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Abstract

We consider collective decisions under uncertainty, in which different agents

may have not only different beliefs, but also different ambiguity attitudes —in

particular, they may or may not be subjective expected utility maximizers. We

assume that the space of possible states of nature is a Polish space. We con-

sider sequences of acts which are “almost-objectively uncertain” in the sense

that asymptotically, all agents almost-agree about the probabilities of the un-

derlying events. We impose a weak ex ante Pareto axiom which applies only to

asymptotic preferences along such almost-objective sequences. We show that

this axiom implies that the social welfare function is utilitarian (i.e. a weighted

sum of individual utility functions). But it does not impose any relationship

between individual and collective beliefs, or between individual and collective

ambiguity attitudes.
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1 Introduction

From a democratic point of view, collective decisions should be made by aggregating

the preferences or opinions of the affected individuals. But almost all nontrivial de-

cisions involve uncertainty. Normative decision theory considers the question of how

rational agents should cope with such uncertainty. Bayesian social aggregation com-

bines these two ingredients: it aims for collective decisions that are both rational and

democratic. The foundational result is Harsanyi’s (1955) Social Aggregation Theo-

rem. Harsanyi considered a society in which all agents are von Neumann-Morgenstern

(vNM) expected utility maximizers. He showed that if the vNM preferences of the

social planner satisfy an ex ante Pareto axiom relative to the vNM preferences of the

individuals, then the social welfare function —that is, the vNM utility function of the

social planner —must be a weighted average of the individual vNM utility functions.

Harsanyi interpreted this as a strong argument for utilitarianism.

Harsanyi’s result is highly influential in social choice theory, but its dependence

on the vNM framework curtails its applicability. The vNM framework assumes that

all risks can be quantified with known, objective probabilities. But in many complex

decision problems (e.g. macroeconomics, climate change, pandemics), it is not clear

how to assign precise probabilities to the relevant contingencies. Indeed, when con-

sidering sui generis events in the future (e.g. hypothetical wars or financial crises in

2060), it is not clear that “objective” probabilities even exist. This led Savage (1954)

to propose an approach to decision-making based on the maximization of subjective

expected utility (SEU) —that is, expected utility computed using the agent’s own

“subjective” probabilistic beliefs.

A central tenet of the Savagean framework is that different rational agents may

reasonably hold different subjective beliefs. But Mongin (1995) showed that Harsanyi’s

theorem breaks down in settings with heterogeneous beliefs. Mongin (1997) diag-

nosed the root of the problem in something he called spurious unanimity: different

agents might have different utility functions and different beliefs, but these beliefs
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might “cancel out” to yield a unanimous ex ante preferences amongst the individ-

uals for one act over another, thereby entailing (via the ex ante Pareto axiom) a

corresponding ex ante social preference.

This suggests that to avoid Mongin’s impossibility theorem, one should weaken

the ex ante Pareto axiom to avoid cases of spurious unanimity. This strategy was

realized in a landmark paper by Gilboa et al. (2004), who proposed a “restricted”

ex ante Pareto axiom that only applied to acts for which all agents have the same

probabilistic beliefs about the underlying events. Gilboa et al. showed that this

restricted Pareto axiom has two consequences: (1) the social welfare function (SWF)

must be a weighted sum of individual utility functions, and (2) the social beliefs must

be a weighted average of individual beliefs.1

One objection to Gilboa et al.’s result is that it is not always appropriate to

construct social beliefs as an arithmetic average of individual beliefs. For example,

this way of aggregating beliefs does not interact well with Bayesian updating. In

response, Dietrich (2021) has recently obtained a result similar to that of Gilboa

et al. (2004), in which social beliefs are a weighted geometric average of individual

beliefs. This ensures compatibility with Bayesian updating. But it does not address a

broader issue. Different belief-aggregation rules are suitable in different contexts, and

the criteria that determine the appropriate belief-aggregation rule are not necessarily

the criteria that determine the correct social welfare function. The specification of

collective beliefs is an epistemic problem, whereas the specification of the SWF is an

ethical problem; there is no reason that these two problems should be solved by the

same theorem, or even using the same data.2 For this reason, Mongin and Pivato

(2020) and Pivato (2022) have recently introduced weak Pareto axioms which entail

a utilitarian SWF, but which do not impose any constraints on collective beliefs.

1See §7 for a more detailed discussion of Gilboa et al. (2004). Recently, Brandl (2021) has

obtained a similar result, but in his case, the SWF is relative utilitarian: it is a sum of the utility

functions of individuals rescaled to range from 0 to 1. See also Billot and Qu (2021).
2See §4.7 of Pivato (2022) for further elaboration of these points.
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They thus concentrate on the ethical problem, leaving the epistemic problem to be

solved later by other methods. The present paper will take a similar approach.

All the results mentioned so far are vulnerable to another objection: they as-

sume that all agents are expected utility maximizers. But in ambiguous decision

environments, this might be inappropriate; it might be difficult to specify any single

probability measure over contingencies as an adequate description of the uncertainty

faced by an agent. This objection is both normative and descriptive. At a descrip-

tive level, many agents might simply be unable to condense their uncertainty into a

single probability measure. At a normative level, it is perhaps not even rational for

an agent to resort to such a probabilistic description. These concerns have inspired

a variety of non-SEU models of decision making. Typically such models represent

an agent’s beliefs not with a single probability measure but with an ensemble of

probability measures, and in addition to her utility function, they often involve other

parameters or mathematical structures that play a role in her decision process. For

succinctness, we shall describe this entire package (i.e. a non-SEU decision model

and its associated parameters and structures) as the agent’s ambiguity attitude.

This raises the question of whether non-SEU ambiguity attitudes can be incor-

porated into collective decisions. But just as different agents can reasonably hold

different probabilistic beliefs, different agents can reasonably adopt different am-

biguity attitudes. Such heterogeneity leads once again to impossibility theorems

(Chambers and Hayashi, 2006; Gajdos et al., 2008; Mongin and Pivato, 2015; Zuber,

2016). In general, to satisfy the ex ante Pareto axiom, all agents must not only

have the same beliefs, but the same ambiguity attitudes —indeed, they must be SEU

maximizers. Once again, to escape this undesirable conclusion, one must weaken the

ex ante Pareto axiom; this strategy has been explored in a series of elegant papers

by Alon and Gayer (2016), Danan et al. (2016), Qu (2017) and Hayashi and Lom-

bardi (2019).3 Like the foundational result of Gilboa et al. (2004), these more recent

3See Mongin and Pivato (2016) or Fleurbaey (2018) for reviews of this literature.
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papers axiomatically characterize not only a SWF, but a procedure for aggregating

individual beliefs into a collective belief. As already noted, non-SEU models generally

represent agents’ beliefs by ensembles of probability measures, so these procedures

aggregate these ensembles. Thus, they are vulnerable to the same objections earlier

raised against Gilboa et al. (2004) and Dietrich (2021): different belief-aggregation

rules are appropriate in different environments, and in any case, collective beliefs

should not necessarily be determined at the same time as the social welfare function.

Furthermore, these theorems generally impose a particular ambiguity attitude on

society (either in their hypotheses or in their conclusions).

Aside from heterogeneity of beliefs, another problem confronts the SEU framework

adopted by Mongin (1995) and Gilboa et al. (2004): that of state-dependent utility.

In certain situations, it may be perfectly reasonable for an agent’s utility function

to depend upon what state of nature is realized.4 This creates two problems for

Bayesian social aggregation. First, it makes it unclear how to impute probabilistic

beliefs to the individual based on her ex ante preferences, as noted by Schervish et al.

(1990) and Karni (1996), among others (see Baccelli (2017) for an excellent recent

discussion of this problem). Second, in the specification of the SWF, it raises the

question of which utility function we should impute to each individual. For these

reasons (among others) Duffie (2014) and Sprumont (2018, 2019) have rejected the

approach pioneered by Gilboa et al. (2004) of weakening ex ante Pareto so as to

separately aggregate beliefs and utilities. Instead Sprumont (2018, 2019) uses the

full-strength ex ante Pareto axiom to characterize two approaches to Bayesian social

aggregation based entirely the aggregation of individuals’ ex ante preferences. The

cost of these purely ex ante approaches is a loss of collective rationality: social

decisions are no longer consistent with SEU maximization.5

4See e.g. Section 2.8 and Appendix 2A of Drèze (1987).
5See also Ceron and Vergopoulos (2019) for an interesting hybrid of ex ante and ex post ap-

proaches.
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The present paper develops an approach to collective decision-making under un-

certainty that is compatible with both heterogeneity of beliefs and heterogeneity of

ambiguity attitudes, and even compatible with certain forms of state-dependent util-

ity. We exploit the concept of almost-objective uncertainty (due to Machina 2004,

2005) to formulate a weak Pareto axiom. We will show that this axiom is both neces-

sary and sufficient for the social welfare function to be a weighted sum of individual

utility functions. But it does not impose any relationship between individual and

collective beliefs, or between individual and collective ambiguity attitudes. We see

this as an advantage. Just as the specification of collective beliefs is an epistemic

problem, the specification of collective ambiguity attitudes is a problem of prudential

rationality. We feel that it is better to entirely separate these two problems from the

ethical problem of specifying the SWF. We therefore focus exclusively on this last

problem.

We will assume that the space of states of nature is a complete metric space (or

more generally, a Polish space). This assumption is well-adapted to many practical

decision problems, in which states of nature are vectors of real values ranging over

some closed subset of a Euclidean space (or more generally, a Banach space). For

example, in a financial decision problem, the state of nature would be a vector of

prices. In social decisions related to climate change, the state of nature would be a

vector of temperature, rainfall, insolation, and other meteorological and agronomic

data.

The rest of this paper is organized as follows. Section 2 introduces the three classes

of preferences we will consider in this paper: subjective expected utility (SEU), gener-

alized Hurwicz (GH), and second order subjective expected utility (SOSEU). Section

3 introduces almost-objective uncertainty, and provides a versatile existence theorem

for almost-objective uncertainty in Polish spaces (Proposition 1). Section 4 turns

to Bayesian social aggregation, and contains our main results, which say that if all

agents have SEU, GH, or SOSEU preferences and the social planner satisfies a weak
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Pareto axiom defined in terms of almost-objective uncertainty, then the social wel-

fare function must be utilitarian (Theorems 1 and 2). These can be seen as analogies

of Harsanyi’s Social Aggregation Theorem that are robust against heterogeneity of

subjective beliefs and ambiguity attitudes, as long as all agents’ preferences belong

to one of the three aforementioned classes.

Section 5 contains three results which are needed to prove the results of Section

4, but are also of independent interest; they describe the asymptotic behaviour of

SEU, GH, or SOSEU representations in a situation of almost-objective uncertainty

(Propositions 2, 3, and 4). Finally, Section 6 extends some results from Sections 4

and 5 to a setting where agents have state-dependent utility functions. All proofs

are in the Appendices.

2 Models of decision-making under uncertainty

Let S and X be measurable spaces —i.e. sets equipped with sigma-algebras.6 We

shall refer to S as the state space and X as the outcome space. An act is a measurable

function α : SÝÑX that takes only finitely many values. Let A be the set of all acts.

Let ľ be a preference order on A. In the Savage model of uncertainty, X is a

set of “outcomes”, while S is a set of possible “states of nature”; the true state is

unknown. The order ľ describes an agent’s ex ante preferences. A representation of

ľ is a function V : AÝÑR such that

for all α, β P A,
´

α ľ β
¯

ðñ

´

V pαq ě V pβq
¯

. (1)

In particular, a subjective expected utility (SEU) representation for ľ consists of a

probability measure7 ρ on S and a bounded measurable function u : XÝÑR yielding

6For simplicity, we shall not make these sigma-algebras explicit in our notation. A set will never

be equipped with more than one sigma-algebra in this paper.
7All measures in this paper are countably additive, unless otherwise specified.
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a representation (1) in which

V pαq “

ż

S
u ˝ α dρ, for all α P A. (2)

Here, ρ is interpreted as the agent’s subjective beliefs about the unknown state of

nature, while u describes the utility she would obtain from each outcome. But as

noted in Section 1, in situations of ambiguity, it might be inappropriate to represent

an agent’s beliefs as a single probability measure over S. This has led to classes of

preferences that use an ensemble of probability measures. In this paper, we shall

consider two such classes.

Generalized Hurwicz representations. A representation V is generalized Hur-

wicz (GH) if there is a convex set P of probability measures over S and a bounded

measurable utility function u : XÝÑR, such that

for all α P A, V pαq ď V pαq ď V pαq, (3)

where V pαq :“ inf
ρPP

ż

S
u ˝ α dρ and V pαq :“ sup

ρPP

ż

S
u ˝ α dρ.

The idea here is that the agent is not only unsure of the true state of nature, but

also unsure about the correct probability distribution to put on S; the set P contains

all probabilities that she considers possible. The GH representation (3) encompasses

a very broad class of preferences. It reduces to the SEU representation (2) if P

is a singleton. It obviously includes the class of maximin SEU (or multiple priors)

preferences characterized by Gilboa and Schmeidler (1989) (for which V pαq “ V pαq,

for all α P A), and also the classical Hurwicz (or α-maximin) preferences introduced

by Hurwicz (1951) and recently characterized by Hartmann (2021) (for which V pαq “

q V pαq ` p1´ qqV pαq, for all α P A, for some constant q P r0, 1s).

In a setting where X is convex subset of a vector space (e.g. a simplex of prob-

ability measures), Cerreia-Vioglio et al. (2011) have introduced a class of monotone,

Bernoullian, Archimedean (MBA) preferences, eponymously characterized by three

mild axioms. In addition to SEU, maximin SEU, and Hurwicz preferences, the MBA
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class includes the Choquet expected utility preferences of Schmeidler (1989) the vari-

ational preferences of Maccheroni et al. (2006), and the SOSEU preferences that we

discuss later in this section. Cerreia-Vioglio et al. (Proposition 4) show that any

MBA preference admits a GH representation like (3), generalizing an earlier result

of Ghirardato et al. (2004). Meanwhile, Danan et al. (2016, Proposition 2) consider

an incomplete preference order over acts admitting a representation in the style of

Bewley (2002), and show that any transitive, Archimedean completion of such a pref-

erence order has a GH representation.8 But in the GH representations in these two

papers, elements of P are finitely additive measures. Also, we will later assume that

S is a metric space, whereas Cerreia-Vioglio et al. allow S to be any measurable

space, while Danan et al. assume S to be finite. On the other hand, both of these

earlier papers require X to be a convex set, whereas we allow X to be any measurable

space. Thus, our framework does not exactly overlap with theirs. Nevertheless, their

result suggests that the class of preferences admitting GH representations like (3) is

quite extensive.9

Let MpSq be the vector space of all signed measures on S. This becomes a

Banach space when equipped with the total variation norm

}µ}vr :“ sup
H1,...,HNĎS
disjoint Borel

N
ÿ

k“1

|µrHks| . (4)

We will say that a GH representation (3) is compact if the set P is compact in this

norm.

SOSEU representations. Let P be a collection of probability measures on S,

equipped with the weak* topology. Then P itself is a measurable space when endowed

with the Borel sigma algebra induced by this topology. Let u : XÝÑR be a bounded

measurable function, let µ be a Borel probability measure on P , and let φ : RÝÑR
8Danan et al. (2016) refer to GH representations as variable caution rules.
9In related work, Herzberg (2013) and Zuber (2016) have obtained impossibility theorems for

the social aggregation of MBA preferences.
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be a concave, increasing function. A second order subjective expected utility (SOSEU)

representation is a representation of type (1) where

V pαq “

ż

P
φ

ˆ
ż

S
u ˝ α dρ

˙

dµrρs, for all α P A. (5)

SOSEU representations have been axiomatically characterized by Klibanoff et al.

(2005); see also Nau (2006), Seo (2009) and Ergin and Gul (2009). Like the GH

representation (3), the SOSEU representation (5) describes an agent who is unsure

about the correct probability distribution ρ to put on S; the “second order probability

distribution” µ encodes her beliefs about ρ. Meanwhile, φ encodes her attitudes

towards ambiguity; in particular, the concavity of φ determines ambiguity aversion.

If φ is linear, then (5) reduces to the SEU representation (2), with ρ :“
ş

P ρ
1 dµrρ1s.

Likewise, if P is a singleton, then (5) reduces to an SEU representation (2) (modulo

the transformation φ, which does not change the agent’s preferences in the SEU case).

The goal of this paper is not to axiomatically characterize representations like

(3) or (5). Rather, we shall simply assume that the agents’ preference have such

representations; given the literature already cited, this seems to be a reasonable

assumption. In our main results, we assume that each agent has a preference over

A with either a compact GH representation (3), or a SOSEU representation (5),

and from this, we derive a utilitarian representation for the ex post social welfare

function. Importantly, different agents might have different representations, with

different choices of P , q, µ and/or φ. Thus, our framework allows great diversity in

the beliefs and ambiguity attitudes of the agents.10

Contiguous representations. A given preference order on A may admit many

different representations satisfying statement (1). For example, an SEU represen-

tation of type (2) is only unique up to positive affine transformations of the util-

10As already noted, any preference with a SOSEU representation also has a GH representation.

But it might not have a compact GH representation. This is why we provide a separate result for

general SOSEU representations.



Bayesian social aggregation with almost-objective uncertainty January 2, 2022 11

ity function u. The other representations described above have similarly qualified

uniqueness properties. Thus, it is generally advisable to formulate axioms in terms

of the preference order itself, rather than in terms of a particular representation.

Nevertheless, our key axiom will be formulated in terms of representations. We shall

now introduce a weak condition which guarantees that this axiom is independent of

the choice of representation.

We shall say that a representation V of a preference order ľ is contiguous if its

image V pAq is an interval in R. All of the representations introduced above are

contiguous, under mild hypotheses. For example, if X is a connected topological

space, and u : XÝÑR is continuous, then any representation of the form (2), (3)

or (5) with u as its utility function is contiguous.11 We shall use the following fact,

which is proved at the end of Appendix C.

If V1 and V2 are contiguous representations of the same preference order,

then there is a continuous, strictly increasing function φ : RÝÑR such that

V2 “ φ ˝ V1.

(6)

3 Almost-objective uncertainty

A measurable partition of S is a countable collection G “ tGnuNn“1 (where N P NYt8u)

of disjoint measurable subsets such that S “
N
ğ

n“1

Gn. For any K P N, let ∆K :“ tq “

pq1, . . . , qKq P RK
` ;

řK
k“1 qk “ 1u, the set of K-dimensional probability vectors.

Let R be a collection of probability measures on S. Let K P N and let q P ∆K .

For all n P N, let Gn :“ tGn1 , . . . ,GnKu be a K-element measurable partition of S.

We shall say that the sequence of partitions pGnq8n“1 is R-almost-objectively uncertain

and subordinate to q if, for all ρ P R, we have

lim
nÑ8

ρpGnk q “ qk, for all k P r1 . . . Ks. (7)

11To see this, let α range over all constant-valued acts, to deduce that V pAq “ upX q or V pAq “

φ ˝ upX q.
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For example, suppose S “ r0, 1s, and let R be the set of all probability measures that

are absolutely continuous with respect to the Lebesgue measure and whose density

functions are continuous. Suppose q “ p0.1, 0.2, 0.3, 0.4q. For any number s P r0, 1s

and n P N, let spnq be the nth digit in the decimal expansion of s.12 For all n P N, let

Gn :“ tGn1 ,Gn2 ,Gn3 ,Gn4 u, where Gn1 :“ ts P r0, 1s; spnq “ 0u, Gn2 :“ ts P r0, 1s; spnq P

t1, 2uu Gn3 :“ ts P r0, 1s; spnq P t3, 4, 5uu, and Gn4 :“ ts P r0, 1s; spnq P t6, 7, 8, 9uu. It

is easily verified that pGnq8n“1 is R-almost-objectively uncertain and subordinate to

q.

Almost-objective uncertainty was first introduced by Poincaré (1912) to explain

why it is reasonable to hold particular epistemic probabilities regarding a physical

randomization device such as a roulette wheel, even if we do not have an exact

understanding of how this apparent randomness is generated. Its first application to

decision-making under ambiguity was due to Machina (2004, 2005), who also coined

the term “almost-objective uncertainty”. We shall apply it to the social aggregation

of preferences under ambiguity.

Poincaré and Machina considered almost-objective uncertainty on the unit inter-

val r0, 1s, as in the above example. The first result of this paper will generalize this

concept to a much broader collection of state spaces and probability measures. First

we need some terminology. Recall that MpSq is the Banach space of signed mea-

sures on S, with the total variation norm (4). A closed subspace of MpSq is a linear

subspace N Ď MpSq that is closed in the norm topology. If H Ď MpSq, then H

spans N if N is the norm-closure of the vector space of all finite linear combinations

of elements of H. In this case, N is separable if H is countable.13 We shall say that

N is nonatomic if all elements of N are nonatomic. If N is spanned by H, then

12There is a countable subset of elements of r0, 1s whose decimal expansions are not unique, for

whom spnq is not well-defined. But this set has Lebesgue measure zero, so it is irrelevant to this

construction.
13This is equivalent to the topological definition of separability, i.e. that N has a countable dense

subset.
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this is equivalent to stipulating that all elements of H are nonatomic. We define

xN y :“ tµ PMpSq; µ is absolutely continuous with respect to some ν P N , and the

Radon-Nikodym derivative dµ
dν

is boundedu.14

Let R be some collection of probability measures on S. We shall say that R is

tame if there is a nonatomic, separable, closed linear subspace N ĎMpSq such that

R Ď xN y. For example, N itself is tame. For another example, let S “ r0, 1s and let

R be the set of all probability measures on R that are absolutely continuous with

respect to Lebesgue, with density functions in L8r0, 1s; then R is tame.

Our first result guarantees the existence of a rich family of almost-objectively

uncertain partition sequences, for any tame family of probability measures. In this

result, and the other main results of this paper, we assume that S is a Polish space

—that is, a topological space homeomorphic to a complete, separable metric space

—and we endow S with the Borel sigma-algebra.

Proposition 1 Let S be a Polish space, and let R be a tame set of probability mea-

sures on S. For any K P N and q P ∆K, there is an R-almost-objectively uncertain

sequence of partitions pGnq8n“1 subordinate to q.

4 Main results

As noted in Section 1, a central problem in Bayesian social aggregation is that differ-

ent agents might have different probabilistic beliefs and different attitudes towards

ambiguity. We shall now use almost-objective uncertainty to obviate these problems.

Almost-objective acts. Let R be a collection of probability measures on S. Let

α “ pαnq8n“1 be a sequence of acts. We shall say that α is an R-almost-objective act

if there is a K-tuple of outcomes x P XK , and an R-almost-objectively uncertain

14xN y is a vector space, though not closed in the norm topology. But these facts are not relevant

here.
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sequence of K-cell partitions G “ pGnq8n“1, with Gn :“ tGn1 , . . . ,GnKu for all n P N,

such that for all n P N and k P r1 . . . Ks we have αnpsq “ xk for all s P Gnk . If G is

subordinate to the probability vector q P ∆K , then we shall say that α is subordinate

to pq,xq.

Let β “ pβnq8n“1 be another almost-objective act. We shall say that α and β are

compatible if βn is also measurable with respect to Gn for all n P N.

Very weak dominance. For any α P A, let αpSq Ď X denote its image. For any

x P X , let κx : SÝÑX be the constant x-valued act. A preference order ľ on A

satisfies Very Weak Dominance if, for any α P A, there exist x, y P αpSq such that

κx ĺ α ĺ κy. This is implied by the Statewise Dominance axiom (because αpSq

is finite), so it is satisfied by any reasonable preference order. In particular, it is

satisfied by any preference with a GH or SOSEU representation.

Asymptotic preferences. Let ľ be a preference order on A. Let α and β be two

almost-objective acts. We shall say that ľ asymptotically prefers α to β, and write

α ą8 β, if there exists some contiguous representation V for ľ, some N P N and

some ε ą 0 such that V pαnq ą V pβnq ` ε for all n ě N . In particular, this implies

that αn ą βn for all n ě N , but it is a stronger requirement, because it incorporates

an ε-sized “margin of error” in the superiority of α over β. Although this definition

invokes a particular representation V , it is independent of this representation, as

follows:

Suppose ľ satisfies Very Weak Dominance. If V1 and V2 are con-

tiguous representations for ľ, and there exist N P N and ε1 ą 0

such that V1pα
nq ą V1pβ

nq ` ε1 for all n ě N , then there exists

ε2 ą 0 such that V2pα
nq ą V2pβ

nq ` ε2 for all n ě N .

(8)

Thus, if α ą8 β with respect to some contiguous representation of ľ, then α ą8 β

with respect to all contiguous representations of ľ.
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Almost-objective Pareto. Let I be a set of individuals. Let o be another agent,

representing a social planner or social observer. Let J “ I \ tou. For all j P J , let

ľj be a preference order on A, with contiguous representation Vj : AÝÑR. We shall

require ľo to satisfy the following axiom, relative to tľiuiPI and R:

Almost-objective Pareto. If α and β are compatible R-almost-objective acts, and

α ą8
i β for all i P I, then α ć8

o β.

This axiom does not require α ą8
o β; it simply requires the social planner not to form

the opposite asymptotic preference to that of the individuals. The axiom is vacuous

unless R-almost-objective acts exist. In our setting, existence will be ensured by

Proposition 1.

Ex post Pareto. An act α is riskless if it is a constant function. Let us say that ľo

satisfies the Ex post Pareto axiom with respect to tľiuiPI if, for any riskless α, β P A,

‚ If α ľi β for all i P I, then α ľo β.

‚ If, in addition, α ąi β for some i P I, then α ąo β.

Minimal agreement and independent prospects. Suppose that each of the

preference orders tľjujPJ has either a GH representation (3) or a SOSEU represen-

tation (5), with an associated utility function uj : XÝÑR. (In particular, some of

tľjujPJ may have SEU representations like (2).) We shall say that the utility func-

tions tuiuiPI satisfy Minimal Agreement if there exist probability measures µ1 and µ2

on X such that
ş

X ui dµ1 ą
ş

X ui dµ2 for all i P I. In other words, there exist two

“objective lotteries” over outcomes, for which all individuals have the same strict

preference. We shall say that the collection tuiuiPI satisfies Independent Prospects

if, for all j P J , there exist outcomes x, y P X such that ujpxq ą ujpyq whereas

uipxq “ uipyq for all i P Iztju. Versions of these conditions are widespread in the

literature on Bayesian social aggregation; see e.g. Mongin (1995, 1998), Alon and

Gayer (2016), or Danan et al. (2016).
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Utilitarianism and weak utilitarianism. Recall that uo is the ex post utility

function associated to the social preference order ľo. We shall say that uo is weakly

utilitarian if there exist constants ci ě 0 for all i P I and b P R such that

uo “ b`
ÿ

iPI
ci ui. (9)

Here, it is possible that ci “ 0 for some i P I; thus, the preferences of some individuals

might be ignored. If ci ą 0 for all i P I, then we say that uo is utilitarian. Suppose

tuiuiPI satisfy Independent Prospects. Then as shown in Appendix C, uo is utilitarian

if and only if it is weakly utilitarian and ľ satisfies Ex post Pareto with respect to

tľiuiPI . So our main focus will be on establishing weak utilitarianism. We now come

to our main results.

Theorem 1 Let S be a Polish space. Let R be a tame set of probability measures on

S. For all j P J , let ľj be a preference order on A admitting an SEU representation

(2) with ρj P R. Assume that tuiuiPI satisfy Minimal Agreement. Then ľo satisfies

Almost-objective Pareto if and only if uo is weakly utilitarian.

In fact, Theorem 1 is a special case of the following result.

Theorem 2 Let S be a Polish space. Let R be a tame set of probability measures

on S. For all j P J , let ľj be a preference order on A, such that either

• ľj has a compact GH representation (3) with Pj Ď R; or

• ľj has a SOSEU representation (5) with Pj Ď R.

Assume that tuiuiPI satisfy Minimal Agreement. Then ľo satisfies Almost-objective

Pareto if and only if uo is weakly utilitarian.

5 Asymptotically objective expected utility

The proofs of Theorems 1 and 2 use the fact that the representations introduced

in Section 2 take specific asymptotic values on almost-objective acts, as we now
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explain. Throughout this section, let R be a collection of probability measures on S.

Let K P N, let q P ∆K , let x P XK , and let α “ pαnq8n“1 be an R-almost-objective

act subordinate to pq,xq. Theorem 1 can be proved using the following result.

Proposition 2 For any ρ P R, and any measurable u : XÝÑR,

lim
nÑ8

ż

S
u ˝ αn dρ “

K
ÿ

k“1

qk upxkq.

Proposition 2 is a special case of the next two results, which are used to prove

Theorem 2.

Proposition 3 Let V be a compact GH representation (3) with P Ď R. Then

lim
nÑ8

V pαnq “

K
ÿ

k“1

qk upxkq. (10)

Proposition 4 Let V be a SOSEU representation (5) with P Ď R. Then

lim
nÑ8

V pαnq “ φ

˜

K
ÿ

k“1

qk upxkq

¸

. (11)

6 Extension to state-dependent utilities

As noted in Section 1, Bayesian social aggregation may encounter difficulties when

individuals have state-dependent utilities.15 The simplest version of state-dependent

utility supposes that the agent has the same utility function in all states, up to some

state-dependent scalar multiplier. In other words, the agent’s state-dependent utility

function v : S ˆ XÝÑR has the form

vps, xq “ wpsqupxq, for all s P S and x P X , (12)

15One way reconcile the ex ante Pareto axiom with some form of social SEU maximization in an

environment with heterogeneous beliefs is to introduce state-dependent social welfare function; see

e.g. Mongin (1998, Prop.6), Chambers and Hayashi (2006, Thm.1), Desai et al. (2018, Thm.4),

Sprumont (2019), and Mongin and Pivato (2020, Thm.1). But the issue under discussion here is

state-dependent individual utility, not state-dependent social utility.
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where u : XÝÑR and w : SÝÑR` are bounded measurable functions. Heuristically,

u is an underlying state-independent utility function, while w assigns more “weight”

to this utility in some states than in others. Let ľ be a preference on A. Given a

state-dependent utility function like (12), a state-dependent SEU representation is a

representation (1) where

V pαq “

ż

S
v
`

s, αpsq
˘

dρrss “

ż

S
wpsqu

`

αpsq
˘

dρrss, for all α P A.

(13)

Now let R be a collection of probability measures on S. Let K P N, let q P ∆K , let

x P XK , and let α “ pαnq8n“1 be an R-almost-objective act subordinate to pq,xq. A

straightforward modification of the proof of Proposition 2 yields the following result.

Proposition 5 For any ρ P R, and any measurable u : XÝÑR and w : XÝÑR`,

lim
nÑ8

ż

S
wpsqu

`

αpsq
˘

dρrss “ W pρq
K
ÿ

k“1

qk upxkq, where W pρq :“

ż

S
w dρ.

Using this, it is easy to prove the following state-dependent version of Theorem 1:

Theorem 3 Let S be a Polish space. Let R be a tame set of probability measures

on S. For all j P J , let ľj be a preference order on A admitting a state-dependent

SEU representation (13) for some uj : XÝÑR, wj : SÝÑR` and ρj P R. Assume

that tuiuiPI satisfy Minimal Agreement. Then ľo satisfies Almost-objective Pareto if

and only if uo is weakly utilitarian.

In Theorem 3, it might seem surprising that the weight functions twjujPJ do

not appear in the social welfare function. But as explained in Proposition 5, for all

j P J , the weight function wj and belief ρj effectively get collapsed into a constant

Wjpρjq “
ş

S wj dρj. These constants then get absorbed into the weights in the

weighted sum (9) defining the weakly utilitarian social welfare function.

GH representations like (3) and SOSEU representations like (5) also have state-

dependent versions analogous to (13). But in these cases, the analogies of Proposition
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5 are more complicated, because the weighting factor W pρq varies as ρ ranges over P .

The resulting formulae not well-behaved enough to yield a state-dependent analogy

to Theorem 2.

7 Discussion

We have considered a decision environment of radical uncertainty, in which the

ex ante preferences of each agent admit either generalized Hurwicz representation

or a second order subjective expected utility representation. We have introduced a

very weak Pareto axiom, which applies only to asymptotic preferences along a se-

quence of acts for which all possible probabilistic beliefs entertained by all agents

converge to the same limit. We have shown that social preferences satisfy this weak

Pareto axiom if and only if the ex post social welfare function is a weighted sum of the

ex post utility functions of the individuals. In other words, social preferences must be

ex post utilitarian. Importantly, however, our results do not impose any relationship

between collective beliefs and individual beliefs, or between collective ambiguity at-

titudes and individual ambiguity attitudes. For reasons already explained in Section

1, we see this as an advantage. We will now discuss the relationship between our

results and the watershed paper of Gilboa et al. (2004).

Let G “ tG1, . . . ,GKu be a partition of S. Let us say that G is a consensus

partition if there is some q P ∆K such that ρjpGkq “ qk for all k P r1 . . . Ks and j P J

—in other words, all agents exactly agree on the probabilities of all elements of G.

If the measures tρjujPJ are nonatomic, then the Dubins-Spanier Theorem says that

such consensus partitions exist for any q P ∆K . Gilboa et al. (2004) proposed the

following axiom:

Restricted Pareto. For any acts α, β P A, if α and β are both measurable with respect

to some consensus partition G, and α ľi β for all i P I, then α ľo β.

This seems quite similar to Almost-objective Pareto. Indeed, if G is a consensus



20 Bayesian social aggregation with almost-objective uncertainty January 2, 2022

partition, and we define Gn :“ G for all n P N, then the sequence pGnq
8
n“1 is trivially

an “almost-objective” sequence with respect to the family tρjujPJ . Thus, if α and

β are measurable with respect to G, and we define αn :“ α and βn :“ β for all

n P N, then trivially, the sequences α “ pαnq
8
n“1 and β :“ pβnq

8
n“1 are compatible

almost-objective acts. Thus, any unanimous preference which is admissible to as

input to Restricted Pareto is also admissible to Almost-objective Pareto, except that

our axiom accepts a larger variety of inputs, and yields a weaker conclusion. From

this perspective, it might seem as though we have just deployed a lot of topological

machinery to obtain a variation of a result that Gilboa et al. (2004) already achieved

by a much simpler argument in an abstract measure space.

However, there are several important differences between Almost objective Pareto

and Restricted Pareto. First to apply Restricted Pareto in a particular situation, we

must be able to recognize consensus partitions, which requires precise knowledge of

the measures tρjujPJ —something which may be difficult to achieve in practice. In

contrast, to apply Almost-objective Pareto, we need only know that tρjujPJ belong to

some broad family R of probability measures. It is possible to determine whether

a partition sequence is R-almost-objectively uncertain without knowing anything

about tρjujPJ , and also possible to construct such partition sequences on demand

(e.g. using the methods of Appendix A).

Second, as agents acquire more information and Bayes-update their beliefs, differ-

ent partitions of S will become consensus partitions. Thus, the range of application

of Restricted Pareto will shift as the information available to the agents changes. Mon-

gin and Pivato (2020) show that this makes Restricted Pareto vulnerable to a kind

of “spurious unanimity” phenomenon: different agents might “spuriously” assign the

same probabilities to the cells of a partition because they receive different informa-

tion. This can lead Restricted Pareto to make recommendations which are obviously

incorrect in light of the aggregate information of the entire group. Mongin and Pi-

vato refer to this as complementary ignorance. In contrast, Almost-objective Pareto is
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formulated relative to a family R of probability measures, independent of the agents’

current beliefs or current information. So it is not vulnerable to complementary

ignorance.

Third, an important difference between the theorem of Gilboa et al. (2004) and

our theorems is that ours do not impose any relationship between social beliefs and

individual beliefs. As explained in Section 1, this gives our results added flexibility

—especially in decision environments where a linear aggregation of beliefs is inap-

propriate.

Finally, although the Dubins-Spanier Theorem yields consensus partitions for a

finite collection of probabilities, it does not apply to infinite collections. Thus, there

is nothing analogous to Restricted Pareto for GH preferences or SOSEU preferences, in

which each agent’s beliefs might be represented by an infinite set of probabilities. So

it is not straightforward to extend the result of Gilboa et al. (2004) to such ambiguity

attitudes.16

A Proofs from Section 3

The proof of Proposition 1 requires an auxiliary concept and four preliminary lemmas.

Recall that in Proposition 1, S was assumed to be a Polish space equipped with the

Borel sigma algebra. Therefore, without loss of generality in this appendix we will

suppose that S has a metric d, and when necessary, we will further assume that this

metric is separable and/or complete. For any Y Ď S, the diameter of Y is defined:

diampYq :“ sup
s,tPY

dps, tq. For any ε ą 0, an ε-partition is a measurable partition

Y “ tYnuNn“1 of S (for some N P N Y t8u) such that if diampYnq ď ε for all

k P r1 . . . N s.

Lemma A.1 Let pS, dq be any metric space. Then pS, dq is separable if and only if

it admits an ε-partition for all ε ą 0.

16So far, the most general results along these lines are those of Danan et al. (2016).
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Proof: “ùñ” Let tsnu
8
n“1 be a countable dense subset of S. Let ε ą 0. For all

s P S, let Bps, εq be the open ball of radius ε{2 around s. Now for all N P N, define

YN :“ BpsN , εqz
N´1
Ť

n“1

BpsN , εq; then diampYNq ď ε. Thus, tYnu8n“1 is an ε-partition

of S.

“ðù” For all m P N, let Ym “ tYmn u8n“1 be a p 1
m
q-partition. For all pn,mq P N2,

let sn,m P Ymn . Then tsn,mu
8
n,m“1 is a countable dense subset of S. So S is separable.

l

Let P be a collection of Borel probability measures on S, let K P N, and let

q “ pq1, . . . , qKq P ∆K . A q-Poincaré sequence for P is a sequence tpGn,Yn, εnqu
8
n“1,

where for all n P N, Gn “ tGn1 , . . . ,GnKu is a K-element measurable partition of S,

εn ą 0 and Yn is an εn-partition, such that

• lim
nÑ8

εn “ 0.

• For all ρ P P , there exists N P N such that for all n ě N , all k P r1 . . . Ks, and

all Y P Yn, ρrGnk X Ys “ qk ρrYs (and thus, ρrGnk s “ qk).

Example. Let S :“ r0, 1q. Let P :“ tλu where λ is the Lebesgue measure. Let

q “ p1
2
, 1
2
q. For all n P N, let ε :“ 1{2n and let Yn :“ tYn1 , . . . ,Yn2nu where Ynk :“

rk´1
2n
, k
2n
q for all k P r1 . . . 2ns. Finally, let Gn :“ tGn1 ,Gn2 u, where

Gn1 :“
2n`1´1
ď

k“1
k odd

Yn`1k and Gn2 :“
2n`1
ď

k“2
k even

Yn`1k .

Then tpGn,Yn, εnqu
8
n“1 is a p1

2
, 1
2
q-Poincaré sequence for tλu.

Lemma A.2 Let pS, dq be any separable metric space. Let H ĎMpSq be a countable

collection of nonatomic signed measures on S. Let F be the linear subspace ofMpSq

consisting of all finite linear combinations of elements of H. Let P Ď F be the set

of all probability measures in F . Then for all K P N and all q P ∆K, P has a

q-Poincaré sequence.
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Proof: Suppose that H “ tηnu
8
n“1. For all n P N, the Hahn-Jordan Decomposition

Theorem says that ηn “ η`n ´η
´
n , where η`n and η´n are either zero or positive mea-

sures. They are nonatomic because ηn is nonatomic. Thus, by replacing tηnu
8
n“1

with tη˘n u
8
n“1 if necessary, we can assume without loss of generality that all ele-

ments of H are positive, nonatomic measures.

Let tεnu
8
n“1 be a positive sequence with lim

nÑ8
εn “ 0. For all N P N, Lemma A.1

says S has an εN -partition YN .

Claim 1: For all N P N, and all Y P YN , there is a measurable partition

tGY1 , . . . ,GYKu of Y such that n P r1 . . . N s, we have

ηnpGYk q “ qk ¨ ηnpYq, for all k P r1 . . . Ks. (A1)

Proof: Let n P r1 . . . N s. If ηnpYq “ 0, then the equations (A1) are trivially satisfied

for any partition tG1Y , . . . ,GKY u. So, let N :“ tn P r1 . . . N s; ηnpYq ą 0u; it

suffices to construct a partition satisfying the equations (A1) for all n P N . For

all n P N , let rηn be the nonatomic probability measure on Y defined by setting

rηnpUq :“ ηnpUq{ηnpYq for all measurable U Ď Y . Thus trηnunPN is a finite

collection of nonatomic probability measures, so the Dubins-Spanier Theorem

yields a partition tGY1 , . . . ,GYKu of Y such that

rηnpGYk q “ qk for all k P r1 . . . Ks and n P N . (A2)

(Aliprantis and Border, 2006, Theorem 13.34, p.478). For all n P N , multiply

both sides of equation (A2) by ηnpYq to obtain equation (A1). 3 Claim 1

Fix N P N, and apply Claim 1 to all Y P YN . Observe that the sets in the

collection tGYk ; Y P YN and k P r1 . . . Ksu are all disjoint. For all k P r1 . . . Ks,

define

GNk :“
ğ

YPYN

GYk . (A3)
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Then tGN1 , . . . ,GNK u is a measurable partition of S: these sets are are disjoint, and

K
ğ

k“1

GNk “

K
ğ

k“1

¨

˝

ğ

YPYN

GYk

˛

‚ “
ğ

YPYN

˜

K
ğ

k“1

GYk

¸

“
ğ

YPYN

Y “ S.

Furthermore, for all Y P YN , we have GNk X Y “ GYk for all k P r1 . . . Ks; thus, for

all n P r1 . . . N s,

ηnpGNk X Yq “ ηnpGYk q p˚q
qk ηnpYq, (A4)

where p˚q is by equation (A1).

Now, let ρ P P . Then there exists some N P N such that ρ is a linear combination

of η1, . . . , ηN . Thus, for any n ě N , ρ is also a linear combination of η1, . . . , ηn

(with zero coefficients for ηN`1, . . . , ηn). Thus, for all Y P Yn and all k P r1 . . . Ks,

equation (A4) yields ρrGnk X Ys “ qk ρrYs, as desired. l

Lemma A.3 Suppose pS, dq is a complete, separable metric space. Let K P N, let

q P ∆K, Let P be a collection of probability measures on S, and let tpGn,Yn, εnqu
8
n“1

be a q-Poincaré sequence for P. Let L be the set of all probability measures on S that

are absolutely continuous with respect to some element of P, with bounded Radon-

Nikodym derivative. Then pGnq8n“1 is L-almost-objectively uncertain and subordinate

to q.

Proof: Let λ P L and let k P r1 . . . Ks. We will show that

lim
nÑ8

λpGnk q “ qk. (A5)

There exists ρ P P such that λ ! ρ. Let φ :“
dλ

dρ
and C :“ sup

sPS
φpsq. Then C ă 8

by hypothesis. Fix ε ą 0. Since S is complete and separable, it is Polish, so Lusin’s

Theorem yields a compact subset K Ď S such that φäK is uniformly continuous on

K and

ρpKAq ă
ε

8C
. (A6)
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(Aliprantis and Border, 2006, Theorem 12.8, p.438). It follows that

λrKAs “

ż

KA
φ dρ ď

p˚q

C ¨ ρrKAs ď
p:q

C ¨
ε

8C
“

ε

8
, (A7)

where p˚q is because 0 ď φpsq ď C for all s P S, and p:q is by inequality (A6).

Since tpGn,Yn, εnqu
8
n“1 is a Poincaré sequence for P , there is some N1 P N such

that for all n ě N1 and all Y P Yn,

ρrGnk X Ys “ qk ρrYs. (A8)

Claim 1: For all n ě N1,
ÿ

YPYn

ˇ

ˇ

ˇ
ρrGnk X Y XKs ´ qk ρrY XKs

ˇ

ˇ

ˇ
ď

ε

4C
.

Proof: Let n ě N . For all Y P Yn,

ˇ

ˇ

ˇ
ρrGnk X Y XKs ´ qk ρrY XKs

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
ρrGnk X Y XKs ´ ρrGnk X Ys ` ρrGnk X Ys ´ qk ρrY XKs

ˇ

ˇ

ˇ

p˚q

ˇ

ˇ

ˇ
ρrGnk X Y XKs ´ ρrGnk X Ys ` qk ρrYs ´ qk ρrY XKs

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
ρrGnk X Y XKs ´ ρrGnk X Ys ` qk

´

ρrYs ´ ρrY XKs
¯
ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
ρrGnk X Ys ´ ρrGnk X Y XKs

ˇ

ˇ

ˇ
` qk

ˇ

ˇ

ˇ
ρrYs ´ ρrY XKs

ˇ

ˇ

ˇ

“ ρrGnk X Y XKAs ` qk ρrY XKAs. (A9)

Here, p˚q is by equation (A8). Thus,

ÿ

YPYn

ˇ

ˇ

ˇ
ρrGnk X Y XKs ´ qk ρrY XKs

ˇ

ˇ

ˇ
ď
p:q

ÿ

YPYn

´

ρrGnk X Y XKAs ` qk ρrY XKAs
¯

“ ρ

«

ğ

YPYn

pGnk X Y XKAq

ff

` qk ρ

«

ğ

YPYn

pY XKAq

ff

“ ρ

«

Gnk XKA X
ğ

YPYn

Y

ff

` qk ρ

«

KA X
ğ

YPYn

Y

ff

p˚q
ρ
“

Gnk XKA
‰

` qk ρ
“

KA
‰

ď
p˛q

ε

8C
`

ε

8C
“

ε

4C
,

as claimed. Here, p:q is by applying inequality (A9) to each Y P Yn, p˚q is

because
ğ

YPYn

Y “ S, and p˛q is by inequality (A6). 3 Claim 1
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Recall that φäK is uniformly continuous on K. Thus, there exists some δ ą 0 such

that, for all s1, s2 P K, if dps1, s2q ď δ, then |φps1q ´ φps2q| ă
ε
4
. Find N2 P N such

that εn ď δ for all n ě N2. Thus, if n ě N2 and Y P Yn, then diampYq ď εn ď δ,

so that for all y1, y2 P Y X K we have |φpy1q ´ φpy2q| ă
ε
4
. Thus, there is some

cY P R` such that |φpyq ´ cY | ă
ε
4

for all y P Y XK. Thus, for all n ě N2,

ˇ

ˇ

ˇ
λrY XK X Gnk s ´ cY ¨ ρrY XK X Gnk s

ˇ

ˇ

ˇ

p˚q

ˇ

ˇ

ˇ

ˇ

ˇ

ż

YXKXGn
k

pφ´ cYq dρ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż

YXKXGn
k

|φ´ cY | dρ ď

ż

YXKXGn
k

ε

4
dρ “

ε

4
¨ ρrY XK X Gnk s, (A10)

where p˚q is because φ “
dλ

dρ
. By a very similar argument,

ˇ

ˇ

ˇ
λrY XKs ´ cYρrY XKs

ˇ

ˇ

ˇ
ď

ε

4
¨ ρrY XKs, for all n ě N2. (A11)

Now, for any n P N,

λrGnk XKs ´ qk λrKs p˚q

ÿ

YPY
λrGnk XK X Ys ´ qk

ÿ

YPY
λrK X Ys

“
ÿ

YPY
cY ρrGnk XK X Ys ´

ÿ

YPY
cY ρrGnk XK X Ys `

ÿ

YPY
λrGnk XK X Ys

´qk
ÿ

YPY
λrK X Ys ` qk

ÿ

YPY
cYρrK X Ys ´ qk

ÿ

YPY
cYρrK X Ys

“
ÿ

YPY

´

cY ρrGnk XK X Ys ´ qk cY ρrK X Ys
¯

`
ÿ

YPY

´

λrGnk XK X Ys ´ cY ρrGnk XK X Ys
¯

´qk
ÿ

YPY

´

λrK X Ys ´ cYρrK X Ys
¯

, (A12)

where p˚q is because
ğ

YPYn

Y “ S. Now let Nε :“ maxtN1, N2u. Then for all n ě Nε,

ˇ

ˇ

ˇ
λrGnk XKs ´ qk λrKs

ˇ

ˇ

ˇ

ď
p˛q

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

YPY
cY

´

ρrGnk XK X Ys ´ qk ρrK X Ys
¯

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

YPY

´

λrGnk XK X Ys ´ cY ρrGnk XK X Ys
¯

ˇ

ˇ

ˇ

ˇ

ˇ

`qk

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

YPY

´

λrK X Ys ´ cYρrK X Ys
¯

ˇ

ˇ

ˇ

ˇ

ˇ
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ď
ÿ

YPY
cY

ˇ

ˇ

ˇ
ρrGnk XK X Ys ´ qk ρrK X Ys

ˇ

ˇ

ˇ
`

ÿ

YPY

ˇ

ˇ

ˇ
λrGnk XK X Ys ´ cY ρrGnk XK X Ys

ˇ

ˇ

ˇ

`qk
ÿ

YPY

ˇ

ˇ

ˇ
λrK X Ys ´ cYρrK X Ys

ˇ

ˇ

ˇ

ď
p˚q

C
ÿ

YPY

ˇ

ˇ

ˇ
ρrGnk XK X Ys ´ qk ρrK X Ys

ˇ

ˇ

ˇ
`

ÿ

YPY

ε

4
ρrGnk XK X Ys ` qk

ÿ

YPY

ε

4
ρrK X Ys

ď
p:q

C
ε

4C
`

ε

4

ÿ

YPY
ρrGnk XK X Ys `

ε

4

ÿ

YPY
ρrK X Ys

ď
ε

4
`
ε

4
ρrGnk XKs `

ε

4
ρrKs ď

ε

4
`
ε

4
`
ε

4
“

3ε

4
. (A13)

Here, p˛q is by equation (A12), while p˚q is by inequalities (A10) and (A11). Finally,

p:q is by Claim 1, and also uses the fact that qk ď 1. Thus, for all n ě Nε, we

have:

|λrGnk s ´ qk| “

ˇ

ˇ

ˇ
λrGnk XKAs ` λrGnk XKs ´ qk

´

λrKs ` λrKAs
¯
ˇ

ˇ

ˇ

ď
ˇ

ˇλrGnk XKAs
ˇ

ˇ`

ˇ

ˇ

ˇ
λrGnk XKs ´ qk λrKs

ˇ

ˇ

ˇ
`
ˇ

ˇλrKAs
ˇ

ˇ

ď
p˚q

ε

8
`

ˇ

ˇ

ˇ
λrGnk XKs ´ qk λrKs

ˇ

ˇ

ˇ
`
ε

8

ď
p:q

ε

8
`

3ε

4
`
ε

8
“ ε.

where p˚q is by two applications of inequality (A7), while p:q is by inequality (A13).

We can construct such an Nε for any ε ą 0. This proves the limit (A5). l

Lemma A.4 Let S be any measurable space, and let L be a collection of probability

measures on S. Let R be the convex closure of L in the total variation norm. Let q P

∆K. If a partition sequence pGnq8n“1 is L-almost-objectively uncertain and subordinate

to q, then pGnq8n“1 is R-almost-objectively uncertain and subordinate to q.

Proof: Let R0 be the convex hull of L. If pGnq8n“1 is L-almost-objectively uncertain

and subordinate to q, then it is easily shown that pGnq8n“1 is also R0-almost-

objectively uncertain subordinate to q.
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For all n P N, suppose Gn “ tGn1 , . . . ,GnKu. Let ρ P R. Then there is a sequence

tρmu
8
m“1 in R0 such that lim

kÑ8
}ρm ´ ρ}vr “ 0. For all k P r1 . . . Ks, we must show

that the limit (7) holds for ρ.

Let ε ą 0. There exists m P N, with }ρm ´ ρ}vr ă
ε
2
. This means that

|ρmpGq ´ ρpGq| ă ε{2 for all measurable G Ď S. In particular,

|ρpGnk q ´ ρmpGnk q| ă
ε

2
, for all n P N, all k P r1 . . . Ks. (A14)

The limit (7) holds for ρm, so there exists some Nε P N such that

|ρmpGnk q ´ qk| ă
ε

2
for all k P r1 . . . Ks and all n ě Nε. (A15)

Combining inequalities (A14) and (A15) yields |ρpGnk q ´ qk| ă ε for all n ě Nε. We

can obtain such an Nε for any ε ą 0. We conclude that the limit (7) holds for ρ.

l

Proof of Proposition 1. If R is a tame set of probability measures, then there is a

nonatomic, separable, closed linear subspace N ĎMpSq such that for all ρ P R,

there is some ν P N such that ρ ! ν and dρ
dν

is bounded. Since N is separable, it

is spanned by a countable subset H; since N is nonatomic, all elements of H are

nonatomic. Let F be the linear subspace of MpSq consisting of all finite linear

combinations of elements from H. Then N is the norm-closure of F . Let P be the

set of all probability measures in F . Let L be the set of all probability measures on

S that are absolutely continuous with respect to some element of P , with bounded

Radon-Nikodym derivative.

Claim 1: R is contained in the norm-closure of L.

Proof: Let ρ P R. Find ν P N such that ρ ! ν and φ :“ dρ
dν

is bounded. Since

N is the norm-closure of F , there exists a sequence pνnq
8
n“1 in F converging to

ν in norm. For all n P N, let rλn P MpSq be the measure such that rλn ! νn
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and drλn
dνn

“ φ. Next, let λn :“ rλn{`n, where `n :“ rλnpSq. Then λn P L. (Proof:

By construction, λn is a probability measure, and λn ! νn. Let πn :“ νn{νnpSq;

then πn P P , λn ! πn, and dλn
dπn

is a multiple of φ, hence bounded.) To prove

the claim, it suffices to show that the sequence tλnu
8
n“1 converges to ρ in norm.

For any n P N,

}ρ´ λn}vr ď

›

›

›
ρ´ rλn

›

›

›

vr
`

›

›

›

rλn ´ λn

›

›

›

vr
. (A16)

Now, for any measurable U Ď S,

ˇ

ˇ

ˇ
ρpUq ´ rλnpUq

ˇ

ˇ

ˇ

p˚q

ˇ

ˇ

ˇ

ˇ

ż

U
φ dν ´

ż

U
φ dνn

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

U
φ dpν ´ νnq

ˇ

ˇ

ˇ

ˇ

ď }φ}
8
¨ |νpUq ´ νnpUq| ,

where p˚q is because dρ
dν
“ φ “ drλn

dνn
. Combining this inequality with defining

formula (4), we deduce that
›

›

›
ρ´ rλn

›

›

›

vr
ď }φ}

8
¨ }ν ´ νn}vr´́ ´́

p:q

nÑ8ÝÑ0, where p:q is

because νn converges to ν in norm by hypothesis. Thus,

lim
nÑ8

›

›

›
ρ´ rλn

›

›

›

vr
“ 0. (A17)

Meanwhile,

›

›

›

rλn ´ λn

›

›

›

vr
“ }`nλn ´ λn}vr “ |1´ `n| ¨ }λn}vr “ |1´ `n|

“

ˇ

ˇ

ˇ
ρpSq ´ rλnpSq

ˇ

ˇ

ˇ

p˚q

ˇ

ˇ

ˇ

ˇ

ż

S
φ dν ´

ż

S
φ dνn

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

S
φ dpν ´ νnq

ˇ

ˇ

ˇ

ˇ

ď }φ}
8
¨ }ν ´ νn}vr ´́ ´́

p:q

nÑ8ÝÑ 0,

where again, p˚q is because dρ
dν
“ φ “ drλn

dνn
and p:q is because νn converges to ν

in norm. Thus,

lim
nÑ8

›

›

›

rλn ´ λn

›

›

›

vr
“ 0. (A18)

Equations (A16), (A17) and (A18) yield lim
nÑ8

}ρ´ λn}vr “ 0, as desired. 3 Claim 1

Let q P ∆K . Since S is separable, Lemma A.2 says that P has a q-Poincaré

sequence tpGn,Yn, εnqu
8
n“1. Then Lemma A.3 says that pGnq8n“1 is L-almost-
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objectively uncertain, subordinate to q. Then Lemma A.4 and Claim 1 says that

pGnq8n“1 is R-almost-objectively uncertain, subordinate to q. l

B Proofs from Section 5

The proof of the results in Section 4 use results from Section 5, so we will prove those

first.

Proof of Proposition 2. By the standing hypotheses of Section 5, there is an R-

almost-objectively uncertain partition sequence G “ pGnq8n“1 subordinate to the

probability vector q, and for all n P N, the act αn is Gn-measurable. Suppose

q “ pq1, . . . , qKq P ∆K (for some K P N). For all n P N, write Gn :“ tGn1 , . . . ,GnKu,

such that the limit equations (7) hold. By hypothesis, there is a K-tuple x P XK

such that for all n P N, all k P r1 . . . Ks, and all s P Gnk , we have αnpsq “ xk. Thus,

for any ρ P R,

ż

S
u ˝ αn dρ “

K
ÿ

k“1

upxkq ρpGnk q.

Thus, lim
nÑ8

ż

S
u ˝ αn dρ “ lim

nÑ8

K
ÿ

k“1

upxkq ρpGnk q “

K
ÿ

k“1

upxkq lim
nÑ8

ρpGnk q

p˚q

K
ÿ

k“1

upxkq qk,

where p˚q is by the limit equations (7). l

Proof of Proposition 3. Recall the notation of equation (3). We will first show that

the limit equation (10) holds for V and V , and then show that it holds for V itself.

Claim 1: lim
nÑ8

V pαnq “
K
ÿ

k“1

qk upxkq.
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Proof: Let B :“ }u}
8

. Then B ă 8, and the sequence tV pαnqu8n“1 is bounded in

the interval r´B,Bs, so it has convergent subsequences. To prove the claim, it

suffices to show that every convergent subsequence of tV pαnqu8n“1 converges to
K
ÿ

k“1

qk upxkq.

So, let tnp`qu8`“1 be an increasing sequence in N such that the subsequence

tV pαnp`qqu8`“1 converges to some limit V ˚. We must show that V ˚ “
řK
k“1 qk upxkq.

For all ` P N, define the linear function v` : ∆pSqÝÑR by

v`pρq :“

ż

S
u ˝ αnp`q dρ, for all ρ P ∆pSq. (B1)

This function is continuous in the norm topology, while P is closed in this

topology. Thus,

V pαnp`qq “ min
ρPP

v`pρq “ v`pρ`q, (B2)

for some ρ` P P . Furthermore, P is norm-compact. Thus, the sequence tρ`u
8
`“1

has a subsequence tρ`mu
8
m“1 that converges to some limit point ρ˚ P P in the

norm topology.

Let ε ą 0. There exists M1 P N such that, for all m ěM1, }ρ`m ´ ρ˚}vr ă
ε

3B
.

Thus, for all n P N and all m ěM1,

ˇ

ˇ

ˇ

ˇ

ż

S
u ˝ αn dρ`m ´

ż

S
u ˝ αn dρ˚

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

S
u ˝ αn dpρ`m ´ ρ˚q

ˇ

ˇ

ˇ

ˇ

ď }u ˝ αn}
8
¨ }ρ`m ´ ρ˚} ă B ¨

ε

3B
“

ε

3
. (B3)

In particular, setting n :“ np`mq in inequality (B3) and invoking equation (B1)

yields
ˇ

ˇ

ˇ
v`mpρ`mq ´ v`mpρ˚q

ˇ

ˇ

ˇ
ă

ε

3
. (B4)

Next, substituting equation (B2) into inequality (B4) yields

ˇ

ˇ

ˇ
V pαnp`mqq ´ v`mpρ˚q

ˇ

ˇ

ˇ
ă

ε

3
. (B5)
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Meanwhile, ρ˚ P R, so Proposition 2 implies that there is some N P N such

that,
ˇ

ˇ

ˇ

ˇ

ˇ

ż

S
u ˝ αn dρ˚ ´

K
ÿ

k“1

qk upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ε

3
for all n ě N . (B6)

Since the sequence tnp`mqu
8
m“1 is strictly increasing, there is some M2 P N such

that np`mq ą N for all m ěM2. From this and inequality (B6), it follows that

ˇ

ˇ

ˇ

ˇ

ˇ

ż

S
u ˝ αnp`mq dρ˚ ´

K
ÿ

k“1

qk upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ε

3
, for all m ěM2. (B7)

Using the defining equation (B1), we can rewrite inequality (B7) as follows:

ˇ

ˇ

ˇ

ˇ

ˇ

v`mpρ˚q ´
K
ÿ

k“1

qk upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ε

3
, for all m ěM2. (B8)

Finally, by hypothesis, lim
`Ñ8

V pαnp`qq “ V ˚. So there is some L P N such that

ˇ

ˇ

ˇ
V ˚ ´ V pαnp`qq

ˇ

ˇ

ˇ
ă

ε

3
, for all ` ě L. (B9)

Since the sequence t`mu
8
m“1 is strictly increasing, there is some M3 P N such

that `m ą L for all m ěM3. From this and inequality (B9), it follows that

ˇ

ˇ

ˇ
V ˚ ´ V pαnp`mqq

ˇ

ˇ

ˇ
ă

ε

3
, for all m ěM3. (B10)

Now let Mε :“ maxtM1,M2,M3u. Then for all m ěMε, we have

ˇ

ˇ

ˇ

ˇ

ˇ

V ˚ ´
K
ÿ

k“1

qk upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
V ˚ ´ V pαnp`mqq

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
V pαnp`mqq ´ v`mpρ˚q

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

ˇ

ˇ

v`mpρ˚q ´
K
ÿ

k“1

qk upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă
p˚q

ε

3
`
ε

3
`
ε

3
“ ε,

where p˚q is by inequalities (B5), (B8), and (B10).

This argument works for any ε ą 0. Thus, V ˚ “
K
ÿ

k“1

qk upxkq, as desired.

3 Claim 1
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By an argument very similar to Claim 1 (replacing min with max), we can show

that

lim
nÑ8

V pαnq “

K
ÿ

k“1

qk upxkq. (B11)

Combining inequality (3) with Claim 1 and equation (B11) yields equation (10),

proving the theorem. l

Proof of Proposition 4. For all n P N, define the function Φn : PÝÑR by setting

Φnpρq :“ φ

ˆ
ż

S
u ˝ αn dρ

˙

, for all ρ P P .

Now, φ : RÝÑR is concave, hence continuous. For all ρ P P , Proposition 2 says

that

lim
nÑ8

ż

S
u ˝ αn dρ “

K
ÿ

k“1

qk upxkq, hence lim
nÑ8

Φnpρq “ φ

˜

K
ÿ

k“1

qk upxkq

¸

.

(B12)

Let u :“ inf
xPX

upxq and u :“ sup
xPX

upxq; these are finite because u is bounded. For all

ρ P P and n P N,

u ď

ż

S
u ˝ αn dρ ď u, hence φpuq ď Φnpρq ď φpuq,

because φ is increasing. Thus, the sequence of functions tΦnu
8
n“1 are all bounded

between the constants φpuq and φpuq. Meanwhile, equation (B12) says that the se-

quence tΦnu
8
n“1 converges pointwise to the constant function with value φ

´

řK
k“1 qk upxkq

¯

.

Thus, the Lebesgue Dominated Convergence Theorem says that

lim
nÑ8

ż

P
Φn dµ “

ż

P
φ

˜

K
ÿ

k“1

qk upxkq

¸

dµ “ φ

˜

K
ÿ

k“1

qk upxkq

¸

. (B13)

However, equation (5) says V pαnq “

ż

P
Φn dµ for all n P N. Thus, equation (B13)

yields equation (11). l
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C Proofs from Section 4

Let U be the Banach space of bounded, measurable, real-valued functions on X ,

endowed with the norm }¨}
8

defined by }u}
8

:“ sup
xPX

|upxq| for all u P U . We shall

use the following lemma, which is a straightforward consequence of the Separating

Hyperplane Theorem.

Lemma C.1 Let tujujPJ Ă U , and suppose tuiuiPI satisfy Minimal Agreement. Sup-

pose there exists z P X such that ujpzq “ 0 for all j P J . Let C be the convex cone

in U spanned by tuiuiPI and 0. If uo R C, then there exist finitely additive probability

measures ν1 and ν2 on X such that

ż

X
uo dν1 ă

ż

X
uo dν2, while

ż

X
ui dν1 ą

ż

X
ui dν2 for all i P I. (C1)

Proof: (Pivato, 2022, Lemma A.2). l

Theorem 1 is a special case of Theorem 2, so it suffices to prove the latter.

Proof of Theorem 2. “ùñ” (by contradiction) Suppose ľo satisfies Almost-objective

Pareto, but uo is not weakly utilitarian. Let z P X .

Claim 1: We can assume without loss of generality that ujpzq “ 0 for all j P J .

Proof: Let cj :“ ujpzq, and then define rujpxq :“ ujpxq ´ cj for all x P X . If ľj

has a GH representation (3), then ľj also admits a GH representation where uj

is replaced by ruj. On the other hand, if ľj has a SOSEU representation (5),

then define rφjprq :“ rφjpr ` cjq for all r P R. Then ľj also admits a SOSEU

representation where uj is replaced by ruj and φj is replaced by rφj. 3 Claim 1

Let C be the closed, convex cone in U spanned by tuiuiPI and 0. Then uo is weakly

utilitarian if and only if uo P C. Thus, if uo is not weakly utilitarian, then uo R C,

in which case Lemma C.1 yields finitely additive probability measures ν1 and ν2 on
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X satisfying the inequalities (C1). For all j P J , let εj :“

ˇ

ˇ

ˇ

ˇ

ż

X
uj dν1 ´

ż

X
uj dν2

ˇ

ˇ

ˇ

ˇ

.

Let

ε :“
1

5
min
jPJ

εj. (C2)

Then ε ą 0. Inequalities (C1) and definition (C2) yield

ż

X
uo dν2 ´

ż

X
uo dν1 ą 5 ε, (C3)

while

ż

X
ui dν1 ´

ż

X
ui dν2 ą 5 ε, for all i P I. (C4)

Let R :“ max t}uj}8ujPJ ; this value is finite because tujujPJ are bounded. Let

N :“ rR{εs ` 1; then Nε ą R, so the interval r´N ε, N εq contains the ranges of

tujujPJ . For all j P J and all n P r´N . . .N s, let Yjn :“ pujq
´1rn ε, pn`1q εq. Then

Yj :“ tYjnuNn“´N is a measurable partition of X . Let Y be the common refining

partition of tYjujPJ . This is a measurable partition of X . Suppose it has K cells,

and write Y “ tYkuKk“1. For all k P r1..Ks, let p1k :“ ν1pYkq and p2k :“ ν2pYkq.

Then p1 :“ pp1kq
K
k“1 and p2 :“ pp2kq

K
k“1 are K-dimensional probability vectors. For

all k P r1 . . . Ks, let xk P Yk.

Claim 2: For all j P J ,
ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

p1k ujpxkq ´

ż

X
uj dν1

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε and

ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

p2k ujpxkq ´

ż

X
uj dν2

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε.

Proof: To prove the first inequality, note that

ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

p1k ujpxkq ´

ż

X
uj dν1

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

ν1pYkqujpxkq ´
K
ÿ

k“1

ż

Yk

uj dν1

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

ˆ
ż

Yk

ujpxkq dν1 ´

ż

Yk

uj dν1

˙

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

ˆ
ż

Yk

ujpxkq ´ ujpyq dν1rys

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ď

K
ÿ

k“1

ż

Yk

|ujpxkq ´ ujpyq| dν1rys ă
p˚q

K
ÿ

k“1

ż

Yk

ε dν1 “

K
ÿ

k“1

ε ν1pYkq “ ε,
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as claimed. Here p˚q is because for all k P r1 . . . Ks, we have xk P Yk while

n ε ď ujpyq ă pn`1q εq for all y P Yk, so that |ujpxkq ´ ujpyq| ă ε for all y P Yk.

The proof of the second inequality is similar. 3 Claim 2

Combining inequalities (C3) and (C4) with Claim 2 yields

K
ÿ

k“1

p2k uopxkq ´
K
ÿ

k“1

p1k uopxkq ą 3 ε, (C5)

while
K
ÿ

k“1

p1k uipxkq ´
K
ÿ

k“1

p2k uipxkq ą 3 ε, for all i P I. (C6)

Let q P ∆KˆK be the probability vector defined by qk,` :“ p1k p
2
` for all k, ` P

r1 . . . Ks. Since S is Polish and R is tame, Proposition 1 yields an R-almost-

objectively uncertain partition sequence pGnq8n“1 subordinate to q. For all n P N,

write Gn “ tGnk,`uKk,`“1, with

lim
nÑ8

ρpGnk,`q “ qk,`, for all ρ P R and k, ` P r1 . . . Ks. (C7)

For all n P N, and `, k P r1 . . . Ks, define Gnk,˚ :“ Gnk,1 Y Gnk,2 Y ¨ ¨ ¨ Y Gnk,K and

Gn˚,` :“ Gn1,` Y Gn2,` Y ¨ ¨ ¨ Y GnK,`. Then the equation (C7) yields

lim
nÑ8

ρpGnk,˚q “ p1k and lim
nÑ8

ρpGn˚,`q “ p2` , for all ρ P R. (C8)

For all n P N, define acts αn, βn : SÝÑX as follows.

• For all k P r1 . . . Ks, let αnpsq :“ xk for all s P Gnk,˚.

• For all ` P r1 . . . Ks, let βnpsq :“ x` for all s P Gn˚,`.

Thus, α “ pαnq8n“1 and β “ pβnq8n“1 are R-almost-objectively uncertain acts.

They are compatible because for all n P N, αn and βn are both Gn-measurable. By

construction and equations (C8), α is subordinate to pp1,xq, while β is subordinate

to pp2,xq.

Claim 3: α ą8
i β for all i P I.
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Proof: For all i P I, the preference ľi has a representation Vi : AÝÑR that is

either a compact GH representation (3) or a SOSEU representation (5), with

Pi Ď R in either case. We will deal with these two cases separately.

Case 1. If Vj is a compact GH representation, then Proposition 3 says that

lim
nÑ8

Vipα
n
q “

K
ÿ

k“1

p1k uipxkq and lim
nÑ8

Vipβ
n
q “

K
ÿ

k“1

p2k uipxkq.

Thus, there exists N P N such that
ˇ

ˇ

ˇ

ˇ

ˇ

Vipα
n
q ´

K
ÿ

k“1

p1k uipxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε and

ˇ

ˇ

ˇ

ˇ

ˇ

Vipβ
n
q ´

K
ÿ

k“1

p2k uipxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε, for all n ě N .

(C9)

Combining inequalities (C6) and (C9), we obtain Vipα
nq ´ Vipβ

nq ą ε, for all

n ě N . Thus, α ą8
i β, as claimed.

Case 2. If Vi is a SOSEU representation, then Proposition 4 says that

lim
nÑ8

Vipα
n
q “ φi

˜

K
ÿ

k“1

p1k upxkq

¸

and lim
nÑ8

Vipβ
n
q “ φi

˜

K
ÿ

k“1

p2k upxkq

¸

.

(C10)

Now, φi : RÝÑR is concave, therefore continuous. It is also increasing, hence

bijective. Let W Ă R be a compact neighbourhood of
řK
k“1 p

1
k upxkq and

řK
k“1 p

2
k upxkq, and let Z :“ φpWq. Then φi : WÝÑZ is a continuous bijec-

tion with compact domain, thus, a homeomorphism. Thus, the inverse function

φ´1i : ZÝÑW is also continous. In fact, Z is compact, so φ´1i is uniformly

continuous. So there is some δ ą 0 such that

for all z1, z2 P Z,
´

|z1 ´ z2| ă δ
¯

ùñ

´

ˇ

ˇφ´1i pz1q ´ φ
´1
i pz2q

ˇ

ˇ ă ε
¯

.

(C11)

Now, Z is a neighbourhood around φi

˜

K
ÿ

k“1

p1k upxkq

¸

and φi

˜

K
ÿ

k“1

p2k upxkq

¸

.

Thus,

for all z P Z,

˜ˇ

ˇ

ˇ

ˇ

ˇ

z ´ φi

˜

K
ÿ

k“1

p1k upxkq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ă δ

¸

ùñ

˜ˇ

ˇ

ˇ

ˇ

ˇ

φ´1i pzq ´
K
ÿ

k“1

p1k upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε

¸

,(C12)
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and

˜ˇ

ˇ

ˇ

ˇ

ˇ

z ´ φi

˜

K
ÿ

k“1

p2k upxkq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ă δ

¸

ùñ

˜ˇ

ˇ

ˇ

ˇ

ˇ

φ´1i pzq ´
K
ÿ

k“1

p1k upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε

¸

.(C13)

Now, the statements (C10) yield some N P N such that for all n ě N , we have

ˇ

ˇ

ˇ

ˇ

ˇ

Vipα
n
q ´ φi

˜

K
ÿ

k“1

p1k upxkq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ă δ and

ˇ

ˇ

ˇ

ˇ

ˇ

Vipβ
n
q ´ φi

˜

K
ÿ

k“1

p2k upxkq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ă δ.

(C14)

Combining statements (C12), (C13), and (C14), we obtain

ˇ

ˇ

ˇ

ˇ

ˇ

φ´1i
`

Vipα
n
q
˘

´

K
ÿ

k“1

p1k uipxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε and

ˇ

ˇ

ˇ

ˇ

ˇ

φ´1i
`

Vipβ
n
q
˘

´

K
ÿ

k“1

p2k uipxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε, for all n ě N .

(C15)

Combining inequalities (C6) and (C15), we obtain φ´1i
`

Vipα
nq
˘

´φ´1i
`

Vipβ
nq
˘

ą

ε, for all n ě N . Thus, the logical contrapositive of statement (C11) implies

that |Vipα
nq ´ Vipβ

nq| ą δ, for all n ě N . Since φi is increasing, this means

Vipα
nq ´ Vipβ

nq ą δ, for all n ě N . Thus, α ą8
i β, as claimed. 3 Claim 3

By an argument identical to Claim 3, but using inequality (C5) rather than (C6),

it is easy to prove that α ă8
o β. This, together with Claim 3, is a violation of

Almost-objective Pareto. Contradiction. To avoid this contradiction, uo must be

weakly utilitarian.

“ðù” (by contradiction) Suppose uo is weakly utilitarian; thus, uo “
ÿ

iPI
ci ui

for some constants ci ě 0. Suppose Almost-objective Pareto is violated. Then there

exist compatible almost-objective acts α and β such that α ą8
i β for all i P I,

while α ă8
o β. Thus, for all i P I, there is some εi ą 0 and some Ni P N such that

Vipα
n
q ´ Vipβ

n
q ą 2 εi, for all n ě Ni, (C16)

whereas there is some εo ą 0 and some No P N such that

Vopβ
n
q ´ Vopα

n
q ą 2 εo, for all n ě No. (C17)
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There exists K P N, p P ∆K , and x P XK such that α is subordinate to pp,xq.

Likewise, There exists L P N, q P ∆L, and y P X L such that β is subordinate to

pq,yq.

Claim 4: For all i P I,
K
ÿ

k“1

pk uipxkq ´
L
ÿ

`“1

q` uipy`q ą 0.

Proof: For all i P I, ľi has a representation Vi : AÝÑR that is either a compact

GH representation (3) or a SOSEU representation (5), with Pi Ď R in either

case. We will deal with these cases separately.

Case 1. If Vi is a GH representation, then follow the argument in Case 1 of the

proof of Claim 3 to obtain Mi P N such that

ˇ

ˇ

ˇ

ˇ

ˇ

Vipα
m
q ´

K
ÿ

k“1

pk uipxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă εi and

ˇ

ˇ

ˇ

ˇ

ˇ

Vipβ
m
q ´

L
ÿ

`“1

q` uipy`q

ˇ

ˇ

ˇ

ˇ

ˇ

ă εi, for all m ěMi.

(C18)

Now let n ě maxtNi,Miu, and combine (C16) and (C18) to get the claimed

inequality.

Case 2. Suppose Vi is a SOSEU representation. Let Wi Ă R be a compact

neighbourhood of
řK
k“1 pk uipxkq and

řL
`“1 q` uipy`q. The convex function φi is

continuous, hence uniformly continuous when restricted toWi. So there is some

δi ą 0 such that

for all w1, w2 PWi,
´

|z1 ´ z2| ă 2 δi

¯

ùñ

´

|φipz1q ´ φipz2q| ă 2 εi

¯

. (C19)

Combining inequality (C16) with the contrapositive of statement (C19), we get

φ´1i rVipα
n
qs ´ φ´1i rVipβ

n
qs ą 2 δi, for all n ě N . (C20)

Proposition 4 implies that there is some Mi P N such that for all m ěMi,

ˇ

ˇ

ˇ

ˇ

ˇ

φ´1i rVjpα
m
qs ´

K
ÿ

k“1

pk ujpxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă δi and

ˇ

ˇ

ˇ

ˇ

ˇ

φ´1i rVjpβ
m
qs ´

L
ÿ

`“1

q` ujpy`q

ˇ

ˇ

ˇ

ˇ

ˇ

ă δi,

(C21)
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Now let n ě maxtNi,Miu, and combine the inequalities (C20) and (C21) to

obtain the claimed inequality. 3 Claim 4

By an argument similar to Claim 4, but using inequality (C17) rather than (C16),

one can show that

K
ÿ

k“1

pk uopxkq ´
L
ÿ

`“1

q` uopy`q ă 0. (C22)

Now, uo “
ÿ

iPI
ci ui. Thus,

K
ÿ

k“1

pk uopxkq ´
L
ÿ

`“1

q` uopy`q “

K
ÿ

k“1

pk
ÿ

iPI
ci uipxkq ´

L
ÿ

`“1

q`
ÿ

iPI
ci uipy`q

“
ÿ

iPI
ci

˜

K
ÿ

k“1

pk uipxkq ´
L
ÿ

`“1

q` uipy`q

¸

.(C23)

But ci ě 0 for all i P I, so equation (C23), inequality (C22) and Claim 4 are

logically inconsistent. To avoid this contradiction, Almost-objective Pareto must be

satisfied. l

We finish with the proofs of two statements made in the text.

Proof of statement (6). Let V1 and V2 be contiguous representations of ľ. Define

φ : V1pAq Ñ V2pAq as follows: for all r P V1pAq, set φprq :“ V2pαq for some

α P A such that V1pαq “ r. Since V1 and V2 represent the same order ľ, this is

well-defined independent of the choice of α; for the same reason, φ is a strictly

increasing function. But V1 and V2 are contiguous, so that V1pAq and V2pAq are

intervals of R. It follows that φ is continuous. l

Proof of statement (8). Let V1 : AÝÑR and V2 : AÝÑR be contiguous representa-

tions of ľ. Statement (6) yields a continuous, increasing function φ : RÝÑR such



Bayesian social aggregation with almost-objective uncertainty January 2, 2022 41

that V1 “ φ ˝ V2. We will first show that, on the relevant domain, φ is uniformly

continuous.

Since pαnq8n“1 is an almost-objective act, there is some K P N and K-tuple

x P XK such that αnpsq P tx1, . . . , xKu for all s P S and all n P N. Likewise,

there is some J P N and y P X J such that βnpsq P ty1, . . . , yJu for all s P S and

all n P N. Let Z :“ tx1, . . . , xK , y1, . . . , yJu. Let q :“ mintV2pκzq; z P Zu and

q :“ maxtV2pκzq; z P Zu; these are well-defined because Z is finite. LetQ :“ rq, qs;

this is a closed, bounded interval, hence compact. Thus, φ is uniformly continuous

when restricted to Q.

We claim that V2pα
nq P Q and V2pβ

nq P Q for all n P N. To see this, let

n P N. Since ľ satisfies Very Weak Dominance, there exist xj, xk P Z such that

κxj ĺ αn ĺ κxk ; thus q ď V2pκxjq ď V2pα
nq ď V2pκxkq ď q, because V2 represents

ľ. Thus, V2pα
nq P rq, qs “ Q. By a similar argument, V2pβ

nq P Q.

Since φ is uniformly continuous on Q, there exists ε2 ą 0 such that, for all

q, r P Q, if |q ´ r| ď ε2, then |φpqq ´ φprq| ď ε1. Since φ is increasing, this means

that for all q, r P Q, if r ď q ` ε2, then φprq ď φpqq ` ε1. Contrapositively, if

φprq ą φpqq ` ε1, then r ą q ` ε2. By hypothesis, there is some N P N such that

V1pα
nq ą V1pβ

nq ` ε1 for all n ě N . In other words, φ ˝ V2pα
nq ą φ ˝ V2pβ

nq ` ε1

for all n ě N . As already noted, V2pα
nq P Q and V2pβ

nq P Q; it follows that

V2pα
nq ą V2pβ

nq ` ε2 for all n ě N . l

Utilitarianism vs. weak utilitarianism By definition, if u0 is utilitarian, then

it is weakly utilitarian. We will just show that ex post Pareto is satisfied. Let α and

β be two riskless acts such that α ľi β for all i. Assume that αpsq “ x and βpsq “ y

for all states s P S. We will have V ipαq “ uipxq and V ipβq “ uipyq, for all i P J .

Thus, with uipxq ě uipyq for all i P I and u0 “ b `
ř

iPI
ciui we have u0pxq ě u0pyq.
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Furthermore, if there is i P I such that uipxq ą uipyq, since ci ą 0, we will obviously

have u0pxq ą u0pyq.

Conversly, if u0 is weakly utilitarian, then for all i P I, there is ci ě 0 such that

u0 “ b`
ř

iPI
ciu

i. Let i P I. To show that ci ą 0 let xi, yi P X such that uipxiq ą uipyiq

and ujpxiq “ ujpyiq for j ‰ i; this exists by the hypothesis of Independent Prospects.

Considering the riskless acts αipsq “ xi and βipsq “ yi, we have V jpαiq ě V jpβiq

for all j P I and V ipαiq ą V ipβiq. By Ex post Pareto, we have V 0pαiq ą V 0pβiq.

Thus, u0pxiq ´ u0pyiq “ cipuipxiq ´ uipyiqq ą 0. But since puipxiq ´ uipyiqq ą 0, we

get ci ą 0.
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