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Abstract

Blockchain technology has enabled intermediary-free exchanges in which trades
are facilitated by automated market-making (AMM) algorithms. This paper shows
that: 1) existing AMM designs in practice cannot allocate trading needs of liquidity
demanders among liquidity providers efficiently; 2) the optimal AMM design attain-
ing efficient trading allocation is structured as a weighted geometric average over
liquidity providers’ preferences; 3) this optimal design emerges in equilibrium when

intermediary-free exchanges operate as a decentralized autonomous organization.
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1 Introduction

A prevalent feature of many modern financial markets is the presence of institu-
tional intermediaries who provide liquidity, transmit information, and facilitate market-
making. However, the rise of blockchain technology has enabled the implementation of
intermediary-free exchanges, where trades of tokenized assets between liquidity providers
(LPs) and liquidity demanders (LDs) are governed by automated market-making (AMM)
algorithms. Despite their widespread adoption — exemplified by existing blockchain-
based decentralized exchanges that record daily trading volumes exceeding several billion
dollars, these algorithmic AMM designs are ad hoc. They are initialised by practitioners
in computer science and their economic microfoundation still remains unclear.

Given that, this paper studies the AMM design for intermediary-free exchanges from
an economic normative perspective. Using a social planner problem, the paper defines
an optimal AMM design for any intermediary-free exchange in its allocative efficiency —
minimizing the trading costs for LDs while satisfying the participation constraints of LPs.
Then the paper focuses on the implementation of this optimal AMM design such that it
can emerge as an equlibrium outcome chosen by market participants on intermediary-free
exchanges.

As demonstrated later in the paper, the optimal AMM design with efficient trading
allocation exists and is characterized as a weighted geometric average of LP preferences,
where the weights reflect each LP’s relative liquidity contribution to the exchange. Fur-
thermore, the paper establishes that this optimal design can emerge as an equilibrium
bargaining solution if the intermediary-free exchange operates as a fully decentralized
autonomous organization (DAQO). Within this framework, LPs collectively manage the
exchange, enabling them to negotiate the design of the AMM algorithm based on their
preferences and bargaining powers. By setting LP bargaining powers in proportion to
their liquidity contributions, the resulting equilibrium bargaining solution among LPs

immediately implements the optimal AMM design.



This paper sits at the intersection of market microstructure and mechanism design.
Prior literature has largely focused on two separate strands: (1) The design of optimal
trading mechanisms for financial markets with the presence of institutional financial in-
termediaries, as explored in foundational works dated back to Myerson (1981), Vickrey
(1961), Clarke (1971), and Groves (1973); and (2) the implications of adopting a given
specific AMM design on the market quality of the blockchain-based decentralized ex-
changes (DEXs) — a special but most prominent type of intermediary-free exchanges
built upon blockchain technology, as studied by Park (2021), Capponi and Jia (2021),
Carre and Gabriel (2022), Aoyagi and Ito (2024), among others. This paper, however, is
among the first to address the optimal AMM algorithm design for trades on intermediary-
free exchanges. From an economic normative perspective, the desired AMM algorithm
is no longer taken as given but becomes the equilibrium outcome in a general (trading)
exchange environment without financial intermediaries. Of particular importance, the
findings of this paper extend beyond blockchain-based DEXs to any intermediary-free
trading environments.

The contributions of this paper are threefold: (1) It characterizes the optimal AMM
design for trade on intermediary-free exchanges, where the maximum trading allocative
efficiency between LPs and LDs is attained; (2) It provides the first possible economic
microfoundation for the commonly used yet ad hoc AMM designs on current blockchain-
based DEXs, revealing an inherent trade-off in the design of AMM algorithm: AMM
programming simplicity versus trading allocative efficiency; (3) It presents that attaining
optimal trading allocative efficiency for an intermediary-free exchange tightly depends
on the condition that this exchange operates as a decentralized autonomous organization
(DAO): the platform’s design of this exchange has to be collectively managed by its LPs,
whose respective governance powers are determined by their liquidity contribution to the
exchange. Despite being adopted by most decentralized finance (DeFi) projects, this
DAOQO governance feature is studied in this paper within a specific, fundamental economic

framework for the first time.



In terms of model specification, this paper develops a two-period model to study the
optimal AMM algorithm design for intermediary-free exchanges. In the first period ¢t = 1,
a group of potentially heterogeneous LPs determine an AMM algorithm to set exchange
rates between tokenized assets, such as A and B, on the intermediary-free exchange. In
period t = 2, a specific type of liquidity demander (LD) arrives at the exchange to fulfil
her trading needs.

Building on this model setup, the paper first considers a social planner problem a la
Holmstrom and Myerson (1983), a useful benchmark case where we can derive the (first-
best) allocation for the trade between LPs and LDs on an intermediary-free exchange.
The social planner’s role in the context of intermediary-free exchange is to maximise
trading efficiency, where she allocates LD’s trading needs among LPs to minimise trading
costs paid by the LD while satisfying LP participation constraints. Specifically, for each
LD’s trading need of size ¢ in asset A, the notation of an optimal allocation (g;, 7;); is
the one that minimizes ), 7,—the token B transfer made by the LD—across all feasible
allocations subject to (1) > .¢; = ¢ (market clearing), ensuring that planner does not
absorb any assets while matching LPs and LDs and (2) each LP ¢ is willingly to absorb
a trade fraction (g¢;, 7;), say exchanging ¢; quantities of token A for 7; quantities of token
B and achieving at least her reservation utility (participation constraint).

The analysis of this benchmark case shows that optimal allocation exists, is unique,
and binds LPs’ participation constraints, highlighting that the optimal AMM design—when
aimed at maximizing trading efficiency in the notation of our social planner problem—is
tightly linked to LP heterogeneity. This finding stands in sharp contrast to most blockchain-
based DEX practices!, where their AMM designs allocate LD’s trades among LPs strictly
in proportion to LP’s liquidity contributions to the DEX. While this proportional allo-
cation rule greatly simplifies the programming complexity of the AMM algorithm, it
also overlooks the economic heterogeneity among LPs, resulting in suboptimal trading

efficiency on DEXs. Thus, the result of this benchmark problem reveals a fundamental

!The author thanks Evgeny Lyandres for noting that in the VirtuSwap protocol, LP revenue sharing
can also depend on staking protocol tokens, not just liquidity contributions.



trade-off between programming simplicity and trading allocative efficiency in the design
of the AMM algorithm, a trade-off that remains largely unexplored in the literature on
intermediary-free exchange.

Having characterised the optimal allocation in trading efficiency, as an important
industrial implication, this paper then studies its connection to existing single-function
algorithm practices in the AMM design of blockchain-based DEXs?. This connection is
particularly important for the future development of blockchain-based DEXs because it
can answer which single-function algorithm, which we denote as F™*, could attain the
maximised trading allocation efficiency in the notation of our social planner problem.

For an illustration of this single-function AMM algorithm, suppose that a blockchain-
based DEX populates a group of LPs with heterogeneous preferences {u;}; and liquidity
contributions {w;};. Then this paper shows that the optimal F*, which attains our
maximum trading allocation efficiency, is structured as [ [, u;", a weighted geometric mean
of LP preferences with weights reflecting LPs’ liquidity contributions. This functional
form represents a Nash social welfare structure ¢ la Nash (1950)3. We can, therefore,
naturally interpret the optimal single-function algorithm for blockchain-based DEXs as a
planner who aims for maximum Nash social welfare. Perhaps surprisingly, our result here
not only yields a specific form of single-function algorithm that can be hard-coded into
the AMM of DEXs for maximum trading efficiency but also, to the best of the author’s
knowledge, is the first that provides a clear economic rationale for this widespread yet ad
hoc single-function-based algorithmic AMM design on blockchain-based DEXs.

The final main result of this paper implements the optimal AMM design derived
from our social planner problem for trade on the intermediary-free exchange. In this

implementation, LPs are regarded as the owners of the exchange, bargaining with each

2For any given DEX, there exists a one-to-one correspondence between its single-function algorithm
F* and the optimal trading allocation 7*(g) := ?’LZ{L{ZZ 7i(qi)| >°; i = q} as the current AMM single-
qigi

function algorithm design for blockchain-based DEX typically requires F*(x — ¢,y + 7*(q)) = F*(z,y).

3In the seminal work of Nash (1950), Nash derives a form of welfare function as a product of consumers’
utilities, arising from axiomatic bargaining with weights determined by the consumers’ corresponding
bargaining power.



other over how to absorb and allocate the trading needs of LDs. The bargaining power
of each LP is assumed to be proportional to her relative liquidity contribution to the
exchange®. As a result, the equilibrium bargaining solution implements the same trading
allocation derived from solving the social planner problem, thereby implementing the
optimal AMM algorithm design defined for the intermediary-free exchange.

Instead of serving as a limitation, the assumption that LPs’ bargaining power is pro-
portional to their relative liquidity contributions is rather a fundamentally important
property we want the implementation to hold. To fully appreciate this point, consider
how our implementation framework closely follows the decision-making process within
existing decentralized autonomous organizations (DAOs) — entities that operate with-
out central leadership and are collectively managed by their members. For example, a
blockchain-based DEX, as a typical DAO, has enabled its platform designs determined by
its (governance) token holders through a decentralized "propose-then-vote" governance
scheme. Under this decentralised governance, each token holder’s voting power is given
by the number of governance tokens she owns. Our bargaining framework, coupled with
the bargaining powers of LPs proportional to liquidity contribution assumption, indeed
precisely captures this DAO-type decision-making feature in reality. To the best of the
author’s scholarship, the implementation result in this paper seems to be the first that
demonstrates the fundamental positive rationale behind "why decentralization matters
in Decentralized Finance".

This paper also includes a key extension to address the concern on an important
assumption in our implementation framework: the optimal AMM algorithm design for
an intermediary-free exchange requires LPs’ preference information to be publicly known,

though the information of preference is typically privately known by each LP®. In this

4In each bargaining round, an LP 7 is selected as the proposer in a probability w;. She can propose
a trading allocation proposal for any given LD’s trading need of size ¢q. A feasible trading allocation
proposal (g;,7j); requires that 1) Zj g; = ¢; 2) LP j absorbs ¢; units of token A for token B transfer
of size 7;. Other LPs can accept or reject this proposal. If accepted, this allocation proposal is then
hard-programmed into the AMM algorithm design of this intermediary-free exchange. If not accepted,
LPs repeat the bargaining process until an allocation proposal is agreed upon by all LPs.

5There is no private information concern about liquidity contributions of LPs as the AMM algorithm
records a complete history of LPs’ token deposits and withdrawals.



extension, we ultimately prove that if LPs are required by the AMM algorithm to report
their preferences (whether true or false) when staking tokens into the exchange, then
truthfully reporting their preferences becomes a dominant strategy for all LPs. This
result effectively resolves the concern around privately known preference information.
The rest of this paper proceeds as follows. Section 2 reviews the literature. Section
3 presents the model. In section 4, a social planner problem that defines the optimal
allocation for trade on the intermediary-free exchange is studied. Section 5 studies the
connection of single-function algorithm F* in the AMM practice of existing blockchain-
based DEX to our optimal trading allocation. Section 6 implements the optimal AMM
design as an equilibrium. Section 7 provides two important implications by studying this
optimal AMM design. Section 8 addresses the privately known preference information
concern in the implementation result. Relevant proofs and some additional discussion

are provided in the Appendices.

2 Related Literature

This paper contributes to the rapidly expanding literature on blockchain and decen-
tralized finance. Reviews by Chen et al. (2021), Harvey et al. (2021) and John et al.
(2022) provide comprehensive insights. From the market quality perspective of DEXs,
various studies contribute complementary findings. For instance, Park (2021) focuses on
front-running risks to LPs, while Barbon and Ranaldo (2021) argues that DEXs exhibit
lower liquidity and price inefficiency compared to centralized exchanges. Foley et al.
(2023) question the empirical superiority of an algorithmic AMM as a market-making
design, finding improved trading efficiency for specific asset characteristics. Lehar and
Parlour (2021) and Aoyagi (2020) consider the case where LPs as passive investors are ex-
posed to informed traders due to asymmetric information. Capponi and Jia (2021) show
that the pre-coded AMM algorithm design at a DEX allows arbitrageurs to extract profit

from LPs even in a public information environment. Our work here highlights the fun-



damental trading allocative inefficiency at the blockchain-based DEX due to the flawed,
ad hoc design in their AMMs: pooling LPs’ heterogeneities for algorithmic simplicity.

Noticeably, Capponi and Jia (2021) find that the curvature of the AMM single-
function algorithm is a key characteristic that can be carefully designed for maximum
social welfare. Carre and Gabriel (2022) and Rivera et al. (2023) study the optimally
programmable interest rate rule in a decentralised lending platform. Rather than taking
the AMM algorithm design as given in these studies, this paper studies the optimal de-
sign of AMM from an economically normative viewpoint: It begins with a social planner
problem and then defines the first-best AMM algorithm design straightforwardly. As
a result, the main findings of this paper are not only about the functional form of the
optimal AMM algorithm design but also the economic microfoundation to this ad hoc
AMM algorithm design, addressing a significant gap in the literature on DEXs. Another
important paper is Fabi and Prat (2022) where they interpret AMM design via consumer
theory. Rather than taking LPs homogeneous in preference and studying the optimal
AMM algorithm design being aligned with this homogeneous preference as in Fabi and
Prat (2022), the paper here allows the LPs to be generally heterogeneous. Furthermore,
we implement the optimal AMM algorithm design in equilibrium, yielding an important
implication for future industrial development on intermediary-free exchanges.

There also exist some interesting studies on the "optimal" AMM algorithm designs
from the perspectives of financial engineering and computer science. Leading examples
include Angeris et al. (2021), Bichuch and Feinstein (2022), Schlegel et al. (2022), Goyal
et al. (2023) and Angeris et al. (2023). These papers focus on finding a mathemati-
cal axiomatic framework to encompass and generalize the geometric properties of the
AMM single-function algorithm. Taking Angeris et al. (2021) as an example, they find
that a concave, nonnegative, nondecreasing, and homothetic payoff function for LPs is
"equivalent" to deploying a concave, nonnegative, nondecreasing, and homothetic AMM

algorithm function on DEXs®. Our work here, however, studies the optimal AMM algo-

6Technically speaking, the "equivalence" here means that LP’s payoff function and the single-function
algorithm in AMM’s design are Fenchel conjugates of each other.



rithm design from the economic normative perspective and in a general intermediary-free
exchange environment.

The implementation result of this paper contributes to the literature on how blockchain
technology-backed protocols achieve decentralised consensus. Noticeable contributions in
this direction in Bitcoin’s protocol include such as Abadi and Brunnermeier (2018), Biais
et al. (2019), Leshno and Strack (2020) and Cong et al. (2021). However, DEXs are built
on open-source smart contracts systems such as Ethereum and Tezos in the sense that
the consensus of any platform design is facilitated through a decentralised manner: com-
munication and collaboration between community members such as LPs in the context
of DEX".

Existing literature says little about how the decision is made by society members on
the blockchain without centralised leadership. Exceptions include Aoyagi and Ito (2022)
and Sockin and Xiong (2023). Aoyagi and Ito (2022) focus on the equilibrium trading fee
as the key characteristic to be implemented between members on a decentralised platform.
Sockin and Xiong (2023) examines whether decentralising ownership can be an innovation
to resolve the conflict between platforms and their users. Han et al. (2023) points out
the interest conflict between whale token holders and small token holders in DAOs. Our
implementation result contributes to this literature by presenting a strict game-theoretical
DAO governance framework for this decentralised "propose and vote" decision-making
process and by providing a positive, fundamental answer to "why decentralization matters

in Decentralized. Finance".

3 Model

This section presents an overview of the model for studying the optimal design of
an automated market-making (AMM) algorithm in the intermediary-free exchange. Two

types of assets, A and B, are traded at this intermediary-free exchange. Without loss of

"The details about how smart contracts system implements such “decentralised" platform feature can
be found in, for examples, Warren and Bandeali (2017), Zhang et al. (2018) and Adams et al. (2021).



any generality, the value of asset A in terms of asset B, which we denote as p > 0, is
common knowledge to all agents. Agents in this intermediary-free exchange economy are

of two types: liquidity providers (LPs) and liquidity demanders (LDs).

LDs are the users or traders of this intermediary-free exchange. We assume they are
exposed to liquidity shock @, which has a commonly known distribution over [6, ] with a
CDF G. Upon realising a specific shock 6, this LD of type-6 is assumed to have a trading
need of purchasing ¢(f) > 0 quantities of asset A from this intermediary-free exchange.
To ease expository, only the buy side of asset A is presented here while the sell side can
be analysed similarly.

Furthermore, we assume the net utility payoff obtained by this trader from purchasing

asset A of size ¢ following that

u(q; 0) = 7(q),

where u(q;0) is the utility benefit from purchasing a size-q asset A and 7(q) is the re-

spective transfer paid by this trader.

LPs are investors possessing some amount of capital which they can invest in either
the intermediary-free exchange or an alternative investment. Investors are incentivized to
lock their capitals into this intermediary-free exchange because being LPs entitles them
to earn some expected amount of trading fees charged on the trading activities made by
LDs. Notably, this liquidity provision payment, or the market-making service fee, is now
available to retail investors. This is one key feature that distinguishes this intermediary-
free exchange from traditional financial markets where market-making service as well as
the associated service fee generally apply to institutional financial intermediaries only.

LPs are very likely to exhibit heterogeneity in their capital size as well as economic
preferences. We assume that a group of investors lock their capital into the intermediary-
free exchange and thus become the LPs. The relative liquidity (capital) contribution

made by each LP ¢ is assumed to be w; € (0,1). Clearly, Y, w; = 1.



As for preference of LP ¢, it is assumed to be represented by a general mapping u;:
Uj - Ri — R,

where the value of w;(z,y) represents the utility LP ¢ can derive from holding a bundle
of assets A and B, say (z,y), which represents = units of A and y units of B.

While we do not specify a particular context for the heterogeneity exhibited among
LPs, their diverse preferences can be interpreted in terms of portfolio or consumption
preferences. For example, Sockin and Xiong (2023) models that digital platform users
with Cobb-Douglas utility preferences over two complementary tokens can derive some
utility from consuming the bundle of two types of tokens. Importantly, we do not restrict
LP preferences to the Cobb-Douglas utility class as in Sockin and Xiong (2023) but

generalize them to homothetic preferences, as outlined below.

Assumption 1 (homothetic preference): Throughout the paper, preferences of

LPs, {u;};, are assumed to be homothetic: u;(A(z,y)) = \u;(x,y) for any i € I,X > 0.

Homothetic preference is not overly restrictive. For example, the family of prefer-
ences with constant elasticity of substitution including Leontief, Cobb-Douglas, and lin-
ear preferences are all homothetic®. In addition, most AMM algorithm designs adopted
by existing blockchain-based DEXs are structured as homothetic. Leading examples in-
clude u(z,y) = = 4+ y on mStable; u(z,y) = z2y? on Uniswap-V2, u(z,y) = 2*y'~ on
Balancer, u(z,y) = C(z + y) + z2y? on StableSwap and Saber, among many others.

One important exception is the AMM algorithm design on Uniswap—V3. With the ad-

ditional concentrated liquidity feature in place, the resulting AMM algorithm on Uniswap-

V3 is structured as u(z, y; o, yo) = (z+20)(y+Yo), which is not homothetic. However, we

8We call a preference a CES preference with an elasticity of substitution o € Ry, \1 if it follows:

u(x) = (El(alxl)”T_l) U ovx e R? and a = {a;}; € R} . CES preferences are homothetic and

they are extensively studied in the literature. Leontief, Cobb-Douglas, and linear preferences are indeed

the limit of a CES preference with ¢ converging to 0,1 and 400, respectively. For example, taking log
1

for both sides of CES preference u(x1,z2) = (a12] + asx3)> and then considering its limit with v — 0

yields that u(x1, z2) = 2{*25*> — a Cobb-Douglas preference.
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can decompose this Uniswap-V3 AMM algorithm as an AMM algorithm (with homoth-
eticity) in Uniswap-V2-type plus some independent price range constraints’. Therefore,

the insight we derived in this paper under this homothetic property can still extend to

the AMM design of Uniswap-V3.

The AMM algorithm design that fully governs the trade between LPs and LDs

on an intermediary-free exchange consists of two key algorithmic components:

e The first algorithmic component has to record the number of assets (bundles) staked
by LPs into this exchange, say {x;,y;};. Such an algorithmic (market structure)
component is known as liquidity pool in the literature of blockchain-based DEXs.
We directly borrow this language for convenience. The novelty of this liquidity pool
market structure allows LDs to trade against the pooled liquidity in the exchange
straightforwardly, thereby eliminating the need for financial intermediaries to act

as market makers.

e The second algorithmic component is needed to allocate the trade request made
by the external LD among internal LPs so that each LP absorbs a fraction of this

trade. We call this component AMM algorithm.

Therefore, a design of the AMM algorithm for trade on an intermediary-free exchange
is indeed equivalent to the trading allocation rule that splits the trade needs of LDs among
the group of LPs. Technically, an AMM algorithm can be represented by a vector-valued

mapping in the following sense:

(z1 = 0z1, 91 + 031)
F (5w b {wihi) - R > R, where F(Aa; {a, yibi, {wi}i) =
(xn - 5$n’ Yn + 5%)

(1)

9This decomposition is unique. Uniswap-V2 AMM design plus some price range constraints replicate
a particular Uniswap-V3-AMM design, and vice versa

11



In terms of economics, a given vector-valued mapping F' designed for allocating trades
on an intermediary-free exchange implies that: 1) the LD can pay Ay := ). dy; in asset
B for purchasing a quantity Az := ). dx; of asset A from the exchange (or from the
group of LPs); and 2) each LP ¢ absorbs a fraction dx; of asset A trading needs for a
payment dy; in asset B in return.

Thus, when we say determining an AMM algorithm design for trade on an intermediary-
free exchange, we mean that how a group of LPs with heterogeneous liquidity contribu-
tions {x;, y; }; and preferences {u;}; reach an agreement in terms of allocating any feasible
trade (Az, Ay) internally.

With this said, the optimal AMM design problem for trade on any intermediary
exchanges turns out to be a trading allocation problem that can be studied in a simple

two-period model as follows.

The model timeline is depicted below:

t=1 t=2
- .
LPs determine an AMM design 60— type LD trades

For any intermediary exchange populated by a group of heterogeneous LPs whose

respective preferences and liquidity contributions are given by {uw;}; and {x;, y;}s,

e LPs at t = 1 determine an AMM algorithm design. To put it differently, LPs have
to agree upon a trading allocation solution ahead of the arrival of LDs (traders)
in this intermediary-free exchange. As for how LPs reach an agreement upon an
AMM design, we defer this discussion until section 6 of this paper. At this point,
let us suppose they can implement an AMM design based on their heterogeneous

interests.

e Att =2, suppose the (single) LD experiences a liquidity shock 8, whereby she gener-
ates a need for purchasing asset A of size ¢(#) to be fulfilled at this intermediary-free

exchange.

12



In this model, we aim to address the AMM design problem faced by LPs at ¢t = 1
given the (anticipated uncertain) trading needs of LDs at ¢ = 2. This problem, in
general, is mathematically extremely complicated, as LPs are allowed to exhibit hetero-
geneities in both preferences and liquidity contributions. However, we notice that this
two-dimensional problem can be made much easier if accounting for the reality that any
exchange in the economy also confronts competition from other trading platforms. By
assuming inter-platform completion @ la Bertrand, we can conjecture and verify later in
the online appendix B that the payment in asset B charged by each intermediary-free
exchange for absorbing a given size of asset A trade made by LDs is symmetric.

With this said it becomes evident that the optimal trading allocation or equivalently
the optimal AMM design chosen by LPs at t = 1 should be the one(s) such that the LD at
t = 2 pays some minimum trading cost, subject to LPs participation constraints. Indeed,
we will characterise this minimum trading cost term via a social planner problem, to be

defined more formally in the following section.

4 The optimal AMM design: A social planner problem

In this section, we consider a benchmark case where a social planner can allocate the
trading needs of LDs among LPs for trading allocative efficiency, providing us with an
economically meaningful notation in the optimal AMM design required for trade on an
intermediary-free exchange.

It is noteworthy that instead of restricting them to specific parameters, liquidity
contributions and preferences of LPs in our social planner problem are allowed to be
generally heterogeneous. Consequently, the resulting trading allocative efficiency will
reveal which market inefficiencies are unavoidable features of the primitive intermediary-

free exchange environment and which are instead the symptoms of a flawed AMM design.

13



4.1 A social planner problem for an intermediary-free exchange

In our model timeline, the implementation of an intermediary-free exchange requires
LPs to stake their capital first and then determine a trade allocation ahead of the arrival
of LDs. This setting follows the social planner problem a [l Holmstrom and Myerson
(1983) where a benevolent social planner chooses a trading allocation that maximizes
traders’ utility ex ante.

Based on classical social planner notation, we can, therefore, define the optimal trad-
ing allocation for trade on an intermediary-free exchange by solving the social planner

problem as follows.

{4qi(9),m: (0

Planner’s problem: Mazx U (0),0 | — 7;(0
p N (Z:M)) > 7o)

)

subject to (% —qi(0),y; + Ti(9)> > (i, y) Viel, .1 (2)

and Z q:(0) = q(0). (3)

Above, the first set of constraints represents participation constraints faced by LPs,
whereby m;(x;, y;) represents the exogenously given reservation utility obtained by each
LP 7, which she would get if she did not participate; and the second constraint is the
market clearing condition ensuring that social planner does not retain any asset in the
process of matching LPs and LDs. Therefore, conditionally upon satisfying these two
constraints, the planner has to choose a feasible allocation {¢;(0), 7;(f) }; to maximise the
net utility payoff of LD for each possible realization of 6.

Notably, coding these allocation solutions {g;(#), 7;(#)}; for all feasible 6 into the AMM
algorithm defines what we call the optimal AMM design immediately. In other words,
this optimal trading allocation and the optimal AMM design are interchangeable in this
paper.

Solving the above optimization problem is straightforward. We can show that the

participation constraints of LPs always bind at the optimum. Intuitively, if this was not

14



the case, keeping {¢;}; unchanged and slightly reducing some 7; — the transfer made by
LD in asset B — would immediately increase LD’s trading payoff while still ensuring the

satisfaction of LPs participation.

Lemma 1 (optimal trading allocation) For any intermediary-free exchange pop-
ulated by LPs with respective references and liquidity contributions given by {w;}; and
{i,y:}i, its optimal trading allocation {q;, 7;(q;)}i in the notation of our social planer

problem is characterised by

0 = pin{ S0 Y=o} ()

where each 7;(+) satisfies that

ui (@ = 09+ 7:@) ) = il o) (5)

Hereafter, we simplify the notation by suppressing @ to ease paper exposition'®. For
each feasible trade (¢, 7(¢)) on the intermediary-free exchange, on the liquidity demand
side, the LD’s primary concern is the total trading cost 7(¢) required to acquire ¢ units
of asset A from the liquidity pool. In contrast, on the liquidity supply side, each LP i
focuses on a fraction of the trade (¢;, 7;), associated with her post-trade utility if absorbing
this fraction trade. Should the LD achieve higher payoffs elsewhere, they would select
alternative platforms to fulfil trading needs, making the total trading payoff for the LD
the core measure of allocative efficiency for trade on this intermediary-free exchange,
given the participation of LPs.

Aim for efficient allocation for trade on the intermediary-free exchange, this social

planner hereby selects an allocation {¢;,7;}; per Lemma 1 to maximize LD’s trading

10This does not impact the results due to the revelation principle, which implies that it is without loss
of generality to assume the intermediary-free exchange post a direct revelation mechanism to which LD
would truthfully reveal their types or sizes of trading needs.
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payoff across all feasible allocations as defined by
e Binding LP Participation Constraint — wu; (z; — ¢, y; + 7)) = m(xs, i);
e Market Clearing Condition — ). ¢; = q.

Armed with the result in Lemma 1, one direct implication is that implementing an
optimal trading allocation or AMM design for an intermediary-free exchange lies in satis-
fying the LPs’ participation constraints. This simple yet intuitive result contrasts sharply
with current AMM practices on existing blockchain-based DEXs. Indeed, these existing
AMM practices follow an allocation rule known as the “proportional allocation principle.”
In this approach, only the LPs’ liquidity contributions are considered when determining
how to absorb and split the LD’s trading needs among LPs. In other words, this propor-
tional allocation mechanically pools away other dimensions of heterogeneity among LPs,
particularly their utility preferences. A detailed discussion of the allocative inefficiency
induced by the implementation of this proportional allocation rule on DEXs is provided
in Appendix A.

Also, Lemma 1 demonstrates that achieving efficient allocation in trade on an intermediary-
free exchange depends critically and collectively on the functional form of all LPs’ pref-
erences. However, we want to emphasize that deriving the explicit functional form of 7
in (4) given (5) requires a computation over all feasible allocations. This is a challenging
task unless the number of LPs is small. Developing practical algorithms that solve this
optimal AMM design with good computational performance is crucial for the future de-
velopment of intermediary-free exchanges including blockchain-based DEXs and it is yet
to be studied. To summarise, Lemma 1 reveals a fundamental and unavoidable trade-off
between coding simplicity and economic trading efficiency in designing an economically

meaningful AMM algorithm for intermediary-free exchanges.
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4.2 The optimal AMM design: a single-function representation

Built upon the optimal trading allocation in Lemma 1, we know that the pricing

schedule 7 faced by the LD in this intermediary-free exchange is given by

{ai}i

7():R—= R, where 7(q) = min{;n(qi) : Zq = q}.

By taking this optimal pricing 7 as given, we are now interested in whether there
exists an associated single function uapsps such that the following invariant property is

preserved:

uavm (T — ¢,y +7(q)) = vanm(z,y). (6)

The AMM design built upon a single-function w57, along with its associated in-
variant property as specified above, is often referred to as bonding curve design in the
literature on blockchain-based DEXs. With this said, characterising the optimal bond-
ing curve design is thus of first-order importance. Indeed, we have observed many trials
of different bonding curve designs on existing blockchain-based DEXs. Leading exam-
ples include uapp(X,Y) = X X Y on Uniswap-V2, (X + a) x (Y + b) on Uniswap-V3,
X% x Y'=% on Balancer, X + Y on StableSwap, and many others.

However, on the one hand, it appears that industrial practitioners as well as academics
have not yet reached an agreement in terms of how to select or design an "optimal"
bonding curve function wuaps. On the other hand, by taking the bonding curve of
Uniswap (the largest existing DEX by market share) as an example, say uap(z,y) =
X XY, we can easily derive that 7(q) = ))((—X_’q/ — Y. This pricing 7 is ad hoc as 7(q) goes
to infinite when ¢ converges to X, which has neither precedent in traditional financial
markets nor a clear economic microfoundation in the literature.

To the best of our knowledge, there is no existing study in the literature that can

provide a plausible economic interpretation for this ad hoc bonding curve design. Our
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analysis here aims to address this gap, thereby providing an essential implication for the

development of future bonding curve designs on DEXs.

Role of optimal AMM As mentioned earlier, the (optimal) AMM algorithm for
the intermediary-free exchange acts as the role of the social planner, say allocating the
LD’s trade among LPs subject to their preferences and liquidity contributions. Then we
ask: What if this social planner has a preference? It may, therefore, become not too
surprising to see that the bonding curve function wayps generating the optimal pricing
schedule 7 would be structured as the planner’s preference.

Nevertheless, characterising the social planner’s preference is challenging as the opti-
mal pricing schedule 4 has no explicit form. To proceed, we need well-defined economics

in terms of this preference, as stated below.

Aggregated LP The role of the social planner in allocating trades among LPs at
a decentralized exchange reminds us of the classical economics literature on aggregated
consumers: How do individual budgets and consumption preferences determine the ag-
gregated consumption decision? We show below that it is essentially helpful and intuitive
to understand our social planner as an aggregated LP (consumer).

Formally, we can denote the liquidity contribution made by each LP i by its capital
value, say

bi == xi + pyi,

where p is the price of asset A against asset B at the time LP i stake her asset bundle,
(x;,y;), into the exchange.

Then for each feasible trade (¢, 7(q)), the participation constraint conditions for LPs
to accept this aforementioned optimal allocation {¢;, 7;(¢;) }; in the language of consumer

theory would turn out to be

u; (fCi(Z% bi) — i, yi(p, bi) + Ti(qi)> > U <$1(P7 bi), yi(p, bi)) 1= mi(p, bi)-
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Above, (x;(p, b;), yi(p, b;)) is the most preferred bundle of assets for LP i given that
her budget is b;''. The term m;(p, b;) measures the reservation utility LP i that she could
obtain if did not participate in this trading but instead consumed her budget directly.

We now reach the point to formally define the preference of our social planner in the

language of the aggregated LP.

Definition 1 (preference of social planner): A function uapns : Ri — R, s

referred to as the preference of our social planner if

(o000 310.0)) = (S 0. ) ), )

where b := ). b;. Here, (z;(p,b;),yi(p,b;)) is the most preferred bundle of assets of LP
1 under a budget b;, while (a:(p, b), y(p, b)) is the social planner’s most preferred asset

bundle under a budget given by b.

Condition (7) in this definition is intuitive: the most preferred bundle of assets for the
social planner (or the optimal AMM design) has to be consistent with the aggregation
over the most preferred token bundles of all LPs in the DEX. This definition is general
as the existence of w7y is allowed to behold for arbitrary p > 0, liquidity contributions
{b;}:, and preferences {u;};. It results in the structure of uapss, if exists, depending on
the specific distribution among LPs’ liquidity contributions and preferences. This is in
sharp contrast to the classical preference aggregation approach in Gorman (1968) where
changes in the distribution of budget contribution are required to have no impact on the

aggregated preference.

Armed with this definition and letting w; denote the relative liquidity contribution of

1 8pecifically, the most preferred bundle of assets for LP ¢ with a budget b; is defined as

(xz- (, i), yi(p, bz’)) = argmaz ui(x,y).
(z,y)ERT :pr+y<b;

Moreover, it is not hard to prove that for a given price p, LP 4 would choose the bundle of asset (z,y)
consistent with (z;(p, b;), yi(p, b;)) while staking it into the exchange.
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LP 7 to the exchange, say

)

o|&

w; =

we can now formally characterise the preference of our social planner, which is, in other
words, the bonding curve function associated with the optimal AMM design as stated in

the following proposition.

Proposition 1 (optimal bonding curve function). For an intermediary-free
exchange populated with a group of LPs whose respective preferences and liquidity con-
tributions are given by {u;}; and {b;};, the bonding curve function uanps associated with

our optimal AMM design can be represented by

warnsi(z,y) = maz {ni (M) | Z(xi,y»:(x,y)}. (3)

{ziyi}i wW; -

The proof of Proposition 1 is straightforward as it follows the standard technique in
the literature on aggregated consumers. Proposition 1 shows us that the preference of our
social planner is structured as a weighted geometric mean of the individual preferences
of LPs, with weights corresponding to each LP’s relative liquidity contribution to the
exchange. Additionally, the resulting value of w4y at any bundle point (z,y) is indeed
equal to the maximal Nash social welfare with the maximum taken over all possible
allocations {x;, y; }:.

Nash’s seminal work in Nash (1950) showed that a welfare function, structured as
the product of individual utilities, naturally arises in axiomatic bargaining contexts, with
each individual’s weight in the function reflecting their bargaining power in the game.
This product form, known as the Nash social welfare function, has become widely studied
in economic theory. Viewing the optimal AMM design through the Nash social welfare
lens (i.e., a normative economic perspective) seems to be the first in the literature. By
doing so, it turns out to be natural to interpret the optimal AMM design as acting as a

kind of “social planner” who is aiming for trading allocation efficiency. Further, it becomes
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evident to understand the functional form of the bonding curve function associated with
the optimal AMM design as the preference of this social planner. Other applications and

industrial implications built upon Proposition 1 are explored in Section 6 of this paper.

5 Implementing optimal AMM design under decentralised
governance scheme

A key question that remains to be answered in this paper is whether the optimal
allocation solution derived in Lemma 1 can emerge as an equilibrium outcome chosen by
the market participants on the intermediary-free exchange, especially by LPs who stake
their assets to the exchange ex ante.

Designing a reasonable, practical implementation framework among LPs requires a
comprehensive understanding of the typical decision-making process within intermediary-
free exchanges. As one of the most prominent decentralized autonomous organization
(DAO) applications, blockchain-based DEXs feature decentralized governance in the sense
that any platform design including this AMM algorithm design can be collectively man-
aged by LPs through a decentralised decision-making process. Within this decentralized
governance structure, LPs can vote on the platform design proposal with some gover-
nance rights proportional to the number of governance tokens they hold, see Han et al.
(2023) for detailed DAO governance introduction.

This decentralised decision-making process thus suggests a Nash bargaining game
designed among LPs to implement the optimal AMM design as the "propose then vote"

structure reminds of the typical actions made by agents in a Nash bargaining game.

5.1 n-person Nash Bargaining Solution

Let us specify the n-person Nash bargaining problem and its solution concept for our

intermediary-free exchange.
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Suppose the number of assets in the post-trade liquidity pool is represented by R =
(x—q,y+T(q)) and LPs can now bargain over the division of this post-trade liquidity pool.
We consider the division of this post-trade liquidity pool simply because the resulting
division solution minus the initial liquidity contributions of LPs immediately measures
how LPs allocate the LD’s trade on the intermediary-free exchange among themselves.

The set of possible division agreements is

X ={(y) € B2 | Yww) =R=(x-q.y+T(0))

i
where z; and y; are the respective amounts of assets A and B taken by LP i from the

post-trade liquidity pool. Alternatively, we can have the feasible set of utilities for LPs

as
V= {(Zz)l eRY | Fxs,vi)i € X, Vi, 2z < Uz(mz,yz)} 9)

The disagreement point in this Nash bargaining problem is assumed to be d = (d;); = 0
for simplicity'?. Then the solution concept of this Nash bargaining problem (V, {u;};) is

given as follows.

Definition 2 (Nash Bargaining Solution). Let (V,{u;};,3) as the n-person Nash
bargaining problem with the weight B = (B;); satisfying >, 5; =1 and B; > 0. A payoff

vector z*(B) = {z:(ﬁ)}l = {uz(xz*,y;”)}Z € V s called the Nash bargaining solution of

12For Nash bargaining problem, disagreement point d € V is essential to ensure the existence of the
solution, especially for the interior disagreement point d in V' for the existence of non-trivial solution, see

e.g. Kaneko and Nakamura (1979). So the more natural and intuitive way to define the disagreement
point in this paper is taking d = (d;); = (Di(p7 b2)> ., where D;(p, b;) represents the maximum utility
LP ¢ can obtain if the bargaining is unsuccessful and LP i, consumes her budget b; directly. However,
this generalization only complicates our notation and has no impact on our results, since d = 0 and

d= (Di (p, bl)) ~are both interior points in V' and play the same role in guaranteeing the existence of a
(3

non-trivial solution.
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(V. {ui}i, 0) if 2* solves the following optimization problem

N\ B
max 11, (ﬁ)
z2=(z;):€V B@

Or equivalently, we replace z; by u;(x;,y;) and then normalize the objective function by

Bi
multiplying 11; (%) . That s,

max I (w; (i, y; bi 10
e (ui(zi, yi)) (10)

It is important to note that setting 3; = % for all © = 1, ...,n results in the symmetric
Nash bargaining problem. This type of bargaining problem was first proposed by Nash
(1950, 1953) for a two-person case and later extended by Hart and Mas-Colell (1996) for
an n-person case. The asymmetric Nash bargaining problem was considered by Binmore
et al. (1986) for the two-person case, where the asymmetry arises from different beliefs
about the risk of negotiation breakdown. More recently, Okada (2010), Britz et al. (2010)
and Kawamori (2014) have explored the solution concept of n-person asymmetric Nash
bargaining problem and rationalized them under non-cooperative Nash bargaining games.
In this paper, we connect our implementation work to this literature by modelling the
decision-making process in a decentralised governed intermediary-free exchange as an n-
person asymmetric Nash bargaining problem, where the asymmetry in bargaining power

between LPs originates from their asymmetrical liquidity contributions to the exchange.

5.2 Bargaining procedure among LPs

The implementation objective is to establish a noncooperative bargaining game among
LPs to yield an equilibrium that achieves the optimal trading allocation as defined in
Lemma 1. An appropriate bargaining game framework should effectively capture the com-

petition among LPs within the decision-making process of an intermediary-free exchange
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as well as the asymmetric bargaining powers between LPs due to their asymmetrical
liquidity contributions to the exchange.

Let us begin with the specification of the desired decentralised decision-making pro-
cess. Let p € (0,1) be a fixed parameter. There are potential infinite rounds in the
bargaining procedure under the decision-making process. For each round, we have two

phases: the propose phase and the respond phase.

Propose Phase. One of the LPs will be chosen as the proposer at the beginning
of each round ¢ = 1,2, 3, .... The probability LP ¢ becomes the proposer in each round is
B;. This selected LP proposes a feasible allocation vector {(x;,y;)}; in X or equivalently,

a feasible utility payoff vector z = (z;); in V.
Respond Phase. All other LPs either accept or reject the proposal sequentially.'?

e If all other LPs accept it, then this bargaining game ends and LPs obtain the

respective allocated liquidities listed in this proposal {(z;, y;) }:.

e Otherwise, the bargaining procedure moves to the next round. In this case, with
probability p, the negotiation continues among LPs and the game repeats. That is,
it goes back to the "propose phase". With probability 1 — p, the game ends and
all LPs get the liquidity allocation d; specified in the predetermined disagreement

point.

In the proposal phase, we directly assume that the probability of each LP i being
selected as the proposer is 5;. In simpler terms, the higher the budget /liquidity contribu-
tion LP 7 has in the liquidity pool, the greater the chance of being chosen as the proposer
in each round. The intuition behind this is straightforward. In our sequential bargaining
game, there exists a risk of negotiation breakdown denoted by probability 1 — p, possibly
due to the intervention of some external factor. This breakdown threat is "equivalent"

to LPs’ attitude toward the time needed to reach a consensus, as detailed in Binmore

13The order of how other LPs respond to this proposal does not matter in our paper as only the
allocation accepted by all LPs unanimously can be implemented.
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et al. (1992)*. The larger the position LP i has in the liquidity pool, the riskier the game
becomes for her to the next round. To compensate her for this extra risk, it is reasonable
to offer LP i a relatively higher first-move opportunity in a decentralized platform.

In our Nash bargaining model, it is assumed that LPs have perfect information re-
garding all historical actions taken by other LPs. This assumption is quite strong. Nev-
ertheless, in the context of a blockchain-based platform, such as decentralized exchanges
(DEXs) operating on public blockchains, this concern is significantly mitigated. Public
blockchains, like Ethereum, inherently leverage blockchain technology to ensure trans-
parency in trade activities and governance structures and often make the underlying
code open-source. This transparency framework allows all participants to easily access
and verify the historical actions taken by other LPs, thus supporting the model’s public

information assumption effectively.

5.3 Stationary Subgame Perfect Equilibrium

Denoted by G(p, 3), the above bargaining model incorporates the negotiation break-
down probability 1 — p and the probability distribution § = {f;};, determining which LP
is the proposer in each round. For each LP i, a strategy is represented as a sequence of

actions, as follows:

0; = {Uf}?ih

where 0! is a mapping that prescribes the t—th round strategy of LP i, say,

a proposal 2t = (21); € V', if LP i is the proposer;

a response function assigns "accept” or "reject” to others’ proposals, otherwise.

MFor simplicity, we skip the discussion regarding how to micro-found the Nash bargaining solution
from assuming asymmetric discount rates to LPs’ future payoff. But there does exist a way to do so. In
short, identical results hold if alternatively, we assume LP ¢, who contributes g; fractional liquidity to
the liquidity pool, discounts her future payoff with the rate r; = i

25



Following the literature on noncooperative multi-person sequential bargaining games,
we only study the stationary subgame perfect equilibrium (SSPE) denoted as o* =
(07, ..,0%) in the game G(p, 5). Focusing on SSPE is intentional, as it greatly simpli-
fies the set of strategies for each LP. Additionally, restricting our attention to SSPE can
help us avoid the equilibria multiplicity problem in a dynamic game. We define SSPE
in the conventional manner, whereby the strategy of each LP in the t-th round depends

solely on the history within that round ¢. We sum up the outcomes of our implementation

results in the following proposition.

Proposition 2 (Implementation of Nash Bargaining Solution). For each p €
[0,1), the noncooperative bargaining game G(p, ) exists an SSPE o*(p, ). Denote by
2*(p, B) the respective expected utility payoff vector of LPs in this SSPE. Then, as p — 1,
say, the probability of negotiation breakdown 1 — p — 0, z*(p, B) converges to z*(f3), the

asymmetric Nash bargaining solution of (V,{u;}, ).

The rigorous proof is provided in Appendix A, where we establish the existence of
SSPE and construct the SSPE strategy for each LP. Leveraging the fixed point theorem
facilitates a straightforward proof. Regarding the equilibrium strategy, we adhere to
the standard methodology found in the literature on sequential bargaining games for
the two-person case, extending it to the N-person scenario. Specifically, the equilibrium
strategy of LP ¢ is given by that: If selected to be the proposer, she will propose the
allocation to maximize her residual while offering other LPs their respective continuation
utility payoffs; however, if she is selected as the responder, she will always "accept" the
proposal made by other LPs if the offered allocation ensures her a utility no less than
her expected continuation utility, and "reject" otherwise. As p — 1 (i.e., the negotiation
breakdown probability caused by external intervention approaches zero), LPs in an SSPE
will converge to offer the same allocation vector in their strategies. It can be verified that
this allocation vector indeed serves as the solution to the Nash bargaining problem.

We wish to emphasize that, to the best of our knowledge, no existing study has
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provided a specific framework akin to ours for comprehending the decision-making process
in DAOs, including what we study here for how a group of LPs determine an AMM
algorithm design in an intermediary-free exchange. Our bargaining framework seems to
be the first effort in the literature to rationalize the decentralized governance scheme in
DAOs from a game theoretical perspective, bridging the traditional economic literature
on bargaining games with the decentralised decision-making process in DAOs — a novel
organizational structure that runs as “smart contracts” on the blockchain. We hope
our approach can serve as a valuable tool or benchmark for future studies seeking to
understand the crucial trade-off between decentralization and welfare (efficiency) within
DAO:s.

To conclude, we establish an economic microfoundation for the novel decision-making
process for a decentralised-governed intermediary-free exchange @ la DAOs in the prac-
tice. Our sequential bargaining framework effectively captures the decentralised gover-
nance feature of DAOs in which any new platform designs require the submission of some
proposals and the validation of these proposals is contingent on obtaining sufficient votes
from other LPs through timely voting. Leveraging this bargaining implementation frame-
work, we find that the allocative efficiency achieved in the optimal AMM design can be
implemented as an equilibrium among LPs, where their bargaining power is determined
by their respective liquidity contributions to the exchange, adhering the "one token, one

right" DAO principle.

6 Applications

The optimal AMM design result in Proposition 1 introduces two important applica-
tions: 1) a potential economic rationale for the wide-adopted constant product market
maker designs on blockchain-based DEXs, and 2) the connection of our optimal AMM

design to the efficient allocation frontier in portfolio choice theory.
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6.1 Constant Product Market Makers

Most AMM designs on existing DEXs follow the constant product market makers

(CPMM) functional design in which wapsps is formed as
wanrn (z,y) = 2%y, w € (0,1).

For instance, Uniswap, the largest DEX by its market share, selects w = Another

L
leading DEX platform Balancer chooses the parameter w to w and 1 — w proportions
LP’s wealth locked in the liquidity pool invested on token A and token B, respectively.

As mentioned earlier, AMM algorithms, including this specific CPMM design, are ad
hoc: they have neither any precedent in traditional financial markets nor any economic
rationale in the existing literature on DEXs. We, however, show below that the CPMM
bonding curve design can result from the optimal AMM design in Proposition 1 under
some simple yet intuitive economic environment.

To start, suppose LPs are single-minded agents and their preferences are of the fol-

lowing two types,

type-1: ui(z,y) = x; type-2: us(z,y) =v.

The market composition of these LPs in the DEX is assumed to be n; quantities of type-1
and no quantities of LPs of type-2. Furthermore, LPs have made an identical contribution
to the liquidity pool:

by=..=b;=..b,=b>0,

where n = ny +ns is the total number of LPs. Then for any given price of token A against
token B, say p > 0, we can compute the respective reservation utilities of a type-1 LP

and a type-2 LP as follows:
b
™ = — and Trg = b. (11)
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This defines the reservation utilities of type-1 and type-2 LPs if they manage their funds
independently and trade with LDs separately.

Instead of managing wealth independently, LPs now have contributed their wealth
into a single liquidity pool together to attract the trading needs of external LDs, with

the pricing managed by an optimal AMM algorithm in the spirit of our social planner.

ni

fractional funds contained in
ni+nz

Having said that, the social planner would allocate
the liquidity pool to hold token A, as LPs make identical liquidity contributions and n;
LPs out of the total n = n; + ny LPs are of type-1. Note that this investment strategy
is independent of the market price p > 0 as LPs are single-minded in this setup.
Therefore, we conjecture and verify below that the optimal AMM algorithm acting as
a social planner would exhibit a Cobb-Douglas preference w73, in the following manner

with a parameter A\ to be determined:

warinr(z,y) = 2yt

By integrating the economic interests as well as the liquidity contribution of both types

of LPs into social planners’ decision-making, we further conjecture that

\ = ZI:I bk . nlb . ny
o nitng g b b o ’
Zi:l bz n10 + ng ni + neo

Hence, A reflects the fractional funds invested by the AMM algorithm on token A.
Using Proposition 1, we can verify the above conjecture by solving the following

optimization problem:

ny ng
max UAMM(I', y) = gritnzynitne
x7y

ni+nz
subject to pr+y < Z b= (ny + n2)b.

i=1
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Consequently, this problem admits a unique solution as follows:
TX=mg X —=n; Xxm and Y =mng Xb=ny X m
p

This result is consistent with the exact maximal utilities earned by LPs if they construct
their most preferred bundle of tokens independently, as specified in (11).

Thus the CPMM-based AMM trading mechanism on DEXSs, to some extent, can be
explained as a weighted "average" over the most preferred tokens portfolio owned by LPs.
Additionally, our Proposition 1 shows that there exists an economically well-defined way
to compute this "weighted average": understanding the AMM algorithm as the social
planner who cares about Nash social welfare among the groups of heterogeneous LPs.
Our study here, therefore, provides the first economic microfoundation for the ad hoc

CPMM-based trading mechanism designs in the literature on DEXs.

6.2 Efficient Portfolio Frontier

In this subsection, we present an alternative interpretation of the ad hoc AMM-based
trading mechanism on DEXs by discussing its connection with the efficient frontier in

modern portfolio theory.

Set of admissible trades To start, we find that the participation constraint of each
LP in our social planner problem naturally defines a set of admissible trades associated

with each LP 4, which we denote as S;(x;, ;) and are given by

~

Sits, i) = { (a0, 7i(@)) : il = as, 01+ 7i(00) = il ) . (12)

We now turn to the characterization of the set of admissible trades supported by a
group of heterogeneous LPs on a DEX. This step is natural given that DEX is a liquidity
crowd-sourced platform, collectively owned and managed by a group of LP members.

Connection to our social planner problem In the language of this set of ad-
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missible trades, we see that for each trade (g, 7(q)), it is admissible only if there exists at

least one decomposition {¢;, 7;(¢;) }; such that

Z(%Ti(%)) =(¢,7(q)) and (q;,7:(q:)) € Silwi, )

7

As may be expected, this decomposition is tightly linked with our earlier social planner
problem, where a social planner aims to find an optimal allocation {g;, 7;}; to minimise
the trading cost of LDs subject to LPs’ participation constraints.

To see this connection clear, we first recall that the optimal pricing schedule 7 in the
social planner problem replicates a corresponding optimal AMM algorithm w473, due to

the one-to-one correspondence between u s and 7 as below,

Uanim (® — ¢,y +7(q)) = vamm (2, y).

Then if we interpret the above relation in our language of admissible trade set, we im-
mediately notice that the following set of admissible trades Sanm v (z,y) has its boundary

denoted as AS4nas that defines our desired optimal pricing schedule 7,

Saninr(x,y) = {(¢,7(q)) : wariar(x — ¢,y +7(q)) > wanar(2,9)} -

In summary, the discussion above shows that the optimal AMM algorithm waps,
can be characterised via either the set S Avm in the language of the set of admissible
trades or the optimal pricing schedule 7 in the context of the social planner problem. In
other words, characterising the set of admissible trades S Am first and then deriving the
optimal pricing schedule 7 through the boundary dSana can be seen as an alternative
approach to studying the optimal AMM design w4y, for the DEX, as compared to the
earlier analysis in the social planner problem where we derive the optimal pricing schedule

7 first and then define its associated optimal AMM design wanzps-

A candidate set of admissible traders for the DEX We now turn to find
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a "well-defined" S Amym With its boundary oS amm defines the desired optimal pricing
schedule 7 we have found in our social planner problem.

Given the set of admissible trades definition for each LP in (12) and the fact that
DEX is collectively owned by all LPs, we can simply aggregate LPs’ sets of admissible

traders and have a straightforward yet economically meaningful candidate set as follows:

~ A

S(z,y) = gl(xla Y1) + Sa(w2,12) 4 - + S (Tns Yn)- (13)

This sum over sets of admissible trades is in the sense of a so-called Minkowski sum.

Technically, a Minkowski sum of two sets A; and A, is defined by:

A+ Ay ={(x1 + 22,51 +y2) : (1,51) € Ay and  (22,y2) € Az}

For an economic illustration of this Minkowski sum, suppose that two LPs collectively

own a DEX and their sets of admissible trades are given by
S1={(0,0),(1,2)} and S» = {(0,0),(1,3),(2,7)},
respectively. We can then compute their Minkowski sum and get
S =81+ 8 ={(0,0),(1,2),(1,3),(2,5),(2,7),(3,9)}.

This set S contains all possible trades that could happen at this DEX. Taking the element
(2,5) € S as an example, this trade is admissible at this DEX due to its representation
(1,2) 4+ (1,3), which means that LP1 and LP2 are required to absorb trades (1,2) and
(1,3), respectively. This is admissible given that LP1 and LP2 collectively manage the
DEX and (1,2) € $; and (1,3) € S,.

We find that Si(p,b1) U Sa(p,b) = {(0,0),(1,2),(1,3),(2,7) € S := Si(p,by) +

A

So(p,be)}. This implies that a larger set of admissible trades is obtained on this DEX
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if they can allocate the LD’s trade between them, as opposed to trades independently
on the DEX platform. Since trading with LDs separately and independently yields the
set of admissible trades given by 9 (p,b1) U Sg(p, by), a subset of the Minkowski sum
S = 31 + 5’2, where the trade arising from LDs can be allocated between LP 1 and LP
2 accordingly as long as the participation constraints of LPs are satisfied!®.

However, the Minkowski sum over LPs’ sets of admissible trades would generate some
unreachable points such as (2,7)—an inefficient capital allocation in the context of our
social planner problem. We call it unreachable as the Minkowski sum contains a point
(2,5) strictly preferred by LDs. Recall that each element (g, 7(q)) in the set of admissible
trades represents that the LD can trade 7(¢) quantities of token B for ¢ quantities of token
A. Thus, from the perspective of LD, the admissible trade (2, 7) is strictly dominated by
(2,5), as choosing the latter allows her to pay less while trading out an identical 2 units
of token A from the DEX.

Eliminating these unreachable trades in our candidate Minkowski sum S(z,y) imme-
diately defines the efficient frontier and we claim that this efficient frontier is indeed the
boundary of Minkowski sum S(x,y), say 0S(z,y). To understand this result, one should
note that for any element (g, 7(q)) € 0S(x,y), it implies that there is no other admissible
trade (¢,7'(¢)) € S(z,y) such that the LD can trade out ¢ quantities of token A but
with a strictly smaller transfer in token B, say 7/(¢) < 7(¢). Otherwise, it violates the

definition of 0S(z,y)—the boundary of S(x,y).

For a graphical illustration of our efficient frontier. Suppose there are two LPs on
the DEX and their liquidity contributions to the DEX are given by ; and fy =1 — (3,
respectively. Then the (normalised) optimal AMM function chosen by these two LPs
would be a bonding curve uap s (z,y) = 1 (red-dashed curve) lies between the bonding
curve ui(x,y) = 1 (orange curve) and the bonding curve uy(z,y) = 1 (blue curve).

Compared to selecting any other (admissible trades) points in the interior area covered

by the red dashed curve, there always exists a dominant (admissible trade) point to be

5Indeed, size of this Minkowski sum would grow dramatically once any of {S;(x;,y;)}: is large.
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Figure 1: A equally weighted geometric mean of bonding curves where u;(x,y) = 25 y%,

3 2
uy(z,y) = v5ys and By = [P = %
selected on the red dashed curve, where LD can trade out an identical quantity of token
A but with a smaller token B transfer. Thus this red-dashed curve represents the efficient
frontier. This efficient frontier uniquely pins down a pricing schedule 7, which is indeed

the one we have characterised in our social planner problem.

7 Extension: truthfully reporting preferences

In this section, we address one major concern regarding the implementation result we
derived in the last section.

Specifically, our implementation framework relies on achieving equilibrium through
a Nash bargaining game where the preferences of LPs are public information to the
mechanism designer. To see this, recall that optimal AMM follows a weighted geometric
mean over LPs’ preferences. Although the liquidity contribution information about the
number of cryptos staked by LPs is publicly observable to the AMM algorithm, each LP’s
preference is privately observed. Moreover, LPs’ preference is assumed to be homothetic
in this paper, a large set of functions, whereby almost impossible for mechanism designers
to infer and elicit LPs’ preferences. Given that, a straightforward, practical approach to
acquiring this preference information is to ask LPs to report it. Then a natural, important

emerges: How can the AMM mechanism incentivize LPs to report their utility preferences
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truthfully?

To address this question, we extend the original implementation by augmenting a
(algorithmic) component where LPs have to report their (true or false) preferences while
staking assets into the liquidity pool. As a result, we show that truthfully reporting
preference is a dominant strategy for every LP in this extended implementation. We
want to emphasise that this preference reporting setting is not restrictive, since the lead-
ing DEX platform, Uniswap V4, has planned to introduce a large set of flexibility and
customization options to be selected by their platform participants including customising
most preferred AMM algorithm, a detailed description can be found from the white paper

for Uniswap V4.

7.1 A typical VCG mechanism for DEX platforms

Incentivising agents to truthfully report their preferences brings to mind the classical
Vickrey—Clarke-Groves (VCG) mechanism, introduced by Vickrey (1961), Clarke (1971),
and Groves (1973). One key feature of the VCG mechanism is that agents find truthfully
reporting valuations for possible outcomes to be a dominant strategy, where the sum
of agents’ utilities is maximised in equilibrium. In contrast to aiming for maximum
utilitarian welfare (utilitarian social welfare), the objective of our implementation here is
to maximise the Nash social welfare (a weighted sum of agents’ utilities). Our extended
implementation has to highlight this distinction under the context of intermediary-free
exchanges.

Before proceeding with the main results, it is helpful to provide a summary of what

a typical VCG mechanism would look like.

VCG mechanism for utilitarian social welfare. Let X = {(z;,v:)i| >, (i, v:) =
(x0,Y0)} denote the set of feasible allocation outcomes over the post-trade liquidity pool
(20,y0). As usual, let (/;);, where > . 3; = 1, represent the liquidity ownership of LPs

within the pool. Then the valuation of each LP over any possible pool allocation outcome
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can be captured by a preference function:

w;: X = Ry, where w;(x)=w(z;,y;) and x = (v5,v;); € X.

In a typical VCG mechanism setup, it is assumed that agents have quasilinear utility.
For example, if the outcome allocation is x € X and LP i can receive a corresponding
payment p;(x) (either positive or negative) under this outcome, then her eventual utility

payoff will be:
Ui(x) = () + pi(x).

Goal of VCG mechanism. The goal of the VCG mechanism is to select the outcome

x* such that the utilitarian social welfare of LPs is maximised. That is,
= x*( u; z) € argmazx Biui(x).
{uh) € argmar 3 f(o)
A typical VCG mechanism. Following the VCG mechanism literature, we con-

struct a standardized VCG mechanism in the following way:

1. The mechanism asks all LPs within the liquidity pool to report their utility prefer-

ences over each possible bundle of assets, say, u;(z) for i =1,...,] and = € X.

2. According to the utility preferences reported by LPs, the mechanism computes the

x* ({uz}z) € argmax ), Biu;(z).

zeX
3. The mechanism pays LP ¢ a weighted payment p; that equals the sum of weighted

utilities of all other LP j. That is,

pi = %Zﬁjuj(x*)- (14)
toj

Examining step 3 in the above mechanism, one may notice that the interest of each LP

36



1 aligns exactly with the interest of this mechanism designer, i.e., the maximum of the
weighted sum of utilities of all LPs. Since each LP 7 in this mechanism eventually receives

the utility:

i o= ui(x") + pi = ui(2”) + Bl Zﬁjuj(x*)>
b

where u;(2*) is the utility she obtains from the allocation defined in z* and p; is the total

value/utilities she obtains from step 3 in the mechanism. Multiplying the above member

1’s utility by (; yields that

Biti; = Biui(x*) + Bipi = Byui(2™) + Zﬁjug‘ (%) = Zﬁiui(x*>7
i k=1
where the right-hand side is exactly the goal of this mechanism. Hence, LPs in this mech-
anism are incentivized to play the strategy that helps the society /mechanism designer
achieve its utilitarian goal. Accordingly, LPs are incentivized to truthfully report their

preferences.

7.2 A DEX-type-VCG mechanism

As emphasized earlier in Proposition 1, the social planner in our intermediary-free
exchange has its welfare function structured as a Nash social welfare, which is a weighted
product of LPs’ utilities, instead of the weighted sum case in the VCG mechanism. There-
fore, we have to modify the above standardised VCG mechanism solution to accommodate
this change.

Surprisingly and intuitively, simply following the same three steps in the classical
VCG mechanism but changing the sum operational there to a multiply operational can
immediately implement the Nash social welfare. Let us name this new mechanism a

DEX-type-VCG mechanism and specify its structure as below.

Goal of DEX-type-VCG mechanism First of all, let us denote X the set of pos-
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sible allocation outcomes and wu;(x) the valuation/utility of member i for each allocation
outcome z € X in the same manner as above. However, the goal of our DEX-type-VCG
mechanism here changes to select the outcome z* that maximises the Nash social welfare

of the society, say, the weighted product of utilities of LPs

x* <{uz}z> € argmax u,(z)".
zeX

DEX-type-VCG mechanism for Nash social welfare The second difference
between our DEX-type-VCG mechanism to classical VCG mechanisms lies in that given
a final allocation output z* = (27,y});, this DEX-type-VCG mechanism only allocates
LP i a fraction f;(z*) of her bundle (z7,y}). Specifically, given the final allocation x*, LP

1’s eventual utility in DEX-type-VCG mechanism is given by
wi(x%) = fila")wi(@y, yy).-

Next, we need to specify how to construct a suitable f;(-), and why our DEX-type-
VCG mechanism motivates LPs to truthfully report their preferences, thereby achieving

a Nash social welfare.

The DEX-type-VCG mechanism. Analogously, we construct the mechanism and

show its solution in three steps.

1’. The mechanism asks LPs grouped in the liquidity pool to report their utility pref-

erences over each possible bundle of assets, say, u;(x) for i =1,...,1 and x € X.

2’. According to the utility preferences reported from LPs, the mechanism computes

the x*({uz}z> € argmax Tu;(x)P.
zeX

3’. The mechanism allocates each LP i a weighted fractional (z7, y?), where the weight
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fi is given by
fi= (H#iuy‘(ﬂﬁ*)ﬁjyi. (15)

As a result, we obtain the following proposition.

Proposition 3 (truthfully reporting) Given the DEX-type-VCG mechanism as

specified above,

(I.) each LP i € I is incentivized to truthfully report her preference u; as reporting true

preference in step 17 is a dominant strategy.

(II.) This mechanism implements its goal, say, a weighted Nash social welfare among

LPs for a weight vector (5;);.

In our DEX-type VCG mechanism, each LP finds that truthfully reporting her pref-
erence is a dominant strategy. This property enables the augmentation of the benchmark
implementation by mandating that LPs disclose their preferences when staking assets
into the liquidity pool. Put differently, our extended implementation framework based
on this DEX-type VCG mechanism effectively addresses the concern of privately known

preferences in the original implementation result.

8 Conclusion

In this paper, we identify that the AMM designs currently used by intermediary-free
exchanges, particularly blockchain-based DEXs, fall short in terms of trading efficiency,
particularly in minimizing the trading costs for LDs while ensuring LPs’ participation
in the exchange. By examining a social planner’s optimization problem, we derive the
conditions necessary for an optimal trading allocation on an intermediary-free exchange.
Our findings reveal the importance of incorporating LP heterogeneity, both in liquid-

ity contributions and in individual preferences, when designing AMM algorithms for
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intermediary-free exchanges.

Moreover, we show that the algorithmic structure of our optimal AMM design for
intermediary-free exchanges is given by a weighted geometric mean of LP preferences, with
each LP’s weight proportionate to her liquidity contribution to the exchange. Finally,
we propose a decentralized governance scheme among LPs based on a Nash bargaining
framework, which implements the optimal AMM design as an equilibrium bargaining
outcome.

Future research could explore several promising extensions. For example, how might
the optimal AMM design adjust to scenarios with asymmetric information about asset
fundamentals? Another interesting question is how the implementation framework may

evolve if a pivotal or dominant LP emerges within the LP community.
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9 Appendix A: Inefficiency in existing AMMs

In this section, we discuss the difference between our optimal AMM trading mechanism
derived in the main paper and the existing AMMs in practice.

DEX follows the typical DAO feature, ensuring that each LP can exercise some gov-
ernance control over the liquidity pool entirely determined by her liquidity ownership to
the pool. Specifically, suppose each LP i € {1,...,n} stakes a bundle of tokens A and B
(x;,y;) into the liquidity pool. According to the 'one token, one right’ principle (i.e., the
proportional allocation principle) in DAOs; the respective fractional ownership LP i has

over this liquidity pool is then calculated as follows:

px; + Y5
> (pry +y;)

Bi ==

where p > 0 is the commonly known value of crypto A against crypto B'®. Trivially,
ZZ‘ Bz =1.
Ownership vector {f;}; plays essential roles in the existing DEX ecosystem with au-

tomated market making. For instance,
1. each LP i receives a f3; fraction of the trading fees paid by LDs;

2. LP i has to absorb the fraction 5;q and to receive a payment of 3;7(q) in return
when the feasible trade made by the LD at the DEX is (¢, 7(q));

3. denoting R = (x,y) as the state of the token reserve in the liquidity pool, the
maximum amounts of tokens A and B can be withdrawn by the LP i from the pool

are (;x and [;y, respectively.

Bonding curve design results in the DEX pricing as well as the trading fees paid by

LDs being a function of the market depth. Thus only the total number of tokens in the

16Having the intrinsic value notion p is convenient but may not be the best language here. For intuition,
we can follow the literature on DEXs and CEXs and interpret p as the price of crypto A against crypto B
in the CEX, whose pricing is typically assumed to be more efficient. Loosely speaking, p is the marginal
'no-arbitrage’ price of token A against token B.
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liquidity pool matters for the fee payment on the DEX rather than the distribution of
LPs’ preference in the liquidity pool. This implies adopting the proportional allocation
principle in distributing the trading fees paid by DEX traders among LPs, say the owners
of the platform, is plausible: each LP ¢ holding a fraction ; of economic rights in the
liquidity pool should receive an exact [3; fraction of the fees paid by LDs.

However, extending this proportional allocation principle in matching LDs and LPs
at the DEX (i.e., point 2 above) and in withdrawing liquidity from the pools (i.e., point
3 above) could be suboptimal, and therefore generate inefficiency, particularly when LPs

exhibit heterogeneity in great extents.

9.1 Trading allocative inefficiency in existing AMMs

In stark contrast to market makers in traditional financial markets, who engage in
strategic competition to provide liquidity, LPs on DEX platforms are passive. LPs must
adhere to the predetermined AMM algorithm when staking tokens into the pool. The
AMM algorithm, designed for algorithmic simplicity, relies on two main components: a
bonding curve and a proportional allocation rule. The former component designs that
DEX pricing becomes a function with respect to the aggregated number of tokens in
the liquidity pool, independent of the specific liquidity contribution made by each LP
individual, while the latter component mechanically allocates the trading between LPs
according to their liquidity ownership in the pool. Despite incorporating the asymmetric
liquidity contribution factor, the trading allocation process due to the AMM nullifies all
other dimensional heterogeneities among LPs. In turn, as we will show soon, it gives rise
to trading allocative inefficiency on the DEX in matching LDs and LPs. Heuristically
speaking, by mechanically pooling LPs’ preferences, AMM at DEX platforms indeed
trades off its allocative efficiency for algorithmic simplicity.

To illustrate the trading allocation inefficiency produced by AMM algorithm in the

DEX, let us suppose that the LD submit a trade (¢,7(¢)) meeting the bonding curve
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design:

uavm (= ¢,y +T(q)) = vamm (@, y). (16)

Consequently, the AMM algorithm then automatically proceeds with this trading
against the liquidity pool. During this process and with the proportional allocation rule
in place, AMM forces the wallet of LP 7 in the liquidity pool to absorb a fraction ;¢ in
exchange for a payment of 3,T(q). Here, as before, we let {;} the liquidity ownership of
LPs in this liquidity pool.

Now, let us denote by m;(x;,y;) the reservation utility of LP 4, which she would obtain
if did not participate in the DEX but instead consumed the bundle of tokens (x;,y;)
directly. With the proportional allocation design in place in AMM, we immediately

derive the participation constraint of LPs in the DEX given by:

ui(z; — Biq, yi + BiT(q)) > mi(xi, yi). (17)

Upon inspection of (17), we notice that this system of participation constraints above
explicitly depends on the profile of LPs’ preferences {u;};. Moreover, such a key observa-
tion implies that the following statement (i.e., a necessary condition) has to be satisfied

if the AMM allows the allocative efficiency at the DEX platform:

uanm(z — ¢,y +1(q) = vamm (2, y) = wi(x; — Biq, yi + BiT(q)) > mi(4,y:) Vi

Trivially, the degenerate case where u; = uap7), immediately confirms the validity of
the above statement. In this case, LPs have identical preferences, and the implemented
bonding curve design in the AMM precisely aligns with that preference. As for the general
cases where LPs exhibit heterogeneity in preference, we can prove later in lemma 1 that
the above statement never holds at the DEX. Before that, we require a mild assumption

on the preference of LPs for model tractability.
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Lemma A-1 (trade allocative inefficiency in AMMSs). Given the proportional

allocation rule designed in the AMM, there does not exist a bonding curve uapy satisfying

uapm( — ¢,y +T(q) = vamm(z,y) = wilz; — Biq, yi + BiT(q)) > mi(z4,y:) Vi, (18)

if there exist at least two heterogeneous LPs in the DEX.

The detailed proof for this lemma is provided in the Appendix. There, we demonstrate
that given the absolute fairness consideration in the AMM design (i.e., the proportional
allocation principle), any bonding curve that ensures trading allocative efficiency would
generally violate the participation constraints of some LPs. The exception to this is when
LPs are homogeneous in their preferences.

Based on our Lemma 1, we document one fundamental trade-off in the current design
of AMMs: prioritizing its algorithmic simplicity over the economic interests of LPs. Due
to that, instead of separating LPs based on their preferences, AMM at the current DEX
trading platforms only focuses on the liquidity ownership difference between LPs and
mechanically pooling all other heterogeneities among them. As a result, this pooling effect
yields the trading allocative inefficiency in the DEX trading platform while matching LPs
and LDs.

Although the heterogeneity among LPs modelled in this paper primarily centres on
utility preferences, other dimensions of heterogeneity may also contribute to the trade
allocative inefficiency in DEXs. During the writing of this paper, the largest DEX plat-
forms—Uniswap V3 and V4—have introduced more preference-associated options for LPs
to choose from while staking liquidity into the pool. These platform changes including
personalized price ranges and trading fees all fall under the category of LPs’ preferences
which indeed share a similar spirit as the utility preference modelling device in our paper.
Hence, even though these platform changes account for the heterogeneity among LPs in
an indirect, exogenous way, we may expect that they would ultimately help the AMM

move closer to achieving allocative efficiency. In sharp contrast to these changes in prac-
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tice, notably, our paper models the heterogeneity among LPs in their utility preference

straightforwardly.

9.2 Liquidity withdrawal inefficiency in existing AMMs

Having characterized the AMM allocative inefficiency in matching LPs and LDs, we
now turn to another source of inefficiency in the current AMM design — liquidity with-
drawal inefficiency. Similar to the trade allocation inefficiency case, we will demonstrate
below, using a simple yet non-trivial example, that this new source of inefficiency arises
from the fundamental trade-off inherent in current AMM mechanism practices: prioritiz-

ing algorithmic simplicity over the economic interests of LPs.

Example A-1. Consider a liquidity pool within a DEX exclusively owned by two
LPs, each characterized by a single-minded preference for tokens A and B. Specifically,
the preferences of LP1 and LP2 are represented by the following two utility functions,
respectively:

ui(z,y) =z, us(z,y) =y.

Assume both LPs stake an identical amount of liquidity into the pool:

(x1,11) = (2a,2b) and (z2,y2) = (2a, 2b).

We now have the liquidity pool established by these two LPs and its initial state can be
denoted as Ry = (4a,4b). The bonding curve designed in the AMM trading mechanism
on this liquidity pool follows that of Uniswap V2, a bonding curve defined by the product

formula:

UAMM(L y) =Y.

Let us assume that the state of the liquidity pool changes to Ry = (2a,8b) after

some trading activities at the DEX!". Suppose now that both LP1 and LP2 decide to

17Given the bonding curve design uana (2, y) = 2y, the marginal price of token A against token B
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withdraw their liquidities from the pool and discontinue the DEX platform. According to
the proportional allocation principle in the design of AMM, both LPs are entitled to half
liquidity ownership in the pool R; given that they contributed equally in establishing the

initial liquidity pool Ry. With this said, we can see that both LPs receive:
1
57%1 = (CL, 4b) s

which evenly split the liquidity pool. Such an allocation, however, does not align with
the preferences of LP1 and LP2, who would prefer to receive only one type of tokens in
the pool rather than a mix of them.

By taking the preferences of LPs into account, a quick inspection of the liquidity
pool R, immediately provides a strictly Pareto-dominated allocation compared to the
aforementioned proportional allocation. That is: LP1 takes all of token A, while LP2
takes all of token B. Such an alternative allocation then results in the following utility

payoffs for the LPs upon their withdrawal:
u1(2a,0) = 2a > uy(a, 4b) = q; u2(0, 8b) = 8b > uy(a,4b) = 4b,

where the terms on the right-hand side of these inequalities represent the respective
utility payoffs received by LPs under the proportional allocation solution. Of course, even
though the proportional allocation is unfavourable for both LPs, they could hold onto

their preferred type of token and trade the other type on trading platforms for preferred

under state Ry is g This marginal price changes to % in state Ri. Therefore, this state change in the
token reserves of the hquldlty pool can be interpreted as a fundamental price innovation shock for token
A, moving from 9 to 4 ; In the presence of high-frequency traders (HFTs) who closely monitor pricing
in the DEX market any DEX mispricing due to such a shock presents an arbitrage opportunity. These
HFTs will engage in arbitrage trading to exploit the price discrepancy, which will immediately adjust
the marginal price of token A against token B on the DEX trading platform from its pre-shock level to
the post-shock level.

The liquidity staked by LPs in the liquidity pool, therefore, faces adverse selection due to the presence
of these arbitrage traders. Specifically, arbitrage trading exploits the price differences at the expense
of the liquidity providers. As shown later in our example, the proportional allocation rule designed in
the AMM further exacerbates this adverse selection cost. This happens because the rule forces LPs to
withdraw their liquidity in a fixed proportion, disregarding the new market conditions and the specific
preferences of the LPs.
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ones. However, one should note that this process would incur additional trading costs
and other sources of risk not modelled here.

The welfare loss incurred by LP1 and LP2 when they withdraw tokens from the lig-
uidity pool as we showed in this paper complements the understanding of "impermanent
loss" in the literature. The term "impermanent loss" refers to the situation where the
utility payoff gained by LPs from staking tokens in the liquidity pool is lower than what
they would have earned by simply holding or directly consuming the tokens. The con-
ventional understanding of "impermanent loss" posits that the value loss on the staked
tokens resulting from arbitrage is temporary and diminishes when the token price at the
DEX returns to its initial value. However, Capponi and Jia (2021) argues that this widely
accepted conception of "impermanent loss" does not fully capture LPs’ opportunity costs
of depositing cryptos in the pool. Our paper thereby shares a similar economic intuition
as their paper. In sharp to other studies in the literature on DEXs, including Capponi
and Jia (2021), where the proportional fair allocation rule is taken as given, our approach
starts from the fundamental participation constraint of LPs, which therefore determines
the efficient allocation at the DEX in the cleanest way.

Thus far, we have identified two sources of allocative inefficiency in current AMM
designs: trade allocative inefficiency and liquidity withdrawal inefficiency, as demon-
strated by our results in Example 1 and Lemma 1. These inefficiencies primarily arise
from the intentional ad-hoc design in AMMs, which prioritises algorithmic simplicity over
the underlying heterogeneity between LPs. This fundamental trade-off leads to an in-
compatibility between the economic interests of heterogeneous LPs and the proportional
allocation rule in AMMs, which has to mechanically pool LPs. Given the decentralized
nature of DEX governance, where all LPs are both owners and managers of the platform,
we may want to insist that no LP should have the incentive to compromise their welfare
for the sake of an algorithmic simplistic trading mechanism design at the DEX. With
that said, let us set aside the AMM design in the current DEX practice and focus on

the characterization of an optimal trading mechanism at a DEX in the following section,
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particularly for the DEX established by a group of LPs with heterogeneous preferences.

10 Appendix B: competition between DEX platforms

In our discussion thus far, we have focused on the competition among LPs within
one specific DEX, constituting what we term intra-DEX competition. This perspective
holds assuming that LDs always trade on one particular DEX. However, what if there
exists platform competition from other DEXSs, and how does this competition shape the
behaviour of market participants?

The competition between DEXs, termed inter-DEX competition, has its economic
importance and interests. In reality, we observe the existence of oligopolistic DEXs.
They compete for liquidity provision business, resulting in a segmentation of trading
activities across various trading exchanges. Exploring this inter-DEX competition may
shed light on the strategic behaviours of LDs, the rationale behind LPs participating in
multiple DEXs, and the effects on market segmentation. Therefore, this section models

the inter-DEX competition by assuming the presence of multiple DEXs in the economy.

10.1 Model

To study the strategic behaviours of LD, as before, we represent the utility benefit a
O-type LD can derive from purchasing ¢ shares of crypto A by u(q; #). Having learned the
private information € and pricing schedules {T;(q)}i=1 2.1 posted by DEXs, this #-type

LD chooses an optimal trade vector {g;};—12._.1 by solving

.....

Maz  wu(q,0) — Z Ti(q:)

{@i}i=1,....1

where ¢ = Zle ¢;- The optimal trade vector will be a function of 6 and the posted pricing
schedules {T;(-) }i=12..7. This optimization problem could be mathematically extremely

complex. For tractability, we make the following assumption.
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Assumption 3 (mean-variance structure) We assume that u(q,0) follows a

mean-variance structure, say,

u(0,6) = 50— ) — (~56%) (19)
— Mg - 2,

2

where the first term on the right-hand side represents LD’s utility from trading against

DEXs and the second term measures the reservation utility of LD.

The above preference form can be found in many papers on market microstructure
such as Sannikov et al. (2016), Chen and Duffie (2021) and Rostek and Yoon (2021),
among many others. One possible heuristic explanation for this preference form is that
LD enters the market with a positive level of inventory in the risky crypto asset A, say a
privately known 6. A\ measures her risk capacity. Any retaining post-trade inventory in
risky crypto A incurs a quadratic holding cost to LD. Therefore, a privately observed 6

reflects LD’s trading needs®®.

The game and its timeline. The inter-DEX competition game has its extensive

form outlined as follows:

0. At t = 0, we assume that there exist J > 2 DEXSs in the market. For simplicity, we

let DEXs be symmetrical in the sense that they have an identical liquidity pool.

1. In the first period (t = 1), LPs arrive and simultaneously decide on which liquidity
pools to participate in. They have the flexibility to choose one, multiple, all, or

none of any liquidity pools to stake liquidity.

2. In the second period (¢ = 2), LPs within each DEX j € J engage in a decentralized
decision-making process, the Nash bargaining framework introduced in the previous

section, to determine which pricing schedule 7}(-) to implement.

18 An alternative classic explanation for this mean-variance structured preference is that LD has CARA
utility and the risky asset value follows Gaussian distribution, see this setup, for example, in Biais et al.
(2000).
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3. In the third period (¢ = 3), nature selects a §—type LD. This LD subsequently
trades against DEXs by choosing an optimal bundle of trades {g;},c; to maximize

her net utility payoff.
4. Finally, LPs withdraw their cryptos from DEXs for consumption.

We will study the Nash pure strategy equilibrium in this game, provided that the
design-making process made by each DEX at ¢t = 2 follows an N-persons Nash bargaining
game. At equilibrium, LPs make crypto staking decisions at ¢ = 1 that are the best

response to the strategies of the other LPs given the strategic behaviours of LD at t = 3.

10.2 The Equilibrium Analysis

Let us start our analysis via backwards induction. For a given set of pricing schedules
{T;()}; posted by J DEX platforms, from the point of view of a §—type LD, she needs
to decide how to allocate her trade among these DEXs by maximising her utility payoff.
More specifically, LD’s problem is to choose a vector of trades {g; 3]:1 by solving the

following optimization problem.

LD’s problem: Maz u(q(6),0) — ZTJ(QJ(Q)) = \q — %(f - ZTj(QJ(Q))

J
{4 j=1

subject to  q1(0) + q2(0) + ... + q;(0) = q(0), (20)

where ¢(6) represents the size of LD’s trade, associated with a privately observed signal
0 that arises from margin calls or hedging motivation. As pricing schedules posted by
DEXs are convex'?, optimization problem (20) exhibits a unique optimal allocation for
each ¢(0). Moreover, given that 6 is privately observed, from the mechanism designer’s

perspective, each DEX has to design a pricing schedule such that LD is willing to reveal

1976 see the convexity of T(q), we first note that for any bonding curve uann(x — ¢,y + T(q)) = k,
T'(q) is increasing in ¢ as uan (2, y) is increasing in x and y. Second, taking the second derivative of
uapm(z —q,y+T(q)) =k in ¢ immediately yields 7" > 0.

20



her true 6. Therefore, the incentive compatibility condition (IC) for LD requires that

[IC condition:] 60 € Argmax ()\Qq( —% ZT q;(0)) > (21)
0

To ease notation, we represent the corresponding information rent by 7(6):

A
0 Max Ng — Zag? — T (0. (0 .
0) =, o (e)< =50 LTl >>)

Beyond the incentive compatibility condition, under oligopolistic screening competition
between DEXs, DEX £ also needs to ensure the participation constraint (PC) of LD holds
for trading in DEX k:

[PC condition:] =(0) > 7_x(0), (22)

where m_j(6) represents the payoff LD obtained if she does not trade in k—th DEX but

other DEXs instead. That is,

m-k(6) = (a5} Zj\ﬁiﬁ(e) a(6) (u(qk(e),e) - ZTj(qj (9)>> '

J#k

Let us now turn our attention to the optimization problem faced by the group of LPs
within DEX k., or equivalently representative k. Given the pricing schedules posted by
other DEX competitors, which as usual denoted by Ty := {74, ..., Tx—1, T11, .- Ty}, the
problem of DEX k is to design her best response strategy Tj(-;7_x) to maximise the

following expected payoft:

DEX k’s Problem: M?)x By (T, ..., Ty) (23)
Ty

= / ' { hanae (7 = 04(0),5+ Telar(0))) — whasns (2, 9)] + m<qk<9>>}dF<9>,
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where the first integral component is the post-trade utility of DEX k and the second term

is the respective received trading fee for a given fee rate v € (0,1).

In general, the above problem yields a fixed-point argument condition with the variable
involving pricing schedule functions, making it extremely complex. To make this problem

solvable, we need one last assumption.

Assumption 4 (presence of arbitrageurs) There exists a group of opportunistic

traders in the market who monitor the DEXs closely and exploit the trading of LDs.

Specifically, opportunistic traders can be viewed as high-frequency value arbitrageurs.
These traders closely monitor DEXSs, seizing any arbitrage opportunities arising from price
movements around the fair value of cryptos. In the presence of opportunistic traders, each
trade of size ¢ requested by the LD is subsequently followed by a reverse trade of size —¢q
initiated by these opportunistic traders. This sequence happens because an LD’s trade
in one direction creates arbitrage opportunities for opportunistic traders to profit from
trading in the opposite direction. As a result, the objective function for representative k

changes to

%
DEX K's Problem: Max By(Tk. Ty) = / 2T}, (qk(Q) :T_k> dF(6),  (24)
el 0

where the term involving the utility increment in (23) disappears and there exists a
multiplicative factor of 2 in front of the trading fee income, reflecting the fact that any

trade made by an LD will be reversed by opportunistic traders in DEXs.

Inspecting the optimization problem faced by each DEX, we can denote the best
response of DEX k to the strategies of her competing DEXs by Fy(T_x). Then finding
a Nash equilibrium in this oligopolistic inter-DEX competition game will correspond to
the fixed points in the mapping {F7, ..., F;}. The computation can be greatly simplified
by considering the following fact: Given the symmetric structure of the initial liquidity

pools at t = 0, the set of strategies for each LP ¢ = 1 will be either randomly choose
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a single pool to participate in or evenly distribute their cryptos across all initial pools.
Both strategies have an equivalent effect in terms of the resulting aggregate liquidity
and ownership structure within every DEX in equilibrium. Therefore, without loss of
generality, we can consider the latter case for simplicity. Based on this, one can postulate
(and verify later) the existence of a unique symmetric equilibrium: LPs within each DEX
J € J collectively adopt a symmetric pricing schedule design 7; := T™. This result is

formally stated in the following proposition.

Proposition 4 (Existence and Uniqueness). Under assumption j, there ezists
a unique equilibrium in this oligopolistic inter-DEX competition game. This equilibrium
1s symmetric in the sense that all DEXs design an identical pricing schedule. That is,

Tf=..=T;=T"

The proof of this proposition closely follows the roadmap to that of Biais et al. (2000).
They analyze an oligopolistic screening game among n risk-neutral market-makers offering
convex price schedules simultaneously and noncooperatively. They establish the existence
of a unique symmetric equilibrium, demonstrating that the equilibrium pricing schedule
does not restore ez-ante efficiency due to the adverse selection in a common value envi-
ronment where market-makers are neither informed about traders’ hedging needs nor the
fair value of the trading asset. Our result here shares qualitative similarities but exhibits a
key distinction since the adverse selection in our paper arises from the privately observed
trading needs of the LD, a private value environment) only. Therefore, the equilibrium
pricing schedule can yield an ex-ante efficient, say uapn(x—q,y+71*(q)) = vann (X, y).

Additionally, instead of assuming risk-neutral market makers straightforwardly as in
Biais et al. (2000), the utility preference upsps in this paper is more general, a weighted
product of LPs” preferences. Although the objective function of LPs within each DEX
turns out to be risk-neutral, see in (24), the fundamental goes to the presence of oppor-
tunistic traders in the market and the DAO structure of the DEX platform. Moreover,

our equilibrium pricing schedule sells tokens at their marginal cost, no longer a constant
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as in Biais et al. (2000).

In conclusion, this section models an inter-DEX competition among symmetric DEXs,
characterized by an oligopolistic competition reminiscent of Bertrand competition, where
each DEX, in equilibrium, sells assets at its marginal cost. The key insight driving this
outcome is that when her competitors are offering a break-even pricing schedule 7*(-), the
optimal pricing schedule can be offered by DEX £k is the break-even pricing schedule 7(+).
DEX k cannot increase her price without risking a loss of her market share. Interestingly,
the marginal cost charged by each DEX for each unit of crypto A in this model departs
from the constant pricing in traditional Bertrand competition. Instead, it takes the form
of a weighted average of the marginal prices charged by individual LPs. This weighted
pricing reflects the exact impact of diverse preferences as well as the asymmetric liquidity

ownership of LPs on how to settle down an ex-ante mechanical pricing algorithm in the

DEX.

11 Appendix C: Proofs

11.1 Proof of Lemma A-1

Proof. To start, suppose the bonding curve function utilised by the AMM is uapps (-, -)-
Then the optimality of wans(-,+) in its trade allocative efficiency yields one following

necessary condition as stated below:

uavm (T — ¢,y +7(q) =uamm(z,y) = wi(x; — Bigui + Bit(q)) > m Vi, (25)

where (z,y) = (D, %, Y, y;) and m; is the reservation utility of LP ¢ if she did not stake
her tokens in the liquidity pool.

Let us prove this lemma by constructing a contradiction. Suppose that (25) holds for
a general profile of preference {u;}; and that all LPs stake an identical crypto bundle into

the liquidity pool. This implies (z;,v;) = (z;,y;) for any 4,5 € {1,...,n}. In other words,
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(i, y:) = %(m, y) and LPs have identical liquidity ownership at the DEX, say ; = ; = %
Provided that the pricing schedule implied in the bonding curve design wapps is 7(+), we
then write the participation constraints of LPs in this DEX platform in the following

way:

ui (25, Yi) = U (% - Biq,yi + @'T(Q)> = %Uz (95 —q¢y+ T(Q)) > T, (26)

where we apply the homotheticity of u; and 3, = % while deriving the last equality.
Multiplying the left hand sides of (26) by a factor n and then rearranging its order yields

that

ui(e = .y +7(0) = muilany) = w(nwi, ny ) = uile,y) Vi, (27)

where all equalities above hold because of the homotheticity of u; and that (z;,v;) =

L(z,y).

Recall that bonding curve design requires that

uanvim (T — ¢,y +7(q)) = wann (2, ). (28)

Taking all the results above together immediately leads to a contradiction. Notably,
conditions (27) and (28) hold for any x,y,q,T(q). However, the former condition (27)
depends on u;, whereas the latter condition (28) is independent of u;. The only way to
ensure their equivalence is if the degenerate case holds where u; = uapps. This contradicts
our assumption that there exists at least one pair of LPs who are heterogeneous in their

preferences. Proof completes. n

11.2 Proof of lemma 1

Proof. Substituting the market clearing condition back into the objective function of

social planner, we immediately notice that the optimal mechanism candidate {q(), ()}
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or the allocation {g;(-),7;(-)}; has to minimise the cost of trading for any given trading

quantity ¢(0). That is,

9
Mi (0)dG (0
i Aj;T<><>

subject to participation constraint of LPs. Solving this optimisation problem is essentially
equivalent to finding the efficient allocation {7;(-)} in which LT achieves the minimum
trading cost (or maximum net trading payoff). Inspecting the participation constraint
of LPs, we can claim that the optimal allocation corresponds to the case in which all
participant constraints are binding. To illustrate, suppose for example that there exists

at least one ¢ € {1, ..., I} such that

téumm—%wx%+nw»ﬂ%w>wh

Then the social planner could reduce transfer 7;(6) by a small amount and turn this
inequality to be equality. This would obtain a smaller trading cost for LD and produce
a more efficient allocation. Therefore, any allocation other than the one that binds all
participation constraints would be strictly dominated.

Therefore, at the optimum, we have
wi (2; — qi(0),y; +v7:(0)) =7, VO €[0,0] and i€ {l,.., 1},

where we get rid of the integration over # as participation constraints of LPs are always
binding for any given distribution function F. Using this fact we can have that the

transfer 7;(¢;(0)) each LP ¢ receives in the efficient allocation as follows,

Ti(Qi(0>;xiuyi7ui) or simply Tz’(%)~

Above, we use the condition that ¢(6) > 0 to ensure the simplification over 7; is well-

o6



defined. Having characterised the form of the pricing schedule for each LP ¢ above, we
can now compute the optimal pricing schedule 7(¢) which maximises the net trading

payoff of LDs:

7(q) = ?;Lz}n{z 7i(gi) - Z g = q}-

Extending the above analysis to the other side of the market where ¢ < 0 is analogous.
For conciseness, we only focus on one side of the market for which LD purchases crypto

A, say ¢ > 0.

11.3 Proof of Proposition 2

Proof. Existence Let us start the proof from the equilibrium existence. Suppose
the expected allocation vector contained in the SSPE strategy of game G(p, ) is z =
(21, 22, .., 2n). Then z € V due to that z is a convex combination of 21, 2, .., z, and the
set of feasible utilities V' is convex.

On the one hand, if member 7 is chosen to be the proposer at round 1, she can propose

an allocation vector z; = (x}, x2,...,2%) € V that will be accepted by others. If this is the

19
case, she needs to propose the allocation vector by considering the optimization problem.

Mazx xt subject to x] > pz; 4+ (1 — p)0 = pz; Vj #14.%

zi=(z},@?,....x7)eV

TR A1)

It is easy to see that the set of constraints is bounded, closed, convex, and not empty.
Therefore, we can denote ff(pz_;) as the maximum value of z! by solving the above
optimization problem, where z_; is defined as usual, say, z = (2;,2_;). On the other
hand, rather than proposing the allocation vector that is accepted by others, remark that
proposer i can propose an unacceptable proposal. In this case, her expected payoff will

be pz;. Combining these two cases yields the expected payoff of member ¢ in the SSPE
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as B; max{ fF(pz_i), pzi} + (1 — B;)(pzi). For each z = (z1, 29, ..., 2,) € V', we can define a

function ¢”(z) by

97 (z) = B maz{ f] (pz—), pzi} + (1 — Bi)(pz), Vi

As aresult, g(z) := (¢?(2))ien is a correspondence from V to V. By using facts that V' is
compact and convex and Brouwer’s fixed point theorem, we immediately get that there
exists a fixed point z*(p) € V such that Vi € {1,2,...,n} we have ¢?(z*(p)) = z*(p). So,

we complete the proof of existence part.

Equilibrium Strategy From the proof above, we can easily construct an SSPE

strategy profile o*(p) = (05(p), o5(p), ..., 0%(p)) in the game G(p, B) as follows, for every

member i € N,

I. if becomes the proposer, then proposes the allocation vector that solves the above

optimization problem.
I1. if becomes the responder, then accepts any proposal J?; if and only if x; > pzj.

In an SSPE, no proposer in any round would have the incentive to propose an unac-
ceptable allocation proposal as there exists a negotiation breakdown risk (time cost).
Similarly, no responder has the incentive to reject a proposal if it offers her a payoff that
equals her continuation value from rejecting such a proposal. Consequently, in every

SSPE of G(p, B), any selected proposer i in each round will propose x} such that it solves

1]\/[ ax

zi=(z},x2,....x")EV

TR 1}

z! subject to x> pzj Vj #i.

This proposal x7 will be accepted by all other members.

Equilibrium Payoff in SSPE Armed with the observation described above, we
immediately get that in any SSPE with payoff vector z(p) = (21, ..., z.(p)), every member

receives the payoft f*(pz(p)_;) if she is the proposer, and gets pz;(p) if she is a responder.
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Notice that the probability of each member i selected as the propose is ;, and therefore,
the expected payoff to each i € {1,2,...,n} in this SSPE with payoff vector z(p) =

(27, ..., zn(p)) satisfies that
zi(p) = Bifi (pz—i(p)) + (1 — Bi)(pzi(p))-
Therefore, we have that in any SSPE, the expected payoff z*(p) is given by
7 (p) = Bifi (pz2i(p)) + (1 = Bi)(p2(p)) Vi€ {l,2,...,n}.

It implies that

F1(p () = ~ a0+ (o)

As p — 1, we immediately get

Denote by z;(p) = (pzf(p), ..., fF(2%;), ..., pzl(p)) the payoff vector proposed by every
member ¢ who is selected as the propose in any SSPE of G(p,3). Clearly, the above
relation implies that

lim x;(p) = 2* = lim z;(p). (29)
p—1 p—1

That is, the proposals proposed by all members in any SSPE converge to the same

Nash Bargaining Solution Let us now establish the equivalence between the SSPE
with p — 1 and the Nash bargaining solution.

It is not hard to see that the set of feasible utilities V' is closed, bounded, convex,
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smooth and nonlevel due to the assumption that utility preference functions {u,}; are
continuous, concave and differentiable. Therefore, there exists a continuous, concave and
differential function F such that F(z) = 0 for any x € 0V NRY} and F(z) < 0 for any
x € V°NRY, where V° is the interior of V.

Any SSPE payoff vector z;(p) proposed by every member i in game G(p,5) must
belong to OV NR%. Otherwise, it would be not Pareto efficient and there will exist a
Pareto-improved vector that increases all member’s payoffs. So any member j # ¢ will
reject this payoff allocation proposal z;(p), which is the desired contradiction. Conse-
quently, for any two i,j € {1,2,...,n}, it follows that F(x;(p)) = F(z;(p)) = 0, where
z;(p) and z;(p) are the respective payoff vectors proposed by members ¢ and j in an SSPE
if they are selected as the proposer in round 1. By using the Taylor’s Theorem, we see

that there exists at least one 0 < ¢ < 1 such that

0= F(zi(p)) — F(z;(p)) = Z Fi(tzi(p) + (1 = t)x;(p)) (z (p) — 5 (p))

= 2 (0270)) = 22 DI lti(0) + (L= 0)25(0)) — [0, (0)) — p22 (DIF(E:(p) + (1 — t)25(0)
% (p) % (p)

= (1= )R (0) + (1= i) = (L= ) Lyt (p) + (1= ), (o),
) J
where F; is the partial derivative to the k — th coordinate. We can multiply l%p on both
sides of the above equation and then take p — 1. It yields that
¥ 25
(") = LF(2* 30
SR = 2R (30)

for any i,j € {1,2,...,n}, where we derive the above equality by relying on the fact in
(29), say, for any k, lim z;(p) = z*.
p—1
As the last step, let us derive the Kuhn-Tucker condition of the optimization problem

for the Nash bargaining solution of (V). The computation is straightforward and it
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reads as

EL(20)% — AFi(2) =0, Vie{l,..,n},

and F(z*) =0,

where A is the respective Lagrange multiplier. Remark that we have proved a moment
ago that any SSPE z* = (27, 23, ..., 22) € V satisfies the conditions of F'(z*) = 0 and (30),
which indeed also fulfil the above Kuhn-Tucker condition of the optimization problem for
the Nash bargaining solution of (V, 5). So, as p — 1, the respective SSPE z* defines the

solution of our original Nash bargaining problem. Proof completes. O]

11.4 Proof of Proposition 3

Proof. We begin with the proof associated with part (I7) by showing that steps 1’-3" here
indeed implement a weighted Nash social welfare with the weights given by {;}..

The trick is in step 3’. Suppose that the final allocation #* maximises the weighted
Nash social welfare function, then the total utility payoff obtained by each LP 4 in this

EX-type-VCG mechanism will be given by

Taking a power of 3; on both sides yields that

1
4

(i) " = [ o)) o] = )™ 1)

where the very left-hand side is the goal of our EX-type-VCG mechanism, say, the
weighted Nash social welfare of the DEX society. Hence, each LP has its interests aligned
with the mechanism designer or the social planner whose objective is to maximise the

weighted Nash social welfare. This implies that the maximum of our weighted Nash social
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welfare would be attained if LPs truthfully reported their preferences.

To verify that reporting preference truthfully is a dominant strategy, let us assume
that other LPs j € I,j # ¢ report their preferences in step 1’ as @; (note that these
preferences reported by LPs j # i may differ from their true ones). Then the LP i has
the option of either reporting her true preference or reporting a false one. Accordingly,
denoted by z7 the final allocation generated by our DEX-type-VCG under the case where
LP ¢ truthfully reports her preference in step 2’, and x7}. otherwise.

Given that, step 3’ returns a fraction fr(z%) in the case LP ¢ truthfully reports, or a
fraction fr(x}) otherwise.

To prove truthfully reporting her preference is a dominant strategy for every LP 1,

what we need to show is that

Fr(apulay) > fe(eyudey) or equivalently, (friaphuen))” > (frlepu(er)”

Using the definition of fr and fr, what we need to prove is then the following relation,
wi(w) " Wygtty (07)% > wi(wp) ity (a5)™ (32)

However, this inequality holds immediately, as x7. is defined as the maximiser to the

weighted product of the correspondingly reported preferences of LPs in step 2’. That is,

Ty € CL’/’ng)L{CLI’ ui(m)ﬁ"ﬂyﬁﬂj(x)ﬂj-
xe

Remarkably, this condition holds even if any one of LPs j # ¢ reports a preference ;

that may differ from her true one ;. Proof completes. m
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