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SO201: SSAASS Surveys and Statistics (Richard Lampard)

Week 7 Lecture: Logistic regression I
Suppose that we are interested in a categorical outcome, such as whether or not people have any of their own (‘natural’) teeth, rather than in an outcome that is a scale (i.e. interval-level), such as how many of their own teeth people have. The relationship between a binary outcome of this sort and a binary explanatory variable, such as sex, can be quantified in terms of an odds ratio. For example:

	
	Any teeth
	No teeth

	Men
	1967  (87.0%)
	  294  (13.0%)

	Women
	1980  (79.5%)
	  511  (20.5%)



Men:

1967 (Any teeth) / 294 (No teeth)    =    6.69


Women:

1980 (Any teeth) / 511 (No teeth)    =    3.87

The odds are 6.69 / 3.87 = 1.73 times as good for men. This is an odds ratio.

If the probability of having any teeth for men is P, then the odds are P/(1 - P). This can be illustrated by converting the above into probabilities:



1967 / 294 = 0.870 / 0.130 = 6.69 



1980 / 511 = 0.795 / 0.205 = 3.87

Note that for men:

P/(1 - P) = 3.87 x 1.73

and for women:

P/(1 - P) = 3.87 x 1

In other words, the odds for each sex can be expressed as a constant multiplied by a sex- specific value (multiplicative factor). The above type of equation becomes more similar to the conventional linear regression equation if we take the logarithm of each side of the equation (converting it from a multiplicative relationship to an additive one). Hence

log [ P/(1 - P) ] = Constant + log [Multiplicative factor]

If the log of the odds ratio is labelled B, and the sex variable (SEX) takes the values 1 for men and 0 for women, then

log [ P/(1 - P) ] = Constant + (B x SEX)

This equation can be generalised to include other explanatory variables, including scales (i.e. interval-level variables) such as age (AGE). Hence

log [ P/(1 - P) ] = Constant + (B1 x SEX) + (B2 x AGE)

The preceding equation corresponds to a logistic regression. 

If we apply the model (Model 1) denoted by the equation before last (i.e. the one just including sex, not age) to the same set of data that was used to generate the sex-related odds ratio of 1.73 for the earlier cross-tabulation, we obtain B = 0.546. To convert this B (which is the log of an odds ratio) back into an odds ratios we apply the process that is the reverse of taking logs (i.e. exponentiation). In this case, Exp(B) = Exp (0.546) = 1.73, i.e. Exp(B) is equal to the odds ratio for the earlier cross-tabulation.

For a man,

log [ P/(1 - P) ]   =   1.354  +  (0.546 x 1)  =  1.900

For a woman,

log [ P/(1 - P) ]   =   1.354  +  (0.546 x 0)  =  1.354

For the former,     P/(1 - P)  =  Exp(1.900)  =  6.69,   and thus  P  =  6.69 / (1+6.69) = 0.870 

and for the latter,  P/(1 - P)  =  Exp(1.354)  =  3.87,   and thus  P  =  3.87 / (1+3.87) = 0.795

If we apply the explanatory model (Model 2) denoted by the second equation (including age) to the same set of data that was used to generate the original sex-related odds ratio of 1.73, we obtain B1 = 0.461 and B2 = -0.099. To convert these B’s (which are logs of odds ratios) back into odds ratios we once again exponentiate them. In this case, Exp(B1) = Exp (0.461) = 1.59 and Exp(B2) = Exp (-0.099) = 0.905. Hence, the odds ratio comparing men with women and controlling for age is 1.59, less than the original value of 1.73. Thus some, but not all, of the gender difference in having (any) teeth can be accounted for in terms of age. The odds ratio of 0.905 for age corresponds to an increase in age of a single year (e.g. the difference between 47 and 48), and indicates that the odds of having any teeth decrease by more than 9% for each extra year of age (since 1 - 0.905 = 0.095 = 9.5%). In other words the odds of having no teeth increase by over 10% for each extra year of age! (since 1/0.905 = 1.105).

Note that B, B1 and B2 in the above all have attached significance values (p-values), which indicate whether the effect of the variable in question is statistically significant (or, more specifically, how likely it is that an effect of that magnitude would have occurred as a consequence of sampling error). In all three cases, p=0.000 < 0.05, so all the effects are significant, implying that there is still a significant net effect of gender once one has taken account of (‘controlled for’) age.

Categorical explanatory variables can be included in logistic regressions via a series of binary variables, often referred to as dummy variables. In the following set of results from a further logistic regression (Model 3), individual comparisons are made between Class IV/V and various other categories. An overall p-value corresponding to the significance of father’s class as a whole can be produced





  
  B
   p
Exp(B)

Sex


 

  .471
.000
1.602

Age




 -.097
.000
  .908

Father’s Class



.000




  ‘None’ vs IV/V
  .504
.007
1.656


     I/II
vs IV/V
1.374
.000
3.950


III NM
vs IV/V
1.432
.000
4.187

   
III M
vs IV/V  
  .463
.008
1.588

Constant


6.132


Note that the preceding results indicate that (controlling for age and sex), Classes I, II and IIINM have odds of having teeth that are about four times as high as for Classes IV and V combined.





  
    B
   p
Exp(B)
Sex




  .459
.000
1.583

Age




 -.098
.000
  .906

Father’s class



.002




  ‘None’ vs IV/V
  .342
.075
1.407


     I/II
vs IV/V
  .957
.000
2.603


III NM
vs IV/V
  .974
.019
2.648


III M
vs IV/V
  .315
.079
1.370

Own class



.000




  ‘None’ vs IV/V
  .591
.052
1.805


     I/II
vs IV/V
1.474
.000
4.366


III NM
vs IV/V
1.189
.000
3.284


III M
vs IV/V
  .416
.003
1.515






5.736


The above results from a further model (Model 4) show that when one controls for own class, the class differences corresponding to father’s class diminish (e.g. with regard to father’s class, Classes I, II and IIINM now have odds of having teeth that are about two-and-a-half times as high as for Classes IV and V combined.)




-2 Log Likelihood
Cox & Snell R Square       Nagelkerke R Square

Model 1

4275.592

.010



.017

Model 2

2852.000

.266



.446

Model 3

2809.993

.273



.457

Model 4

2667.775

.294



.493

The values of B in a logistic regression are identified by a process of Maximum Likelihood Estimation, i.e. the values chosen are those that maximise the likelihood of their having produced the observed data. The likelihood of a model with a particular set of values having produced the observed data is between 0 and 1, thus the log of the likelihood (the Log Likelihood) is a number between -∞ and 0 (i.e. a negative number). Hence –2 Log Likelihood (or the ‘deviance’), which is often quoted alongside a logistic regression, is a positive value that can be viewed as a measure of how badly the model fits the observed data. From the above table, it can be seen that each model fits the data better than the previous one. However, since the improvement in fit might simply reflect sampling error, the change in deviance (or Likelihood Ratio chi-square value, called this because it is equivalent to a chi-square statistic), needs to be tested for significance:






      LR chi-square
d.f.
p-value



(Model 0   to)  Model 1

    48.1

1 
0.000

 Model 1   to   Model 2

1423.6

1
0.000

 Model 2   to   Model 3

    42.0

4
0.000

 Model 3   to   Model 4 

  142.2

4
0.000

All the above changes between models are thus statistically significant (p<0.05). Note that the value of 48.1 is identical to the (Likelihood Ratio version of the) chi-square statistic for the original sex/teeth cross-tabulation, which again emphasises the links between logistic regression and the analysis of cross-tabulations.

There is no direct equivalent to the measure of variation explained (r-squared) produced within conventional (OLS linear) regression, but various authors (such as Cox & Snell, and Nagelkerke) have developed broadly comparable measures, which in this case indicate that the final logistic regression model explains a substantial minority, but definitely less than half, of the variation in the possession of teeth.

