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The downside of dispersity: why the standard
deviation is a better measure of dispersion in
precision polymerization†
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Dispersity is ﬁrmly established as the standard measure of dispersion in molecular weight distributions.
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However, it can be misleading, particularly when applied to the relatively narrow molecular weight distri-
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butions obtained via living or reversible deactivation polymerizations. The use of the standard deviation is
recommended as an alternative. In complex structures, a representative sample of chains provides a
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better illustration of structural variation than any single number.

One of the essential features of synthetic polymers is that
they consist of a distribution of chains covering a range of
masses. Other structural features of copolymers, such as
branching and composition (in copolymers), are also subject
to statistical variation,1 leading to complex populations that
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are extremely challenging both to characterize and to comprehend. This problem has not been helped by our choice of a
measure of dispersion, the dispersity (Đ), that is needlessly
complex.
Typically, when confronted with a distribution, we are interested in knowing not just a typical value, but also the typical
range of values. For this purpose, the most commonly used
measure is the standard deviation, σ, which measures the root
mean square deviation of N values xi from the mean, μ
(eqn (1)).
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P
ðxi  μÞ2
σ¼
N

ð1Þ

The standard deviation has the same units as the quantity
that is being measured, and gives an intuitive idea of the variation in the result. Faced with a result of 10 ± 2, it is natural to
assume that most values fall between 8 and 12, and this intuition is usually correct. For normal distributions, approximately
70% of the sample lies within 1σ of the mean, while for any
distribution, at least 75% of the values fall within 2σ of the
mean.2
For molecular weight distributions (MWDs), however, the
standard measure of dispersion is the dispersity.3 This is
defined as the ratio between weight- and number-average
masses (Mw, Mn) or degrees of polymerization (DPw, DPn)
(eqn (2)).
Đ¼

Mw
DPw
or
Mn
DPn

ð2Þ

Dispersity became established because the principal techniques historically used to measure molecular weight gave
either the Mn (e.g. osmometry, boiling point elevation, freezing
point depression),4 or Mw (ultracentrifugation,5,6 light scatter-
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Fig. 1 Relationship between standard deviation (σ) and dispersity (Đ) for
1.01 ≤ Đ ≤ 2.00. The solid bar represents the mean of the distribution in
each case.

Fig. 2 Height distribution of a family of 2 adults and 2 young children
with mean height of 122 cm, standard deviation of 52 cm and dispersity
of 1.18.

ing7).‡ The diﬀerence between the two average masses provided both a proof that synthetic polymers comprised a wide
range of chains of diﬀerent mass, and a simple measure of the
breadth of the distribution.
Dispersity can equally be defined in terms of the moments
of the MWD.1 In terms of the moments of the number distribution, the dispersity is given by eqn (3), where f (x) is the frequency of chains of length (or mass) x.
P 2
P
x f ðxÞ  f ðxÞ
Đ¼
ð3Þ
P
ð xf ðxÞÞ2

height distribution of a family of two adults and two young
children (Fig. 2; μ = 122 cm, σ = 51 cm) gives a dispersity of
only 1.18 – a value that for polymers is frequently characterized
as well-controlled.
The resulting disconnect between intuition and reality
leads us to underestimate the variation in molecular weight
that is present even in polymers prepared using controlled or
living polymerization techniques. This variation could be communicated more eﬀectively by adding standard deviations to
the average number of repeat units shown in chemical structures (Scheme 1).11 This is particularly important when the
goal is precise control over the polymer structure, for example
in the preparation of polymers with a well-defined spatial
arrangement of blocks or functionalities.
Turning to actual polymer MWDs, two simple distributions
are strongly associated with polymerizations. The first is the
geometric distribution (typically known in polymer science as
the most-probable distribution12), which describes the distribution of a polymer chain which may either propagate or terminate (by disproportionation or chain transfer) with constant
probability at each step.13 If p is the probability of termination,
then the proportion of chains of length x is given by p(1 − p)x.
The average chain length is (1 − p)/p and the standard deviation is (1 − p)0.5/p, giving a dispersity of 1 + 1/(1 − p). If the
chains of length zero (those that terminated in the first step
and contain no monomer units) are excluded from the MWD,
Đ is given by 2 − p. In either case, Đ approaches 2 for small p.
This is the distribution obtained in condensation polymerizations13 and from radical polymerizations at low conversion
when termination is exclusively by disproportionation or chain
transfer.14

This can in turn be expressed in terms of the mean and
standard deviation8 as:
Đ¼1þ

σ2
μ2

ð4Þ

Thus the dispersity is equivalent to one plus the square of
the relative standard deviation (σ/µ) of the number distribution
(a derivation of this result is given in the ESI†). This relation
between Đ and σ is valid for all distributions. Dispersity is thus
a relative measure – a high molecular weight polymer with a
given dispersity will have the same relative standard deviation
as a low molecular weight polymer with the same dispersity
but a larger absolute standard deviation.9 Thus a polymer with
Mn of 20 kg mol−1 and Đ of 1.25 has a σ of 10 kg mol−1, while
a polymer with the same Đ but Mn of 40 kg mol−1 has a σ
of 20 kg mol−1. In each case, the relative standard deviation
is 50%.
Unlike the standard deviation, however, dispersity is not an
intuitive measure. It varies non-linearly with the standard deviation – a polymer with a dispersity of 1.8 has a relative standard deviation only twice as large as a polymer with a dispersity of 1.2 (Fig. 1).
Secondly, polymer MWDs are typically much broader than
the distributions that we encounter in everyday life. To give an
example, the average height of a French adult woman in 2001
was 162 cm with a standard deviation of 6.5 cm.10 This corresponds to a dispersity of only 1.0016. Even the seemingly broad
‡ Viscometry was an exception, giving an average molecular weight that
depended on the Mark–Houwink–Sakurada parameters of the polymer–solvent
combination in question.39

Polym. Chem.

Scheme 1 Polymer structure showing number-average degree of
polymerization (205) and standard deviation (105). This corresponds to a
dispersity of 1.26 for each arm, and 1.13 for the entire polymer.
Reproduced from ref. 11 with permission from the Royal Society of
Chemistry.

This journal is © The Royal Society of Chemistry 2018

View Article Online

Published on 26 February 2018. Downloaded by University of Warwick on 10/03/2018 11:03:34.

Polymer Chemistry

Fig. 3 Representative length distributions corresponding to an ideal
living polymerization (Poisson), an ideal chain polymerization with constant monomer concentration (Geometric) and two distributions of
intermediate dispersity corresponding to reversible deactivation polymerizations at full conversion with relatively high (CS = 10) and low (CS =
2.22) rates of deactivation. In all cases, the number average degree of
polymerization is 20 and zero-length chains are excluded.

The second distribution is the Poisson distribution, which
applies to polymer chains that are initiated simultaneously
and propagate without terminating, as in an ideal anionic
polymerization.15,16 In this case, the proportion of chains of
length x is given by λxe−λ/x!, where λ is the average chain
length. The standard deviation is given by λ0.5, while Đ = 1 + 1/λ
and approaches 1 as λ increases.§ The relative standard deviation decreases much more slowly than the dispersity,
however, while the absolute standard deviation continues to
increase.17 Fig. 3 shows a representative sample of 10 chains
from a geometric distribution and a Poisson distribution with
an average chain length of 20 (Đ = 1.95 and 1.05 respectively).
The dispersion in length that is present even in Poisson-distributed chains leads to significant structural variation in multiblock copolymers.18
Reversible deactivation radical polymerizations (RDRP) typically give distributions that are intermediate in dispersity
between the Poisson and geometric distributions. The dispersity (including zero-length chains) for an RDRP is given by eqn
(5), in which c represents the conversion, kp and kd rate constants of propagation and deactivation, and [P] and [D] the
concentrations of dormant polymer and deactivator.19–21



kp ½P
2c
Đ ¼ 1 þ 1=DPn þ
ð5Þ
kd ½D
c
In reversible addition–fragmentation chain transfer (RAFT)
polymerizations, the dormant polymer is itself the deactivator,
and eqn (5) can be further simplified to


2c 1
Đ ¼ 1 þ 1=DPn þ
ð6Þ
c
CS
§ If chains of length zero are excluded, Đ = (1 − e−λ)(1 + 1/λ). The diﬀerence
between the two formulas is <0.01 for λ ≥ 5.
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where CS is the chain transfer constant of the dormant
polymer.
The resulting dispersity is always greater than that of the
Poisson distribution with the same DPn. Sample distributions
corresponding to RDRP with relatively rapid (CS = 10) or slow
(CS = 2.22) deactivation are also shown in Fig. 3.
While dispersity is often used as a proxy for the overall
success of a polymerization, it is important to note that polymers with broad molecular weight distributions may be wellcontrolled in the sense of having a predefined Mn and high
levels of the desired chain end functionality – examples
include polymers generated by catalytic chain transfer22 or
xanthate-mediated RDRP of styrene.23 In radical polymerizations, shorter chains terminate more rapidly than longer
chains.24 Addition of a deactivating agent that reduces the dispersity by reducing the proportion of long chains can thus
lead to a higher fraction of non-functional dead chains in the
final polymer.25

Adding and subtracting dispersities
If two blocks of average degree of polymerization μ1 and μ2,
standard deviation σ1 and σ2, and dispersity Đ1 and Đ2 are
joined together, the dispersity Đ1+2 of the resulting block copolymer is given by eqn (7).26
Đ1þ2 ¼ 1 þ

σ1 2 þ σ22
μ1 2 ðĐ1  1Þ þ μ2 2 ðĐ2  1Þ
2 ¼1þ
ðμ1 þ μ2 Þ2
ðμ1 þ μ2 Þ

ð7Þ

This is a general result that applies to all distributions, so
long as the two blocks are uncorrelated (i.e. there is no preference for long blocks to add to long blocks, or vice versa). The
contribution of each block is weighted according to the square
of its length, and thus even a highly disperse short block may
have very little eﬀect on the dispersity of a long block copolymer.27 For this reason, a polymerization which undergoes a
substantial loss of chain end functionality late in the reaction
may maintain a low overall dispersity.28
Eqn (7) can be rearranged to give the dispersity of an added
block (Đ2) in terms of the number-average masses and dispersities of the initial (µ1, Đ1) and final (µ1+2, Đ1+2) polymers
(eqn (8)).
Đ2 ¼ 1 þ

μ1þ2 2 ðĐ1þ2  1Þ  μ1 2 ðĐ1  1Þ
ðμ1þ2  μ1 Þ2

ð8Þ

Application of eqn (8) to the polymers generated at each
step during a 24-block sulfur-free RAFT polymerization of
butyl methacrylate reported by Engelis et al.29 shows that while
the dispersity of the overall polymer falls from 1.7 to 1.11
before slowly rising to 1.21, the apparent dispersity of each
added block increases roughly exponentially from 1.4 in the
first extension to 37 (!) in the last (Fig. 4). This is evident when
discussed in terms of standard deviations: taking the 15th
chain extension as an example (Fig. 4b), a polymer of Mn
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many multiblock and multisite polymerizations29–38 suggest a
loss of control in the final steps which will have a significant
impact on the molecular weight distributions of the final
blocks and the overall fidelity of the polymer to the desired
structure.
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Conclusions

Fig. 4 a. Relationship between overall dispersity and apparent dispersity of added block for 24 successive butyl methacrylate polymerizations.29 b. 10 sample chains with Mn of 21 500 g mol−1 and Đ of 1.14 (A,
corresponding to the solid blue circle in a), and with Mn of 1500 g mol−1
and Đ of 7.50 (B, corresponding to the open red circle in a – note that
5 of the chains are shorter than 100 g mol−1). The sum of the two distributions gives A + B with Mn of 23 000 g mol−1 and Đ of 1.15 (A + B,
corresponding to the solid red circle in a). Double headed arrows under
each distribution are of length 2σ and placed so as to include the greatest fraction of the distribution. The black line represents the Mn. A and B
are assumed to follow Shulz-Zimm7 molecular weight distributions.

21.5 kg mol−1 and dispersity of 1.14 is extended with a block
of Mn 1.5 kg mol−1 to form a new polymer of Mn 23.0 kg mol−1
and dispersity 1.15. The polymers have standard deviations of
8.04 kg mol−1 and 8.91 kg mol−1, respectively. The standard
deviation of the added block is thus (8.912–8.042)0.5 or
3.83 kg mol−1. This is significantly greater than the length of
the block itself, resulting in an apparent dispersity of 7.5.
It should be noted that these apparent dispersities are
highly sensitive to errors in the determination of the mass and
dispersity at each step. It is also assumed that all chains are
equally reactive, and that no new chains are generated during
the reaction. In reality, dead chains accumulate throughout
the reaction, with the eﬀect that long chains, which are more
likely to be active, tend to get longer, while short chains,
which are more likely to be dead, remain short. Additionally,
in RAFT polymerizations such as the example given here, new
chains are generated at each step through decomposition of
the initiator. While neglecting these factors will lead to overestimation of the dispersity of the added block, they are in themselves further sources of deviation from the desired structure.
In summary, the gradually rising overall dispersities seen in
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Dispersity is firmly established as a measure of dispersion in
polymer MWDs. Its main advantage is that it is a simple ratio
of Mw and Mn, and thus clearly signals the diﬀerence that is to
be expected between properties that depend on Mn and those
that depend on Mw. However, its utility is very limited for relatively narrow MWDs where Mw is less than twice Mn (Đ < 2). In
these cases, which encompass essentially all living and reversible deactivation polymerizations, the variability in chain
length is better communicated by the standard deviation (relative or absolute), which can easily be inserted into chemical
structures. In multiblock copolymers, the standard deviation
for each block should be supplied. This is particularly important for complex structures, which may show a low overall dispersity even when individual substructures are highly disperse.
In these cases, simulation of even a small number of chains,
as shown in Fig. 3 and 4, gives a better picture of the expected
structural variation and is far superior to showing a single
‘typical’ structure.
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