg fdsdflw| uhgxfwlrq lq d ghfolqlqj lqgxvwu|1

Rwkhu h{whqvlrqv zhuh wr doorz iru luuhyhuvlelolw|/ dv|pphwu|/ dqg vhtxhqwldo pryhv1

Krzhyhu/ lq doo wkhvh yduldqwv ri wkh edvh fdvh/ zh kdyh frqwlqxhg wr dvvxph wkdw wkh

xqghuo|lqj prgho lv v|pphwulf/ l1h1/ erwk sod|huv kdyh wkh vdph sd|r�v/ jlyhq d shupx0

wdwlrq ri wkhlu dfwlrq yduldeohv1 Wklv lv vrphzkdw uhvwulfwlyh> lq pdq| vlwxdwlrqv zkhuh

luuhyhuvlelolw| dulvhv qdwxudoo|/ h1j1 Frdvldq edujdlqlqj zlwkrxw hqirufhdeoh frqwudfwv exw

zkhuh dfwlrqv duh luuhyhuvleoh/ sd|r�v zloo eh dv|pphwulf1 Dqrwkhu olplwdwlrq ri wkh prgho

lv wkdw sod|huv rqo| kdyh d vfdodu dfwlrq yduldeoh> lq pdq| dssolfdwlrqv/ sod|huv kdyh vhy0

hudo dfwlrq yduldeohv/ dv lq/ iru h{dpsoh/ fdsdflw| uhgxfwlrq jdphv/ zkhuh �upv frqwuro

erwk fdsdflw| dqg rxwsxw1 H{whqglqj wkh prgho lq wkhvh gluhfwlrqv lv d surmhfw iru wkh

ixwxuh1
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Uhihuhqfhv

^4` Dgpdwl/ D1 U1 dqg P1 Shuu| +4<<4, �Mrlqw Surmhfwv zlwkrxw Frpplwphqw�/ Uhylhz

ri Hfrqrplf Vwxglhv/ 8;/ 58<05:91

^5` Edjzhoo/ N1 dqg U1Z1 Vwdljhu +4<<:, �JDWW0Wklqn�/ plphr/ Froxpeld Xqlyhuvlw|1

^6` Frpswh/ F1 dqg S1 Mhklho +4<<;, �Zkhq Rxwvlgh Rswlrqv Irufh Frqfhvvlrqv wr eh

Judgxdo�/ plphr/ F1H1U1D1V1/ Sdulv1

^7` Ihuvkwpdq/ F1 dqg V/ Qlw}dq +4<<4, �G|qdplf Yroxqwdu| Surylvlrq ri Sxeolf Jrrgv�/

Hxurshdq Hfrqrplf Uhylhz/ 68/ 438:0439:1

^8` Jdoh/ G1 +4<<:, �Prqrwrqh Jdphv�/ plphr/ Ghsduwphqw ri Hfrqrplfv/ Qhz \run

Xqlyhuvlw|1

^9` Jkhpdzdw/ S1 dqg E1 Qdohex� +4<<3, �Wkh Ghyroxwlrq ri Ghfolqlqj Lqgxvwulhv�/ Txdu0

whuo| Mrxuqdo ri Hfrqrplfv/ 49:04;91

^:` Pdu{/ O1 dqg V1D1 Pdwwkhzv +4<<;, �G|qdplf Yroxqwdu| Frqwulexwlrqv wr d Sxeolf

Surmhfw�/ Glvfxvvlrq Sdshu Qr1 <<034/ Xqlyhuvlw| ri Shqqv|oydqld
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D1 Dsshqgl{

Surri ri Ohppd 71 Vxssrvh wr wkh frqwudu| wkhuh h{lvwv d iS�

|
j"
|'�

lq �7. zlwk S
�

|
: eS|

iru vrph |1 Gh�qh iru doo | � fc �S| ' 4@ ieS|c S
�

|
j� Lw lv fohdu iurp Dvvxpswlrq D4 dqg

Ohppd 514 +l, wkdw

ZE�S|c �S|� � ZEeS|ceS|�/ doo |c +D14,

zlwk dw ohdvw rqh vwulfw lqhtxdolw|/ vr wkdw i�S|j
"

|'�
jlyhv erwk djhqwv d kljkhu sd|r� wkdq

ieS|j
"

|'�
1 Vr/ li zh fdq vkrz wkdw i�S|j

"

|'�
lv dq htxloleulxp vhtxhqfh/ wklv zloo frqwudglfw

wkh dvvxphg h!flhqf| ri ieS|j
"

|'�
dqg wkh uhvxow lv wkhq suryhg1

Vd| wkh vhtxhqfhv ieS|j
"

|'�
c iS�

|
j"
|'�

kdyh d furvvlqj srlqw dw � li S
�

�3�
� eS�3�c S

�

�
� eS�

zlwk dw ohdvw rqh vwulfw lqhtxdolw|/ ru S
�

�3�
� eS�3�c S

�

�
� eS� zlwk dw ohdvw rqh vwulfw

lqhtxdolw|1 Dovr/ gh�qh 7| ' ZES|c S|� n BZES|n�c S|n�� n � � � c vr wkdw �7| �
e7|c 7

�

�
e| +D14,1

Wkhuh duh wkhq wzr srvvlelolwlhv dw dq| wlph � � Wkh �uvw lv wkdw wkhuh lv qr furvv0

lqj srlqw dw � 1 Wkhq/ hlwkhu E�S
�3�c �S�� ' EeS

�3�ceS�� ru E�S
�3�c �S� � ' ES�

�3�c S
�

�
�1 Zlwkrxw

orvv ri jhqhudolw|/ dvvxph wkh iruphu1 Dv ieS|j
"

|'�
lv dq htxloleulxp vhtxhqfh/ zh kdyh

ZEeS
�3�ceS��*E� � B� � e7

�
c vr wkdw E�S

�3�c �S� � ' EeS
�3�ceS� � dqg �7

�
� e7

�
wrjhwkhu lpso|

ZE�S�3�c �S��*E�� B� � �7� c l1h1/ wkh ��frqvwudlqw lv vdwlv�hg iru i�S|j
"

|'�
1

Qrz dvvxph wkdw ieS|j
"

|'�
dqg iS�

|
j"
|'�

kdyh d furvvlqj srlqw dw � c dqg dvvxph z1o1r1j1

wkdw

S
�

�3�
� eS

�3�c S
�

�
� eS

�
� +D15,

Wkhq dv iS�

|
j"
|'�

lv dq htxloleulxp vhtxhqfh/ ZES�

�3�
c S

�

�
�*E� � B� � 7�

�
1 Dovr/ �7� � 7

�

�
dqg

iurp +D15,/ �S� ' S
�

�
1 Frqvhtxhqwo|/

ZES�

�3�
c �S� �

�� B
� �7� � +D16,

Ilqdoo|/ djdlq iurp +D15,/ S
�

�3�
� eS�3� ' �S�3�� Xvlqj wklv idfw/ soxv Z ghfuhdvlqj lq lwv

�uvw dujxphqw/ zh kdyh ZE�S�3�c �S� � � ZES�

�3�
c �S� �c vr iurp +D16, wkh ��frqvwudlqw krogv

iru i�S|j
"

|'�
1 Frqvhtxhqwo| doo ��frqvwudlqwv krog iru wkh vhtxhqfh i�S|j

"

|'�
/ vr lw lv dq

htxloleulxp vhtxhqfh/ dv uhtxluhg1 �

Surri ri Ohppd 8141 +l, Wdnh dq h!flhqw sdwk ihS|j
"

|'�
�vxfk d vhtxhqfh h{lvwv e| d

vlplodu dujxphqw wr wkdw ri Ohppd 5�dqg gh�qh � � � wr eh wkh �uvw shulrg vxfk wkdw

hS
�
: S

W +li vxfk d shulrg grhv qrw h{lvw/ wkhq +l, krogv lpphgldwho|�� Gh�qh d qhz vhtxhqfh

zlwk eS| G' hS|c iru | 	 �c dqg eS| G' S
W

iru | � � � ieSj"
|'�

fohduo| |lhogv dv pxfk xwlolw| dv ihS|j
"

|'�

dw hyhu| srlqw/ dqg lw zloo eh vkrzq wkdw lw dovr vdwlv�hv +814, iru doo |� Iluvw/ ED��� krogv

dw � vlqfh {E4( i�S
�3�c �S�j� : {

�
E4( ieS

�3�ceS�j� dv eS
�
	 hS

�
zkloh eS

�3� ' hS
�3� +dqg xvlqj Z

lqfuhdvlqj lq lwv vhfrqg dujxphqw�( pruhryhu wkh UKV ri +814, lv qr vpdoohu1 Olnhzlvh/ iru

|
�
: � c zh kdyh {E4( iS|�3�c S|�j� 	 {E4( iS

�3�c S�j� vlqfh eS|� ' eS
�
c dqg eS|�3� : eS

�3�c zkloh
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frqwlqxdwlrq sdwk sd|r�v +UKV ri +814,, duh wkh vdph dw � dqg |�
� Vr +814, krogv dw |

�
( lw

fohduo| krogv dw | 	 � dv wkh OKV lv xqfkdqjhg uhodwlyh wr wkh ihS|j
"

|'�
vhtxhqfh zkloh wkh

UKV lv qr vpdoohu1 Wkh surri ri eS|3� � eS| lv vwudljkwiruzdug exw whglrxv dqg lv rplwwhg1

+ll, Wkh dujxphqw lv vlplodu wr wkh surri ri Ohppd 5151 +lll, Dvvxph wkh frqwudu|/ vr

wkhuh lv dq htxloleulxp vhtxhqfh iS�

|
j"
|'�

|lhoglqj d kljkhu sd|r� wkdq ieS|j
"

|'�
c dqg erwk

vhtxhqfhv olh ehorz ru htxdo wr S
W

� Khqfh wkh frqvwuxfwlrq ri Ohppd 517 fdq eh iroorzhg

wr fuhdwh d qhz vhtxhqfh ihS|j
"

|'�
zklfk |lhogv d kljkhu ryhudoo sd|r�1 Wkdw lw vdwlv�hv +814,

dw hdfk | iroorzv iurp vlplodu dujxphqwv1 �

Surri ri Sursrvlwlrq 8151 +d, Ohw eS|E�� ' eS| wr hdvh qrwdwlrq1 Wr suryh sduw +l,/ lw lv

vx!flhqw wr vkrz wkdw zh fdq �qg h4 vxfk wkdw

{E4(eS|3�ceS|� 	 {E�(eS|3�ceS|j�c | ' �c2c ���c � : 4 : h4� +D17,

Iru wkhq/ iru � : 4 : h4/ ieS|j
"

|'�
vdwlv�hv wkh lqfhqwlyh frqvwudlqwv +814,1

+e, Il{ |( wkhq

{|E4��{|E�� ' �{
�

|
E��0n

�

2
{��

|
E��02 n�E0��c +D18,

zkhuh 0 G' ��4c dqg wr hdvh qrwdwlrq/ zh vhw{|E4� G' {E4( ieS|3�ceS|j�1 Urxwlqh fdofxodwlrq

jlyhv=

{�

|
E�� ' �|E� n 2B n �B2 n eB� n ���� +D19,

{��

|
E�� ' �|E2B n SB2 n �2B� n ���� n�| +D1:,

zkhuh �| ' Z�eS|3� n BZ2eS|/ dqg �| lv wkh vxp ri whupv lqyroylqj Z��c Z22c Z�2/ dqg zkhuh

lw lv xqghuvwrrg wkdw doo ghulydwlyhv ri Z duh hydoxdwhg dw EeS|3�ceS|�1 Dovr wkh vhulhv � n

2B n �B2 n eB
�
n � � � dqg 2B n SB

2
n �2B

�
n ����erwk frqyhujh +wr r�c r2 : f uhvshfwlyho|,1

Xvhixo surshuwlhv ri �|c�|c suryhg lq +f, ehorz/ duh= �| : fc �| 	 f/ *�4|<"�| ' f/

*�4|<"�| 	 f�

Frqvhtxhqwo|/ zh fdq zulwh

�{
�

|
E��0n

�

2
{��

|
E��02 ' EZ�eS|3� n BZ2eS|�E�r�0n f�Dr20

2� n f�D02�|� +D1;,

Fohduo| wkhuh h{lvwv 0| vxfk wkdw iru 0 vdwlvi|lqj f 	 0 	 0|/ wkh UKV ri +D1;, lv qhjdwlyh1

Lw iroorzv iurp +D18, wkdw iru 0 	 0|/ {|E4� 	 {|E��1

+f, +Surshuwlhv ri �|c �|�� Iluvw zh vkrz wkdw �| : f� Zh kdyh eS| � eS|3�/ vr +dv

Z2 : f, zh rqo| qhhg vkrz wkdw

Z�EeS|3�ceS|�n BZ2EeS|3�ceS|� : f� +D1<,
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Qrz/ zh nqrz iurp Vhfwlrq 6 wkdw surylghg wkh pd{lpxp dwwdlqdeoh ohyho ri frrshudwlrq

eS : fc wkhq eS| 	 eS doo |c dqg wkxv �EeS|� � �Z�EeS|ceS|�*Z2EeS|ceS|� 	 B/ zklfk lpsolhv

Z�EeS|ceS|�n BZ2EeS|ceS|� : f� +D143,

Dovr/ iurp wkh dvvxpswlrqv rq Z wkdw Z�� 	 fc Z�2 � fc zh kdyh

Z�EeS|3�ceS|� � Z�EeS|ceS|�c Z2EeS|3�ceS|� � Z2EeS|ceS|�� +D144,

Frqvhtxhqwo|/ +D1<, iroorzv iurp +D143, dqg +D144,1 Dovr qrwh

*�4
|<"

�| ' Z�EeS|3�ceS|�eS|3� n BZ2EeS|3�ceS|�eS|

' dZ�EeSceS� n BZ2EeSceS�oeS

' f

zkhuh wkh whup lq wkh vtxduh eudfnhwv lv }hur e| gh�qlwlrq ri eS� Wkh surshuwlhv ri �| iroorz

iurp wkh idfw wkdw �| lv wkh vxp ri whupv lqyroylqj Z��cZ22c Z�2 zlwk frh!flhqwv erxqghg

+lq |� deryh }hur1

+g, Zh qrz vkrz wkdw wkh vhtxhqfh i4
|
j"
|'�

G' i� � 0|j
"

|'�
fdq eh fkrvhq wr eh

erxqghg ehorz �( wklv zrxog lpso| +D17, zlwk h4 G' t�T 4
|
	 �1 Li vxfk d vhtxhqfh grhv

qrw h{lvw/ wkhq wkhuh pxvw eh d vxevhtxhqfh zklfk z1o1r1j1 zh wdnh wr eh i4
|
j"
|'�

lwvhoi/

frqyhujlqj wr �( l1h1/ 4
|
$ � dqg

{E4
|
(eS|3�ceS|� � {E�(eS|3�ceS|�c doo |� +D145,

Exw qrz dv |$4c eS| $ eS/ vr iurp +D18,/ zh kdyh

{E4(eSceS��{E�(eSceS� * *�4
|<"

i�{�
|
E��0n

�

2
{�

|
E��02j

' *�4
|<"

f�D0
2
�| ' f�D0

2
� 	 f�

Vr/ iru vrph �{hg w : f/ wkhuh h{lvwv 4
w
	 � vxfk wkdw

{E4(eSceS� 	 {E�(eSceS�� �wc � : 4 : 4
w
� +D146,

Dovr/ dv |$4c eS| $ eSc dqg {|E4� lv frqwlqxrxv lq 4 dqg eS|3�ceS|/ wkhuh h{lvwv d Aw vxfk

wkdw iru doo | � Aw G

{E4(eS|3�ceS|� 	 {E4(eSceS� n wc � : 4 : 4
w
(

{E�(eSceS� 	 {E�(eS|3�ceS|�n w� +D147,

Frpelqlqj +D146, dqg +D147,/ zh jhw

{E4(eS|3�ceS|� 	 {E�(eS|3�ceS|�� wc � : 4 : 4
w
c | � Aw� +D148,
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Exw +D145, dqg +D148, duh lq frqwudglfwlrq1

+h, Wr suryh sduw +ll, ri wkh Sursrvlwlrq/ ohw

�S| '

� eS| | 	 AweS| n # | � Aw

Dovr/ fkrrvh # 	 SW � eS vpdoo hqrxjk vr wkdw +e| frqwlqxlw|,

{E4( �S|3�c �S|� 	 {E4(eS|3�ceS|�n w*2c � : 4 : 4
w
c | � Aw� +D149,

Zh vkrz wkdw i�S|j
"

|'�
lv dq htxloleulxp v|pphwulf sdwk lq wkh 4�uhyhuvleoh jdph/ li

� : 4 : 4@ it�T 4
|
c 4

w
j1 Wr vhh wklv/ qrwh �uvw wkdw �S| 	 S

W

c vr iru dq| | wkh frqwlqxdwlrq

sd|r� iurp i�S|j
"

|'�
lv vwulfwo| juhdwhu wkdq wkdw iurp ieS|j

"

|'�
� Khqfh/ lw vx!fhv wr vkrz

wkdw wkh ghyldwlrq sd|r� lq wkh 4�uhyhuvleoh jdph iurp i�S|j
"

|'�
lv qr kljkhu wkdq wkh

ghyldwlrq sd|r� iurp ieS|j
"

|'�
lq wkh luuhyhuvleoh fdvh1 Exw iurp +D148, dqg +D149,/ zh

kdyh

{E4( �S|3�c �S|� 	 {E�(eS|3�ceS|�� w*2c � : 4 : 4
w
c | � Aw

dv uhtxluhg> surylghg 4 : h4 � t�T 4
|
c +D17, hqvxuhv +iurp +d,0+g, deryh, wkdw +814, krogv

iru | 	 Aw� Wkxv vhwwlqj 4 ' 4@ it�T 4
|
c 4

w
j lpsolhv wkdw +814, krogv iru doo � : 4 : 4c | �

�� Wkhq iurp Ohppd 814 +lll,/ eS
"
E4� � eS

"
E�� n 0�

+i, Wr suryh sduw +lll,/ lw iroorzv lpphgldwho| iurp wkh frqvwuxfwlrq ri i�S|j
"

|'�
wkdw

�� G' E�� B�
"[

|'�

B
|3�

ZE�S|c �S|� : 	�E��

dqg dv i�S|j
"

|'�
lv dq htxloleulxp +exw qrw qhfhvvdulo| wkh h!flhqw, sdwk lq wkh 4�uhyhuvleoh

jdph/ 	�E4� � �� dqg vr wkh uhvxow lv suryhg1 �

Surri ri Sursrvlwlrq 8161 Ohw 4 ' �c dqg vxssrvh iS|j
"

|'�
lv dq h!flhqw sdwk> dvvxplqj

@ 	 �c wklv sdwk lv lqfuhdvlqj e| hduolhu dujxphqwv1 Wkh ghulydwlyh ri {|E4( iS|j
"

|'�
� �

EZ�4S|3�nZ2S|�*E��4B� zlwk uhvshfw wr 4 kdv wkh vljq ri S|�@S|3�c zklfk lv srvlwlyh iru doo

| � � dv @ 	 � dqg S| : S|3� � f� Khqfh iru dq| e4 5 dfc ��/ iS|j"|'� uhpdlqv dq htxloleulxp

sdwk dv wkh ghyldwlrq sd|r� {|Ee4( iS|j
"

|'�
� lv vpdoohu wkdq dw 4 ' �/ zkloh wkh frqwlqxdwlrq

sd|r� lv xqfkdqjhg1 E| Ohppd 814+l, dqg +lll,/ wkhuh h{lvwv d qrq0ghfuhdvlqj h!flhqw

sdwk iru e4 	 �c vd| ieS|j
"

|'�
c zklfk olhv qr orzhu wkdq iS|j

"

|'�
dqg qr kljkhu wkdq S

W dw hdfk

srlqw1 Qh{w/ wkh deryh dujxphqw fdq eh uhshdwhg iru dq| 4� 	 e4 	 �c vr wkdw dw 4�
c ieS|j

"

|'�

lv dq htxloleulxp sdwk1 Pruhryhu/ wkh lqfhqwlyh frqvwudlqw dw hdfk | lv vwulfwo| orrvhu/ vr

wkdw e| Ohppd 814+ll, li wkh �uvw0ehvw lv qrw dwwdlqdeoh dw 4/ l1h1/ li eS| 	 S
W iru vrph |/ eS| lv

qrw sduw ri dq h!flhqw htxloleulxp sdwk iru 4�
� Wkh frqfoxvlrq lv wkhq wkdw dw 4

�
c ieS|j

"

|'�

lv htxloleulxp exw qrw h!flhqw/ l1h1/ wkhuh lv dq htxloleulxp sdwk |lhoglqj d kljkhu sd|r�

wkdq ieS|j
"

|'�
� Wr suryh wkdw S

W lv dwwdlqhg lq �qlwh wlph/ frqvlghu wkh sdwk jhqhudwhg e|
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+815, iru vrph fkrlfh ri S�� Qrwh wkdw E4|3�
n4

|32
@n � � �n4@

|32
n@

|3�� dwwdlqv d pd{lpxp

dw vrph |
W � �c dqg ghfolqhv wr }hur1 Fkrrvh S� ' hS� vr wkdw hS|W ' S

W

� Li +815, lv iroorzhg

iru doo |c wkh vdph dujxphqw dv lq Ohppd 517 hvwdeolvkhv wkdw wkh lqfhqwlyh frqvwudlqw

krogv iru doo | dv *�4|<" hS| ' f + 	4�� +Lw grhv qrw pdwwhu li wklv sdwk ylrodwhv hS| � 4hS|3�

eh|rqg |
W

�� Qrz fkdqjh wkh sdwk e| vhwwlqj hS| ' S
W iru | : |W� Frqwlqxdwlrq sd|r�v duh

lqfuhdvhg dw hdfk gdwh1 Ghyldwlrq sd|r�v duh wkh vdph dw hdfk gdwh xs wr |Wc dqg vlqfh

wkh lqfhqwlyh frqvwudlqw lv wkxv vdwlv�hg dw |W lw pxvw dovr eh vdwlv�hg dw doo | : |W� Wkxv

wklv sdwk vdwlv�hv doo lqfhqwlyh frqvwudlqwv dqg SW lv dwwdlqhg lq �qlwh wlph1 E| Ohppd

814+lll, wkhuh lv dq h!flhqw sdwk wkdw dwwdlqv SW e| |W ru hduolhu1 +ll, Li @ � �c wkhq frqvlghu

wkh lqfhqwlyh frqglwlrq iru d vwdwlrqdu| sdwk dw S=

Z�4Sn Z2S

�� 4B
�

Z�Sn Z2S

�� B
� +D14:,

Uhduudqjlqj/ wklv lv htxlydohqw wr @ � �� Khqfh li @ : �c li SW lv dwwdlqhg/ wkh lqfhqwlyh

frqvwudlqw lv ylrodwhg dw SW +olnhzlvh li d kljkhu h!flhqw ohyho lv dwwdlqhg/ vkrxog rqh h{lvw,>

li S| 	 S
W iru doo |/ wkhq wkh sdwk pxvw vdwlvi| +815, iru doo |c lpso|lqj S| $ 4 li S� : fc

c d frqwudglfwlrq> khqfh S� ' fc vr S| ' f doo |1 Li @ ' �c +D14:, krogv zlwk htxdolw|> li

S
W lv dwwdlqhg dw |c wkh lqfhqwlyh frqvwudlqw dw | lv vwulfwhu wkdq +D14:,/ dqg vr lv ylrodwhg>

khqfh S| 	 S
W doo |c lq zklfk fdvh +815, dssolhv/ dqg vhwwlqj S� ' E� � 4�SW lpsolhv wkdw

*�4|<" S| ' S
W

c dqg ehfdxvh wkh olplw lv �qlwh/ doo lqfhqwlyh frqvwudlqwv duh vdwlv�hg +dv

dujxhg hduolhu,1�

Surri ri Sursrvlwlrq 9141 Iluvw/ zh vkrz wkdw �. lv d frqyh{ vhw1 Iluvwc wkh frqvwudlqwv

lq +914, duh olqhdu1 Frqvhtxhqwo|/ li iS�

�c|c S
�

2c|j
"

|'�
dqg iS��

�c|c S
��

2c|j
"

|'�
vdwlvi| +914,/ d frqyh{

frpelqdwlrq ri wkh wzr pxvw dovr vdwlvi| +914, dqg vr �. lv d frqyh{ vhw1 Dovr/ dgdswlqj

Ohppd 514/ dq| vhtxhqfh lq �. pxvw kdyh S�c|n S2c| 	 2SW/ doo �c |/ vr sd|r�v duh olqhdu lq

dq| sdwk lq �.� Lw iroorzv lpphgldwho| wkdw �. lv d frqyh{ vhw dovr1

Ohw �.. � �. eh wkh vhw ri doo sdwkv iS�c|c S2c|j
"

|'�
zklfk vdwlvi| wkh lqfhqwlyh frq0

vwudlqwv +914, zlwk htxdolw| dw hdfk | � �c dqg �.. � �. wkh fruuhvsrqglqj vhw ri sd|r�v1

Vwudljkwiruzdug pdqlsxodwlrq lpsolhv wkdw wkhvh sdwkv fdq eh zulwwhq dv d v|vwhp ri wzr

olqnhg �uvw0rughu gl�huhqfh htxdwlrqv lq gl�huhqfhv {S�c| ' S�c| � S�c|3�(

{S�c| ' @{S2c|3� +D14;,

{S2c| ' @{S�c|3� +D14<,

zkhuh @ '
3Z�

Z2B
dv ehiruh1 Dv B : 	Bc lw iroorzv wkdw @ 	 �� Dovr/ qrwh wkdw wkh lqlwldo

frqglwlrqv

{S�c� ' S�c� � S�cf ' S�c�/ � ' �c 2

fdq eh vhw iuhho|1 Urxwlqh pdqlsxodwlrq ri wkh v|vwhp +D14;,/ +D14<, jlyhv wkh vroxwlrqv

S�c| '

�
�

�3@2
dS�c� E�� @

|n��n @S�c� E�� @
|3��o c w rgg

�

�3@2
dS�c� E�� @

|�n @S�c� E�� @
|�o c w hyhq

c �c � ' �c 2c � 9' �� +D153,
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Wdnlqj olplwv lq +D153,/ zh jhw wzr htxdwlrqv wkdw jlyh/ dv @ 	 �c wkh olplw ydoxhv ri

S�c|c S2c| dv ixqfwlrqv ri wkh lqlwldo ydoxhv=

*�4
|<"

S�c| ' S�c" '

�

� � @
2

dS�c� n @S2c�o c

*�4
|<"

S2c| ' S2c"
'

�

� � @
2

dS2c� n @S�c�o �

Lqyhuwlqj dqg vroylqj/ zh jhw

S�c� ' S�c"
� @S2c"

c S2c� ' S2c"
� @S�c"

� +D154,

Qrwh wkdw zh fdq wklqn ri S�c� dqg S2c� dv ehlqj ghwhuplqhg e| S�c" dqg S2c"
zkhuh wkh

odwwhu fdq eh iuhho| fkrvhq vxemhfw wr wkh frqvwudlqw wkdw S�c"
n S2c"

� 2S
W
dqg wkdw

S�c� � f/ � ' �c 2� Wkh odwwhu uhtxluhv

S2c"

@
� S�c"

� @S2c" � +D155,

�.. lv fkdudfwhul}hg e| vhtxhqfhv vdwlvi|lqj +D153, dqg +D155, vlqfh frqyhujhqw vhtxhqfhv

vdwlvi|lqj +D14;, dqg +D14<, dovr vdwlvi| +914, zlwk htxdolw| dv lq Ohppd 5171

Vxevwlwxwlqj +D153, edfn lq wkh sd|r�v jlyhv/ diwhu vrph uhduudqjhphqw/ iru �c � '

�c 2c � 9' �c

�� ' E�� B�
"[

|'�

B
|3� EZ�S�c| n Z2S�c|�

'
�

�� @
2

dZ� ES�c� n @S�c�� n Z2 ES�c� n @S�c��o

n
E�� B�

E�� @2�E� � @2B
2�
Z�

�
@E@S�c� n S�c�� n B@

2 ES�c� n @S�c��
�

n
E�� B�

E�� @2�E� � @
2B

2�
Z2

�
@E@S�c� n S�c�� n B@

2 ES�c� n @S�c��
�

�

Qrz/ iurp +D154,/ zh kdyh

S�c� n @S�c� ' E�� @
2�S�c"� +D156,

Vr/ zh jhw/ diwhu vrph pdqlsxodwlrq/

�� '

�
��

E� � B�E@n @
2
B�

E�� @2B
2�

�
EZ�S�c" n Z2S�c"�c � ' �c 2

dqg vr

�� n�2 ' �EB�EZ� n Z2�ES�c"
n S2c"�c +D157,

zkhuh �EB� G'
k
�� E�3B�E@n@

2
B�

E�3@2B2�

l
�
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Vr dv orqj dv S�c"
n S2c"

' 2S
W

/ �� n �2 ' �EB�EZ� n Z2�2SW/ qr pdwwhu krz wkh

vxp S�c"
n S2c"

lv glvwulexwhg1 Wklv vd|v wkdw wkh iurqwlhu lv olqhdu ehwzhhq wzr hqgsrlqwv

gh�qhg e| wkh uhvwulfwlrqv +D155,1 Ohw � eh rqh hqgsrlqw/ gh�qhg e| wkh frqglwlrq wkdw

S�c"
' @S2c"/ dqg � wkh rwkhu hqgsrlqw/ gh�qhg e| S2c"' @S�c"

+� lv v|pphwulf wr

�� Frpelqlqj wklv zlwk S�c"
n S2c"

' 2S
W lpsolhv wkdw D lv jhqhudwhg e| wkh sdwk zlwk

hqgsrlqwv

S�c"
'

2@S
W

� n @
c S2c"

'

2SW

� n @
c

dqg wkhuhiruh zlwk sd|r�v E��
c�

��� zkhuh

�� '
2SW

� n @

�
� �

E�� B�E@n @
2
B�

E� � @2B
2�

�
dZ�@n Z2o c

���
'

2SW

� n @

�
� �

E�� B�E@n @
2
B�

E� � @2B
2�

�
dZ� n @Z2o �

Vr/

�
�*���

'
Z�@EB� n Z2

Z� n @EB�Z2

� +D158,

Qrz/ lw lv hdvlo| fkhfnhg wkdw ��
c�

��
: f dqg wkdw wkh UKV ri +D158, lv vwulfwo| juhdwhu

wkdq 4/ vr ��
: �

��
: f dv fodlphg1

Wr frpsohwh wkh surri/ zh qhhg wr vkrz wkdw srlqwv � dqg � olh rq wkh iurqwlhu ri �.(

wkh frqyh{lw| ri �. wkhq lpsolhv wkdw wkh zkroh ri olqh vhjphqw �� olhv rq wklv iurqwlhu1

Iluvw/ qrwh wkdw wkh srlqw 7 zkhuh wkh olqh vhjphqw �� furvvhv wkh 78Jolqh lv jhqhudwhg

e| wkh v|pphwulf sdwk

S
W

|
' f�DS�c| n f�DS2c|c

zkhuh iS�c|c S2c|j
"

|'�
lv wkh sdwk vxssruwlqj �c vr hyhu| lqfhqwlyh frqvwudlqw krogv zlwk

htxdolw| iru iSW
|
j"
|'�

1 Exw wkhq iSW
|
j"
|'�

lv wkh v|pphwulf h!flhqw sdwk fkdudfwhul}hg lq

Vhfwlrqv 5 dqg 61 Vr/ 7 pxvw eh rq wkh iurqwlhu vlqfh rwkhuzlvh wkhuh lv dq dv|pphwulf

sdwk zklfk Sduhwr0grplqdwhv 7cdqg e| v|pphwu| dqrwkhu sdwk zlwk wkh sod|hu lqglfhv

vzlwfkhg zklfk dovr Sduhwr grplqdwhv 7( d frqyh{ frpelqdwlrq ri wkhvh wzr sdwkv lv d

v|pphwulf sdwk zklfk Sduhwr grplqdwhv 7c d frqwudglfwlrq ri wkh gh�qlwlrq ri 7�

Vxssrvh �qdoo| wkdw srlqwv �c� duh qrw rq wkh iurqwlhu ri �.1 Wkhq/ wkhuh pxvw eh

srlqwv �c( zkhuh � +uhvs1 (, Sduhwr0grplqdwhv � +uhvs1 �, zklfk duh rq wkh iurqwlhu

ri �.� Exw li 7c�c( duh doo rq wkh iurqwlhu ri �./ lw pxvw eh qrq0frqyh{/ frqwudu| wr wkh

uhvxow douhdg| hvwdeolvkhg1 �

Surri ri Sursrvlwlrq 9151 Iurp wkh surri ri Sursrvlwlrq 914/ zh kdyh

�
�*��� '

Z�@EB� n Z2

Z� n @EB�Z2

� +D159,
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Dv @ lv ghfuhdvlqj lq B/ dqg wkh uljkw0kdqg vlgh ri +D159, lv ghfuhdvlqj lq @/ ��*��� lv

lqfuhdvlqj lq B1 Pruhryhu/ dv B$ �c �
�*���

$ fc dqg dv B $ 	Bn/ �
�*���

$ �/ dv uhtxluhg1

Olnhzlvh iurp +D157, lq wkh surri ri Sursrvlwlrq 914/ rq wkh olqh vhjphqw DE/

P ' �� n�2 ' �EB�EZ� n Z2�2S
W

zkhuh �EB� G'
k
�� E�3B�E@n@

2
B�

E�3@2B2�

l
1 Uhduudqjhphqw jlyhv �EB� '

k
� �

	BE�3B�

BE�3	B
2
�

l
1 Lw lv wkhq

fohdu wkdw �E	B� ' fc �E�� ' �c dqg ��EB� : fc B 5 E	Bc ��c dqg vr P kdv wkh ghvluhg surshuwlhv

rq wkh olqh vhjphqw ��� �

Surri ri Sursrvlwlrq :141 Wr suryh frqyh{lw| ri �
re^

. / qrwh wkdw vlqfh �.c �
re^ duh erwk

frqyh{/ vr �
re^

.
' �. _�

re^ lv dovr frqyh{1 Frqvhtxhqwo|/ �re^

.
lv dovr frqyh{/ e| olqhdulw|

ri sd|r�v1

Wr suryh D lq �re^

.
/ zh surfhhg dv iroorzv1 Srlqw D lv jhqhudwhg e| d sdwk ghvfulehg

lq +D153, zlwk S�c� ' f1 Doo zh kdyh wr gr lv vkrz wkdw wklv sdwk lv lq �re^ dv wklv sdwk

lv douhdg| lq �. e| frqvwuxfwlrq1 Qrz vhwwlqj S�c� ' f lq +D153,/ zh vhh wkdw wkh sdwk

jhqhudwlqj D vdwlv�hv=

S
�
�c| '

�
�

�3@2
d@S2c� E�� @

|3��o c w rgg

�

�3@2
d@S2c� E� � @

|�o c w hyhq

S
�
2c| '

�
�

�3@2
dS2c� E� � @

|n��o w rgg

�

�3@2
dS2c� E�� @

|�o c w hyhq

Vr/ e| lqvshfwlrq/ iS�
�c|c S

�
2c|j
"

|'�
kdv wkh surshuw| wkdw sod|hu 4 rqo| fkdqjhv khu ohyho

ri frrshudwlrq lq hyhq shulrgv/ dqg sod|hu 5 lq rgg shulrgv1

Qh{w/ ohw ieS|j
"

|'�
eh wkh +xqltxh, v|pphwulf h!flhqw sdwk lq wkh vlpxowdqhrxv pryh

jdph� Qrz gh�qh wkh dv|pphwulf sdwk ieS�c|ceS2c|j
"

|'�
lq �re^

dv iroorzv=

eS�c| ' eS�c|n� ' eS|c | ' fc 2c ec S���(

eS2c| ' eS2c|n� ' eS|c | ' �c �c D���

Wklv lv vlpso| wkh sdwk zkhuh dq djhqw zkrvh wxuq lw lv wr pryh dw | fkrrvhv eS|1 Qh{w/ zh

vkrz wkdw ieS�c|ceS2c|j
"

|'�
lv lqfhqwlyh0frpsdwleoh/ l1h1/ lq �

re^

.
lq wkh vhtxhqwldo pryh jdph1

Gh�qh dv ehiruh {| G' eS| � eS|3�c dqg uhfdoo {| ' @{|3� rq wkh h!flhqw sdwk1 Iru wkh

sod|hu zkr pryhv dw | � 2c dqg zulwlqj { iru {|3�c wkh frqvwudlqwv +:15, dqg +:16, fdq eh

zulwwhq dv=

Z�S|32 n Z2ES|3� n{�

� � B
� Z�ES|32 n{n @{� n Z2ES|3� n{� +D15:,

n BEZ�ES|32 n{n @{� n Z2ES|3� n{n @{n @
2{��

n B
2EZ�ES|32 n{n � � � n @

�{� n Z2ES|3� n{n @{n @
2{�� n � � �
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ru

Z2{

�� B
�

E� n @�Z�{n E�� B2@2 n B@n B@2�Z2{

E� � B�E� � B2@2�
c

zklfk krogv zlwk htxdolw| dv @ ' �Z�*EBZ2�1 Wkxv ieS�c|ceS2c|j
"

|'�
vdwlv�hv htxloleulxp

frqglwlrqv iurp | ' 2 rqzdugv> dw | ' � wkh frqvwudlqw zrxog krog zlwk htxdolw| li sod|hu

5*v lqkhulwhg S zdv �{�*@( vlqfh lw lv kljkhu/ wkh frqvwudlqw zloo eh vodfn +dv Z� 	 f��

Wkh sd|r�v iurp wkh sdwk ieS�c|ceS2c|j duh>

	�
re^

�
' E� � B�idZ2eS�o n BdZ�eS2 n Z2eS�o n B

2dZ�eS2 n Z2eS�o n ���

	�re^

2
' E� � B�idZ�eS�o n BdZ�eS� n Z2eS2o n B

2dZ�eS� n Z2eS2o n ���

Qrz vlqfh wkh sd|r�v iurp wkh h!flhqw v|pphwulf sdwk lq wkh vlpxowdqhrxv pryh jdph

duh
	� ' E� � B�idZ�eS� n Z2eS�o n BdZ�eS2 n Z2eS2o n B2dZ�eS� n Z2eS�o n ���c

zh jhw

	�� 	�
re^

�
' E� � B�iZ2eS� n BZ�EeS2 � eS��n B

2
Z2EeS� � eS2�n B

�
Z�EeSe � eS��n ��j

' E� � B�eS�iZ2eS� n BZ�@eS� n B
2
Z2@

2
eS� n B

�
Z�@

�
eS����j

' E� � B�eS�
�
Z2E� n B

2
@
2 n B

e
@
e n ��� n B@Z�E� n B

2
@
2 n B

e
@
e n ���

�

'
E� � B�eS�

� � B
2
@2

dZ2 n B@Z�o

	 E� � B�
eS�Z2

�� EZ�*Z2�2

Vr/ uhduudqjlqj/ 	� � E� � B�w 	 	�re^

�
/ w : f1 Frqvhtxhqwo|/ iru dq| 0 : f/ 	� � 0 	 	�

re^

�

iru doo B � BE0� ' �� 0*wc dv uhtxluhg1 +D vlplodu dujxphqw dssolhv iru � ' 2,1 �
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