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Abstract This paper presents an axiomatic model of medical decision making,
and discusses its potential applications. The medical decision problems en-
visioned concern the choice of a medical treatment following, a diagnosis in
situations in which data allow construction of an empirical distribution over
the potential outcomes associated with the alternative treatments. In its de-
scriptive interpretation, the model is an hypothesis about the patient’s choice
behavior. The theory also aims to aid physicians in recommending, treatments
in a coherent manner.

Keywords Medical decision making - Medical treatment choice

JEL Classifications 119 - D81

For the purpose of this paper. the term medical decision making refers (o
the choice of a course of action (action, for short) following a diagnosis of a
patient’s condition. An action consists of the medical treatment itself: the facil-
ity in which it is to be administered: and. if perceived relevant, the individuals
who administer it. Consider. for example. a patient diagnosed with prostate
cancer. GGiven his specific personal characteristics (medical history, age, physi-
cal condition. and so forth), the patient must choose among various treatments
(e.g., radical prostatectomy, radiation therapy): the medical facilities in which
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he is to be treated (the local hospital. a medical center in another city): and the
physician who performs the surgery or administers the therapy of choice. The
consequences consist of the patient’s post-treatment state of health, including
the side effects of treatment: the associated pain and inconvenience: the direct
monetary expenses: and the potential loss of income.!

In many situations involving medical decision making, the empirical prob-
ability (that is. the relative frequency) of the different outcomes conditional
on the treatments. characteristics of the patient. and choice of hespital and
physician are known. The question is, how does (or how should) an informed
patient choose among, the possible courses of action?

In this paper I propose an axiomatic theory of medical decision making
in which the patient’s preferences are represented by an outcome-dependent
expected utility function. More formally. let @ denote an action and denote by
¢ a vector of the patients characteristics (medical history, age. gender, race,
profession. family situation. physical state. and any other personal attributes
that may bear on the outcome of the medical treatments under consideration).
I examine the structure of a preference relation, »=, on the set of actions that is
necessary and sufficient for the following representation:

{(ct, ¢) — A (d) Z Uf{wia c)y.wplow|dc)+uvia),
L=

where U is the utility function: e denotes the post-treatment health state
(or outcome): @ is the set of all outcomes associated with a given diagnosis:
f(ew:a. c) denotes the financial consequence associated with the outcome w
conditicnal on the patient’s characteristics and the action: p(-|a. ¢) is the
probability distribution on Q conditional on the action and the patient’s
personal characteristics: and 4 and v represent the “utility cost.” including the
pain or discomfort associated with different actions. Note that the patient’s
risk attitudes, captured by the utility functions of money, U (-, w).w € Q, are
outcome dependent but not action dependent.’

I assume throughout that, insofar as choosing the right treatment is con-
cerned, there is no conflict of interests between physicians and the patients. In
other words. following a diagnosis the objective of both parties is to choose the
treatment that is best [rom the viewpoint of the patient’s welfare in all its rele-
vant aspects, health, financial, and the nonmonetary cost of the treatment. The
decision maKing problem is interactive, involving the integration of the private
information of the two parties. The physician input includes the diagnosis,
the identification of the alternative treatments, and the determination of the

YA recent study by Sommers et al. {2007) underscores the importance of patients’ preferences
for the determination of the optimal treatment (defined as the expected QALY). See further
discussion in the concluding section.

2Outcomes represent states of health. and the utility functions in this model are state-dependent
functions of the patient’s wealth. This is an important aspect of this model. which is missing from
that of Sommers etal. (2007). Empirical evidence suggests that there are significant variations both
in the level and marginal utility of wealth across states of health (see Viscusi and Evans 1990),
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probabilities of the outcomes assaciated with the alternative courses of action.
The patient’s input consists of his personal characteristics and preferences,
including his valuation of the health outcomes, his outcome-dependent risk
attitudes, and his valuation of the nonfinancial aspect of the cost associated
with the alternative treatments. The decision maker is supposed to be able
to express his preferences over treatments for every conceivable probability
distribution over the outcomes. This richness of the framework allows the
identification of the ingredients of the representation. namely. the utilities and
the probabilities.

The analysis consists of two main parts: The first part is an application
of an extension of the von Neumann-Morgenstern expected utility theory
developed in Karni and Safra (2000) to obtain. for every given course of
action. an outcome-dependent expected utility representation. The second
part, which is the novel aspect of this work. involves linking the representations
across actions. This is done by two axioms, namely. action-independent risk
attitudes and action-independent preferences over lottery mixtures. Action
independent risk attitudes requires that the patient’s risk aversion is not
altered by the treatment itself. Action-independent lottery mixtures requires
that mixing lotteries belonging to the same indifference class under different
treatments yield lotteries that are themselves equivalent under the different
treatments.

The application of this model to medical decision making requires the
elicitation of the utility functions U (-, w). w £ Q: their alignment: and the
clicitation of the coefficients X (@) . v («) for all actions. «. Because the model
is preference based. the information needed to implement it is, in principle,
obtainable from the patient’s expressed preferences over conceivable actions
and payoff functions f. However, in situations in which the elicitation of the
outcome-dependent utilities using conventional methods. such as Becker et al.
(1964). is too exacting, a reasonable compromise between rigor and parsimony,
is to restrict attention to parametric families of utility functions and estimate
the relevant parameters using few questions.

The next section presents the theory. Section 2 examines the issues involved
in implementing this model. Concluding, remarks appear in Section 3. The
proof of the main result is given in the Appendix.

1 A model of medical decision making

1.1 The analytical framework

Let © denote a finite set whose elements are health diagnoses” For every
# = & let A (¥) denote a finite set of actions, that is, descriptions of the medical

3In view of our definition of medical decision problems. the interpretation of @ is the doctor's
diagnosis rather than the patient’s true state of health.
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aspects of the procedures in all their relevant aspects.* For instance. when
the diagnosis calls for surgery. an action includes specification of the surgical
procedure itself, the facility in which the operation is to take place, the surgeon
who is to perform the surgery. the hospitalization and medical follow-up. Let
€, (F) denote the finite set of possible outcomes that might result when the
diagnosis is # and the action takenis ¢ € A(#), and let Q(F) = Upe a0.Q4 (F).

Denote by P (6) the set of all probability distributions on € (¢) and assume
that it is endowed with the R opology. Clearly, P (¢#) contains the set of
{pe (-] @) | @€ A(@)) of probability distributions on Q (#) conditional on the
available actions. For cach v € Q (7). let [, be a closed and bounded interval
inR. A bet, f.isan element of the productset F (¢) = [,eqp L. representing
outcome-contingent monetary payolfs. For instance. one may bet on the
outcome of a bypass surgery according to which he wins v dollars if he survives
the operation and losses y dollars if he does not, to be paid by his estate.
Assume that F (#) is endowed with the RF“1 topology. (Note that a pair
(p. [) defines a lottery that. for every e € Q. assigns the probability p (w) to
the monetary prize f(w)).

For every @, the patient is supposed to be able to conceive of having
to choose among, elements of C(0) := A (¢) x P (¢) x I(#) consisting, of an
action in A (¢), a probability in P (¢), and a betin F (¥). Then C(#) is the
conceivable choice set. Since a medical decision problem always begins with a
diagnosis which is then fixed. to simplify the notation. henceforth I suppress
the diagnosis 4.

A preference relation = on C is a binary relation that has the following
interpretation: (a, p, ) = (¢, p', f') means that if the patient were in a posi-
tion that requires him to choose between (a, p, f) and (&, p’, '), he would
choose (@, p, [) or be indifferent between the two alternatives. The induced
strict preference relation, -, and indifference relation, ~, are defined as usual
and have the usual interpretation.

[ assume throughout that = is a weak order, that is,

(A1) = is complete and transitive.

Teo describe the structure of the preference relation, it is convenient (o
dissect it and examine each of its components separately.

1.2 Treatment-contingent preferences
For cach action. a, define a conditional preference relation =, on P x I by

(p. 1)y =a (P, il a, p. )= (a p'. ). By definition and (A1), =, is a weak
order.

“The specifications of the actions do notinclude the financial dimensions of the medical procedure.
which is handled separately.
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For the conditional preferences =, [ adopt the structure of Karni and Safra
(2000). Specifically. I assume that the conditional preference relations in the
set {=,| @ € A} satisty the following axioms:

(A2)y Continvity—Forall (p. f) e P x I'the sets
e YL 1) =a (p. D} and {(p". Y1 (. £ =a (0. 1))

are closed in the product topology.

The second axiom requires that every outcome matters. Formally, let ¢”
be the w—th unit vector in R (that is, ¢” € P is the degencrate probability
distribution that assigns the unit probability mass to w) then,

(A3) Coordinate Essentiality—Forall o € 2, there are f. [ € I such that
(@, )= (¢ 1)

The next axiom requires that the evaluation of outcome-contingent pay-
offs be independent in the sense that preferences among alternatives of the
form (&”, (r, f_,)), Where (r, f_,):i=(f(w1), ... Fle—r) . 8 Fogr) . o [ lam)),
depend solely on the payoff of the bet f if the outcome w obtains. Formally.

(A 4y Certainty Principle — Forall f, [, ", [" € F,
(7, (X, [—w)) =a (€7 (v, [,)) ifand only if
(", (. f2,)) =a (% (v 1))

Define the partial mixture operation on P x F as follows: for every
given [ F, (p.[). (p’. :“) and o <[0,1], a(p. N+ {1 —a) (p’. :“) =
(ap+(1—a)p’. f). This may be interpreted as a (wo-stage lottery in
which, in the first stage. the alternatives (p, ) and (p’, f) obtain with
probabilities o and (1 — ) . respectively. In the second stage. the payolfl of [
is determined by the lottery, p or p’, that was chosen in the first stage. With
this interpretation in mind. assume that the decision maker prefers (p. f)
over (p', f") and (g, f) over (g, 7). Morcover, assume that if a decision
maker faces a choice between the alternatives L = (ap+ (1 —a)g. ) and
[’ = (ap'+ (1 —a)q, [') he reasons as follows: if the event whose probability
is @ is realized, he participates in the lottery (p, f) if he has chosen [ and
in the lottery (p', f7) if he has chosen 1. Conditional on the realization of
this event, he is better off with L. By the same logic, he would also prefer L
over [ conditional on the realization of the event whose probability is 1 — a.
Consequently, he prefers L. over L' unconditionally. Formally,

(A5) Constrained Independence— For all (p, ), (q. ), (p'. '), (¢, ) in
Px Fande [0, 1)if (p. [) ~a (p’. !") then (q. ) =4 (f{. !") if
and only if (ap + (1 —a)g. ) =4 (ap’ + (1 —a)q, [7).

A real valued function V, on P x F is said to represent =, if, for all (p. [)
and (p’. f’) in PxF (p, )=, (p’. f’) it and only it Vi, (p, ) = V, (p’. f’).
It Vaip. 1) =3 cq Pl Us( [ {w) . w) for some functions, Us(-,w) R —
R.we Q. it is a linear representation of =,. Let 3 o p(w)Uql(f (). @)
represent =,. The functions U, (-, w), @ € Q are said to be unique up to
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uniform positive linear transformation if, for any other linear representation
of =,. Zweﬁ P {cu}(:-*{ f ). ew), (:*{-. )= U o)+, =0, foralle e Q.

The next theorem restates, in the terminology of this paper, Theorem 2 of
Karni and Safra (2000).

Theorem 1 Let =, beabinary relation on P x F. Then the following conditions
are equivalent:

(a) =4 is a weak order satisfving (A.2)—(A.5).

(b) There exist continuous, non-constant, functions V,: P x F — R and
Uy(vony :R =R, @ €Q, such that V, represents =, and, for all {p, [) €

P x F,
Valp. =) p@) Uu(f (@), o).

enell
Moreover, the functions Uy (-, ), € Q(A), are unique up to uniform positive
linear transformation.

The proof is given in Karni and Safra (2000).
1.3 Cross-action attitudes and representation

Medical treatments are costly in terms of time and discomfort. These are
temporary, however, and unlikely (o alter the patient’s risk attitudes. To
capture this aspect of the patient’s preferences. the next axiom asserts that
the risk attitudes are action independent.

(A.6)  Action-independent risk attitudes—Forall a.a € A, ===, .

The next axiom asserts that preferences on mixtures of lotteries are action
independent. Formally,

(A7) Action-independent lo ttery mixtares—{oralla, ¢ € A, [ € F

and p,p'.p". p" e P ifa p [~ p.rf)

and (a, p”, f) ~ (&', p”. [) then

((:. ap+(1—a)p”, !‘) ~ ((r’.afp’ + (1 —a) p”, f‘) foralla (0, 1).

A certain richness of the choice space is necessary to link distinet action-

contingent preferences. Specifically. there must be some staggered utility over-
lap among the actions. Formalizing this idea. it is useful to use the fellowing
additional terminology: two actions, ¢ and &', are said to be elementarily
linked at f e F if there are p, p, p'. p’ € P satisfying (p, f) =4 (p. f) such
that (@, p, f) ~ (a'. p'. f)and (a, p. f) ~ (. p’. f). (Note that, by transitivity,
(p'. )= (P F}). The treatments ¢ and & are linked if there is a sequence

FThe uniqueness part of the theorem in Karniand Safra (2000) states that Uy (-. ) are unique up
to the following transformations: fU, (. @) + y (w1 f = 0and 3, ¥ (w) = . Thisis a mistake.
The uniqueness requires that p («x) = p forall e € 2. hence the uniformity.
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of actions a1, ..., a, such that ¢ = a1, ¢ = a, and the actions «; and ;1 are
elementarily linked at f € F, i=1, ....n — 1. The set of actions is linked if all
its elements are linked.

The next theorem s the main resull.

Theorem 2

Let = be a preference relation on C and denote by {=,| a € A} the induced
action-contingent preference relations on P x F.If A is linked, then the follow-
ing conditions are equivalent:

(a) = is a weak order and the induced preference relations {=,4| a € A} satisfy
(A.2) = (A7),

(b) There exist continuous nonconstant functions V:C — R, U (-, w): I, —
Roave h:A =Ry, andv: A — R such that V represents = and for all

(a.p. HeC,

Vila, p. ) = i (a) Z plenU(fw), o)+ via).

el

Moreover, the functions U (-, w),w € Q are unique up to a uniform positive
linear transformation and, given U (-, ), w € Q, i and v are unique.

1.4 Medical decision making

The probabilities and the financial consequences of the diff erent outcomes
contingent on patient characteristics and available actions are determined by
the “state of the art,” or technology. Formally, a technology is a function
(:Cx AE)— P() x FF(#) that associates with each vector of personal
characteristics and action a probability distribution on € (¢) and a bet in F(#)
depicting the financial consequences associated with the different outcomes.
These consequences depend on the patient’s health, disability, and life in-
surance coverage and occupation which. in turn. determine the potential loss
of income. A medical decision entails a choice among alternatives in A (#) .
Given the patient’s characteristics. ¢, and the technology. ¢, define a preference
relation on A (#) by a = ¢ if and only if (a, t (a: ¢)) := (a, p(a: ), [(a:¢)) =
(d. pld.c), fla. o)) = (a t(a:c)). Thus, given the patient’s characteristics
and the existing technology. the application of Theorem 2 implies that, for all
a,d € A(H), @ = a if and only if

2 (a) Z plea, c)U(f (e a.c), w)

wGQl‘r'f_l
+v (@) = a(d) Z plend, )U(f(wid, c) w)+v(d). (1)
co L)

Note that the choice of ¢ affects the patient’s well-being in two distinet
ways. First. as already mentioned. the alternative actions may involve different
degrees of pain. suffering, and inconvenience, This aspect of the choice of
action is captured by the functions 4 and v, Second, the patient’s insurance
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may cover the cost of some actions fully and the cost of others only partially or
not at all and, in addition. depending on his occupation, the various outcomes
may have distinct financial implications. These financial aspects of the decision
are captured by the dependence of f (-:a. ¢) on «. For instance, if the patient’s
insurance fully covers the medical costs of the action « then [(:a, ¢ =
f(-:0). where [ (-:c) depicts the contingent loss of income (uncovered by
insurance). If the medical costs of some actions are coinsured (for instance.
under coinsurance. only v percent of the cost of @ is covered) then [ (-:a, ¢) =
f{ie)—(1—x)gla). where g (@) denotes the full financial cost of a.

2 Application
2.1 Outline of the procedures

The most important and immediate application of this model is helping
physicians and patients decide which course of action is most appropriate in
a given situation. Such decisions are based on information from two sources:
(a) medical information, provided by the physician, specifying the set of
outcomes @ and the probabilities {p (-. a. ¢) | @ € A} conditional on the action
and patient’s characteristics, and (b) personal information. provided by the
patient, concerning his characteristics and preferences, on the basis of which
the relevant utility functions U, J and v are to be chosen.

The elicitation of the subjective “parameters.” (that is, the outcome-
dependent utility functions and action-dependent cost coefficients) involves
three distinct procedures. First. for every given outcome. it is necessary to elicit
the outcome-dependent utility function (that is. for all w = Q. the functions
U (-. ) must be determined). Second. the outcome-dependent utility functions
need to be aligned, so that they agree on the evaluation of the monetary payoff
across outcomes. Third, the expected utilities of the distinct actions must be
calibrated to allow comparisons among, them.

2.2 Elicitation of the patient’s risk attitudes

The elicitation of von Neumann-Morgenstern utility functions can be done
using, distinct methods. A well-known methed is based on the elicitation of
the certainty equivalents of lotteries, using direct comparisons (see Abdellaoui
et al. 2007) or a technique introduced by Becker et al. (1964), according
to which, under expected utility preferences, true revelation of the certainty
equivalent is incentive compatible. Repeated elicitations of certainty equiva-
lents of lotteries allow the construction of a utility function.

The economic and financial literature pays special attention (o certain
parametric families of utility functions, including the power family: the expo-
nential family: the expo-power family (due to Saha 1993): and the hyperbolic
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absolute risk aversion family (HARA), introduced by Merton (1971).f From
an empirical point of view, the use of parametric utility functions offers a
reasenable trade-off between generality and economy of observations. This
is especially true when one is interested in local approximations.

Arrow (1965) advocates the use of utility functions displaying decreasing
absolute risk aversion and increasing relative risk aversion. More recently,
experimental studies of risk attitudes by Holt and Laury (2002) and Abdellacui
et al. (2007) argue in favor of using variations of the expo-power family. Holt
and Laury (2002) lend support to a parametric family of utility functions that
take the form

1 —exp(—ax'™)

w(x) = . (2)
o

where v denotes the decision maker’s wealth: o = 0 and 1 = r = 0. The limit
of this function when « tends to zero is x!=7. The de Finetti (1952). Arrow
(1965) and Pratt (1964) measure of relative risk aversion for this family of
utility functions is

' (x)x

- =rt+a(l—rx". (3)
1 {x)

Hence. the utility function displays constant relative risk aversion. r, when
a tends to zero and constant absolute risk aversion when r = 0. When both
a = 0and r = 0, the utility functions display decreasing absolute risk aversion
and increasing relative risk aversion. Holt and Laury (2002) estimate r = 0.269
and o = 0.029.

Abdellaoui et al. (2007) one-parameter version of the expo-power family is

uiv)y= —exp(—x/r), forr £0and u(x)= —1/xforr=0. (4

For r € [0. 1], this function displays decreasing absolute and increasing relative
risk aversion. Using the trade-off elicitation procedure in an experimental
setting, their estimate of r based on group average is r = 1.242. This implies
a utility function that is slightly convex at low levels of wealth and slightly
concave at high levels of wealth.

Adopting the expo-power parametric family of utility functions to the
present context. the outcome dependence of the preference relation requires
that the parameter values depend on the outcomes. In the two-parameter case,
for instance. this amounts to specifying utility functions as follows,

1 —exp(—a {cu}_rl_”‘”-')

Uix,w)= p . e, (5)

S Abdellacui et al. (2007} introduced and used a special. one-parameter. variation of the expo-
power family. Holt and Laury (2002) used the expo-power family of Saha (1993) to study the
nature of risk aversion and its dependence on the stakes.
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a(w) = 0and 1 = r(w) = 0. The corresponding outcome-dependent degrees
of relative risk aversion are given by
U" (x, w)x I )
—— =yt a(w (1l —r{w))x NOR=R e (6)
U (x,w) o
To apply this model. it is necessary to estimate the parameter values
{a (@) . r{w) | w e}, which raises a methodological issue. The elicitation of
an outcome-independent von Neumann-Morgenstern utility function requires
that the decision maker choose ameng lotteries and evaluate their payoffs
from “where he stands.” The elicitation of outcome-dependent von Neumann-
Morgenstern utility functions requires that the decision maker evaluate the
lottery payoffs contingent on outcomes not yet experienced by him. For
example, a patient who needs to undergo prostate cancer surgery that may
result in incontinence must evaluate lottery payoffs conditional on physical
conditicns which are not part of his experience. and in some sense. are “life-
changing™. It is possible that the ex ante perceived and ex post actual evalua-
tions differ.” If the relevant valuation is the ex post one and if it depends on
personal characteristics such as age. gender, marital status, number of children,
education. and profession. it may be possible to elicit the utility functions of
individuals with the relevant health condition and ascribe the resulting utility
to individuals with similar characteristics.

2.3 Alignment of the utility functions

Suppose that the estimated parameter values of the utility functions in Eq. 5
arc obtained. For every given outcome, e, the elicited utility function is unique
up o a positive linear transformation. The next step requires aligning the
utility functions across outcomes. This involves a simple procedure. Fix e and
& = x,and let b (ax) and @ (ay) be the solution to the equations

b (axg) [1 — exp (—Cf {eg) (-*’)I_HWJ)} ( 1 (7)
\ — +da () = A

o (wo)
and
b () [1 — exp (= (eop) x1770) |
o (eg)

+ a(ap) = 0. (8)

"Sloan et al. (1998) report higher willingness to pay to reduce the risk of multiple sclerosis {MS).
among, persons suffering from MS than among persons without MS. By contrast. persons with
MS are more resistant to undergoing an operation involving a risk of dying that. if successful will
cure them from the disease. implying that they place smaller disutility on having the disease than
healthy persons. This tendency isconsistent with the phenomenon. reported in Deutsch (1960 and
Andrews and Withey (1976). of observers who see actors as more distressed by their misfortune
than the actors see themselves,

@ Springer



J Risk Uncertain ( 2009) 39:1-16 11

For cach o € @ — {ep). let the decision maker indicate the wealth levels
X () and ' () that would leave him indifferent between the payoff-outcome
pairs (x (@), ) and (x, wg) and between the payolf-oulcome pairs (_r’ (en) .cu)
and (', an) . Formally. let x (@) and ¥ () be defined BY §yo0n ™~ Fix.m and
8 xtieoren ™ Six g BY (AL6). this indifference relation is independent of the
action. For each w € Q. let b (w) and a () be the solution to the equations

b (@) [1 — exp (—Q‘ (o) (X {cu})l_”‘“"ﬂ

o {en)

Fafm)=1 (9)

and

b (@) [1 - exp (—a (@) x (@) "))

o (o)

+ @ {ew) = 0. (10)

Foreveryx € I, and o € Q, let

1,') {(U} [1 — eXp (—Qr ((U} _rl—rl'tu_l)]

()

Uiy, m) = + a{w) . (1)

2.4 Calibration of utility across actions

With the utility functions given in Eq. 11 and invoking the linkage of
the set of actions., arrange A in a sequence. «y.....a,. such that
a; and a4 are  elementarily  linked. For every i=1 ..n—-1,
choose f; &I and pi. p.pi.p, €P such that (pr. fp) =4 (p, fi)-
(a;, pi. i)~ {m-tl. pist. fi) and (m.&. f}-) ~ ((:;-+1.£‘_+1. !}). To simplify the
notation let ¢ (@) =Y oo Pi(@ia, Ui (o a. ). o) and C{ay) =
Yoo P, (@iag, c) U(fi(w:a, ¢), o).

Setting 4 (a1) = 1 and v (¢1) = 0 and invoking Theorem 2 and Eq. 1. solve
sequentially for & (a;) and v (@), 1 =2, ..., n, using, at each stage. the pairs of
equations

@) € @) + v (@) = w @) ¢ (@p1) + v (@ig1) (12)
and

rda) & (@) + v (@) = 2 (die1) C (ip1) + U (@igr) - (13)
The estimation of the utility of action coefficients, 4 and v, relies on the pa-
tient’s assessment of the pain and discomfort associated with procedures that
he may have never experienced before. However, unlike with the estimation
of the outcome-dependent utility, the discomfort is not a “life-changing™ event

which may affect his long-term well-being and attitudes. In this respect. the
estimation of these coefficients is more like the estimation of a consumer’s
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utility function over regions of the commaodity space that, because of budget
constraints, he never experienced.

3 Concluding remarks

The model presented here can be interpreted as an hypothesis about decision
makers’ cheice behavior in situations requiring, medical decision making. The
decision makers are patients (or their guardians where patients are unable to
make decisions themselves). The decision makers are supposed to be informed
about the diagnosis. the available courses of actions. their consequences. and
the probabilities of the associated outcomes.

It often happens that, upon receiving a diagnosis. the informed decision
maker asks the physician to recommend a course of action. Such a rec-
ommendation entails a normative judgment. involving an assessment of the
implications of the alternative actions on the patient’s well-being, presumably
incorporating his or her personal characteristics and values. In such cases. the
use of the expected utility moedel. whose axiomatic foundations are norma-
tively compelling, seems appropriate. The model thus helps physicians identify.,
organize, and integrate the relevant data to attain consistency and coherence
in their recommendations. In this sense, the model of this paper addresses
issues similar to those studied in Sommers et al. (2007) in the context of
prostate cancer treatments.® Despite the similarity of the issues addressed, the
approach of this paper is distinguished in two important respects. First. it is
an axiomatic theory that identifies aspects of the decision problems that were
not considered in the model used by Sommers et al. (2007). These include the
financial aspects of the treatment choice, and the utility costs associated with
the different treatments. Second. Sommers et al. measure the utility of the
outcomes using the OALY index. By contrast. in this paper. the utility is a real-
valued function defined over outcomes and money. This permits accounting
for the patient’s outcome-dependent risk attitudes. an aspect of the patient’s
preferences neglected by the other model.

The model presented here applies to medical decision problems for which
the data may be summarized in the form of empirical distributions over
outcomes conditional on actions and patients’ characteristics. Medical decision
problems in which such data are not available require different treatment. In
particular, they require the parallel assessments of the subjective probabilities
of the physician making the recommendation and the patient’s valuation of
outcomes, which are then integrated to construct a decision criterion. The
modeling of the physician’s subjective beliefs regarding the likely realization of
the alternative outcomes following each treatment can be developed along the
lines explored in Karni (2006). Treatment of this important subject is beyond
the scope of this paper.

*The approach is described in Sommers and Zeckhauser (2008),
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Appendix

Proof of Theorem 2 (a) = (b). By Theorem 1, =, is represented by

Vaip. =) p@) Us(f (@) . ). (14)
aniEld
Action-independent risk attitudes, (A.6), and the uniqueness part of Theorem
I imply that forall . ¢ € A, U, (-, ) and Uy (-, @) are linear transformations
of one another. Morcover. the representation (14) and (A7) imply that, for
all a.a € A that are clementarily linked at f. and p. p. p’. p' € P satistying,
(p. ) =q (ﬂ. f‘) such that (a, p, f) ~ ((f’. 28 f‘) and (”'ﬂ' !‘) ~ ((f’. ﬂ’. f‘) .

Va(ap+d—ayp. ) =Va (ap + A —a) p'. f) (15)

forallee € (0.1).
Fixa? and let U (-, @) .= Uy (-, @) forall @ € ©. Then
Uy (o). on=dia)U ([{w), w)y+via), foralla e A, [ € Fandw € Q.
(16)
Let ag. @ = A be elementarily linked at f, and define A (@) and v (@) by the
unique selution to the following equations:

Xa) Z plenyU(f (o). o)+ v (a) = Z pPrenlU(f(w.w) (17)
el [T

and

2 (a) Zﬂ (U (). o+ via) = ZB’ (e U( [ (), w). (18)

el wel?

Let @ and @ be elementarily linked, and define i (¢) and v (¢') by the unique
solution to the equations

o (d') Z Py U(f (o), o)+v(d) =2(a) Z penU(f (@), w) +v(a)

el [
(19)
and
@) ZB’ @) U(f (@), o)+ v(d) =) Z£ (e U(f (w), )+ v(a).
el enell
(20)

Because A is finite and linked. repeating this process, it is possible to solve
(Aley, vianlforalla e A.
For everya € A, define:

B, = {{p. frePx Fl(p. )=, (p’. f") V(p’. f") e P x !-‘}
and

Wao={p. HhePxFI(p. zap. H Y (P [)ePxF}.
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By the compactness of P x F and continuity of =,, the sets 5, and W, are
closed and nonempty. Moreover, since (p, [) = (Z.eqp (@) €”, [) . constraint
independence and transitivity imply that there are e», oo € Q such that (¢”, ) €
By and (¢, ) € W,. Define

Bl ={(p. ) € By | p=¢ for some o € Q)
and
We={(p. ) e W, | p=e¢ forsomeme Q.

By coordinate essentiality. for alla € A, BY 1 WY is empty.

By Theorem 1 V,(e”, f)=Us(f (@), w), for all ae A, and. by Eq.
16, Uy (f(w), o =r@U{(f(w, o)+ via), where Ai(a) = 0. Similarly,
Vale, My =Ua (' (). o) = ia)U (' (o), ') + v (@) . ("nn%cqucnll}-’.
(¢, f)ye BYand (¢, ') € Wil and only if (¢*, f) € BY and (¢, f') e W0,
for all a4 € A. (}i\'cn (¢”. ) e BY, rearrange the set A letting j= i
if ((:J,-. e, !) = (g, ¢, . (It ((:J,-. e, :“) ~Aa;. ¢, [y, then the order is
arbitrary.) Hence A can be written as an n—tuple (a1, .... a,) . and a; and a;41
are clementarily linked. i =1, ....n — 1.

Let f f e F and we' € Q be such that (¢”, ) € BY and (¢, ) € WP,
Define fn‘ = (!‘ (). ([ (). f‘_w»)_w) . Because f(w) is the w—th coordinate
of both f and f, and f' (&) is the o —th coordinate of both /" and f, the
certainty principle implies (d” f) e BY and (e“. fn‘) = WP

Let @ and @ be clementarily linked at f* € I with p, p, p', p’ € P sal-
isfying (p. *) =4 (ﬂ. f*) such that (@, p, f*) ~ (&, p’, [*) and ((; P )~
(@.p'. f*). There are then & o, & a, €[0.1] such that (5, [*) ~,
((C}ﬂew + {1 - (‘}ﬂ}(" ) .D Jf ~a ((g”()“) + (1 - &,) f-’W‘) . an) , (.!_)1- Jf*) ~a
(e + 1~ e). 7). and (. 1%) ~o ((eae”+ (1 ~) ) /) . By
transitivity

((.r. (&E,c)<v t(1— &i,;cw‘) . f‘) ~ (n'. (ar(,.ev + (1 — ) () . f) (21)
and
(n’. (g,e‘” +(1 —a,) c"”‘) . fn‘) ~ ((#’. (gﬂ,c‘” +(1 —a,) c‘”‘) . fn) . (22)

To simplify the notation. let (we”+ (1 —a)e¢”’)=g(@). Then. by
Eqs. 21 and 22. ¢ and & are clementarily linked at feF and
‘f} {C_fﬂ} ’ f’} (&p) ’ ‘f} {drn‘} L ‘-f}(&r) e P

Consider next (a, p, f). By definition (a. ¢, f) = (a. p. f) = (a. ¢, f).
Thus, by (A.2) and (AS5). there is a unique ap such that (@ p. ) ~

(a. g (ap). f),
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Consider the alternatives (a, p, ) and (&', p', ') and, without loss of gen-
erality. suppose that (¢, p'. [*) = (a. p. f). Three cases need to be considered:
Case 1:(d. p'. ) = G#. e, fn‘) CThen Vi (p'. ) Z:_>UE,( 7 (), cu) =Vaip. .

Case 2: Gr’. e f) =@ p. ). Then Vi (p'. Y =Upy (f(cu’). cu’) =Vaip. ).

Case 3: ((f’. e, fn‘) =(d p ) = A p. ) - ((r’. &, f). Then. by (A.2)

and (AS5). there are unique Glap) and §(op) such that (o, p'. f') ~

((r’. Glap). fn‘) and (@, p, ) ~ ((r’. q (cs},) . fn‘) , respectively. Moreover, by the

same argument. there is a unique § («p) satisfying (@, p, f) ~ (n. AR f)

By transitivity, ((.r’. q (C‘ﬂ) . !‘) ~ ((f. ACTE f) . Hence, by transitivity,

-

(n’. g(ap). f‘) ~(d. P ) = @ p. )~ ((;’. g (Qf’F) , f) ~ (a. qlep). fn‘) .

(23)

By Egs. 14 and 15,

Vo (0. 1) = Vet (a(e) . /)

=3 () [apU (@0 + (1 —ap) U (1 (@) )]+ v ()
= (d') [a},b’{ fw), w) + (1 - cr'j,) U(f{e) .cu’)} +v(d)
a@) | apUf (). o)+ (1—ap)U(f (o). o)+ v (@)

— Vo (@) F) = Vatp. 1) (24)

v

Thus, by Theorem 1 and Eqs. 19 and 20,

w(d) Z PenlUf @), o +uv(d) = i@ Z plenlU(f(w)y.m)+va).

513 el

(25)

It @« and & are not clementarily linked. then. ¢ and &' are linked
since A is linked. Deline o, ....au1 by (n;.a;-ﬁ; + (1 —cr;-}&_. !‘*) ~
((f:+1 Loy P+ (L — cq}ﬂ;. f‘*) . where @ = @y and & = a,_1. The conclusion [ol-
lows by repeated application of the representation.

(b) = (a). That (b) implies (A1) — (A 5) fellows from Theorem 1. That it
implies (A .6) and (A7) is immediate.
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To prove the uniqueness part, note that, by Theorem 1. the functions
U(-.w), w=Q, are unique up to a uniform positive linear transformation.
Given U (o), €, the uniqueness of 4(-) and v(-) follow from Eqs. 17-20.

O

References

Abdellaoui. M.. Barrios, C.. & Wakker. P. P. (2007). Reconciling introspective utility with revealed
preference: Experimental arguments based on prospect theory. Journal of Econometrics, 138.
350-378.

Andrews. F. M., & Withey. S. B. (1976). Social indicators of well-being. New York: Plenum.

Arrow. K. 1. (1905). Aspects of the theory of risk-bearing. Helsinki: Yrj Hahnsson Foundation.

Becker. G. M., DeGroot. M. H.. & Marschak. J. (1964). Measuring utility by a single response
sequential method, Behavioral Science, 9. 226-232,

de Finetti. B. (1952). Sulla preferibilita. Giornale degli Economisti e Annali di Economia, 11, 685~
709,

Deutsch. M. (1960). The pathetic fallacy: An observer error in social perception. Journal of
Personality, 28, 317-332.

Hoelt, C. AL & Laury. 5. K. (2002). Risk aversion and incentive effects. American Economic
Review, 92, 1644-1655,

Karni. E. (2006). Subjective expected utility theory without states of the world. Journal of Mathe-
matical Economics, 42.325-342,

Karni. E.. & Safra. Z. (2000). An extension ofa theorem of von Neumann and Morgenstern with
application to social choice theory. Journal of Mathematical Economics, 34. 315-327.

Merton, R. C. (1971). Optimum consumption and portfolio rules in continuous-time model. four-
nal of Economic Theroy, 3. 373413,

Pratt. J. W. (1964). Risk aversion in the small and in the large. Fcorometrica, 32, 122-136.

Saha. A. (1993). Expo-power utility: A flexible form for absolute and relative risk aversion.
American Fournal of Agricultural Economics, 75, 905-913.

Sloan., F. AL Viscusi, W, K., Chesson, H. W, Conover. C. J.. & Whetten-Goldstein. K. (1998). Al-
ternative approaches to valuing intangible health losses: The evidence from multiple sclerosis.
Jouwrnal of Health Economics, 17.475-497.

Sommers. B. D.. Beard. C. J.. Dahl D.. D"Amico. A. V.. Kaplan. 1. P.. Richie J.. et al. (2007).
Decision analysis using individual patient preferences to determine optimal treatment for
localized prostate cancer. Cancer, 110.2210-2217.

Sommers, B, D & Zeckhauser R. 1. (2008), Probabilities and preferences: What economics can
teach doctors and patients making, difficult treatment decisions. Urelogic Oncology, 26. 669—
673,

Viscusi, W, K.. & Evans W. N. (1990). Utility functions that depend on health statws: Estimates
and economic implications. American Economic Review, 80, 353-374.

@ Springer



Copyright of Journal of Risk & Uncertainty is the property of Springer Science & Business Media
B.V. and its content may not be copied or emailed to multiple sites or posted to a listserv without
the copyright holder's express written permission. However, users may print, download, or email
articles for individual use.



